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ABSTRACT 

In this paper, we compare some of the recent methods developed for 
simultaneous posi tionjforce control of a single n- link constrained robot 
manipulator. Mathematical models of the constrained manipulator are 
introduced and the advantages/disadvantages of the associated control 
formulations are discussed from a design perspective. The similarities 
between each of the proposed formulations are also discussed. 

I. INTRODUCTION 

Over the past five years, various control schemes have been developed for 
rigid robotic manipulators operating in free space [see 1,2]. The term free 
space is used to denote the case when the manipulator is not in contact with 
its environment. In reality, most industrial applications (scribing, 
de burring, assembly, etc.) require the manipulator to be in contact with 
another surface. Therefore, the motion of the manipulator is constrained due 
to the fact that it can not move in certain directions. Since most of the 
controllers in the literature have been developed for unconstrained 
manipulators, it is not obvious how to extend these controllers when the 
motion of the manipulator is constrained. 

l&ile recent research has focused on the simultaneous posi tionjforce 
control of constrained manipulators [see 3-6], few formulations give explicit 
conditions which guarantee closed loop stability or tracking. Most of these 

. analyses require the construction of coordinate transformations to produce a 
reduced order dynamic model of the constrained manipulator. McClamroch [8] 
shows that the constrained manipulator dynamics can be treated as a singular 
system, consisting of both differential and algebraic equations. In [7,9], 
McClamroch develops a joint- space framework for the stability analysis of 
constrained manipulators. A mathematical model of the constrained 
manipulator is developed , which explicitly incorporates the constraint 
description and forces. Using this model, a control architecture is then 
developed which decouples the position and force-controlled degrees of 
f r eedom. A modified computed torque controller is introduced and global 
asymptotic position and force tracking conditions are given. This controller 
requires exact knowledge of the rigid manipulator dynamics. 

Cai and Goldenberg [14] use a variant of McClamroch's [9] reduced order 
formulation to produce a non- singular model of the robot manipulator. Their 
formulation explicitly incorporates frictional forces on the constraint 
surface and assumes a point contact between the manipulator and the 
constraint surface. Once again, the position and force controlled directions 
are decoupled using an appropriate transformation. To compensate for 
uncertainty in the manipulator dynamic model, a robust feedback linearizing 
control is developed and asymptotic tracking conditions are given. These 
results are extended in [15-17] to include impulsive collisions of the 
manipulator with the environment, manipulation in free space, and the 
modeling of specific operations such as deburring. 
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In [18], Kankaanranta and Koivo develop an alternative joint-space model 
of the constrained manipulator. A task- space model is developed from the 
kinematic constraints on the manipulator using a reduced order set of state 
variables called pseudovelocities. A control architecture is then developed 
based on exact model which decouples the position and force controlled 
degrees of freedom by removin& the constraint forces from the reduced order 
equations of motion. Cole [19J introduces another mathematical model for the 
constrained manipulator which uses an interesting normal/tangential space 
argument to decouple the position and force-controlled directions. Under the 
assumption of exact model knowledge, a feedback linearizing controller is 
developed and global asymptotic position and force tracking conditions are 
given. 

II. PROBLEI ST!TEIENT 

The control objectives during constrained manipulation are two-fold; 
specification of the position( orientation) of the end- effector in the free 
coordinates and spec if icat ion of the forces (torques) to be exerted by the 
end-effector on the environment. As stated in [13], control of the 
manipulator contact force ensures that i) neither the manipulator nor the 
environment is damaged, ii) surface contact is maintained throughout the 
task, and iii) desired contact forces are exerted throughout the task. We 
will discuss the reduced order constrained manipulator models previously 
mentioned and show how they are related. Unless otherwise noted in the 
development, we assume that i) the manipulator is nonredundant and in a 
nonsingular position, ii) the manipulator is always in contact with the 
constraint surface, and iii) the constraint surface is rigid and 
frictionless. 

III. lcCLAIROCH'S IETHOD [8] 

Let q = [q1,···,qn]T be a set of generalized coordinates in joint-space 

and rf = [rf
1

,···,rfn]T be the corresponding set of generalized joint forces. 

The constrained manipulator dynamics written in the Lagrange-Euler[20] 
formulation are given by 

rc = M(q)q + N(q,q) + rf. (3.1) 

where M ( q) E IRnxn is an inertia matrix (bounded, symmetric, and positive 

definite), N(q,q) E IRn is a vector containing the centrifugal, Coriolis, 

gravity, and joint friction terms, and ;c E IRn is the input torque vector. 

Let p = [p1 , · · · ,pn] T represent the generalized position vector of the end 

effector in a task-space coordinate for which the environmental constraints 
are defined. It is assumed that the task-space coordinate is selected such 
that the constraints satisfy an algebraic equation of the form 
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B(p) = 0kx1 (3.2) 

where B :IRn ~ IRk. A constraint of this form is commonly referred to as a 
holonomic constraint [20] . Furthermore, it is assumed that the task- space 
coordinates can be expressed in terms of the joint-space coordinates by the 
following transformation 

p = c; ( q) (3.3) 

where c; :IRn ~ IRn is an invertible and continuously differentiable mapping. 

While q = c;- 1 (p) is assumed to exist, the subsequent development does not 
explicitly depend on the inverse kinematic relations. Combining (3. 2) and 
(3.3) yields a holonomic constraint function in joint- space coordinates of 
the form 

;(q) = B(c;(q)) = 0kx1" (3.4) 

Differentiating (3.4) with respect to time yields 

~(q) = ~ = A(q)q = 0kx1' (3.5) 

h A IRkxn · h · · t t t k J b · t · If th w ere E IS t e JOin -space o as -space aco Ian ma rix. e 
constraint surface is frictionless, it follows from [9] that the constraint 
forces are given by the relation 

(3.6) 

where A E IRk represents the Lagrangian multipliers associated with the 
constraint surface. For a holonomic constraint these multipliers have the 
dimension of force and act in a direction normal to the constraint surface. 
As noted in [9], (3.4) and (3.5) define an invariant constraint manifold 

S = {(q,q):;(q) = 0, Aq = 0} E IR2n. Thus the constraints restrict the 
manipulator dynamics to the constraint manifold S. This implies that the 

model given by (3.1), (3.4), and (3.6) is singular on IR2n and that the 
manipulator DOF can therefore be reduced. 

The subsequent -development requires the following assumption 

Assumption 3.1 [9] : There exists an open set 3 c IRm where m = n- k and a 

function fi:3 ~ IRm such that 

;(n(w),w) = 0, V wE 3. 
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If a constant vector q E IRn satisfies (3.4) and rank of A(q) = k, then 
Assumption 1 holds in some neighborhood of q by the Implicit Function 
Theorem, although a reordering of variables may be necessary. 

Assume Assumption 3.1 holds with 3 = IRm and define a partition of the 
joint space coordinates as follows 

T T T 
q = [n ( w) , w J , (3.7) 

where w E IRm and n E IRk. Note, the w coordinates are selected so that they 
form a linearly independent subset of the generalized joint coordinates 
associated with the constrained manipulator. Differentiating q twice with 
respect to time yields 

. [~]- A(). q = Im w = w w, (3.8) 

and 

q = Aw + Aw, (3.9) 

where A E IRnxm has full column rank m. Substituting (3.7) through (3.9) into 
the manipulator dynamics given by (3.1) yields a reduced order dynamic model 
of the constrained manipulator 

rc = M(w)A(w)w + M(w)A(w)w + N(w,w) + AT(w)A. (3.10) 

Given Assumption 3.1, it is possible to decouple the position and force 
controlled DOF in the reduced order dynamic model of (3 .10). This is 
accomplished by substituting (3.8) into (3.5) to obtain 

(3.11) 

Since the w are linearly independent as noted above, standard linear algebra 
arguments imply that 

(3.12) 

If the identity matrix is partitioned such that I = [SfT,S TJ, where 
n p 

Sf E ~kxn and Sp E rMxn are viewed as selection matrices for the force and 
position controlled DOF in task-space coordinates, then premultiplying (3.10) 
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by the composite matrix [SfT,AJT yields the following reduced order dynamics 

(3.13) 

and 

(3.14) 

As noted in r9l, (3.14) characterizes the manipulator motion on the 
constraint manito d while (3.13) is an algebraic equation for the constraint 
forces in terms of the motion on the constraint manifold. These relations 
also imply that rcf E ~k are the force producing torques (i.e., those torques 

which correspond to the fi(w) joint variables) and rcp E ~m are the 
positioning torques (i.e., linear combinations of the torques which . 
correspond to the fi(w) joint variables stacked on top of those torques which 
correspond to thew joint variables). A feedback linearizing control for the 
decoupled dynamics of (3.13) and (3.14) is given by 

r = M(w)Av + M(w)A~ + N(w,~) + ATvf 
c p ' 

(3.15) 

where vp and vf are suitable feedback and/or feedforward controls for 
position and force respectively. Substituting (3.15) into (3.13) and (3.14) 
yields 

(3.16) 

and 

(3.17) 

respectively. Controls which provide asymptotic tracking of the desired 
motion on the constraint surface and desired constraint forces are specified 
in [9]. In terms of the reduced order variable w, these controls have the 
form 

v = wd + K e + K e , p v w p w (3.18) 

and 

(3.19) 
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where ew = wd - w is the position tracking error in terms of the reduced 

order variable. The variables wd, wd, and wd define the desired trajectory 
on the constraint surface in terms of the reduced order coordinates (a subset 
of the joint- variables) , and ..\ d designates the desired force trajectory 
multiplier. For consistency with the imposed constraints [9], it is 
necessary that the desired joint displacements and torques, qd and r fd, 

identically satisfy the relations ¢(qd) = 0 and rfd = AT(qd)..\d. As noted in 
Lipkin and Duffy [22], it is always possible to specify the desired force and 
position trajectories directly in terms of the task-space coordinates if the 
desired trajectories are consistent with the environmental model. If the 
desired trajectories are not consistent with the environmental model, it is 
possible to generate a consistent set of trajectories through kinestatic 
filtering of the original desired trajectories as shown in [22]. Therefore, 
assume that the desired trajectories are consistent with the environmental 
constraints such that the task-space coordinates can be partitioned as 
p = [rT,uTJT, where r E mk represents those task-space coordinates normal to 

the constraint surface and u E ~ represent those task- space coordinates 
tangent to the constraint surface. If the cons~raint surface is rigid then 

T T T r = r 0= constant and p = [r0 ,u J . This yields the following relationships 
between the reduced order coordinates w and u 

(3.20) 

(3.21) 

(3.22) 

where J = ~ is the nonsingular joint- space to task- space Jacobian matrix 

defined previously, and ii, li, and u describe the task- space mot ion (i.e. , 
trajectories on the constraint surface). 

IV. CAl AND GOLDENBERG'S IETHOD [14] 

A reduced order dynamic model is derived under the holonomic constraint 
assumptions proposed by McClamroch in [7] for point contacts between the 
robot end- effector and a rigid environment. A state- space model of the 
constrained manipulator is then developed. This formulation is capable of 
incorporating many practical effects such as the frictional forces associated 
with the constraint surface. The results of the reduced order formulation 

are now summarized. Let q = [q1 , · · · ,qn] T represent the joint displacement 
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T vector in a joint space coordinate system and p = [p1,··· ,pn] represent the 
end-effector position vector in a task-space coordinate. The corresponding 

force vectors for each coordinate system are given by rf = [rf
1

,···,rfn]T 

and f = [f1,···,fn]T respectively. Assume there exists an invertible and 

continuously differentiable mapping c; :!Rn -+ !Rn from the joint- space to the . 
task-space of the form 

p = c;(q). (4.1) 

Differentiating (4.1) with respect to time yields 

. ac;. J ( ) . p = oqq = q q, (4.2) 

and 

p = J(q)q + j(q)q, (4.3) 

where J E !Rnxn is the joint-space to task-space Jacobian matrix. Once again, 
the subsequent development does not explicitly depend on the inverse 
kinematic relations q = c;- 1(p). As shown in [14], the relationship between 
the end-effector contact forces in the task-space and joint torques in the 
joint- space is given by 

T 
Tf = J f. 

The task-space force vector is defined as the sum 

f = fn + ft, 

(4.4) 

(4.5) 

where fn represents the associated constraint forces (i.e. , those forces 
which are applied normal to the constraint surface and produce no work) and 
ft represents the applied forces (i.e., frictional forces, etc.). If there 
are no applied forces, as during motion on a frictionless constraint surface, 
then ft = 0. In addition, assume a scalar holonomic constraint function 

¢: IRn -+IR1 can be associated with the end- effector's point contact with the 
environmental constraint and has the form 

¢(p) = o. (4.6) 

Differentiating (4.5) with respect to time yields 
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¢(p) = up = D(p)p = o, (4.7) 

and 

¢(p) = D(p)p + D(p)p = o, (4.8) 

where DE m1xn is the associated task-space to normal-space Jacobian matrix. 
As shown in [14] , for a frictionless surface the normal- space constraint 
forces can be represented in terms of the task-space coordinates by 

T f = D A. (4.9) 

Substituting (4.2) into (4.7) and (4.8) yields 

DJq = 0, (4.10) 

and 

DJq + (Dj + DJ)<i = 0. (4.11) 

Let A= DJ, then (4.10) and (4.11) reduce to 

Aq = 0, (4.12) 

Aq + Aq = o, (4.13) 

which is equivalent to expression (3.5) obtained by McClamroch in [9]. In 
addition, (4.4) and (4.9) can be combined to yield 

(4.14) 

Since an explicit mapping from the p- coordinates to q- coordinates is not 
assumed, it is not possible to calculate A(q) directly. Therefore A(q) is 
calculated as shown 

8<:;1 8<:;1 

A(q) = D(p)J(q) = [~, ... ·U:J aq1 aqn 
. . 1 n 

8<:;n 8<:;n 

(4.15) 

aq1 aqn 

Expression (4o15) can be rewritten more compactly as 
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A(q) = [~, . . .• u-]. 
1 n 

Using (4.16), expressions (4.12) and (4.13) can be rewritten as 

Aq· =a~ ~1 + ••• +a~~ = o 
~ ~n ' 

and 

Aq .. -- a~ ~1 a~~ A·. 
~ + ••• + ~n =- q. 

Assuming ~ f 0, the following relation is obtained 
qn 

(4.16) 

(4.17) 

(4.18) 

(4.19) 

[a J -1 a where ai =- u- ~fori= l,···,n-1. It is possible to define a set of 
n 1 

linearly independent reduced order coordinates w = [q1,···,qn_1]T, which is a 
subset of the original joint-space coordinates. The joint displacements can 
therefore be written in terms of the reduced order coordinates as shown 

1 0 0 q1 

q = 0 1 0 q2 = A(w)w, (4.20) 

0 0 1 
a1 a2 a n-1 qn-1 

where A E ~nx(n- 1 ). Differentiating (4.20) with respect to time yields 

q = Aw + Aw. (4.21) 

Having established reduced order coordinates, the manipulator dynamics of 
(3.1) can be simplified by substituting (4.20) and (4.21) as shown 

M(q)Aw + ATA = rc - N(q,w) - M(q)Aw. (4.22) 

This expression can be written in a matrix form as 
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t [ : ] = T c - N ( q' il) - I ( q) Ail' (4.23) 

where t = [M(q)A, AT] E IRnxn. As stated in [14], the t matrix is always 
nonsingular if frictional forces on the constraint surface are ignored (i.e., 
ft = 0). Some interesting arguments are made in [14] when frictional 
effects on the constraint surface are considered, which relate th.e 
singularity of the t matrix to a condition called jamming. For the 
frictionless case, (4.23) can be expressed as 

[ : ] = t - 1 [r c - N(q,il) - l(q)Ail]. (4.24) 

This yields a reduced order model of the constrained manipulator which is 
suitable for control and simulation purposes. Note, that unlike McClamroch's 
formulation, this reduced order model is dependent on the joint displacements 
q. Therefore q must be a measured quantity for control purposes. Otherwise 
(4.20) must be integrable. It should be noted that this formulation reduces 
the order of the system by two, from IR2n to IR2(n- 1). It is possible to 
extend this reduced order formulation to manipulators operating under 
non-scalar constraints (i.e., non-point contacts between the end-effector and 
a frictionless constraint surface) using standard linear algebra results. As 
mentioned previously, the reduced order model of (4.24) can also be extended 
to include many practical effects such as constraint surface friction [14J , 
impulsive collisions between the manipulator and the constraints [15, 17 , 
unconstrained motion [15,17], and other effects related to common tasks such 
as deburring [16] . 

A feedback linearizing control which requires exact parameter knowledge 
can be developed for the dynamics of (4.24) as shown 

rc = •[::] + N(q,il) + l(q)Ail (4.25) 

where vp and vf are defined as in Section III. Robust controllers have been 
developed in [14-17] for the reduced order dynamics of (4.24). These 
controls are capable of compensating for uncertainty in both the surface 
friction parameters and the manipulator mass, link, and joint . friction 
parameters under the various operating conditions discussed. 

V. I!NLUNRA.NTA. A.ND IOIVO' S IETHOD [ 18 J 

A rigid body model for the constrained manipulator is developed in the 
joint-space. This formulation is then extended to the task-space in order to 
reduce the model dimensionally. It is claimed that the proposed model is 
useful in the simulation of force- controlled manipulators [18] . A control 
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architecture is then developed which leads to exact decoupling of the 
position and force control degrees of freedom. Assume the manipulator 
dynamics of (3 .1). Let the dependence between the generalized joint- space 
coordinates be given by the algebraic constraint equation 

Aq = O, (5.1) 

where A ( q) e IRkxn is assumed to have full row rank k, for k ~ n. If the 
differential equations of ( 5.1) can be integrated to yield relations among 
the generalized coordinates, then the system is holonomic as stated in [18]; 
otherwise it is non-holonomic. Given (5.1), the number of degrees of freedom 
associated with the constrained manipulator is m = n - k. For a holonomic 
system it is always possible to find a set of m independent generalized 
coordinates. If the first m generalized coordinates q1 , ... ,qm are selected 
so that they are independent, a virtual work argument [18] can be made to 
show that generalized constraint forces in joint-space coordinates are given 
by 

(5.2) 

where A e IRk represents the Lagrangian multipliers having units of force for 
a holonomic constraint. Differentiating (5.1) with respect to time yields 

Aq + A<i = o. (5.3) 

Equations (3.1), (5.2), and (5.3) can be combined to yield a single matrix 
equation of the form 

(5.4) 

Since A has rank k and M- 1 is positive definite, AM- 1 AT is nonsingular. 
Therefore (5.4) can be solved for the q in terms of q, q, and rc. 
Furthermore, the constraint forces in (5.4) can be solved for as shown 

(5.5) 

By applying the appropriate transformations, a similar cartesian-space 
formulation can be obtained for the case of an n-link serial manipulator as 
shown in [18] . 

If the manipulator dynamics can be expressed in terms of an alternate set 
of task-space coordinates through an appropriate transformation, it is 
possible to reduce the order of the constrained manipulator model. A 
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constrained system of n equations of motion and k equations of constraint has 
m = n-k degrees of freedom. Therefore define m pseudovelocities [18], 
x = [x1 , .. ·,xm]T as a linear combination of the generalized joint velocities 

as shown in [18] 

x = Bq, (5.6) 

where BE ~mxn is selected such that the composite matrix [AT,BTJT is 
nonsingular. The term pseudovelocity signifies that the linear combinations 
of (5.6) do not necessarily represent the derivatives of any physical 
coordinate system. In order to determine the generalized joint velocities 
from the pseudovelocities, (5.6) must be integrable in closed form. As noted 
in [18], the simplest way to ensure to integrability this is to select B as a 
constant matrix. It should be noted that order reduction of the dynamic 
model can be achieved regardless of the coordinates implied by the selection 
of B. Differentiating (5.6) with respect to time yields 

x = Bq + Bq. ( 5. 7) 

Under these assumptions it is possible introduce the auxiliary matrices 
~ E ~nxk and II E ~nxm, defined such that the nonsingular composite matrix 
[II(q) ~(q)] E ~nxn satisfies 

[
A ( q)] [II ( q) ~ ( q) J = I . 
B( q) nxn 

(5.8) 

The following relationships are implied by (5.8) 

A(q)II(q) = Ikxk' (5.9) 

A(q)~(q) = 0 kxm' (5.10) 

B(q)II(q) = 0 mxk' (5.11) 

and 

B(q)~(q) = I mxm (5.12) 

Given (5.6), (5. 7), and (5.12) the generalized joint displacements can be 
represented as 

<i = ~x, (5.13) 

and 
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q_ = Ex + Ex. (5.14) 

Multiplying the manipulator dynamics of (3.1) and (5.2) from the left by 
[IT, E] T yields 

' ITT ( Mq·· - N) , " = rc-

and 

ETMq = ET(rc- N). 

Substituting (5.8) and (5.9) into (5.5) and (5.16) yields 

A = [AM- 1 AT J- 1 [AM- 1 ( r c - N) + A Ex] , 

and 

(5.15) 

(5.16) 

( 5 .17) 

(5.18) 

where ETME is nonsingular since AT has rank k and M is positive definite. 
The constrained manipulator dynamics can now be simulated using (5.18), and 
either (5.17) or (5.5). Since (5.18) represents the manipulator dynamics in 
terms of the - reduced order pseudovelocities, relations (5.13), (5.114, and 
the integrability of (5.13) are required to calculate the resulting 
joint-trajectories. 

It is also possible to develop a decoupling control architecture for the 
reduced order dynamics. Substituting the following feedback linearizing 
control 

. . T 
rc = MEvp + N - M(ITA + EB)Ex +A vf, (5.19) 

. into (5.17) and (5.18) yields 

x = v , p (5.20) 

and 

A = vf, (5.21) 

where vp and vf are as specified in Section III with respect to the 
pseudovelocities. 
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Note there are infinitely many ways to specify the pseudoveloci ties, 
based solely on the selection of the B matrix. In [18] , Kankaanranta and 
Koivo introduce several definitions for the selection of B. These 
definitions include: (i) selecting the pseudovelocities as a subset of the 
generalized joint- space velocities, in a fashion similar to McClamroch [9] or 
Cai and Goldenberg [14] . In this case B is a constant "selection" matrix 
consisting of ones and zeros. The selection of th~ m independent 
pseudoveloci ties is then based on linear independence associated with the 
columns of the A matrix. (ii) The B matrix can be defined as a constant 
matrix based on the sin~ular value decomposition of the A matrix at some 
fixed instant in time. (iii) The B matrix is a constant matrix defined such 
that the pseudovelocities are those coordinates of the end-effector velocity 
(specified in task- space coordinates) which are not set to zero by the 
constraint. Therefore, the B matrix selects those rows of the joint-space to 
task-space Jacobian matrix not previously selected by the A matrix. 

As shown in [18], definition (iii) not only gives clear physical. meaning 
to the B matrix, it develops intuitive relations between the matrices A, IT, 
and E. Assume there exists an invertible and continuously differentiable 
mapping ~=~n ~ ~n from the task-space coordinates to the joint-space 
coordinates of the form 

p = ~(q), (5.22) 

such that 

. a~. J ( ) . p = oq<l = q q, (5.23) 

where J E mnxn is the joint-space to task-space Jacobian matrix. As shown in 
[18] , it is possible (though a reordering of states may be necessary) , to 
express the composite matrix [AT, BT]T in terms of the Jacobian J as shown 

(5.24) 

where Sf and SP are defined as in Section III. It is also possible to 

express the composite matrix [IT, EJ in terms of the inverse Jacobian J- 1 as 
shown 

[ J -1( T T] IT, E = J sf , sP . (5.25) 

Note, for this formulation to be valid the task-space coordinate frame must 
be selected such that the consistency problems noted in [23] are avoided. 
Under definition {iii), the pseudovelocities represent velocities on the 
constraint surface. Therefore it is possible to specify desired task-space 
position and force trajectories if these trajectories are consistent 
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environmental constraints [22] . 

VI. COLE'S IETHOD [19] 

A reduced order model of the constrained manipulator is developed and a 
hybrid control law is introduced which provides simultaneous position and 
force control in orthogonal directions. Assume the manipulator dynamics are 
defined as in (3.1). The manipulator is assumed to always remain in contact 
with the rigid and frictionless constraint surface by the application of the 
appropriate contact forces. Let the end- effector posit ion in work- space 
coordinates be given by p = [ xT, OTJ T, where x E IR3 is the velocity of the 
end-effector at the point of contact with the environment with respect to the 
base coordinates, and 0 E 1R3 is the angular velocity of the end-effector with 
respect to the base coordinates. Suppose the constraint which the 
manipulator must follow has dimension m, and that the constraint surface is 
completely parameterized by u = [ u1 , · · ·, um] T. In addition assume there 

exists a function fi:IRm ~ IR6 of the form 

p = n(u). (6.1) 

Differentiating (6.1) with respect to time yields 

i> = ~u, (6.2) 

and 

i> = ~ii + Eu, (6.3) 

where ~ E IRnxm is the constraint-space to work-space Jacobian matrix having 
full column rank m. 

It is also assumed that the generalized position vector can be expressed 
in terms of the generalized joint displacements according to an invertible 
and continuously differentiable mapping c;:IR6 ~ 1R6 of the form 

p = c;(q), (6.4) 

Differentiating (6.4) with respect to time yields 

. ac;. J ( ) . p = Ocfl = q q, (6.5) 

and 

p = J(q)q + j(q)q, (6.6) 
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where J E 1R6x6 is the standard manipulator Jacobian matrix . Since J is 
assumed invertible, equating (6.3) and (6.6) yields q in terms of the reduced 
order coordinate li as shown 

(6. 7) 

Cole notes that for motion along a frictionless constraint surface, the 
contact force is normal to the constraint surface. In addition, Cole notes 
that the typically the constraint surface is five-dimensional (i.e., m=5), 
which implies the manipulator makes a point contact with the constraint 
surface. The space spanned by the m columns of the matrix E is referred to 
as the tangent- space of the constraint surface. If a rank k = 6- m matrix 
AT E IR6xk is defined such that its columns span the null space of ET then the 
following relation is implied 

(6.8) 

and R(AT) = N(ET). Since the columns of matrix AT span the space orthogonal 
to the tangent space of the constraint surface, AT is said to specify the 
normal- space of the constraint surface. The ~ applied contact force in 
work-space coordinates f is then of the form 

T f =A..\, (6.9) 

where ..\ E IRk are force the Lagrangian force multipliers. Under these 
conditions, the space IR6 can be decomposed into the direct sum of two 
orthogonal subspaces of the form 

(6.10) 

Therefore any p E IR6 can be written as the sum p = Eu + AT..\. Using this 
decomposition, R(E) specifies the position controlled :subspace while R(AT) 
specifies the force controlled subspace. 

Utilizing (6.9), (3.1) becomes 

rc = M(q)q + N(q,q) + J(q)TA(q)T..\. (6.11) 

If the manipulator is not in a singular configuration then (6.7) holds and 
may be substituted into (6.11) to create the reduce order dynamic model 

(6.12) 
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Using the defined relations it is possible to write the entire reduced order 
model of (6 .12) in terms of the reduced order coordinate u. This is not 
necessary for control purposes however, since q and q are typically measured 
quantities. A feedback linearizing decoupling control architecture for the 
dynamics of (6.12) is given by 

r = M(q)J- 1Ev + N(q,q) + M(q)J- 1(tu- iq) + ATvf, c p (6.13) 

Substituting (6.13) into the constrained dynamics of (6.12) yields 

(6.14) 

and 

(6.15) 

where vp and vf are as specified in Section III. 

Note, for this development it is unclear how to select a specific A 
matrix. This closely parallels the selection of the B matrix in Kankaanranta 
and Koivo's development. Other similarities between the Cole's method and 
the previous three are obvious. Once again, the proper work-space coordinate 
frame must selected so that the consistency problems noted in [23] are 
avoided. 

CONCLUSION 

We have compared some of the recent methods developed for simultaneous 
posi tionjforce control of a single n-link constrained robot manipulator. 
Mathematical models of the constrained manipulator were introduced and the 
advantages/disadvantages of the associated control formulations were 
discussed from a design perspective. The similarities between each of the 
proposed formulations were also discussed. 
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AN ITERATIVE LEARNING CONTROL TECHNIQUE 

FOR A DUAL ARM ROBOTIC SYSTEM 
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Department of Electrical Engineering 
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ABSTRACT 

A multidimensional iterative model for the control analysis of two cooperating robots is 

proposed. The manipulation of a rigid object with elastic restraint between the object and the 

end effectors using the proposed model is investigated. The scheme is based on an iterative 

structure which utilizes available data from the previous operations. These data consist of 

positions and velocities of the actual trajectories and applied forces to the object at the points of 

contact. It is shown that the convergence of the actual trajectory for the manipulation of the 

rigid object to the desired one is guaranteed upon proper selction of two weighted control 

matrices. 

I. INTRODUCTION 

Multiple-arm robot systems promise to bring about significant new developments in the 

area of computer integrated engineering and manufacturing in recent years . It is the basic 

technology for applications beyond the capability of a single arm such as manipulation of 

massive and bulky objects and handling of flexible payloads. In addition, it is expected that in 

the space station construction multiple-arm manipulators play an important role . However, 

many technical issues have to be resolved before these systems can be fully utilized in the 

areas such as assembly automation and flexible manufacturing. Such issues include the 

design of coordinated motion, stable and robust control algorithms, programming 
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methodologies and fast collision avoidance schemes [1]. There is a great variety of 

manipulation taks that may be performed by cooperating multiple robot arms. We will focus 

on the manipulation of a single rigid object by two nonredundant arms forming a closed 

mechanical chain with degrees of freedom equal to the number of scalar task coordinates. In 

general, using a two-arm configuration introduces far more complexity into the system 

equations of motion as well as task coordination. The system equations are more complex in 

the sense that geometric constraints are now present as well as there being twice as many 

equations due to the addition of another arm. Similarly, the complexity of the control system 

increases with the number of arms plus another level of control for inter-arm cooperation. 

Thus, the arms not only have to accomplish the primary task of moving an object but they also 

should deal with the forces they exert on each other through the rigid object. Although, due to 

our assumption the kinematic redundancy is not an issue here, however, the dynamic 

redundancy will provide the number of actuators to be larger than the number of degrees of 

freedom of the system. This brings about the possibility of generation of large internal forces 

in the object or the arm links. The problem of resolving this redundancy is sometimes referred 

to as the problem of force distribution [8], [9]. 

In recent years a number of control methods for coordinated multiple robot arms have 

been proposed. These methods can be classified in the following categories: 

(a) Master/Slave method where one or a group of robot arms play the role of master, 

and the rest of the arms from the slave group which are moved in conjunction with 

the master arm. Such control of two or more arms holding a common object has 

been widely discussed in Robotic literature, e.g., [21, [31. 

(b) Hybrid position/force control method where the position of the object is controlled 

in certain directions of the work space and the forces are controlled in the other 

directions. Each robot arm is controlled using position and forced errors, e.g., l41-

[6]. 
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However, many of these methods have the disadvantage that the control parameters are 

fixed . With the uncertainty in dynamic modeling of coordinated two robot arms, it is generally 

difficult to obtain the desired motion using fixed control gain especially when the task and 

payload change. Although adaptive control techniques such as [7] do not require a precise 

description of a mathematical model of the two-arm and can face parameters variation, they 

still require a complicated structure for the regulator due to the complexity of the adaptive 

mechanism. On the other hand, the design and implementation of learning control schemes for 

robot manipulators has been proposed by different researchers [10]-[26]. The preliminary 

results in both theoretical and implementation phases appear promising. 

In general, human beings have the ability to learn from experience. People with 

experience can complete a given task in a better way since the experience acts as a sort of 

feedback information which is used to modify the control action [10]-[12] . Although humans 

and mechanical robots can perform similar tasks, there are sharp distinctions between the 

robots and human control strategy. For example human control is largely acquired through 

learning whereas the operation of a robot is specified by a pre-written algorithm. However, 

the fundamental principle of self learning of a human being through repeated operation can be 

implemented for motion control of a robot manipulator. In a way similar to a human being 

learning a desired motion pattern through repeated trial, the robot is able to acquire 

dynamically real-time data of the system during each trial and makes changes according to its 

control input signal for each successive repetitive operation . One of the important features of 

a learning control scheme is that it has the capability of modifying the unsatisfactory control 

input signal automatically based on the knowledge of previous operations of the same task 

with a form of intelligence [24]. The goal of a well-designed learning control technique is to 

generate a control input which causes the output trajectory to be close enough to the desired 

trajectory after a finite number of learning iterations. 

The implementation of learning control techniques for single arm systems has attracted 

considerable attention in the last several years. Arimo to et al [ 1 0 ]-[13] were among the first 
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who proposed an iterative learning algorithm. Kawamura et al. [14], [15] investigated 

learning control of robots based on repeatability of robot motion and linear approximation. 

The repeatability of robot motion was also required to design learning filters in [ 19], [20]. Gu 

and Loh [21] presented a multi-step learning control scheme with input signals chosen as the 

weighted summation of the errors of previous operations. On the other hand, Bondi et al. [ 17], 

[18] studied the learning control problem using a "high gain" position, velocity and 

acceleration feedback control. Recently the learning control using neural networks has been 

proposed by several researchers, e.g., [22], [23]. Expert system techniques combined with 2-D 

system theory were introduced for learning control systems in [24]-[26] wherein the control 

input modification is based on the experience of domain experts. 

In this work an iterative cqntrol approach for a dual arm robotic system is proposed. 

The purpose of the ~ontrol scheme is to move a rigid object using both arms to a desired 

location with elastic contraint between the object and the end effectors of the robots. This 

technique utilizes a two-dimensional dynamic model with two independent variables derived 

of elasticity contraints between the end effectors and the manipulated object. The first 

independent variable in the model reflects an instant history of coordinated robot arms while 

the second represents the number of executions for each robot arm. In practice the applied 

torque and force inputs are modified to obtain the desired trajectory while forces exerted by the 

gripper assume values as close as possible to the desired values . 

. ~ 
The paper is organized as follows . In Section II a dynamic model for the control of two 

cooperating arms is presented. This model is derived by replacing the constraint conditions 

arising from the closed chain with the conditions of elastic restraint between the end effectors 

and the manipulated object. In Section III an iterative learning control approach for two 

cooperating robots is formulated. Furthermore, the 2-D model for each system is provided. 

Section IV focuses on the convergence analysis of the learning process. The conditions for the 

convergence of the proposed technique and the selection of gain matrices are also given in this 

section. J1,inally, Section V presents the Conclusions of the paper. 
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II. SYSTEM DYNAMIC MODEL 

Consider two robots firmly holding a single object as shown in Figure 1.. Since the 

object is rigidly grasped by the e!?-d effectors, the elastic restrain motion of the object relative to 

the two grippers should be included in the dynamic model similar to [9]. The equations of the 

motion for the arms are: 

k=1,2 (1) 

where 8k=(q1k,q2k, ... qnk) denotes the joint angle coordinates, Rk(80 is a positive definite 

inertia matrix, Kk(8k,8k) consists of the centrifugual, coriolis forces as well as the viscous 

fritional forces, gk('8JJ is the gravitational forces vector, Jk is the system Jacobian and Jk. is 

the vector forces exerted by the arms [6], [29]. 

FIG.! : TWO ROBOTS HANDLING A SINGLE OBJECT 

Arm k (k=1,2) has nk degrees of freedom which can be determined by the dimension 

ofjoint variable vector Ok in Equation (1). In addition the object has n0 degrees of freedom (3 

in the plane and 6 in the space). Therefore, the number of degrees of freedom is 

n = n1 + n2 + n 0 • However, if the system were viewed as constrained by the loop closure 

between the arms and the object, then the degrees of freedom will be m = n1 + n2- n0 • On the 

basis of the assumption that the contact deformation is small, each end-effector-to-object 

contact can be modeled as linear spring with strain energy: 
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k= 1,2 (2) 

where Kk is a positive definite matrix. The motion for a rigid object is given as: 

R (x ) x + K (x ,x ,)+ g (x ) =P
1 

+ P
2 000 000 00 

(3) 

where R0 , K 0 and g0 are mass matrix, coriolis/centrifugal and gravitational forces vectors of 

the object, respectively . P1 and P2 are the forces applied by the two arms to the object. 

Given a desired trajectory for the position of the manipulated object and the internal 

forces in time interval ie[O,N], the problem is to obtain the joint torques which should be 

applied to the · robot joints in order to achieve the desired trajectory over the given time 

interval. To determine such inputs, the state and the output equations for the above control 

problem can be derived. Let us define: 

dZ
1 z =-

' 2 dt 

where for each arm the forward kinematic mapping is: 

The state vector can be defined as: 

Z= [z; 
Therefore the state equations of a two-arm manipulator can be written as: 

((Z)= 

B=l 

Z = ( (Z)+ B(Z) u 

I 
Z

2 

-R - 1(Z
1
) I K(Z 

1
,Z)+ g(Z 

1
) + E(Z 

1
) J 
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10000 IT 
0 I 0 0 0 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 



The elastic force E(Z 1) has been included in (8) and can be written as the product of a stiffness 

matrix and a position vector [9]. 

The output of the system can be considered to be the position of the manipulated object 

and the internal forces: 

(10) 

where P k ( k = 1 ,2) are the forces applied by arm k to the object. These forces can be expressed 

as: 

(11) 

a is a constant value which can be chosen according to a proper transformation described in 

[8]. 

The output equation for the position tracking can be written as: 

Y=CZ=[: 
0 I 0 0 

li :: J 
0 (12) 

0 a(K1-K2) -aK1 aK2 

If the geometry of the arms was known precisely, classical control schemes could be 

utilized to obtain the desired trajectory. However, since it is usually impossible to obtain the 

full description of the system dynamics, a pre-designed input sequence cannot always generate 

the desired system output. In the next section, we propose a learning control process to 

generate the input sequenc~ u(i) that eliminates the difference between the actual and 

desired trajectories. However, since the learning process is done in iterative cycle, a new 

variable "}" should be introduced. Therefore, the mathematical model equations (7)-(12) for 

the control of two arms robot can be formulated as 

Z(i + 1 ,J) = {[Z(i,J)] + Bu(i,J) (13) 

Y{i,J) = CZ(i,J) ( 14) 
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where the variable "'i" represents an instant in time and the variable "'j" represents the 

number of learning execution cycles. Equations (13) and (14) are the general form of a linear 

model which has been considered in [25], [28]. 

III. THE TWO-DIMENSIONAL LEARNING CONTROL SCHEME 

The basic idea of the proposed learning control scheme is that in the repeated execution 

of a task, the control sequence applied in the (j -1 )th execution is stored and modified into a 

new control sequence. These data are used in the j-th execution cycle based on the error 

information obtained during previous executions [25], [26]. Let u(i,j) express the i-th control 

sequence of an execution (j-th learning iteration). After several cycles, input u( i, j) should 

approach the desired input which can generate the desired output Y d(i,j). The error between 

the actual system output Y(i,j) and the desired output Y ~i,j) can be defined as: 

e(i,J) = Y ii,J)- Y(i,J) (15) 

The purpose of the learning process is to generate a new control sequence u( i, j) such that it 

can reduce and eventually eliminate the error e(i,j) as the number of iterations increase . To 

describe the above idea, the following equation can be utilized : 

(16) 

where D1 and D2 can be chosen to be either constant gains or differentiat()rs or integrators or 

any combination of the above. The stability and convergence rate of the learning control 

process is highly affected by the proper selection of D1 and D2 . 

Using the control scheme described by equation (16), the dynamical behavior and the 

error equations of the learning control system can be obtained by the following equation: 
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IV. CONVERGENCE ANNALYSIS OF THE LEARNING SCHEME 

To guarantee the convergence of the proposed technique the system output Y (i, j ) should 

approach the desired output Y d ( i,j) as the learning process progresses, i.e., 

or 
Y(i,j)--+ Y d(i,j) 

e(i,j)--+0 

for i E [O,N] as j-+oo 

forE [O,N] as j-+oo 

The 2-D dynamical equation of error is given as follows : 

e(i + 1 ,J) = Y d(i + 1 ,J)- Y(i + 1 ,J) 

or 
e(i+ 1 ,J)= Yii+ 1,J)-CZ(i+ 1,J) 

substituting for Z(i + 1 ,j), 

e(i + 1 ,J) = Y ii + 1 ,J)- C ([Z{i,J) J- CBu(i,J) 

Similarly, 
e(i+ 1 ,j+ 1 )= Y ii+ 1 ,j+ 1)- C {f[Z(i,j + 1 )] }- CBu(i,j + 1) 

substituting for u( i,j + 1) from equation (16): 

(18a) 

(18b) 

(19) 

(20) 

(21) 

(22) 

e(i+ 1 ,j+ 1 )= Y ii+ 1 ,j+ 1)- C {f[Z(i,j+ 1 )1}- CBu(i,J)- CBD 
1
e(i+ 1 ,J) - CBD

2
e(i,J) (23) 

subtracting equation (21) from equation (23) 

e (i+ 1 ,j + 1 )= e(i+ 1 ,J) -C {f[Z(i,j+ 1)]- f [Z(i,J)l}- CBD 
1
e(i + 1 ,J) - CBD

2
e(i,J) (24) 

e(i+ 1 ,j + 1 )= [/- CBD 
1
Je(i+ 1 ,J)- CBD

2
e(i,J)- C {f[Z(i,j + 1 ])- ([Z(i,J)J} (25) 

Equation (25) is a nonlinear 2-D error function . 

Herein it is proven that the error e(i, j) reduces to zero· with the progression of the 

learning algorithm. 

Theorem: For a dynamical model of a dual arm robot described by equations (13), (14) and 

(15), if 

1. D 1 is chosen such that 

II I- CBD 
1 

112 < 1 (26) 
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2. D2 is selected such that LVCB -·D2) Is 1 where 1(.) denotes the set of 1-D eigenvalues. 

3. The initial errors in each learning process are zero. 

e(O, j) =0 for j = 1 ,2, ... ,N. (27) 

which means that the starting points of the dual arms in every operation trial are the 

same as the desired trajectories. 

4. The vector valued function f(·) satisfies the condition 

(28) 

where fJ is a positive number and 11 . 112 is the L2 norm. 

then the error e(i,j) will approach zero as the number oflearning iterations increases (j-+oo) . 

In other words, 

lim e(i,J)=O for i= 1,2,3, ... ,N 
(28) 

Proof: The proof is the discrete version of the theorems in [1], [21 and it is similar to I 26 J. 

V. CONCLUSIONS 

In this paper we have proposed a 2-D iterative learning control technique for 

manipulation of a rigid object using two cooperating robot arms . The technique was based on 

the improvement of the system performance by dynamically modifying the control inputs of 

the dual arms after each repeated operation. It was shown that the convergence of the actual 

trajectory for the manipulation of the rigid object to the desired one is guaranteed under 

certain conditions. Primary results from simulation experiments demonstrate the usefulness 

of the proposed technique . Further research is needed to establish a quantitative 

measurement for the robustness of the proposed control scheme. 
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!BSTUCT 

In this paper, we present a hybrid adaptive/robust controller to achieve 
trajectory following for a robot manipulator. The controller consists of two 
parts, a proportional- derivative (PD) feedback loop and an adaptive/robust 
law for the manipulator dynamics. An advantage of this method is that our 
controller takes advantage of the manipulator dynamic structure to allow the 
control designer to select a controller that is a combination of an adaptive 
indirect approach and a robust-adaptive approach. 

I. INTIODUCTION 

The objective of this paper is to a design a hybrid adaptive/robust 
controller for the nonlinear dynamics described by 

(1.1) 

where M(q) is an nxn inertia matrix {bounded, symmetric, and positive 
definite), V(q,q) is an nxn matrix containing the centrifugal and Coriolis 
terms, G ( q) is an nx1 vector containing the gravity terms, F d ( q) an nx1 

vector containing the dynamic friction terms, F
5

(q) is an nx1 vector 
containing the static friction terms, Td is an nx1 vector representing an 
unknown bounded disturbance, q(t) is an nx1 joint variable vector, and f is 
an nxl input vector. Equation (1.1) describes robot manipulators in the 
Lagrange- Euler formulation [1]. 

If one chooses to assume the model in ( 1.1) is exactly known then the 
control of robotic manipulators is a very simple task. However, in reality, 
we know that there will always be uncertainty with regard to any model that 
we use for a robot manipulator. The most common uncertainties are parametric 
quantities such as payload masses, models used for friction, and torque 
disturbance noise which is usually modeled as an additive bounded 
disturbance. The question then becomes: how do we compensate for the 
modeling uncertainty in highly nonlinear systems such as (1.1)? In the last 

:~ five years, there has been much research activity associated with 
compensating · for the modeling uncertainty in the robot manipulator model. 
Most of this research activity has been concentrated in adaptive and robust 
control of robot manipulators. 

In the recent development of adaptive control algorithms for the tracking 
of robot motion, a good deal of emphasis has been placed on the design of 
indirect adaptive controllers. That is, an adaptive controller which is 
composed of a linear feedback controller plus a feedforward nonlinear term 
that contains estimates for specific parameters that are inherent to (1.1). 
These parameter estimates are updated online from information that is 
composed of the tracking error and the known functional part of the robot 
dynamics. An excellent review of the most recent work in adaptive control 
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with regard to robotic manipulators is given in [2]. 

In the recent development of robust control algorithms for the tracking 
of robot motion, a good deal of emphasis has been placed on the utilization 
of "high-gain" feedback laws or saturating-type controllers. 'In other words, 
the robust controllers are composed of a linear feedback controller plus a 
feedforvard nonlinear term that "bounds" any uncertainty inherent to (1.1). 
For the saturating type controllers, it is worth noting that an adaptive 
version of these controllers can be formulated by utilizing the approach 
given in [3]. An excellent review of the most recent work in robust control 
with regard to robotic manipulators is given in [4]. 

Both methods of control have advantages and disadvantages for specific 
applications. It is our intent in this paper to shov how one can ut i lize the 
best qualities of each method by using a hybrid approach for controlling 
robotic manipulators. That is, we will show analytically how each of these 
contr.ollers can be used simultaneously to compensate for the uncertainty 
present in (1.1). 

· II. HYBRID ADAPTIVE/ROBUST CONTROLLER FOI ROBOTIC llNIPUL!TOIS 

2.1 PIOBLEI IOTIV!TION 

As far as compensating for parametric uncertainty in (1.1), the adaptive 
approach outlined in [8] can give good performance. In fact, if the desired 
trajectory is persistently exciting r5]' the unknown parameters will be 
identified online. The fact that the adaptive controller can identify 
"on- the- fly" a payload mass attached to the end of the robot can be 
advantageous in a variety of applications. 

One of the drawbacks of adaptive control is that the model used to form 
the regression matrix in the controller development must be known exact for 
the stability proof to hold. For the inertia, Coriolis, centrifugal, and 
gravity terms in (1.1), this condition on knowing the exactly functional 
nature of these terms is not a stringent requirement since these terms are 
calculated from the dynamical configuration of the robot manipulator in 
question. That is, from [5], we can write 

V(q,q,q); = M(q)q + V(q,q)q + G(q) (2.1) 

where V is an nxr matrix of known robot functions, and ; is an rx1 vector of 
unknown constant parameters. Ve note for clarity that if we wanted to 
identify a payload mass that it would be contained in the vector ¢. From the 
above discussion, we will classify adaptive control as being "good" for 
obtaining acceptable tracking performance in spite of poor payload mass or 
link mass knowledge. 

The static and dynamic friction models in (1.1) used for robot 
manipulators are not as agreed upon in the dynamics given in (2 .1) . One 
simple model from [5] that is often used for the dynamic friction and static 
friction is 
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and 

where the subscript "i" is used to 
the coefficients of static and 
functional part of the model (i.e. 

F .(q) = f . sgn(q . ) 
S1 S1 1 

(2.2) 

denote the ith joint and fsi and fdi are 
dynamic friction, respectively. The 

q. and sgn(q . )) in (2.2) is often hard to 
1 1 

know exactly as required by the adaptive control schemes. . This is 
illustrated by the work of Candaus [9] who often uses more complicated models 
for friction than that given in (2.2). Vhat can generally be stated about 
friction is that the friction can be bounded as follows: 

(2.3) 

where a1 and a2 are positive scalar constants. That is, we can always find 
some constants a1 and a2 such that (2.3) is always satisfied. Ve also note 
that the additive disturbance term in (1.1) can be bounded by 

(2.4) 

for some positive constant a3 . The formulation of the friction and 
disturbance models in terms of some sort of bounding function is in the 
spirit of the controllers developed in [10] . Therefore, we can classify 
robust control as being "good" for obtaining acceptable tracking performance 
in spite of poor friction and additive disturbance model knowledge. 

2.2 PIOBLEI FOBIULATION 

In this section of the paper, we formulate a hybrid adaptive/robust 
control problem for the tracking of robot motion. Since we are primarily 
concerned with the tracking problem, it seems quite natural to define some 
sort of tracking error. Ve define the tracking error in joint space to be 

e = ~d - q (2.5) 

where <I<f represents the desired trajectory in joint space that we wish to 
track. Ve will make the common assumption that the desired trajectory and 
its first tvo derivatives are continuous, bounded functions. 

Ve nov rewrite the manipulator dynamic equation given by (1.1) in a form 
that illustrates which part of the dynamics will be compensated for by each 
control technique. First, we define the functions 

HA = l(q)qd + V(q,q)qd + G(q) + al(q)e + aV(q,q)e, (2.6) 

and 
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(2. 7) 

where a is a positive scalar constant. 

Now expressing the dynamics of the robot in (1.1) in terms of (2.6) and 
(2.7) gives 

f = Y; + HR - l(q)e - V(q,q)e - al(q)e - aV(q,q)e (2.8) 

where Y is a known nxr matrix of robot functions, and ~ is an rx1 vector of 
constant unknown robot parameters (i.e. 1 ink masses and a possible pay load 
mass). 

Ve now use (2.9) to more easily motivate which terms our hybrid 
controller will compensate for. First, the term Y; is in the form which 
makes it very amenable to an indirect adaptive control since the parametric 
uncertainty represented by the con3tant vector ~ can compensated for by 
designing a Lyapunov-based update law. Second, note that since the desired 
trajectory and its first derivative are assumed to be bounded, we can use the 
information in (2.3) and (2.4) to _write a bound on HR as 

(2.9) 

where 

so = [1 (2.10) 

a a unlm · t · 1 t t and S E IR1x2 , 0 E. IR2x1 . ~1 , ~2 are some own pos1 1ve sea ar cons an s, 
For one familiar with the stability analysis presented in [10], the bound on 
HR given in (2. 9) allows one to design a robust- adaptive controller to 
compensate for the uncertainty in {31 and /32. 

2.3 CONTROLLER SYNTHESIS 

In this section, we develop our hybrid adaptive/robust controller while 
pointing out some of the key research in robotics that led to the individual 
adaptive and robust controllers. Our hybrid adaptive/robust controller has 
the form 

fc = uA + uR + kve + kpe (2.11) 

where kv and kp are positive scalar , control gains and with each of the 
adaptive and robust-adaptive auxiliary controllers being defined by the 
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variables uA and uR, respectively. The auxiliary adaptive controller is the 
same type of indirect adaptive controller defined in [8]. That is, the 
adaptive controller consists of the feedfor~ard term · 

(2 .12) 

~ith the update la~ given by 

:. T ; = TJY (ae + e) (2.13) 

~here 

; is an rx1 vector that represents the parameter estimate and TJ represents a 
positive scalar control gain. For convenience, we also note that (2.13) can 
be ~ritten as 

:. T 
; = - T/ Y ( ae + e) (2.14) 

since we ~ill define the parameter error as 

; = ; - ;. (2.15) 

The auxiliary robust- adaptive controller is the same type of robust 
controller given in [11]. That is, we define uR as being a function of the 
bound of the uncertainty. The adaptive version [3] based on [10] and [11] is 
given by 

where 

(ae + e)SO 

II ( ae + e) II 

€ . 

: T 
0 = 7S ll(ae + e)ll, 

if II ( ae + e) II S 0 > € 

(2.16) 

if II ( ae + e) II S 0 ~ € 

(2.17) 

(2.18) 

(2.19) 
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and 7, k are positive scalar control variables. Note that in this case S 
€ 

and 0 defined in (2.19) are given as S E ~1x2 and 0 E ~2x1 . The adaptive 
update law given in (2 .19) can be thought of as compensating for lack of 
knowledge of the exact value of 0 (i.e. p1 and p2). For convenience, we also 
note that (2.19) can be written as 

.:. T 
0 = -7S II ( ae + e) II (2.20) 

since we will define the difference between 0 and 0 as 

0 = 0 - 0. (2.21) 

After substituting (2 .11) into (2. 8), we obtain the following error 
system: 

~ = A~ + Bu (2.22) 

where 

-I- 1 ( q) k - 1- 1 ~ q) V ( q, q) - a I ] . v 

Now that we have formulated the tracking error system given in (2.22), we 
will give a stability theorem which shows that the tracking error (~) is 
asymptotically stable. 

Theorem 2.1 

For the controller ~iven in (2.11) applied to the manipulator dynamic 
equation given in (1.1), the tracking error has the following property: 

if 

lim ~ = 0 
t-. 
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Proof: 

Select the Lyapunov function [12] candidate 

T V = ~ P~ + VA + VR 

where 

1 -T -1-
VA = 1; 7'/ ;, 

1 -T - 1- -1 VR = 1 0 7 0 + kf f, 

and 

[ 
(k + ak )I + a21{q) p v 

P = .5 al{q) 
al{ q) ] 
M(q) . 

(2.25) 

(2.26) 

(2. 27) 

(2.28) 

In [11], the conditions given in (2.24) on kv, kp, and a are obtained to 
ensure that the matrix P is positive definite and to establish values for A1 
and A2 which are defined by 

After taking the derivative of (2.25) along the error system given in 
(2.22), we obtain 

. T . v = -~ Q~ + v1 + v3 

where 

and 

v1 (Y; - T (ae + e) +VA, = uA) 

v3 = (HR - uR) 
T (ae + e) + VR, 

[ akPI 
Q = 0 k:I ]. 

In calculating Q, we have used the relationship given in [5] that 

zTi(q)z = 2 zTV(q,q)z for any z. 
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(2.32) 
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From Appendix A, V1 and v3 are shown to be less than or equal to zero, 
therefore, we can write (2.29) as 

V ~ -~TQ~ (2.34) 

The rest of the proof is similar to that outlined by [3] , [6] , and [8] . 
Since V in (2 .34) is negative definite with regard to ~' and V is lower 
bounded by zero; V remains bounded in the time interval [0, m). This can be 
stated as 

la"' v dt < "'· (2.35) 

From the dynamics of the error system given in (2.22), one can see that since 
~ (V) is bounded, ~ is bounded; therefore, ~ (V) is uniformly continuous. 
Since Vis uniformly continuous and has a finite integral as given in (2.35), 
then by Barbalat's Lemma [13] 

lim V = 0 which gives 
t~ 

lim ~ = 0. 
t~ 

III. SIIUL!TION 

0 

A simulation for the adaptive/robust controlller was implemented on a 
two-link robot arm [5] . It was assumed that the link masses were unknown and 
the friction/disturbance terms were unknown. The dynamics for the simulation 
are given by 

fl = m2l~(q1 + q2) + m21112c2(2q1 + q2) + (m1 + m2)liq1 - m21 1 12s2q~ 
- 2m21112s2q1q2 + m2l2gc12 + (m1 + m2)l1gc1 

+ 241 + 0.5sgn(q1) + .2sin(3t) 

f2 = ~llc2q1 + m21112s2qi + m2l2gc12 + m2l~(q1 + q2) 

+ 2q2 + 0.5sgn(q2) + .2sin(3t) 

In the simulation, the values 

m1 = 1.0 kg, m2 = 5.0 kg, 

qdl = sin(t), and qd2 = sin(t) 
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were used for the robot parameters and the desired trajectory. 

The adaptive/robust controller was applied to the two- link manipulator 
with the controller parameters and initial conditions set at 

and 

k = 10, v 

1'/1 = 1'/2 = 20, 

k = 1, 
€ 

a = 0.5, €(0) = 1, 

From the simulation (Figure 1), one can see that the position and 
velocity tracking errors settle out to zero in about five seconds. 

IV. CONCLUSIONS 

In this paper, we presented a hybrid adaptive/robust controller to 
achieve trajectory following for a robot manipulator. The controller 
consisted of two parts: a PD feedback loop and a combination of an adaptive 
indirect approach and a robust- adaptive approach. Ve have show how to 
utilize the best qualities of each method by using this hybrid approach in 
the presence of uncertainty represented by pay load or ~- ink masses, friction 
models, and noise. Simulation illustrates the ab1lity of the hybrid 
adaptive/robust controller to compensate for unknow parameters and 
disturbances such as additive noise and friction. In the future, we plan to 
do detailed experimental work to compare the performance of this hybrid 
approach to each individual approach. 
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!PPENDII ! 

In this appendix, we give some calculations related to the proof of 
Theorem 2.1. First, we show that v1 In (2.30) is equal to zero. 
Substituting (2.12) and (2.26) into (2.30), we have 

(A.1) 

Now substituting the expression for ~ given in (2.14) into (A.l) gives 
v1 = o. 
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Next, we show that v3 in (2.31) is less than or equal to zero. 
Substituting (2.27) into (2.31), we have 

V. (H ) T ( ) nT - 1 ~ k- 1 · 3 = R- UR ' ae + e + u 1 u + € €. (A.2) 

Substituting (2.17) and (2.20) into (A.2) we have 

V 3 = ( ae + e) T (HR - uR) - II ( ae + e) II S 0 - €. (A.3) 

Now, define 

(A.4) 

Note that by utilizing (2.9) we can write (A.4) as 

V E ~ II ( ae + e) II S 0 - ( ae + e) TuR - II ( ae + e) II S 0. (A.5) 

Our aim now is to show that VE ~ €; thereby showing that v3 ~ 0. Since UR is 
a switching type controller, we divide the analysis into two cases as done in 
[3] . 

Case 1 - Substitute UR = (ae + e)SO 
ll(ae + e)ll 

into (A.5). 

It is easy to see that after combining ail the terms . that 

Case 2 - Substitute 
A 2 

UR = (ae + e)(SO) 
€ 

into (A.5). 

It is easy to see that after combining all the terms that 

(A.6) 

(A.7) 

By noting that ll(ae + e)IISO ~ € for this part of the control in (2.16), it is 
easy to see that 
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(A.8) 

After checking out (A.6) and (A.8) it is easy to see that (A.8) is always 
satisfied; therefore, v3 ~ 0. 
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!BSTUCT 

In this paper, we present a cqntroller for the trajectory following 
problem of a robot manipulator. This controller is called the lodified 
Computed-Torque Controller since it is a modification of the standard 
computed- torque control. An explicit solution for this robot controller, 
optimal with respect to a particular quadratic objective functional, is 
obtained. Lyapunov's second method is used to show that the tracking error 
is globally asymptotically stable. 

I. INTlODUCTION 

During the last ten years of research in robotics, there has been much 
discussion related to the computed- torque control technique (i.e. global 
linearization) [1]. There has also been some work [2,3] related to applying 
optimal control techniques to the manipulator dynamic equation after it has 
been feedback linearized. Some of the adaptive and robust control [ 4, 5] 
techniques that have been given more recently in the literature do not rely 
on control techniques that feedback linearize the manipulator dynamic 
equation. We call this type of control strategy a modified computed- torque 
controller since these controllers can be thought of as a modification of the 
standard computed-torque technique. In this paper we show how the 
modified-computed torque controller can be shown to be optimal in the sense 
that a quadratic performance index is minimized. 

II. IA.NIPULA.TOl DYNAnC IODEL 

As shown in [1], the model for a rigid robot manipulator is 

f = l(q)q + Vm(q,q)q + G(q) (2.1) 

l(q) is an nxn inertia matrix, Vm(q,q) is an nxn matrix containing the 
centripetal and Coriolis terms, G(q) is an nx1 vector containing the gravity 
terms, q(t) is an nx1 joint variable vector, and f is an nx1 input vector. 
In the stability analysis of the modified computed- torque controller, the 
following rigid manipulator properties will be used. For a more detailed 
explanation of this properties, the reader is referred to [1]. 

Property 1 - Inertia 

The inertia matrix l(q) is symmetric, positive definite and both l(q) and 
l- 1 (q) are uniformly bounded as a function of q, i.e . 

where m1 and m2 are positive scalar constants that depend on the mass 
properties of the specific robot, and I is the nxn indentity matrix. 

48 



Property 2 - Skew Symmetry 

A very useful relationship exists between the time derivative of the inertia 
matrix l(q) and Coriolisjcentrifugal matrix Vm(q,q). Specifically, the 
matrix 

(2.3) 

is skew-symmetric. 

III. QUADUTIC OPTII!L DESIGN Of ! IODITIED COIPUTED TORQUE CONTlOLLU 

If all of the robot dynamics in (2.1) are exactly known [6], one form of 
the modified computed-torque controller is 

f = l(q)(qd + ae) + Vm(q,q)(qd + ae) + G(q) - u (3.1) 

where a is a scalar weighting constant to be defined later, qd is an nx1 

vector representing the desired trajectory, u is an nx1 vector representing 
an auxiliary control input to be defined later, and the tracking error is 
defined as 

e = qd - q. (3.2) 

After substituting the control (3.1) into the robot equation (2.1), we 
obtain the error system 

~ = A(~,t)~ + B(e,t)u; 

where 

~ = [:], and 

-1- 1 (q)(Vm(q,q~ + al(q))], 

B ( e, t) = [ 1- ~ ( q)] . 

(3.3) 

For the sake of brevity, we will let A = A(~,t) and 8 = B(e,t) for the 
duration of the analytical development. 

To derive an optimal feedback control for the auxiliary input u, we 
formulate a quadratic performance index J(u) as follows 



where t 0 , t 1 are specified and 

[ 

~I + a21(q) 

F = F(e,t) = r al(q) 
aM( q) ] 

l(q) . 

For simplicity, we define the above Lagrangian as 

where 

R = ri, 

r, a are positive scalar constants, and I is the nxn identity matrix. 

(3.4) 

(3.5) 

The control objective is to find the control "u" which minimizes (3 .4) 
subject to the differential constraints imposed by (3.3). . It is obviously 
desirable that the resulting tracking error ~ be asymptotically stable about 
zero. The optimal control that achieves this objective will 9e denoted by 
* u . Ve will use the the Hamilton-Jacobi-Bellman equation to find the optimal 

* control u . 

* As shown in· [7] , a necessary and sufficient condition for the for u to 
minimize (3.4) subject to (3.3) is that there exists a function V = V(~,t) 
such that 

and 

+ min 
u 

T 
[
H ( ~, u , av ( e , t ) , t ) ] = 0 

ae 

where H is the Hamiltonian of the system defined by 
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and 

H(~, u, DV(e,t)T, t) ~ L(~,u) + DV(e,t)T~ 
ae ae 

min 
u 

T 
[
H ( ~, u , av ( e , t ) , t ) ] = H ( ~, 

ae 
* T u ' av ( e ' t ) ' t ) . ae 

(3.8) 

In the above formulation, V is referred to as the value function, and (3.6) 
is called the Hamilton-Jacobi-Bellman equation. 

Since u is unconstrained, (3.8) requires that 

DH _ 
0 Oil-

which gives the optimal control 

Since 

(3.9) 

and R is defined to positive definite, we know that (3.8) is satisfied with 
* u given by (3.9). 

Because of the form of the boundary condition given in (3.7), let us 
assume that there is a real symmetric matrix P = P ( e, t) such that for 
t 0 ~ t ~ t 1, we have 

1 T V = 2"e Pe 

where 

and av 1 T· 
7Jt = 2"e Pe. 

(3.10) 

(3.11) 

Substituting (3.9), (3.10), (3.11) into (3.6) and using the fact that 

~TPA~ = ~T(A1P + PA )~ 

yields 
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(3.12) 

* . The optimal control u defined in (3.9) minimizes (3 .4) subject to (3.3) 
if and only if 

u * = -R- 1B Tp~ 

where P satisfies (3.12) for all t e [t0, t 1], and 

The development given in (3.6) thru (3.12) is identical to that for 
problems in which {3.3) represents a linear system in ~- In linear systems 
problems, we are able to conclude from (3.12) that _P must satisfy the Ricatti 
differential equation 

· T -1 T P + A P + PA + Q - PBR B P = 0. (3.13) 

In this problem, A is explicitly a function of ~; therefore, we cannot 
conclude that (3.13) must hold. However, if P can be found which satisfies 
(3.13), then it is obvious that 

u* = -R- 1BTP~ 

is the desired control. lie now give a theorem that delineates the main 
result of this paper. 

Theorem 3.1 

The value function which satisfies (3.6) and (3.7) is given by 

V = 1eTPe 
~- -

where 

[ 
ii + a

21(q) 

P = al(q) 

al( q) ] 

I( q) . 

(3.14) 

Therefore, according to (3Q9) and (3.11), the corresponding optimal control 
is given by 

* 1 . u = --(ae + e) r (3.15) 
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Moreover; the closed- loop system given by (3.3) with the feedback control law 
given by (3.15) is globally asymptotically stable. 

Proof: 

It suffices to show that Pas given in (3.14) satisfies (3.13). Once this is 
done, (3.15) is easily verified using (3.9). Using (3.14), we have 

P + ATP + PA + Q- PBR- 1BTP = 

[

a2(i(q) - Vm(q,q) - v!(q,q)) 

a(i(q) - Vm(q,q) - v!(q,q)) 

From (2.3) we have that 

a(i(q) - Vm(q,q) - v!(q,q))]· 

(i(q) - Vm(q,q) - v!(q,q)) 

(3.16) 

since i(q) is symmetric. This shows that the right-hand-side of (3.16) is 
equal to zero; therefore, the P given in (3.14) satisfies (3.13). o 

Ve must now verify that for the optimal control 

f = l(q)(qd + ae) + Vm(q,q)(qd + ae) + G(q) +~(a~+ e), (3.17) 

the tracking error e(t) is asymptotically stable. 
delineates this fact is now given. 

Lemma 3.2 

A short lemma that 

For the control given by (3.17), the tracking error ~(t) is globally 
asymptotically stable if r and a are positive scalar constants. 

Proof: 

Ve first select the Lyapunov function candidate [8] as 

L = ~(ae + e)TI(q)(ae +e) +% eTe. (3.18) 

As pointed out in [9] , this is a valid Lyapunov function if a and r are 
positive scalar constants. One of the key points here is that I( q) is a 
bounded, positive definite, and symmetric matrix function (see Property 1). 

Differentiating (3.18) yields 
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L = (ae + e)TI(q)(ae +e) + ~(ae + e)Ti(q)(ae +e) + 2% ere. 

Equating (2.1) and (3.1) gives the error system 

l(q)(ae +e) = (Vm(q,q) + }I)(ae +e) 

Substituting (3.20) into (3.19) and then using (2.3) yields 

L = -~TQ~ 

(3.19) 

(3.20) 

(3.21) 

where Q is defined in (3.5). From (3.21), we conclude that L < 0 since a and 
r are positive scalars; therefore, from [8] , we can conclude that the 
tracking error ~(t) is asymptotically stable. o 

Theorem 3.1 gives a optimal control result related to minimizing a 
performance index when we have exact knowledge of the robot dynamics. The 
problem is that this exact knowledge condition is sometimes unrealistic for 
controlling robotic manipulators. For example, unknown payload masses will 
always cause inexact cancellation in the inertia, gravity, and 
Coriolis/ centrifugal terms. . In other work [6] , we have developed some 
stability results for the modified computed torque controller when an exact 
model of the robot dynamics is not available. Future work will be concerned 
with combining the results in [6] and this paper to form some sort of robust 
suboptimal control. 

IV. SIIUL!TION 

A simulation for the control scheme given by (3.17) was implemented on a 
two-link robot arm with the robot dynamics given in [1]. In the. simulation, 
the values · 

m1 = m2 = 1.0 kg, L1 = L2 = 1.0 m, 

qd1 = sin(t), and qd2 = sin(t) 

were used for ·the robot parameters and the desired trajectory. 

Several simulations were run for this controller with a = 1. After each 
simulation the parameter 1/r was increased. The idea here was to show that 
as 1/r vas increased, the tracking error (11~11 2 ) decreased and the control 
energy (llull2) increased. This strategy would be consistent with the 
performance index given in (3.4). The simulations were run for five seconds 
each. During each simulation run, the quantities 

e 2 . 2 2 . 2 enorm = 1 + e1 + e2 + e2 
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and 

were calculated. The maximum values of enorm and unarm for each simulation 
run were then plotted against 1/r (see Figure 1). As shown in Figure 1, 
enorm goes down as 1/r is increased and unarm goes up 1/r is increased. 

V. CONCLUSION 

A lodified Computed-Torque Controller that does not rely on feedback 
linearizing the manipulator dynamic equation has been studied with regard to 
an optimal control design. Ve show how the modified-computed torque 
controller is optimal in the sense that a quadratic performance index is 
minimized. Lyapunov's second method is then used to show that the tracking 
error is globally asymptotically stable. 
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ABSTRACT 

A GENERAL MODEL FOR MOTION ANALYSIS 

J ayanthi Sivaswamy and Harry Schwarzlander 

Department of Electrical and Computer Engineering 
Syracuse University, Syracuse, NY 13244 

A general model for motion analysis, based on data from psychological and 
neurophysiological analysis of humans, is described. It parallels the one proposed by 
Kosslyn et al (1990) for high-level visual object identification in primates. The general 
model for motion analysis uses a hierarchical approach with analysis ranging from 
qualitative to quantitative levels. The analysis is task driven and so can be terminated at 
any of the five levels in the hierarchy. Knowledge from a data base as well as knowledge 
acquired from the input, through learning, is utilized. A predictive scheme underlying the 
model is used to do a coarse-to-fine analysis of motion. Imagery, a key feature in human 
vision, is employed in this model which results in a system which is anticipatory. 

1. INTRODUCTION 

Motion· perception affords both humans and robots the means to understand and 
function in a dynamic as opposed to a static world. The problem of motion perception is 
then to understand the motion properties of objects moving in a scene, utilizing two
dimensional information about the scene. In machine vision this is formulated as follows: 
Given a set of 2-D-arrays of light brightness values, how can one to derive a symbolic 
description of the 3-D world, complete with the 3-D motion in it? Inverse optics is one 
of the problems to be solved in motion perception. "Inverse optics" refers to the 
extraction or inferring of 3-D information from some 2-D information. Due to the nature 
of projection, this process of going from 2-D to 3-D is under-constrained and hence there 
is no unique solution. 

Most machine vision researchers have considered motion perception as isolated 
task, even though it is an aspect of general vision. One reason for this is an attempt to 
simplify the problem. The other is the popularity of a modular approach to visual 
processing wherein each module is self-contained with v~ry little interaction. However in 
the process of simplification valuable information is lost by ignoring other aspects of 
vision such as depth perception, object identification/recognition etc. Most of the 
existing approaches are computational in nature, and address the problem of motion 
perception in three major stages: detection, measurement and interpretation. Motion 
analysis is carried out in these three stages using either a strictly bottom up or top down 
strategy. It is surprising that very little attention is paid to the development of strategies 
that combine the advantages of both the bottom up and top down strategies. Our purpose. 
in developing a general model for motion analysis is to exploit information gained from 
studies in human vision where the strategies used by the visual system are largely goal 
based, varied and extremely efficient. The goal of our work is to develop a basis for 
designing more efficient machine vision systems as well as for more effectively modeling 
the human visual system. 
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The paper is organized as follows. Section 2 summarizes some of the 
neurophysiological data that is relevant to the design of our model. Section 3 describes 
related work on high level object identification. In Section 4 contains an overview of the 
model, relating its structure to the work of Kosslyn et al (1990). Section 5 describes 
details of the model. 

2. RELEVANT NEUROPHYSIOLOGICAL FINDINGS 

One of the problems that is involved in vision is to be able to perceive an object 
and recognize it subsequently regardless of where it is in the scene. The size and shape of 
the image alters with change in the position of the object in the scene. The primate visual 
system is capable of handling three classes of situations: Viewpoint independence, Shape 
variations and impoverished inputs (Kosslyn et a/1990). This is accomplished in primate 
vision by decoupling the problems of determining WHAT object is in the scene and 
WHERE it is in the scene. In other words, there exist separate representations for object 
properties and for the spatial relations, each of which are processed by distinct neural 
systems. Neurophysiology and neuroanatomy of high-level vision support this. 
dichotomy (Ungerleider et a/1982). One neural system is composed of a visual pathway 
running from the occipital lobe to the inferior temporal lobe and is called the ventral 
system. This system processes object properties, such as shape and color, and receives 
input from small ganglion cells in the retina. A second visual pathway runs from the 
occipital lobe to the parietal lobe and is called the dorsal system. This receives input 
from larger ganglion cells in the retina and processes spatial relations (Anderson et al 
1985) as well as direction of motion. These two systems work in parallel but 
independent! y. 

3. PROCESSING SUBSYSTEMS OF HIGH-LEVEL OBJECT IDENTIFICATION 

Kosslyn et al (1990) have specified a set of processing subsystems based on this 
WHAT vs. WHERE dichotomy underlying high-level vision in primates. Their focus is 
on object recognition/identification. They employ a hypothesize-and-test paradig'm to 
achieve this objective. A key feature of this approach is that object and spatial properties 
are represented separately in the process of generating hypotheses. 

Input from Low level Vision 

·Fig. 1 
57 

Fig. 1 shows a configuration 
involving six subsystems as posited by 
Kosslyn et al . The input to high-level 
vision comes from low-level vision via a 
Visual Buffer. An Attention window in 
the buffer, which is adjustable in size and 
location serves to decouple the spatial 
from object property information. This is 
achieved by passing the contents of the 
window on to the WHAT subsystem 
whereas the window location, which 
contains the spatial information, is 
conveyed to the WHERE subsystem. The 
attention window also serves to implement 
the selective aspect of perception by gating 
the input to the higher subsystems. 



. The WHAT subsystem encodes the object properties, while the WHERE 
subsystem encodes the spatial properties. These two representations are then integrated. 
in an Associative memory in order to access appropriate stored information which assist 
in object identification. The major role of the Top Down Search subsystem is to generate 
and test hypotheses about the scene being viewed. The object and spatial properties are 
used to generate these hypotheses. As a part of testing the hypotheses the attention 
window is moved in order to search for desired properties. This top down search also 
helps access, in the WHAT subsystem, an expected sub-part of an object based on the 
hypotheses. There is bottom up control of the attention window as well so that the 
window can be adjusted using low-level information without any prior interpretation of 
the input. 

4. OVERVIEW OF A GENERAL MODEL FOR MOTION ANALYSIS 

We have developed a general model for motion analysis taking into account 
information from three different areas: knowledge gained from neurophysiology of 
vision, the general principles used in human vision, and the computational principles 
developed in machine vision. Our approach differs from the existing work in machine 
vision in the way motion perception is conceptualized: First, we view the goal of motion 
perception as not rigidly defined but as dependent on the particular task confronted by the 
system that analyses motion. Second, we consider the study of motion perception to be 
not confined to perceiving the motion properties alone. Motion perception must 
encompass perceiving object properties as well since it is the object that is in motion. 

When one considers motion perception in general and tries to decompose it, one 
can say that some entity is present and motion is one of its several properties. To 
perceive the entity as moving; one requires to detect two things: the entity and the 
motion. Humans are not limited to perceiving merely that there is something is moving, 
but they are also capable of understanding that something as an object, perhaps a familiar 
one, and the nature of the motion as being in some direction and at some speed. 

A general approach to motion analysis can then decompose the problem of motion 
perception into two sub-problems: WHAT is moving and HOW is it moving. In solving 
the motion perception problem then,_ these two sub-problems should be solved in parallel 
with the partial solutions aiding in the solution of both problems. 

Taking our cues from the human visual system we note that, while there are low 
level processing units that measure image motion, there is no strong evidence that 3-D 
motion is computed. In typical everyday experiences human beings usually are interested 
in judging whether something is moving or not and only then, depending on the need, in 
evaluating the nature of motion. When evaluating the rate of motion one usually does it 
on a qualitative basis: slow, fast, very fast and so on. Beyond this, one estimates the 
magnitude of motion, if this is needed, based on past experience. The most common 
situation in which motion measurement is called for is while driving a vehicle. Here one 
needs to extrapolate the positions of other vehicles and pedestrians to an instant of time in 
the future in order to avoid collision. This is accomplished in real time. Such immediacy 
of perception suggests that the driver estimates the relative future positions of the other 
vehicles or pedestrians. It is unlikely that an exact motion measurement is done. This 
immediacy of perception also suggests that knowledge about the world is being used. 

In light of the above discussion, two tactics are employed in our model so as to 
achieve efficiency in the analysis of motion. One is a hierarchical approach to the 
WHAT and HOW analysis, and the other is a flexible control of the execution of motion 

58 



perception. The flexible control allows the system to decide how far to proceed with the 
analysis, given a particular task. In other words, the analysis can be terminated at any 
level in the hierarchy depending on the task to be performed by a system. 

5. A GENERAL MODEL FOR MOTION ANALYSIS 

Levels of analysis of WHAT and HOW of motion 

I 
Entity 

II Unitary, bounded object 

III Object with sub-parts 

IV Interpreted/identified object 

Knowledge sources 

Fig. 2 

Is there motion? 

Qualitative description 

Quantitative description 

Exact 3-0 description 

Shaded arrows represent 
interactions for which 
there is evidence in 
human vision 

Fig. 2 shows the basic structure of our model. The hierarchical approach to 
motion analysis mentioned above is evident in this Figure, with four levels in the 
hierarchy. An analysis which proceeds through several levels of resolution is adopted in 
this model in accordance with a familiar principle of systems theory (Simon 1962). 
Computationally also, hierarchical processing has proved to be much more successful and 
efficient in computer vision (Anandan 1987). As indicated in Fig. 2 the hierarchical 
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approach is used in both the WHAT and HOW subsystems of our model. We have to 
emphasize that the analysis does not proceed rigidly from one level to the other even 
though this is not made explicit in Fig.2. Rather, as mentioned earlier a control parameter 
determines the level to which analysis should proceed. Each of the components in the 
model can be decomposed further, depending on the method of implementation. 

It should be noted here that the model we have developed is structurally similar to 
the subsystems proposed by Kosslyn et al (1990). The similarity lies in the decoupling 
of object properties from the spatial and temporal properties, and their separate 
processing. However, our model relies on much greater co-operation between the WHAT 
and HOW units. 

The object which is in motion is analyzed and described at four different levels in 
the WHAT subsystem of our model, with progressively increasing resolution. At the 
lowest level, the object is designated as an entity. At the next level it becomes defined as 
unitary and bounded. It is described as made up of sub-parts at the third level, and finally 
as an interpreted or identified object at the fourth level. This is similar to the levels of 
resolution with which object understanding is achieved both in human and machine 
vision systems. Therefore, the processing schemes developed in those areas can be used 
to implement the WHAT part of our model. 

The motion of the object is described at four different levels also. The description 
extends from a mere detection and localization of the motion at the lowest level to exact 
3-D description at the highest level. In the intervening second and third levels the 
description is qualitative and quantitative respectively. This sort of hierarchy, involving 
qualitative and quantitative descriptions, is not used in any of the existing approaches to 
motion analysis and so we will present a scheme for implementation for this HOW part 
of our model in Section 5.2. First we address the various kinds of co-operation between 
the WHAT and HOW subsystems. 

5. 1 INTERACfiONS BETWEEN THE WHAT AND HOW UNITS 

In the following discussion of interactions between various levels 'H' denotes the 
HOW unit and 'W' the WHAT unit. Thus Level 1H indicates Level 1 of the HOW unit 
and so on. 

Influence of Level 1 H on Level 1 W 

Motion is a property of an entity. Therefore, presence of motion implies the 
existence of an entity. In fact, the detection of the presence of motion can help further 
explicate the properties of the entity, such as define its boundaries, and can help define it 
as a unitary object. Evidence in humans indicates that the visual system functions in such 
a way that motion influences the process of defining a unitary object (Spelke 1990). 
Therefore, the presence of motion as determined in Level 1H should influence the lowest 
stage of the WHAT analysis, where the object in motion is attempted to be described as 
an entity. 

Influence of Level 1H on Level2W 

The results of the "Presence of motion" analysis can help with the segment ing of 
the object and extract ion of its boundaries. This is particularly the case when a moving 
object is surrounded by stationary objects. If two objects are moving relative to each. 
other then this influen~e can also help determine their boundaries. 
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Influence of Level 2H on Level 2W 

This interaction can be explained in terms of the following example: When a 
human being walks across a scene, the arms and legs move in a swinging motion while 
the entire body translates across the scene. The relative motion of the limbs is different 
from that of the common motion of the entire body. Such information differentiates the 
various parts of the body and so can be used to decompose the body into parts. Level2H 
generates a qualitative description of motion, including the 2-D direction of motion. 

Influence ofLevel4W on Level2H 

The kind of qualitative description of motion we consider appropriate includes a 
coarse assessment of speed such as fast, slow, very slow, etc., referenced to some 
threshold level. However we do not rule out other possible descriptions. In arriving at a 
coarse assessment of speed, information about the identity of the object can contribute to 
a higher level of accuracy or reliability than that can be achieved without this 
information. This is true mainly due to the fact that at this stage the input is largely low. 
level and hence ambiguous. 

Influence of Level 4W on Level 3H 

The identity of the object in motion can facilitate the derivation of a quantitative 
description of motion as well. This interaction allows for the role that a posteriori 
knowledge can play in the analysis at this level. 

Influence of Knowled~e sources on Level 4W and Level 3H 

This interaction represents the influence of a priori knowledge. The knowledge 
source referred to here represents the Long Term Memory (LTM) in humans and a data 
base in machine vision. It should be noted that the interactions with the knowledge 
sources are in both directions. The WHAT and HOW units are able to contribute to the 
knowledge source of the entire system for future use. This provision for a dynamic 
updating of its memory, through learning from past experience is a major strength of this 
model. 

5. 2 A SCHEME FOR THE IMPLEMENTATION OF THE HOW UNIT 

Fig. 3 shows a specific scheme for the HOW unit of the motion analysis in ou:r: 
general model. Detection and determination of 2-D direction of motion are considered to 
be low-level functions in human visual processing. Cells that detect motion which is 
present in the retinal input exist in primates. These cells also respond to motion in 
specific directions (Rubel et a/1962). In machine vision, detecting and finding the 2-D 
direction of motion from a sequence of images is a fairly simple problem and has been 
solved adequately (Glazer 1984, 1987). 

Level lib H Derivation of a degree of motion and a degree of confidence 

Up until this point in the analysis we know that motion is present and is in some 
2-D direction. A preliminary understanding of the motion can be arrived at based solely 
on this 2-D displacement information. Using some reference or threshold, motion can be 
judged to be slow, fast, very fast, etc. This understanding, since it is based on just 2-D 
information, will necessarily be flawed. To increase the accuracy of the degree of motion 
additional information is required. For example, if the scene consists of a moving 
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Stages in HOW part of motion analysis 

I H Decide if motion is present 

IIH Qualitative analysis of motion: Low level 

IlaH Determine direction of motion Coarse 

IlbH Derive the degree of motion such as fast, slow etc. 

lie H Derive the degree of confidence for the degree of motion 

III H Quantitative analysis of motion: 

Ilia H Determine the range of values for the motion 

IVH Compute the 3-D motion parameters Fine 

Fig. 3 

aircraft, based on the 2-D displacement in the image the preliminary understanding will 
be of a slow moving object. However the information about the identity of the object, 
that it is an aircraft will lead to a more accurate understanding, that the object indeed is 
moving fast. To accommodate this possibility one can attach to the understanding a: 
figure of merit which we term called "degree of confidence". With added knowledge the 
degree of confidence is improved. The use of such a figure of merit is important for 
machine vision systems. It is not clear whether such a device exists in human visual 
system. 

The additional information which is required for better accuracy is of two types. 
One is in the form of a posteriori knowledge. This can be from the WHAT subsystem 
which might have solved for the identity of the moving object. It could also be 
information about the environment or domain in which motion is taking place. Such 
information is also knowledge of the a posteriori kind derived by the WHAT subsystem 
upon working on the entire scene. The second type of additional information is in the 
form of a priori knowledge. The primary source for this knowledge will be information 
stored in the LTM. In the aircraft example it is not enough to identify the object as an 
aircraft. The property that airplanes move at high speeds must be known in order to 
change the perception from slow to fast motion. This property will be available only in 
the LTM and is not explicit in the sensory input. 

Level lila H Determining a range of values for the motion 

The previous stage of analysis was qualitative and the motion description was at 
the coarsest level. The analysis in this stage is quantitative. The motion description is 
finer than the previous stage but still somewhat coarse, as the goal is to determine a range· 
of values for the motion rather than derive the precise 3-D characterizations of the 
motion. Imagery plays a big role in this stage and so a brief introduction to the concept 
of Imagery follows. 
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Imagery is the perception of information stored in the memory and hence is 
"seeing" in the absence of sensory information. In human vision, visual imagery plays 
two important roles. In the frrst role it brings an anticipatory element to vision. This is 
referred to as the perceptual anticipation hypothesis (Finke 1989). Imagery is used 
whenever humans reason about an object's appearance while it undergoes some 
transformation. It has been found that in humans, imagery does indeed facilitate 
perception by priming mechanisms in the visual system (Posner 1978). In spatial 
navigation one often uses imagery to mentally project a vehicle's trajectory to see if it can 
clear an obstacle. Imagery plays a second role in the retrieval of information stored in 
memory. This is especially important and useful when information is not represented in 
an explicit form in the memory. For example when one is asked if a Zebra's stripes are 
vertical or horizontal one invariably tries use imagery to form an image of a Zebra with 
its stripes zoomed in. 

In motion perception transformations occur over time and hence there is a need to 
reason about an object's position and appearance at a future instant of time. Therefore, 
we assume that imagery plays an especially vital role in motion perception. It is this use 
of imagery that we have incorporated in our scheme. In a nutshell a predictive scheme 
using imagery for deriving a range of values for motion functions in the following way: 
Knowing an object's current position (pbt1) along a trajectory, use imagery to predict a 
future position (P2, t2) by projecting the trajectory. Compare the results with the 
information derived from sensory input. Depending on the match, use the projection 
information to estimate the plausible range of values for the motion. The degree of 
match, between the positions obtained through imagery and from the sensory input, 
determines the degree of confidence. 

Level IV H Computing the exact 3-D motion 

The motion description computed at this stage is most precise, and is expressed in 
terms of the 3-D parameters. This is accomplished after imagery has been used to derive 
a range of values for the motion in the previous stage of analysis. The scheme used is an 
iterative one. The iterative process can be continued to refine the range until a single 
value for the motion is obtained. Depth information is needed at this stage. In the 
human visual system that is expected to come from stereo analysis, while an auxiliary 
depth input can serve that purpose in a machine vision system. 

6. CONCLUSIONS 

We have presented a general model for motion analysis. This model is intended 
to be a part of a larger scheme for general vision. Hence an implementation of our model 
is not intended to function as a stand-alone system, . but rather as an integral part of a 
comprehensive vision system. Even though our general model has been largely based on 
the analysis of human visual system, it has the capability to overcome some of the 
constraints in the human visual system. For instance, in humans, visual recognition, 
navigation and imagery are said to share some of the high-level processing subsystems. 
This poses a constraint in that it causes selective interference between imagery and 
perception. A machine vision system for motion analysis using our model can overcome 
this constraint by using two parallel subsystems, one devoted to imagery and the other to 
perception. 

The model can serve as the basis for designing machine vision systems which 
function more like human visual systems, which should be more efficient and successful 
than the existing machine vision designs. It also contributes to modelling human vision 
more effectively as it is largely built on characteristics found in the human visual system. 
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ROAD FOLLOWING -A NEW APPROACH 

1. General 

by 

Huseyin Hakan Yakali 1,2 

Daniel Raviv 1,2 

Martin Herman 2 

EXTENDED SUMMARY 

In this summary we report on a new vision-based method and its real time implementation 

for achieving the task of circular road following. The method is based on measuring the 

location of the tangent point on the road edge as projected_ on the moving camera image 

(i.e., the point on the road edge lying on an imaginary line tangent to the road edge and 

passing through the camera), its optical flow, the current steering angle, and the change in 

the steering angle. The advantages of this method are: (1) only a few measurements are 

needed for following the road, (2) the designed controller is independent of speed, and (3) 

the method is computationally inexpensive. 

The method was developed and implemented on a real system, the Denning Mobile 

Robot [1], at the Robot Systems Division at the National Institute of Standards and 

Technology (NIST). 

Several different methods have been developed in the past. Dickmanns and Graefe 

[2] used a monocular vision in their system. A window is opened for every important road 

feature in the image. Then, a single filter is utilized to track these features in 4-D (space 

and time) world representation. The interpretation of the images is done in 4-0 world 

model instead of in the image coordinate system. The Martin-Marietta Group [3] has 

1. Robotics Center and 
Electrical Engineering Deparunent 
Florida Atlantic University 
Boca Raton, FL 33431 

2. Sensory Intelligence Group 
Robot Systems Division 
National Institute of Standards and Technology 
Bldg. 220 Rm. B124 
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achieved results for selecting the road/non-road regions by using colored images. Once the 

relative location and the orientation of the camera is known with respect to the road. The 

N av lab, at Carnegie-Mellon University [ 4], used color image fqr detection of 

road/non-road regions. Once the road edges are detected, the vanishing point is used to 

generate steering commands. A scanner is utilized for obstacle detection and terrain 

analysis. Additional work has been done at University of Maryland [5] and by Ford Motor 

Company [ 6]. In most of the system mentioned above 3-D or 4-D representation of the 

world is recovered. This is computationally expensive, time consuming and noise 

sensitive. 

Raviv and Herman [7] suggested simpler methods for road following using the 

tangent point and the Visual Field Theory. 

2. The Problem of Road Following 

Figure l .a shows a vehicle on a road and left hand side of road edge. Let h be the 

instantaneous heading vector, r be the radius of curvature of the road, and s be the radial 

distance from the vehicle to the edge of the road. 

We assume: 

1. The vehicle is initially in orbit (and in a distances from the road edge), 

2 . The road is circular, 

3 . The heading of the vehicle is known, 

4 . The vehicle's radius of rotation is measurable. 

In general the problem of road following is to steer the heading vector h such that s will 

remain constant. In our case we propose a controller that will keep the vehicle in orbit 

given the previously stated assumptions. 

3. Solution 

The visual feature used in this approach is the tangent point T (Figure l.b) as projected in 

the image (i.e., the point on the road edge lying on an imaginary line tangent to the road 
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edge and passing through the camera). From Figure l.b; 

s =d- r 

r = d cos8 

by combining Equations (1) and (2); 

s = d ( 1 - cose ) 

Taking the derivative with respect to time of the last equation yields 

s' = d' ( 1 - cos 8 ) + d sin 8 8' 

where(') denotes derivation with respect to time. 

(1 ) 

(2) 

(3) 

(4) 

Note that the information which is necessary to computes and s' is the location of the 

tangent point 8, its optical flow 8', the vehicle's radius of rotation d, and the change in 

this rotation d'. We use s and s' as input signals to the controller. Figure 2 shows the 

overall control loop using these signals. 

4. Implementation 

The use of s and s' as feedback control signals was implemented at NIST using the 

Denning Mobile Robot. The system is composed of four component (Figure 3): (1) a CCD 

video camera, (2) PIPE real time image processor [8], (3) SUN station, (4) Denning 

Mobile Robot. The camera is mounted on top of the mobile robot. Visual information is 

captured by the camera and sent to the PIPE. A few scanlines are transferred to the SUN 

station where e and 8' are extracted. s and s' are computed in this case by 

v 
d -- (5) 

OJ 

v' v 
d' =----OJ' (6) 

OJ OJ2 

where v is the velocity of the vehicle, OJ is the angular velocity about its center, and OJ' is 

the angular acceleration about its center. During the experiments v was kept constant at 

0.1ft/sec, therefore v' is zero. Substituting Equations (5) and (6) back into Equation (3) 

and (4) gives the following equations to be used as feedback signals. 

67 



v 
s = - ( 1 - cose ) (7) 

(1) 

-v v 
s' = - m' ( 1 - cos e ) + - sine 8' (8) 

m2 m 

We tried several controllers for closing the loop. Figure 4 depicts the controller that steered 

the heading vector for achieving the designed task. The error signal E(t) passes through a 

proportional and derivative (PD) controller and the result is subtructed from s'. The result 

is multiplied by a constant and subtracted from the current steering command me to find 

amount of change ~m· in the steering angle. The controller coefficients are K1 =-0 .5, 

5. Results 

Figure 5 shows a simulation result for a circular edge. The controller is capable of steering 

the vehicle into the desired orbit from an arbitrary location. In this simulation, the desired 

radial distance from the edge, sd, is 1 foot. The vehicle enters its desired path fron1 an 

arbitrary initial point. 

Real time experiments are very similar to the simulation results and shown on a video tape. 
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Fig.3 System setup for orbiting around the circular object. 

CONTROLLER I OJ ,---------------------------1 t c 

E(t) 1 E(t) - E(t-~t) ~~ ~OJ 
K 1 ~ + K 2 E(t) __. K3 I 

I t 
I I 

s I 

Fig.4 The controller that is implemented on SUN. 
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ESTIMATION OF EYE FEATURES FROM FACIAL IMAGES * 
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ABSTRACT 

We propose a low-cost automated nonintrusive measurement and analysis system for 
eye dynamics using a PC-based video image processor. The first stage of the project involves 
estimation of static eye features. The features we want to measure are the height and width 
of the eye opening, the position and diameter of iris and pupil, and the shape of the eyelid. 
In this paper, we describe (1) a search algorithm for locating the eye, and (2) a method to 
determine the boundary of the iris and locate the center of the pupil. Initial experimented 
results indicate that the performance of the algorithms is satisfactory. 

1. INTRODUCTION 
The problem of eye movement measurement has been investigated by researchers 

for many years. Researchers and clinical practitioners in psychology, psychiatry, behavioral 
medicine, and ophthalmology widely use measurements from human eyeblink and eye 
movement. These data are useful for monitoring respondent oculomotor condition and for 
revealing covert mental states. Up to now, a variety of methods and techniques have been 
developed to measure the eye movement. Mowrer, Ruch and Miller[l] and Schott[2] 
suggested that the position of the eye could be measured by placing skin electrodes around 
the eye and recording the potential differences. Carmichael, Dearborn[3], Taylor[4] 
proposed a method that used the corneal reflex principle to measure the direction of eye 
movement. Another important extension of the basic corneal reflex technique is the use of 
a head mounted eye monitor camera. In this system, developed by Mackworth[5], a film or 
television camera, that is aligned with the head during free head movements, continuously 
records the field of view. Other researchers made use of the scanning method to obtain the 
direction of eye-gaze, since the sharp boundary between iris and limbus is an easily 
identifiable edge which can be detected optically and tracked by many approaches. However, 
presently available automated systems for assessing the dynamics of human eye either lack 
the ability to operate nonintrusively in a naturalistic enviroment, or require the use of 
expensive and specialized equipment and techniques. Also, high cost has made the 
equipment impractical for most researchers. 

Recently, Hutchinson[6] developed a device called the eye-gaze-response interface 
computer aid (ERICA) which automatically records a digital portrait of user's eyes from 
features such as glint and "bright eye", and calculates the approximate location of the eye
gaze direction. The limitation is that the strength of the "bright eye" effect varies among 

* This work was supported by grants from United States Control System Corporation, 
West Palm Beach and Florida Hi-technology Council. 
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subjects and not all candidates for the system have sufficiently intense "bright eye" to permit 
consistent and reliable detection of their eye-gaze direction. Further, the system assumes a 
cooperative subject such that head movement variances are minimal. 

In this paper, we propose a method which uses computer vision techniques to analyze 
the video image of the human face and to obtain its characteristics, particularly those of the 
eyes. The system consists of an inexpensive personal computer with frame grabber /image 
processing board, a consumer-grade CCD video camara/recorder, the man-machine 
interface and eye-characteristic analysis software. The proposed method first works on the 
binary image of a human face to search for the boundary of the eyes. Confining the 
processing to the located region of interest, the boundary of iris is determined. Finally, the 
pupil and its center are located using histogram based segmentation technique on the data 
within the window. 

This paper is organized as follows: Section 2 describes the issues involved in the 
measurement of eye movements. Section 3 presents a method for locating the eye that 
automatically detects the boundary of the eye and the position of its pupil. Section 4 
describes the implementation of the system. The future work is discussed in section 5. 

2. PROBLEM STATEMENT 
The objective is to analyze the dynamics of eye movement from a sequence of image 

frames. We can obtain the principal characteristic of eye by tracking the pupil in the image 
frames. Pupil offers the following advantages: first it is smaller and therefore unobscured 
by the eyelid for a much greater range of eye motion. Its nominal shape is circular. The 
center of the pupil virtually coincides with the foveal optical axis of the eye, therefore the 
pupil eccentricity could serve as a basis for eye angle (gaze) measurement[?]. The pupil, 
when viewed under normal illumination, appears black and therefore presents a lower 
contrast with its surrounding iris than the iris does with respect to the sclera. This makes it 
a diffic;ult to automatically discriminate the pupil. In our research, we first look for the 
boundary of tlJe iris. For this small area, we then make a histogram based segmentation of 
pupil within the small area and find the pupil eccentricity. Another principal characteristic 
of the eye is the shape of the eyelids which is particularly useful for the investigation of 
eyeblink. When the eye is closed, the upper and lower eyelids meet together, and the shape 
of the eyelids is concave upward. Moreover, the height and width of the eye opening also 
provide us useful knowledge about the eye. Thus the features to be measured are: the pu}Jil 
eccentricity, the shape of the eyelids and the height and width of the eye opening. 

3. AUTOMATIC LOCALIZATION OF EYE FEATURES 
a.Searching for the boundary of the eye 

In order to track and analyze the eye features, we need to know the location of the 
eye. The strategy is to shrink the search range gradually. Making use of the symmetry of 
human face, we set the starting point of search at the center of area calculated on the whole 
image. 

For fast location of the eye boundaries, we work on a binarized image (after 
thresholding). Using the property that the distance of the eye from the center is proportional 
to the vertical extent of the human, we locate an initial point p0(Xo,Yo) in the eye area. 
Starting from this point, search is proceeded in the horizontal direction, pixel by pixel to find 
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two transition points (x1,y0) and (Xpy0) from '1' gray level to '0' gray level. Next search is 
continued along the vertical direction starting with the line segment connecting the points 
(x1,y0) and (Xpy0), until we get to two lines y=yt and y=yb. Continuing the above step, but 
searching in the hgorizontal direction, we can get another two lines x = x1' and x = Xy' (see 
Fig.l). Thus the search is proceeded alternatively in horizontal and vertical direction until 
two successive searches in different directions find no such transition from the line with at 
least one pixel of gray level '1' to one with all '0' gray level pixels. Because the search is 
performed line by line (except the first one), this algorithm is unaffected by small irregular 
gaps in the ar·ea. To speed up the search procedure, we adopt the so-called forward
backward-skip search method. First, a suitable step is assumed, and search is started in the 
forward direction with this step. H no target is found in this search, search forward again 
with the same step; if target is detected, then search is conducted in the opposite direction 
with step size which is half of the previous one. The forward search is meant to determine 
the extent of target roughly and so the step is chosen to be large. 

Algorithm for localizing the eye window is summarized below: 
STEP 1 Determine a starting point p0• 

STEP 2 Obtain two boundary points of eye in horizontal direction. 
STEP 3 Modify the top and bottem boundary points of the eye. (the search is proceeded 
in vertical direction based on line segment) 
STEP 4 Modify the left. and right boundary points of the eye. (the search is proceeded in 
horizontal direction based on line segment) 
STEP 5 If STEP 3 and 4 all fail, END; else, goto STEP 3. 

xl' xl xO xr xr· 
----------------------------~------------~----------~---------------.---~x 

y Fig . 1 The procedure of 1 ocat i ng the eye w indow 
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b. LOCALIZATION OF IRIS AND PUPIL 
Based on the characteristic analysis of the eye, it is noticed that if we find two 

extreme points (marked with 'x' in the Fig.1) on the intersection of the iris with the upper 
eyelid, the boundary of the iris can be determined. We detect and encode the edge of the 
eye with chain code. Due to the presence of noise, the edges may be blurred and broken, 
thus there are several choices of the code from one edge pixel to its neighbor. The following 
priority scheme is used to obtain a clean edge chain code. (see Fig.2) 
( 1) First look for the neighbor pixel in the direction of the same code as previous one. 
(2) Else look for the neighbor pixel in the direction of the same code as previous one, 
but two pixels apart from the present one (this can bridge small gaps). 
(3) Else look for the neighbor pixel at the direction of + /- 45° apart from that of the 
present one. 
( 4) Else look for the neighbor pixel at the direction of + /- 90° apart from that of the 
present one. 

FIG . 2 THE PRIORITY OF CHOOSING NEXT PIXEL IN CHAIN CODE 

The differential chain code can be calculated from the encoded chain code. The 
points with differential chain code value of 6 and 7 chosen as the set of the extreme points 
K= {~}, i= 1,2, ...... n. The true extreme points Kt and ~ are obtained using the following 
algorithm: (see Fig.3) 
( 1) Rearrange ~ in the ascended order according to Y coordinate value to get a new set 
~'. 
(2) l<t = K1'. 
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(3) ~ = Kt', if Kt' satisfy Max I :Kr,~' I i = 2,3, ...... n. 
where I :Kr,l<t' I is the distance betwreen Kr and ~,. 

For instance, in Fig 3, K = K' = {~, ~' ~}. ~ is chosen as first true extreme 
point. Since I ~'~I > I~'~ I , ~ is chosen as second true extreme point. 
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FIG.3 CHAIN CODE REPRESENTATION FOR THE LOWER-HALF 
-- - - I 

BOUNDARY OF EYE t 

After the extreme points are determined, it is straightforward to detect the boundary 
of the iris . As mentioned in section 2, we make use of the histogram of this small iris region 
for the selection of threshold values. Finally, after thresholding the iris region, the pupil 
eccentricity is obtained by determining the center of the iris region. (Fig.4) 

(a) left iris 
(b) right iris 

Fig.4 A histogram of the iris 
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(c) 

(a) Original image (b) 

(c) Edge detected image (d) 

In1~gc of thresholding iris window (f) 

Image after thresholding 

Image with iris window 

\ 

. ·~<~)T~:-
~~-~ .. ,~ .... ~ 
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:. ~,..! . 

Pupil eccentricity located image 

Fi~.~ ExperinlciHal results for locating the pupil 
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4. IMPLEMENTATION 
We implement the algorithms for automated locating eye features using a PC-based 

microcomputer with an image grabber /processing board. The images of human face 
captured by CCD cameras are scaned two times. During the first run, the whole image is 
scaned. The first operation is thresholding for 512x512 image, followed by the calculation 
of the center of the image which provides the starting point for the search algorithm. The 
search operation, described in the previous section, determines the rectangle window of the 
edges from which the height and width of eyes can be obtained. The search range is now 
shrinked to the area of eyes. The chain-code approach is applied to locate the iris region. 
During the second run, the original image corresponding to the located window is loaded. 
The histogram of the windowed image is computed and is used to determine a suitable 
threshold. Using this threshold for the windowed region, the pupil area is segmented. Finally 
the center of the pupil is located by calculating the first moment of the pupil area. Results 
with different facial images show that under the suitable light conditiqn, the position of pupil 
can be obtained accurately. 

S.SUMMARY 
During first stage of the research, our objective is to estimate the static eye features. 

In subsequent stages, we will analyze the dynamics of eye movement based on a sequence 
of images. The eyeblink can be detected from the significant changes in pupil diameter or 
shape. Eye movement can be detected from the variations in the X or Y coordinates of the 
pupil center. The information about the height and width of eye, the position of iris and 
pupil are thus necessary for implementing the next stage. 

Compared to other matching methods such as correlation, the presented algorithm 
for searching eye window runs much faster. After searching three or four times in different 
directions, the rectangle eye window can usually be located. The limitation is that if the 
shape of an object is similar to 'x', it may take many steps to complete the search process. 
In any case, the shape of eye is quite different. We compared the position of the pupil 
measured by this algorithm with the acturallocation (visual determined by the operator) and 
the diference is negligible. 

Our future work will concentrated on the dynamics of the eye. Hough transform will 
be applied to determine the shape of the eyelid. These features will be extracted from a 
sequence of images to measure the dynamic eyeblink rate and eye movement. Effort will 
also be made to optimize the algorithm to make it insensitive to noise and head movements. 
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Miniature Vision-Based Flight Simulator 

Daniel Raviv (*)(**) and Avraham Shapira (*) 

Robotics Center * 
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Florida Atlantic University, Boca Raton, Florida 33431 

Summary 

At the Robotics Center at Florida Atlantic University a new, miniature, six
degree-of-freedom vision-based flight simulator is being developed. The 
simulator allows either manual or autonomous vision-based navigation in a 
miniature unstructured as well as structured environment. 

Refer to Figure 1 . 

An existing gantry robot (IBM Clean Room Robot) has been modified in such 
a way that its main controller is not being used, but instead it is controlled 
directly by a commercially available personal computer that generates analog 
signals to the six control loops. The six low level position control loops of 
the robot were modified to be velocity control loops, i.e., the robot is 
currently controlled by six analog signals, each corresponds to a velocity 
input. This new control configuration of the robot allows smooth motion of 
the different axes. 

Figure 2 is a picture of the real simulator. 

The visual input to the computer is obtained from a miniature camera 
located at the end effector of the robot. 

Commands for controlling the robot are sent by either: 

1. Two joysticks (manual operation) 

Analog velocity-commands from the joysticks are· sent to the Personal 
computer. One joystick controls Pitch and Roll axes (currently, in camera 
coordinates). The other joystick controls Yaw axis and speed of the camera 
(currently, the motion is along the camera optical axis). The joysticks can 
be moved by looking at the scene as captured by the moving miniature 
camera. (Figure 3). 

2. Vision System (autonomous operation) 

Figure 4 shows the camera located at the end effector of the robot. 
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Visual data from the miniature camera is processed in the PC-based vision 
processor. As a result, Pitch, Yaw, Roll and speed signals are generated and 
sent to control the robot. 

In both modes of operation the input commands to the robot are similar to 
driving or flying commands. 

Figure 5 is a set of scenes as seen by the miniature moving camera. 

The system is very flexible. Gains of all loops can be adjusted according to 
specific needs. The kinematics and dynamics of a simulated vehicle can be 
added by means of software in - the Personal Computer. For example, 
transfer functions of an airplane can be written as difference equations . 

Current!~ simple vision algorithms can be implemented in real time. 
However, other vision systems can be incorporated to improve real-time 
performance of the vision-based closed-loop. 
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Figure 2 

Picture of the Simulator 

Figure 3 

Joysticks and Monitor 
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Figure 4 

Camera at the End Effector 
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Figure 5 a 

Video Image of a Miniature Unstructured Environment 

Figure 5 b 

Video Image of a Miniature Structured Environment 
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ABSTRACT 

Flexible Manufacturing Systems Design with 
the Assistance of Computer Simulation 

Wei-ming Feng, Chingping Han and Kader Mazouz 

Manufacturing Systems Engineering 
Department of Mechanical Engineering 

Florida Atlantic University 
Boca Raton, FL 33431 

The design of a flexible manufacturing system (FMS) is an exceptionally complicated task 
due to the complexity of such a system and the variety of the equipment involved. In this study, 
we use a generalized manufacturing systems simulator to support the design activities of the 
FMS, as well as to use the post programming environment for controlling those selected 
equipment. A FMS machine cell which consists of three loading/unloading and assembly robots, 
and a NC machine has been conceived. The cell is currently under implementation. 

INTRODUCTION 

Generalized manufacturing systems simulators are a class of simulation model which can 
be rapidly configured to model a wide variety of manufacturing systems [Abdi86]. Since a 
typical FMS is rather intricate in the sense of the variety of equipments, the communications 
among those equipments, and the control issues involved, a generalized manufacturing system 
simulator becomes a necessary tool for design, evaluation, and implementation of a Flexible 
Manufacturing System [Darr87][Ross86]. Simulation is also having an increasing impact on the 
quality of system design particularly in workcelllayout, choosing different kinds of robots and 
their control programming [ Abdi86][Agar89]. 

Typically, a flexible manufacturing systems' designer faces three challenges: to select 
the needed equipments, such as robots, controllable conveyors, NC machine, etc.; to design the 
communication between different computer controlled hardware; and to predict the performance 
of the system. In order to achieve high level of performance required for FMS, using of a 
sophisticated software system is essential. 

The use of simulation to predict the performance of a system before it is built is now a 
widely utilized method [Youn86] [Lenz86]. The engineers, system builders and other end users 
are also looking for how the model could be used elsewhere, for example, as an aid to the 
development of software to control the real system. Communication between different computer 
hardware is another well known problem. The problem becomes more difficult when a system 
is composed of many brands of robots and devices where each one has different control 
language. 

87 



In order to overcome the obstacles described above, we selected a software named 
CIMstation to help us in the design and installation of our FMS. The CIMstation software 
environment helps the system design in system configuration, equipment selection, as well as 
the integration of different brands of robots and other equipment in the system. The use of the 
software for developing the real control system is also accomplished. 

CIMSTATION 

CIMstation is an interactive software environment for the design, development, 
simulation and off-line programming of flexible manufacturing systems. The software can be 
used to layout FMS, to evaluate different kinds of robots and NC machines, or to test 
automation concepts and to optimize cycle time. All robot programming is done without the 
robot on-line, which can extremely reduce excessive factory downtime, and it can also 
incorporate CAD data automatically. The software can run on many graphics work-stations. 

CIMstation programming can be done in either the SIL language which is a Pascal-like 
language or with the menu driven interface which allows complete and rapid FMS layout and 
process development without having to know the SIL language. It also allows quick changes in 
robot or parts locations, and any other system parameters. It is an efficient environment for FMS 
system design and verifications. 

Robotics simulation is a proficient key of CIMstation. The models of the robot include 
accurate kinematic descriptions and path planning algorithms that can be verified against an 
actual robot through extensive testing. These robot models can be added to or deleted from the 
simulated FMS as required to compare cycle times and position with different robots. A design 
environment like CIMstation can easily answer the following questions in the FMS design stage: 

1. How many robots are needed in a FMS with certain level of productivity? 
2. Which robot is best suited when more than one robot can perform the same 

operation? 
3. Where should the robot be located to reach the needed stations in the system? 
4. Which FMS layout will be the quickest, yet cost effective and efficient? 

When using the menu interface, the SIL programs for robots are automatically generated 
and then translated into the command language of the robots. In the on-line mode, CIMstation 
behaves as a teach pendant with graphics on the screen. 

CIMstation also provides some advanced programming features such as concurrent 
programming. The concurrent programming is capable of simulating the entire FMS with all 
devices communicating simultaneously and synchronously. 

DESIGN OF A FMS USING CIMST A TION 

To show the capability of CIMstation, an example of how CIMstation can be used to 
design a FMS laboratory is described. The example given here shows the powerful capability 
of the CIMstation in being able to layout a FMS and compare different kinds of robots and NC 
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machines. The goal of the design is to obtain the maximum utilization of resources such as 
machine tools and robots. 

The system layout is showed in Figure 1 and 2. Figure 1 shows the top view of the 
proposed system. A three dimensional view is captured in Figure 2. The FMS layout is designed 
and tested on the CIMstation. Its physical implementation is currently being cultivated in our 
Computer Integrated Manufacturing (CIM) Lab. 

The system consists of an intelligent conveyor loop system around which components 
placed on pallets are moved. Two products are manufactured on the line, product type 1 and 
product type 2. Raw material and· components are delivered to the start point of the cell by an 
(automated Guided Vehicle (AGV). A loading-unloading robot (robot number 1) grasps the 
component from AGV and puts it onto the unmoved pallet which is lifted by a lift unit on the 
conveyor. Then the pallet enters t~e conveyor loop with the component l9aded on it. 

All the components are coded by a bar coder as type 1 or type 2 components. Type 1 
component is routed directly to an assembly station where an assembly robot carries out the 
work to assemble three kinds of chips onto the component. The type 2 component is machined 
first and then an assembly task is carried out at the same station. So the pallet which carries type 
2 component will be stopped and lifted at the front of the second robot. Robot 2 grasps the 
component and puts it on the NC machine and then send it back to pallet after finishing the 
machining work. 

Then the type 2 component is sent to assembly station to have three different kinds of 
chips be assembled on it. After assembly, the two components are routed to the inspection 
station. The components that passed the inspection are sent back to the loading-unloading robot 
and put on another AGV which will transfer them out of the laboratory. 

LAYOUT FMS LAB 

CIMstation has a powerful capability in the layout of the flexible manufacturing systems. 
The system supports a large library of commercial robots. Information such as physical size, 
capacity, control codes, etc. is supplied. The user can also create his own robot. Figure 3 shows 
three different types of robots. The system also support many NC machines models, machine 
tool models, such as, AGV, workpieces, grippers, fixtures and cutters. Figure 4 exhibits a NC 
machine. The material handling devices can be mounted on robots or NC machines for special 
purposes. All of these can be moved, rotated and located from place to place according 
designer's mind to generate a flexible manufacturing system. An included view system can 
change the direction of the view from any aspect with 'zoom out' and 'zoom in' functions makes 
an accurate layout of FMS much easier. 

After the layout, the designer starts testing the automation concepts. It is easy to move 
the gripper of robots to any point to see if the points the designer hope it to reach is within its 
range. If the gripper cannot reach all the desired points, some modification of layout such as 
replacement of robot are made. Figure 5 displays a robot with its gripper's tool frame which can 
be situated and tested. Although it is easy to replace a robot on the screen, CIMstation provides 
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a powerful way, so called "Autoplace," to solve this problem. The best location for robot to 
reach all the desired points is calculated and the "autoplace" of robot is made automatically. 

EVALUATION OF THE DIFFERENT ROBOTS 

If the solution still cannot be found after calculation of the "Autoplace," the robot is 
substituted by another kind of robot. Although robot A can perform this operation, is there other 
robot which can perform the operation faster or better than robot A? Simulation can solve this 
problem easily without expensive investment in purchase of new robots . 

When the simulation of a robot performs one operation, the kinematic and dynamic data 
are recorded and showed in the information window on the screen. For example, the distance 
the gripper has moved, the time the move has taken, the maximum speed and acceleration, and 
the maximum speed of each joint in the manipulator which limits the velocity in which the robot 
can be used. Figure 6 shows the kinematic and dynamic information of one tested robot. 
Different kind of robot could be compared performing the same operation to see which one has 
the least moving time and minimum joint speed. This means that a higher velocity can be used 
and higher productivity can be obtained. In addition, designer can modify current robot or create 
his own robot for a more satisfactory performance. 

When all the modifications have been done, an excellent layout of FMS laboratory is 
generated with the location coordinates of each robot, NC machine, and conveyor showing in 
the information window on the screen. A real FMS laboratory could be established using all 
these kinematic and dynamic data. 

PROGRAM SYSTEM OFF-LINE 

After the layout of a flexible manufacturing system, the next step is to program the 
system to operate. All the system programming is done off-line on the screen. Actual robots, 
NC machines, parts and devices are not needed to develop the program. It is the great advantage 
of simulation, which avoid excessive factory downtime and greatly reduce the cost of the design 
stage. 

CIMstation uses SIL language which is an advanced programming language combining 
features of Pascal, Lisp and C. Editing SIL statements into program is one direct programming 
way but not the only way. Figure 7 lists a sample of SIL computer codes which controls the 
gripper of the loading-unloading robot. The system developer can program the system without 
knowing the SIL. When using CIMstation menu to operate all the devices on the screen, a 
teaching model will record all the operations and create correspondent programs automatically . 

In addition, any robot or device can be programmed with CIMstation without knowing 
the robot or the device language. A post-processor called a "SIL 1/0" converts CIMstation 
programs into robot programs. This makes integrating different brands of robots simple with 
CIMstation as the common thread. It solves the communication problem among different 
hardware which is a well known problem in systems control. 
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CONCLUSION 

In this paper, we showed how to use a generalized simulation tool in design and 
implementation of a flexible manufacturing system. The computerized simulation tool assisted 
the designer at every step of developing a FMS, in selecting the equipment, cell layout, as well 
as the post-programming. The simulation approach provided an efficient way of design and 
implementation of such a complicated system. 

REFERENCES 

[Abdi86] 

[Agar89] 

[Darr87] 

[Lenz86] 

[Phil86] 

[Ross86] 

[Stec85] 

[Youn86] 

Abdin, M. F.; Mohamed, N. S., "Role of ~imulation in design of FMSs," 
Computers & Industrial Engineering v 11 n 1-4 1986, Proc of the 8th Annu Conf 
on Comput and Ind Eng, Orlando, FL, USA, Mar 19-21 1986 p 372-376 

Agarwal, S. N., "Simulation package for flexible manufacturing system," 
Journal of the Institution of Electronics and Telecommunication Engineers v 35 
n 4 Jul-Aug 1989 p 245-250 

Darrow, William P., "International comparison of flexible manufacturing 
systems technology, " Interfaces q»rovidence, Rhode Island) v 17 n 6 Nov-Dec 
1987 p 86-91 

Lenz, J. E., "FMS: What happens when you don't simulate," CMS Research 
Inc, Oshkosh, WI, USA. 1986. 

Phillips, Edward J., "FMS: Advantage, problems, opportunities," Mechanical 
Engineering v 107 n 6 Jun 1985 p 30-33 

Ross, Edward A., "FMS Industry - invisible revolution" 'A New Beginning': 
Association for Integrated Manufacturing Technology, 23rd Annual Meeting & 
Technical Conference proceedings. Minneapolis, MN, USA. 1986 May 4-7.Publ 
by Assoc for Integrated Manufacturing Technology, Beloit, WI, USA p 219-226 

Stecke, K. E., "Research challenges in flexible manufacturing," Computers in 
Engineering, Proceedings of the International Computers in Engineering 
Conference and Exhibit 1985 v 1. Publ by ASME, New York, NY, USA p 
363-366 

Young, A. R.; Murray, J., "Performance and evaluation of FMS," Managing 
Advanced Manufacturing Technology, Proceedings of the UK Operations 
Management Association Conference. Coventry, Eng11986 Jan 2-3 Publ by IFS 
(Publ) Ltd, Kempston, Engl p 291-301, 1986 

91 



Fig. 1 Top View of the Proposed System 

Fig. 2 Three Dimensional View of the Proposed System 
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Fig . . 3 Six Different Types of Robots 

Fig. 4 NC Machine Model 
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Fig. 5 Robot with Its Gripper 

Fig. 6 Kinematic and Dynamic Information 
about the Tested Robot 
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- This program is associated with 'HANDLER' . 

process hr2(clO,c20,h20: boolean); 
begin 
wait(clO); . 
moveto('GRIPPER' ,pose'of('PARTA/FRAMES/APPROACH')); 
moveto( 'GRIPPER' ,pose'of('PARTA/FRAMES/GRIP')); 
open . e e ( 'GRIPPER' , 0 . 5 ) ; 
sign a l (m, in 3 0, true) ; 
unaffix( 'PARTA', 'C6NVEYOR'); 
affix( 'PARTA', 'GRIPPER'); 
wait(h20); 
moveto('GRIPPER' Jpose'of('FIXTURE/FRAMES/APPROACH')); 
moveto( 'GRIPPER) ,~ose'of( 'FIXTURE/FRAMES/DRIP')); 
open'ee('GRIPPER' J · 
c 1 o s e . e e ( 'FIXTURE' j ; 
unaffix( 'GRIPPER', 'PARTA'); . 
affix ( 'PART A' , 'FIXTURE') ; 
move t o ( 'GRIPPER' , p o s e . of ( 'FIXTURE/ FRAMES/ APPROACH' ) ) ; 
signal(m in30,true); 
wait(h20~; 
move to ('GRIPPER', pose. of ( 'PAR'l'A/FRAMES/GRIP')); 
open'ee1'GRIPPER'~0.5); 
open . e e 'FIXTURE' J ; 
unaffix 'FIXTURE', 'PARTA'); 
affix ( ' ARTA' , 'GRIPPER' ) ; 
moveto( 'GRIPPER' ,pose'of( 'CONVEYOR/FRAMES/APPROACH')); 
moveto( 'GRIPPER' ,pose'of( 'CONVEYOR/FRAMES/DROP')); 
unaffix( 'PARTA', 'GRIPPER'); 
affix( 'PARTA', 'CONVEYOR'); . 
signal(covl,r2,true); 
signal(cov2,r2,true); 
~ait(c20); 
move to ( 'GRIPPER' , pose . of ( 'PART/ FRAMES/ APPROACH' ) ) ; 
move to ·( 'GRIPPER' , pose . of ( 'PART/ FRAMES/GRIP' ) ) ; 
open'ee!'GRIPPER' ,0.5); 
unaffix 'CONVEYOR2', 'PART'); 
a f f i x ( ' ART' , 'GRIPPER' ) ; · 
moveto( 'GRIPPER' ,pose'of( 'FIXTURE/FRAMES/APPROACH')); 
moveto( 'GRIPPER' ,~ose'of( 'FIXTURE/FRAMES/DRIP')); 
open'ee('GRIPPER' J • 
c l o s e . e e { ' F I XTURE ' j ; 
unaffix( GRIPPER', 'PART'); 
affix ('FIXTURE' , 'PART') ; 
move to ( 'GRIPPER' i p o s e . o f ( ' FIXTURE/ FRAMES/ APPROACH' ) ) ; 
signal(m in30,true); 
wait(hzoi; 

'· ~T~~Pn, ~~ao'nf( 'PART/FRAMES/GRIP')); 

Fig. 7 Sample Cotnputer Codes for Control the Robot 

95 
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Logic design plays an important role in computer design [BART85, HA YE90, 
HENN90], VLSI design [DENY85, DILL88, KORE89], microelectronics packaging 
[TUMM89], and intelligent robotics [CRAI86, FU87, STAU87]. Early robots were 
clever mechanical devices with cams and stops that performed simple pick-and
place operations. As computer technology improved, robots became more . 
sophisticated. Computer control allows more precise industrial operations, such 
as welding, spray painting, and simple parts assembly. However, such operations 
do not really require the robot to ''think". The robots are simply programmed to 
perform a series of repetitive tasks. If anything interferes with the preprogrammed 
task, the robot must be stopped, since it is not capable of sensing its external 
environment and thinking its way out of a problem. For robots to become more 
efficient, maintenance free, and productive, they must be capable of sensing 
external conditions and thinking very much like a human being does. Such 
abilities require the direct application of artificial intelligence [FIRE88, LUGE89, 
SCHA90, TANI90]. 

In addition, robot technology has taken two evolutionary paths: industrial 
and domestic. To perform precision assembly and control operations, industrial 
robots must be capable of sensing their surroundings and possess enough 
intelligence to respond to a changing situation or environment. Likewise, to be 
truly useful, domestic robots must possess significant sensing and intelligence 
capabilities. Thus, sensory perception, intelligence, and logic design capability 
[MAN091] are the common denominators of any advanced robot. 

Sensory perception categories include vision, tactile sensing, range finding, 
navigation, and voice communication. Of these, the range of applications of a 
robot is enhanced most by vision, followed by tactile sensing, especially for 

*This research was supported by a 1991 
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industrial assembly applications. The science of providing vision for a robot is 
called visual machine perception. Most existing vision systems employ one or 
more cameras to act as the robot's eyes. Furthermore, visual languages 
[CHAN86] and fuzzy languages [LEE69] adds new dimensions to robotic vision. 

Tactile sensing, or tough, for a robot is accomplished by placing 
microswitches, strain gauges, pressure transducers, and optical sensors in the 
manipulator of the robot. The most important parameter that must be measured 
to achieve tactile sensing is force. 

Simple ranging and navigation systems employ position sensing, proximity 
sensing [LEE72], or time-of-flight devices to determine the distance to an object. 
However, advanced systems must employ two-dimension [LEE89a, 87a, 87b, 87c] 
or three-dimension vision to navigate within the real world. 

Finally, robot voice communication requires the application of speech 
synthesis and speech recognition. Speech synthesis is a relatively proven 
technology and is . generally accomplished using a technique called phoneme 
speech synthesis. Speech recognition, on the other hand, is more complicated 
and requires the application of artificial intelligence. Two techniques are presently 
used for speech recognition: isolated-word recognition and connected-speech 
understanding. 

Thus, artificial intelligence [LEE90], must be incorporated into intelligent 
robot controllers to integrate sensory information with control decisions. Thus, 
artificial intelligence becomes the common denominator for most of the 
components required in an intelligent robot. 

The design of artificial intelligence into a robot involves knowledge 
engineering [COYN90, WALK90]. Both the hardware and software design 
components of knowledge engineering require the networking of a multiprocessor 
system and hierarchical planning. The software design aspect of knowledge 
engineering also involves the science of knowledge representation and pictorial 
knowledge representation [LEE89b, 88a, 88b, 87d]. 

In this paper, we focus our attention on designing an intelligent robot for 
logic design. More specifically, the intelligent robot consists of four parts. The first 
part is to perform logic minimization and draw circuit diagram. The second part 
is to map the circuit diagram to chip diagram using an intelligent integrated circuit 
chip database. The third part is chip minimization and other related optimization 
tasks. The fourth part is the robot implementation of the minimized chip design. 
The organization of an intelligent robot for logic design is illustrated in Figure 1 . 
In what follows, each component is briefly described. 

h AUTOMATIC CIRCUIT DESIGN 

There are three methods for the simplification of Boolean functions: 
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1 . Postulates and Theorems in Boolean Algebra. 
2. The Karnaugh-Map method. 
3. The Quina-McCluskey method. 

The problem with the first method is that if there are more than one theorem 
applicable, we do not know which theorem should apply first in order to obtain the 
minimum solution. This leads to two other methods - the Karanugh-Map method 
which is a graphical method and the Quina-McCluskey method which is a tabular 
method. 

The Karnaugh-Map method is a useful tool for minimizing Boolean functions 
with up to 4 variables. For Boolean functions with 5 or 6 variables a Karnaugh
Map could be used but not as effectively as using the Karnaugh-Map in the case 
of 4 variables. For functions with more than 6 variables the Quina-McCluskey 
method may be used. In order to develop an intelligent system to help students 
learn how to minimize the Boolean function, we will focus our attention on the 
4-variable Karnaugh-Map method. 

Before ·we can define some rules for the intelligent system, we need to make 
a transformation for the· original Karnaugh-Map inputs. Figure 2 and Figure 3 are 
examples. 

All rules are applied using Figure 3. Finally, the results are transformed 
back in Figure 2 using T 1

• It is much easier to define rules in Figure 3. The 
minterm m2 in Figure 2 is matched to minterm m3' in Figure 3, etc. Now we can 
describe some relationships in the 4x4 Karnaugh-Map. More than ten rules exist 
in the system. Here we just briefly mention two rules which are presented in 
prolog-type. -

Input: 

Rule 1: 

Rule 2: 

Give two points (x,y), x,y belong to Figure 2, assume x<y. 

Horizontal Adjacent (HA) 
if y-x = 4 then 
x Aha y 
horiz _ adj(Minterm 1 , Minterm2):
Minterm2>Minterm1, Minterm2 = Minterm1 + 4. 

Vertical Adjacent (VA) 
if y-x = 1 then 
x Ava y 
verti_ adj (Minterm 1 , Minterm2):-
Minterm1 < Minterm2, Minterm2 = Minterm1 + 1. 

We can easily see the relationship from Figure 4. 

Minterm m2' and m6' are horizontal adjacent, Minterm m13 and m14 are vertical 
adjacent. In addition, complex rules are defined through the use of simple rules. 
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Eventually, a graphically interface will be designed and implemented. 
Moreover, many interesting problems are also considered. Among them, 

1. to consider don't care conditions; 
2. to compare the cost, fan-out, propagation delay, noise margin and 

power dissipation between the Karnaugh-Map method and the 
Quina-McCluskey method; are also investigated. 

Also discussed are other factors such as the overall execution time and 
memory used with or without transformation in the Karnaugh-Map method. 

1h AN INTELLIGENT INTEGRATED CIRCUIT CHIP DATABASE 

Integrated circuit chiP.s [TISS] are used ever -increasingly in many industries 
including computer, automobile, instrumentation, aerospace and satellite. In 
particular, computers now use the major share of the integrated circuit chips being 
manufactured, and this share will continue to rise. In addition, new chips appear 
on the market constantly and the complexity of chips is increasing tremendously. 
For example, the new Intel S60 chip has one million transistors. Thus, it is useful 
and desirable to study the principles of organizing integrated circuit databases 
[KIESS3, OSKAS6, SUSS]. 

In this section, we focus our attention on the applications of integrated 
circuit database to logic design. More specifically, this database is used as a 
useful tool mapping the circuit diagram to chips in an automatic logic design 
system. In addition, the advantages and disadvantages of hierarchical, relational, 
network, and entity-relationship [LEESSa, SSb] approaches for implementing an 
integrated circuit chip database are studied. 

ill:. MAP CIRCUIT DIAGRAM TO CHIP DIAGRAM 

After a minimized circuit diagram is obtained, the next task is to select chips 
to implement this circuit diagram through the use of the intelligent chip database. 
Furthermore, procedures for using only small scale integration (SSI) chips and 
procedures for using SSI chips, medium scale integration (MSI) chips and large 
scale integration (LSI) chips are presented with illustrative examples. 

IV. CHIP MINIMIZATION AND OTHER RELATED OPTIMIZATION TASKS 

The chip minimization problem is investigated using a substitution relation 
defined among chips. Preliminary results are also presented. In addition, for other 
related optimization tasks, for example, in the implementation process, we want to 
determine the locations and the sequence of the chips so that the total robot arm 
movements are minimized. Thus, by doing so, we can also minimize the total 
implementation time as well. 

99 



V. ROBOT IMPLEMENTATION OF THE MINIMIZED CHIP DESIGN 

The final task is to implement the minimized chip design. In this system, the 
robot figures out the whole solution by itself. Therefore, we call this robot an 
intelligent robot. 

II. An Intelligent 
Integrated 
Circuit Chip 
Database 

I. Automatic Circuit 
Design 

To Perform Logic Minimiza
tion & Draw Circuit Diagram 

III. To Map Circuit 
Diagram to Chip 
Diagram 

IV. Chip Minimization and 
Other Related 
Optimization Tasks 

v. Robot Implementation 
of the Minimized 
Chip Design 

Figure 1. The Organization of an Intelligent 
Robot for Logic Design 
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Extended Summary 

There has been a growing interest· in methods for modeling, scheduling 
and performance analysis of Flexible Manufacturing Systems (FMS 's) . The 
activities involved in a FMS usually are concurrent in nature. Potentially 
conflicting events may occur due to concurrency. For example, a number ·of 
robots installed in an assembly line access common space at times [Schn87 , 
Bana90], and the operation sequences of the robots must be coordinated to 
avoid collisions. An equally important issue is how to control these robots to 

avoid deadlocks. These problems can be investigated using Petri nets s ince 
Petri net descriptions are techniques suitable for modeling concurrent 
processes. 

A majority of available collision-avoidance algorithms are basically static 
[Bana90, Visw90]. In such an approach, all possible sequences of operations 
for a FMS are listed, and if there is a potential collision, some of the robots (or 
other machines) are removed from the work cell [Bana90]. Similar 
procedures have been proposed for deadlock prevention in a FMS. A deadlock
free sequence is usually chosen off-line among all possible operation 
sequences [Visw90]. 

A Petri net based approach is employed tn this paper to model, detect and 
avoid collisions and deadlocks in FMS's. we combine collision avoidance with 
deadlock prevention. In general, the collision and deadlock prevention in a 
FMS using Petri nets requires the following steps : 

1. Provide a specification of the FMS. 
2 . Obtain the Petri net model of the FMS (for Petri net modeling techniques, 

refer to [Pete81, WuJi90]). 
3 . Derive the corresponding reachability tree of the Petri net. 
4 . Determine the collision and deadlock states from the reachability tree . 
5. Find all the critical states together with their inhibited transitions based 

on the collision and deadlock states. 

The following example of multirobot flexible assembly cell shows how the 
method works. The system (Fig.1) consists of two robots performing various 
pick-and-place operations, accessing common space at times to obtain and 
transfer parts. It is assumed that each robot always holds a resource (one of 
the discrete regions in space), and the current resource cannot be 
relinquished until the next resource in the production sequence becomes 
available . 

104 



The two paths defined in the workspace of Fig. 1 correspond to the 
production sequences of the two robots. When both robots enter the shadow 
regions a collision will occur. A deadlock situation involves two types of 
entities: active entities called processes (the robots in the flexible assembly 
cell example) and passive entities called resources (the discrete regions in the 
same example). Mutual exclusion among resources, hold and wait for 
resources, no preemption of processes, and circular wait among processes are 
four necessary conditions for the occurrence of a deadlock [Coff71 , Islo80]. 

Robot 2 starting point 

Robot 1 starting point 

Fig. 1. The flexible assembly cell with two robots 

The above collision and deadlock · situation can be depicted by the Petri net 
of Fig. 2. The place and transitions in this figure have the following 
interpretations: 

Transitions: 
tu (i=1,2): Robot i's production sequence before entering the shadow 

regions s r z and s r2. 

ti4 (i=1,2): Robot i's production sequence after entering the shadow 

regions. 
tz2· t23: Requests for sr1 . 

t22• t13: Requests for sr2 . 

tc: Collision. 

Places: 
Pu (i=l,2): Robot i's initial state. 

p i2 (i= 1 ,2): Robot i's state before entering the first shadow region. 
p i3 (i= 1 ,2): Robot i 's state before entering the second shadow region. 

Pi4 (i=1,2): Robot i's state after leaving the shadow regions. 
sri, sr2: Shadow regions. 

r s i (i= 1 ,2): Presence of Robot in the shadow regions. 
co: Destruction state. 
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A basic approach to analyzing Petri nets is to use the reachability tree. 
The nodes (or states) of the reachability tree of a Petri net represent the 
reachable markings of the net. Fig. 3 shows the reachability tree of the 
flexible assembly cell example. 

Robotl Robot2 

Fig. 2. The Petri net representation of the flexible assembly cell example 

In general, deadlock prevention is a stronger requirement than collision 
prevention . In the f1exible assembly cell example, the deadlock prevention 
problem includes the collision prevention problem . A deadlock situation is 
equivalent to a state in the reachability tree which has no firable transition 
(such as the state p 13P 2 3 rs 1 rs2 where the only firable transition is the 
destruction state). To avoid deadlock (including collision) in the flexi blc 
assembly cell example, we only need to prohibit transition t2 2 at the state 

P13P22rs1sr2 and t12 at the state P12P23sr1rs2. States PJ3P22rszsr2 and 
p 12P23sr 1 rs2 are termed critical states. The way to implement restrictions on 
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certain transitions depends very much on applications. The problem could 
become complicated when autonomous robots are used, in which case each 
robot is required to keep a global state (the state in the reachability tree) in 
order to avoid the occurrence of deadlocks. 

The strategy proposed above can be applied to more general cases in 
which more robots are used. Other possible applications include FMS buffer 
allocation and Automated Guided Vehicle coordination. 

collision 

P13P23CO 

Fig. 3. The reachability tree of the flexible assembly cell example 
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THE EFFECT OF MANUFACTURING TOLERANCES ON AN 
OPEN CHAIN MECHANISM 

I. INTRODUCTION 
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Robotic Center 
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This article examines the effect of manufacturing tolerances on the 

positioning accuracy of open chain mechanisms. A general model, which 

incorporates manufacturing tolerances specified for any kind of linkage that might 

be used to configure the mechanism, has been developed [1]. The software 

developed, is highly versatile, and allows the designer to select any feasible 

mechanism _configuration. The governing equations for the mechanisms' end point 

position, which include the effect of manufacturing tolerances, are expressed 

symbolically using " REDUCE " [2]. As a result, the designer is provided with 

· considerable flexibility to control/improve the positioning accuracy and the 

manufacturing cost by specifying suitable tolerances. 

II. MODEL 

The open chain mechanisms are usually composed of two types of "Standard 

Elements" (SE) Links and Joints. The approach taken in this model is to specify the 

tolerances on each basic elements, and by assembling the required configuration of 

the mechanism, the effect of the specified tolerances on the end point position can 

be automatically evaluated. The steps adopted for each SE to be assembled in the 

assembly process can be expressed by the following relationship: 

Where: [T] 
[T]E 

(1) 

- A 4x4 transformation matrix 
- Error matrix due to the present SE's tolerances 
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[TLnterface- Errormatrix due to interfacing of two SE's 

1 - Index represents the ith SE 

1, 2 - Represents the link/joint faces 

Thus the final expression of position/ orientation of the end point contains 

the cumulative effect of manufacturing errors. 

III. SOF'IWARE DESCRIPTION 

The software developed composed of three modules: 

Module I - Specifing the mechanism configuration. 

A library of SE's, which includes all feasible links and joints, has been 

developed. The user can interactively select the required SE's and compose the 

required configuration by assembling SEs starting from the stationary linlc The 

major dimensions and the manufacturing tolerances for each SE will be specified at 

a later stage, which allows the user with more room for possible minor changes in 

the dimensions without altering the configuration. This module is highly versatile 

and user friendly. This module generates the required input for the next module. 

Module II - Symbolic computation of the end-effector position error 

This module accepts the configuration determined in the previous module 

and generates expressions for the end point position/ orientation and the "Tolerance 

Volume Radius". The symbolic language REDUCE is used to generate this 

expression which is function of dimensions and tolerances. The expression for the 

"Tolerance Volume Radius" is given by the following relationship 

(2) 

Where: X,Y,Z - Expressions for end point position including the errors 
(X,Y,Z)nominai - Expressions where the errors are set to zero. 

The expression for 'R' is written into a file for use in module III 

110 



Moduleiii - Analysis and Optimization 

This module deals with numerical analysis and opurmzation. The user is 

required to fix the major dimensions of the mechanism .(such as link length) and its 

particular pose by specifying joint angles. At this point, two different problems can 

be solved either performance or cost optimization. A detailed explanation is 

provided in the following section. 

IV. ANALYSIS AND OPTIMIZATION 

The general equation for error volume radius (R) can be used to formulate 

the optimization problems as a function of the major dimensions and the 

manufacturing tolerances. That is 

(3) 

Where: -Major dimensions 

- Joint angles 

Ei - Tolerances 

Once the major dimensions have been fixed and a particular set of joint 

angles have been selected, R becomes a function of tolerances only. The 

optimization problems can be stated as follows: 

1) Optimizing performance under cost constraint: 

Find a set of tolerances, E, for which R is minimized for a g1ven cost 

constraint. Since manufacturing tolerances are directly related to manufacturing 

process which in turn reflects the manufacturing cost, the tolerances can be 

expressed as: 

E = F (cost) (4) 

So that the optimization problem can be restated as: 
Minimize R = F (Pi' Tetai,Ei) (5) 

Cost < Cost given 
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2) Optimizing cost under performance constraint: 

Find a set of tolerances, E, for which Cost is minimized subject to a user 

specified constraint, R. 

Minimize C = F (Pi,Tetai,Ei) 

R < ~pecified 

(6) 

Both problems can be unified by defining a single objective function, 0, 

given by: 

0 = F (R, C, Ei) (7) 

The required set of tolerances can be found by minimizing the function F and 

changing the constraints according to: 

For case 1: 
R = Constant and Cmin < C < Cmax 

For case 2: 
C = Constant and Rrrun < R < ~ax 

Note that, R = 0 is a trivial solution (E = 0), that is not physically feasible. 

V. EXAMPLE 

An open chain mechanism composed of four SEs was chosen to demonstrate 

the present analysis. The details of the configuration and its major dimensions are 

shown in figure 1. SEs 1 and 3 are joint elements and SEs 2 and 4 are link elements. 

In the present case SEs 1 and 3 are assumed ideal (no manfucaturing errors). The 

general equation for error volume radius R, generated using modules I and II, R is 

a function of a set of tolerances E given by: 

E = ( DL2, DIA, DY2, DY4, DZ2, DZ4) (8) 

where all the parameters describe the tolerances for the links. 
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40 SE2 

y 

Figure 1: Manipulator configuration. 

1. Sensitivity Analysis of Cost to Ei 

The effect of the one of the tolerances on cost is shown in figure 2. 

900 
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Figure 2: Sensitivity of cost to tolerances. 
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2. Sensitivity Analysis· of R to Ei 

The effect of a particular tolerance on R is analysed by varying Ei where all 

other tolerances were kept at a constant value. The results are shown in figure 3. 
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Figure 3: Sensitivity of R to manufacturing tolerances. 

114 



3. Optimization 

a. Minimization of R for different constant values of manufacturing cost 

b. Minimization of manufacturing cost for different values of R. 

The results for the above cases are shown in figures 4 and figure 5. 
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Figure 5: Optimum R for a given cost. 
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VI. CONCLUSIONS 

An evaluation tool by which the interrelation between of manufacturing 

tolerances - mechanism accuracy and manufacturing cost, can be investigated, has 

been presented. The package is user friendly and allows the user to configure the 

mechanism, fix dimensions and select constrains on the manufacturing tolerances, 

interactivly. 
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Abstract 

Mirror Center Offset Elimination of 
a Multi-Beam Laser Tracking System 
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Proper calibration of a laser tracking measurement system is essential 
prior to using such a device for coordinate measuring. The task is nontrivial 
in the absence of other measurement systems of comparable accuracy. One 
has to rely on a self-calibration -Strategy. A common assumption for such a 
calibration method is that there are no tracking mirror center offset and 
gimbal axis misalignment. Error analysis presented in this paper reveals that 
measurement errors due to mirror center offsets and gimbal axis 
misalignment are significant. Therefore before calibrating the laser 
tracking system, the gimbals must be selected to have negligible axi s 
misalignment, and the mirrors must be adjusted so that the laser beams hit the 
mirror centers. In the FAU laser tracking machine, an adjustment procedure 
which employs a four quadrant detector has been devised for the elimination 
of tracking mirror center offsets. 

1 Introduction 
Systems that combine laser interferometers, optics and electro-

mechanical mirror-positioning devices to perform coordinate measuring 
have been developed by several researchers [ 1-5]. Methods include single
beam [3] and multiple-beam target tracking [ 1, 4, 5]. The former uses both 
length and angle measurements to determine the target location. The latter 
uses length measurements only to obtain the target position. 

Since intereferometer reading is incremental and provides only relative 
displacement information of a moving target, there must exist a reference 
point from which relative displacements are measured . When the coordinates 
of such point are not explicitly available, measurements need to be taken 
from \vhich such coordinates may be deduced. Furthermore , in the case of 
multiple trackers the relative distances of the tracking mirror centers should 
be determined very accurately in advance. This collection of tasks is referred 
to as the "calibration of the laser tracking system". In the absence of a second 
well-calibrated laser tracking system or o.ther coo rd in ate measuring 
machines with comparable accuracy, the calibration must be done by the 
system itself. Two self-calibration techniques have been proposed in l6] for 
the calibration of the FAU laser tracking system. 

A basic assumption for these calibration methods is that there are no 
tracking-mirror center offset and gimbal axis misalignment. Error analysis 
presented in this paper reveals that measurement errors due to mirror center 
offsets and gimbal axis misalignment are significant. Therefore before 
calibrating the laser tracking system, the gimbals must be selected to have 
negligible axis misalignment, and the mirrors must be adjusted so that the 
laser beams hit the mirror centers. In the FAU laser tracking machine , a 
procedure which employs a four quadrant detector has been devised for the 
elimination of mirror center offsets. 
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The paper is organized as follows: 
laser tracking system is described in 
measurement errors due to mirror 
misalignment are analyzed. Section 5 
centering in-coming laser beams. 

The basic operation of a three-beam 
Section 2 . In Sections 3 and 4, 
center offsets and gimbal axi s 
presents an adjustment method for 

2 Three-Beam Laser Tracking Systems 
A schematic diagram of the laser tracking mechanism is shown in Fi g. 

2. 1. Two orthogonally polarized beams of narrowly spaced frequencie s, 
referred to as the reference beam having a frequency of !2 and the 

measuring beam having a frequency of t 1 , are emitted by the laser head. The 

reference beam is diverted to the receiver by the polarizing beamsplitter 
located at the single beam interferometer. The measuring beam proceeds 
through the interferometer and the 50% beamsplitter and is directed by the 
tracking mirror to the retroreflector located on the moving target. The 
returning beam from the retroreflecter goes parallel to the incoming beam 
and enters the 50% beamsplitter from the opposite direction. Half of the beam 
which passes through the 50% beamsplitter is reflected by the pol arizing 
beamsplitter and emerges into the receiver. If the movable retroreflector 
changes position, a Doppler frequency shift of ± t1f occurs , which is then 
translated through interferometry to a relative displacement reading 
accurate to within a fraction of a wavelength resolution. The other half of 
the beam reflected by the 50% beamsplitter is transmitted to a four quadrant 
detector, which detects deviations of the returning beam from the center. 
These error signals are amplified to drive the servo systems which adjust the 
angles of the two degrees-of-freedom mirror gimbal. 

Receiver 0 

50% Beam 
Splitter 

Retroreflector 

Fig 2.1 Schematic of a laser tracking system 

' ' ' l 
I 
I 
I 

, · 

Error sources include misalignment of the gimbal-axes, mirror center 
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offsets from the intersection point of the dual gimbal axes and servo motors 
dead zones. All these contribute to the displacement measurement errors of 
the interferometers . 

3 Measurement Errors Due to Mirror Center Offset 
In the analysis presented in this section it is assumed that gimbal axis 

misalignment can be ignored, which has to be achieved by tightly toleranced 
mechanical design and assembly. Measurement errors due to gimbal axis 
misalgnment will be analyzed in Section 4. To simplify the analysis, the 
reference frame is chosen such that the mirror surface normal is 
perpendicular to the z axis of the reference frame, and the mirror center 
offset is restricted to the y axis. Also let the in-coming and out-going beams 
lie on the x- y plane. The error analysis problem now becomes two 
dimensional. 

y 

I 

b 

X 

Mirror surface 

Fig. 3.1 Simplified model used in error analysis for mirror center offset 

Let Lin and Lout be the lines of the in-coming and out-going beams, 
respectively (Fig. 3 .1), s 1 be the point at which the in-coming beam hits the 

mirror surface, L n be the axis which bisects the angle between Lin and Lout , 

and so be the point at which Lin crosses the y axis. let L m be the line that 1s 

perpendicular to L n which passes through s 1 , L P be the line that is 
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perpendicular to Lout, and passes through so, and s2 be the point at which Lout 

crosses Lp. Let Bin be the angle between Lin and the x axis, and Bout be that 

between Lout and the x axis . Finally let s t be the target location, and f be the 

angle between the out-going beam and the line s ts o. 
The mirror center offset c (not shown in Fig. 3.1) is the distance between 

s 1 and o, where o is the mirror center. c varies as the target changes its 

position. Let b be the distance between s0 and o . b remains fixed regardless of 

the target position. It is therefore convenient to define b as the e qui valent 
mirror center offset. The distance measurement error is a function of b, Bin 

and Bout· 

The coordinate values of s 1 and s 2 are determined from the following 

functions of the five lines . For Lin' 

y - b = kin X (3 . 1 a) 

Y - Y 1 = kout (x - XJ) (3. 1b ) 

where kout = tan Bout' and (x 1, y 1) = s 1, the intersection of Lin and L o ut· For L n , 

y = - xlkn 

And for Lp, 

y- b =- xlkout 

( 3 . 1 c ) 

(3 . ld ) 

(3 . 1 e) 

Substituting (5.ld) into (5.la) and solving for x and y yield the 
coordinates of the intersection point s z, 

XJ= 

y 1 = _ ____,b~_ 
1 + kin kn 

(3 .2a) 

(3 .2 b ) 

Solving for x and y from (3 . 1 b) and (3 . lc) , one has the coordinates of the 
intersection point s2 = (x2 , Y2), 

X
2 

= kout XI - YI + b 

kout + _1_ 
k out 

- XI + __1_!___ + b kout 
Y2 = __ ___;k...;..:O:::...:U:...:.I ___ _ 

kout + - 1-
kout 

(3 . 3 a) 

(3.3b ) 
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We next show that the distance between s t (the target location) and s2, 

denoted by s 1s2, is approximately equal to the distance between s t and so, 

denoted by s 1s o. 
Recall that t:P is the angle between the lines stso and st s2 (Fig. 3.1). Then 

Define 

Then 
£ = lsosti(J -cost:P)-0.51soscl q,2 

< 0.5 b2 /Is as 11 

(3 .4) 

(3.5) 

£is much smaller than b. For example, when lsas 11 = 1000 mm, b = 0.1 mm, £ 
< 10-5mm, which is · negligible for all practical purposes. 

The error in the length measurement, 6l, can then be ap.proximately 
written as 

6l = llsas11 + ls1s11- lsas 111 

(3.6) 

where sas 1 and s 1s2 are distances between sa and s 1 and between s 1 and s2, 

respectively. After substituting the coordinate values of sa, s 1 and s2 into 
(3 .4) and much simplification, we obtain 

(3.7) 

Remarks: 
1. By (3 . 7), 6l is proportional to the equivalent mirror center offset b . 

Ideally, if there is no mirror center offset, there will be no measurement 
error. 

2 . In the case of a nonzero b, if L n is close to being parallel to the x axis, the 

measurement error will be small. As a typical example, let 8 in = 600 and 

Bout= oO, then 6l = 0.866b. 6l has the same order of magnitude as b. 

3. To reduce the measurement error, the only effective way is to decrease as 
much as possible the mirror center offset since reduction of the angle 
between the in-coming beam and the out-going beam shrinks the 
effective measurement range. 

4 Measurement Errors Due to Gimbal Axis Misalignment 
A gimbal is a two degree-of-freedom mechanism with a mirror mount on 

it. Ideally the two gimbal axes should be perpendicular and intersect at the 
mirror center. The second axis carrying the mirror mount should lie on the 
mirror surface plane. If there exists gimbal axis misalignment, the two axes 
may neither intersect nor be perpendicular, and in addition the second axis 
may not lie on the mirror surface. The effect of gimbal axis misalignment on 
the position of the mirror center can be modeled by an uncertainty ball 
centered at the origin of a reference frame with its radius being the distance 
from the origin of the frame to the mirror surface. To simplify the analysis, 
We restrict the discussion to the case in which the only misalignment is that 
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the second gimbal axis is not on the mirror surface. In such a case, the effect 
of gimbal axis misalignment on the location of the mirror center can be 
modeled by an uncertainty circle as shown in Fig 4.1. The analysis carried 
next gives an approximate quantitative measure with regard to · how gimbal 
axis misalignment affects measurement accuracy. 

For simplic_ity, the reference frame is chosen such that the mirror 
surface normal is perpendicular to the z axis of the reference frame, and the 
in-coming and out-going beams lie on the x- y plane. The definitions of Lin , 

Lout• Ln, Lp, SJ, St, Bin• Bout• and Bn in Fig. 4.1 are the same as those given in Fig. 
3.1. The radius of the circle is r. The intersection point of the uncertainty 
circle with the mirror surface is denoted by sm. Let so be the point at which 

Lin (or its extension) crosses the x axis, s 2 be the point at which L 0 ut' crosses 
L P, where Lout' is the out-going beam path without gimbal axis misalignment. 

Similarly L n ' is L n without gimbal axis misalignment. The distance 

measurement error due to gimbal axis misalignment is a function of r , 8 in and 

Bout· 

0 

I 

I 

ILp 

I 

X 

Mirror surface 

Fig. 4.1 Simplified model used in error analysis for gimbal axis misalignment 

The coordinates x m and y m of the intersection point s m can be obtained by 
solving the following equations, 

(4.la) 
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( 4 . 1 b) 

where (4.la) is the equation for the uncertainty circle and kn = tan 8 n · That is 

Xm = --;===r==== 
-J 1 + k~ 

Ym = knr 

-J 1 + k~ 
The coordinates x 1 and y 1 of the intersection point s 1 

obtained using the following equations, 

Y - Ym = - (x- Xm)lkn 

y = kin (x - r) 

where kin= tan8in· Solving (4.3) one has 

Xm + knYm + kinknr 
Xi = ----"------

1 + kinkn 

kin(Xm + knYm - r) y 1 = ---'--------'"---~ 
1 + kinkn 

(4.2a) 

(4.2b) 

can now be 

( 4 . 3 a) 

(4 .3b) 

(4.4a) 

( 4.4b) 

The coordinates x 2 and y 2 of the intersection point s2 can be determined 

by solving the following equations, 

Y - Y 1 = - (x - Y 1 )I k out 

y = kout (x - r) 

where kout = tan8out· Thus 

2 
X2 = Xl + koutY1 + kout r 

2 
1 + kout 

Y2 = kout(X 1 + koutY 1 - r) 
2 

J + koul 

(4.5a) 

(4 .5b ) 

(4.6a) 

(4 .6b ) 

The error, ol, in the length measurement due to gimbal axis misalignment 
can then be approximately written as 

(4.7) 

where as in Section 3, the line segment s 2 s P is approximated by s 1 s P. After 

substituting the coordinate values of so = (r, 0), s 1 and s2 into (4.7) and some 

simplification, one obtains 
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r{-1--1) ( ) 8l = cosm _1_ + 1 + tanm·tan8out 
1 + tanm·tan Bin cos m 1 

cos8out 

where w = 0.5(B0 ut +Bin) · 

Remarks: 
1. By ( 4.8), 6l is proportional to the radius r of the 

Ideally, if there is no gimbal axis misalignment, 
measurement error. 

uncertainty 
there will 

(4.8 ) 

circle. 
be no 

2. In the case of a nonzero r, if L n is close to being parallel to the x axis, the 

measurement error will be small. 
3. To reduce the measurement error, the only effective way is to decrease as 

much as possible the gimbal axis misalignment since reduction of the 
angle between the in-coming beam and the out-going beam shrinks the 
effective measurement range. 

5 A Method of Eliminating Mirror Center Offsets 
In the FAU machine, each tracker mechanism includes a small mirror 

and a two degree-of-freedom gimbal with mirror mount. The gimbal supports 
the mirror frame into which the mirror is tightly bolted. The method 
discussed in this section, although aimed at effectively eliminating the mirror 
center offset of the particular FAU machine , can be modified to apply to other 
types of tracking mechanisms. The adjustment consists of two procedures . 

Quadrant detector 
can be adjusted both 
horizontally and 
vertically 

In-coming beam 
is perpendicular 
to the surface of 
the plates 

Fig. 5.1 Detector centering procedure for elimination of mirror center offsets 

The set-up schematic of the first procedure is shown in Fig. 5 . 1. Two 
precision disks of the same size are used. At the center of one disk, there is a 
hole. The diameter of the hole is a little smaller than that of the in-coming 
beam. A four quadrant detector is attached to the other disk with its 
horizontal and vertical positions being adjustable. The purpose of the 
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procedure is to adjust the four quadrant detector so that it will be located at 
the center of the disk. The first procedure consists of the following steps : 

Step 1: The two disks are mounted back-to-back to a mirror frame. 
Step 2: The surface of the mirror frame is adjusted to be perpendicular to the 

in-coming beam. This can be achieved through attaching a mirror to the 
disk surface and changing the orientation of the mirror. This process 
continuous until the in-coming beam is coincident with the out-going 
beam. After this step, the in-coming beam is perpendicular to the disk 
surfaces and covers the hole of the disk. 

Step 3: The position of the four quadrant detector is tuned carefully to 
balance the four output signals of the detector. When the signal 
differences in both horizontal and vertical directions are practically 
zero , the position of the quadrant detector is locked. After this step, the 
center of the detector is coincident with that of the mirror frame. 

The disk with the quadrant detector is then saved for repeated use of 
adjusting mirror centers. Fig. 5.2 shows the set-up schematic for the second 
procedure. The purpose is to adjust the position of the mirror frame so that 
the center of the in-coming beam hits the center of the mirror frame . The 
second procedure is as follows: 

In-coming beam 
is perpendicular 
to the surface of 
the disk 

The mirror frame 
can be adjusted both 
horizontally and 
vertically 

Fig. 5.2 Second procedure for elimination of mirror center offsets 

Step 1: The position and orientation of the mirror are crudely adjusted in 
order to cover a proper measurement range. The disk with the well-tuned 
quadrant detector is then mounted on the mirror disk. 

Step 2: The same as Step 2 of the first procedure. 
Step 3: The position of the mirror frame base is adjusted horizontally and 

vertically to balance the four output signals of the detector. When the 
signal differences in both horizontal and vertical directions are zero , the 
position of the mirror frame is locked. After this step, the center of the 
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mirror frame is coincident with that of the in-coming beam. 
Step 4: The disk is removed and the mirror is mounted onto the frame. 

The above procedure should be repeated for all mirrors. Since the four 
quadrant detector has a very high sensitivity' the mirror center offset can be 
reduced to within a negligible level. 
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A measurement technique for kinematic calibration of robot 
manipulators, which uses a stereo hand-eye system with moving camera 
coordinates, is presented in this paper. The calibration system consists of a 
pair of cameras rigidly mounted on the robot end-effector, and one small and 
one large precision calibration boards. The stereo cameras are pre-calibrated 
using the smaller precision calibration board so that the 3D coordinates of 
any object point seen by the stereo cameras can be computed with respect to 
the camera coordinate frame { C} defined by the calibration board. Since { C} is 
fixed with respect to the tool frame { T} of the robot , it moves with the robot 
hand from one calibration configuration to another. On the larger precision 
calibration board which defines the world coordinate frame { W } , there are 
evenly spaced dot patterns of uniform shape. Each pattern defines a 
coordinate frame { E i}, whose pose is known in { W } . The dot pattern is 

designed in such a way that from a pair of images of the pattern, the pose of 
{ E i} can be estimated with respect to { C } in each robot calibration 

measurement. By that the pose of { C} becomes known in { W } at each robot 
measurement configuration. For a sufficient number of measurement 
configurations, the homogeneous transformation from { W } to { C} , (or 
equivalently to { T }), and therefore the link parameters of the robot, can be 
identified using least-squares techniques. Since the cameras perform local 
measurements only, the field-of-view of the camera system can be as small as 
50x50 mm, resulting in an overall accuracy of the measurement system as 
high as 0.05 mm. This is at least 20 times better than the accuracy provided by 
vision-based measurement systems with a fixed camera coordinate frame 
using common off-the -shelf cameras. 

1. Introduction 
Robot calibration can be divided into four phases: selection of a suitable 

robot kinematic model , world-coordinate measurements of the end-e ffector 
position and orientation, identification of the exact model of the robot and 
accuracy compensation [ 1]. The primary measurement required for robot 
calibration is that of the precise position and orientation of the robot's 
end-effector in the world coordinate frame. The measurement phase is the 
most crucial one for the success of robot calibration. From a robot user 
viewpoint a measurement system with good performance should have the 
following requirements: 

1. Accuracy. Obviously, the accuracy of measurement system should be 
much higher than that of the robot. Ideally, it is preferred that this 
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accuracy is even better than the repeatability of the robot. 
2. Field of view. In order to have the robot tested over a wide range of 

configurations, the measurement system should be capable of operating 
throughout a large portion of the robot work volume. 

3. Measurement rate. The time required for the measurement system to take 
a single measurement should be compatible with the time that it takes the 
robot to change its configuration. In other words, if calibration can be 
done within a fraction of the time that it takes to reprogram the robot, 
then it is economically justifiable. 

4. Automated operation. The measurements should not require excessive 
human intervention . 

5. User-friendliness. The measurement system should be portable and easy 
to calibrate, install, and maintain. 

6. Orientation measurement capability, as certain parameters of the robot 
are observable only if complete pose measurements are taken . 

7. Non-invasiveness. To implement the measurement system in an 
industrial environment, it is desired that the use of specialized fixtures to 
be located within the robot work area be minimized. 

8. Cost. The cost of the measurement system should preferable be a fraction 
of that of the entire robotic system. 

Lau, Dagalakis and Myers [2] and Jiang, Black and Duraisamy [3] reviewed 
available measurement systems for robot testing in general, while Sklar [ 4] 
surveyed measurement systems for robot calibration. The techniques include 
theodolites, laser tracking systems, optocamera systems, proximity measuring 
systems, coordinate measuring machines, ball-bar reference systems and 
more. It is generally agreed that camera systems can be fast , automated , non
invasive user-friendly and can have low-cost. However the expected low 
accuracy of off-the-shelf cameras and the relatively small field-of-view of 
camera systems have prevented camera systems from being widely accepted 
as major measurement tools for robot calibration and testing. 

Sklar [ 4] compared some commercially available systems in terms of 
accuracy, field of view, measurement rate, orientation capability and cost . He 
then followed it up by proposing an automated high resolution stereo vision 
system as a measurement system. The camera system provided a maximum of 
1024x 1024 pixels in an image frame, making it more accurate than systems 
based on conventional solid-state cameras with 512x480 pixels in an image 
frame . However the system resolution was still limited by the working space 
of the robot to be covered. Furthermore, although the cost of the system is 
much lower than that of a laser tracking system, for instance, it is much 
higher than the cost of a system based on conventional solid-state cameras 
since a high resolution image processer is required . 

Lenz and Tsai [5] proposed a hand-eye measurement technique for 
calibration of a cartesian manipulator. They used the same calibration board 
for both camera calibration and robot calibration. At each robot 
measurement configuration, the stereo cameras were calibrated so that the 
measurement taken at this configuration could be computed in terms of the 
newly computed camera frame. One limitation of this scheme is that camera 
calibration shall be performed whenever the robot changes its configuration. 
Another limitation is that since the same precision calibration board was used 
for both camera and robot calibration, the set of all possible n1easurement 
configurations cover a small portion of the whole workspace. 

The conflict between high accuracy and small field-of-view existed in 
the previous stereo camera measurement systems can be removed by allowing 
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the camera coordinate frame to move. The calibration system consists of a 
pair of cameras rigidly mounted on the robot end-effector, and one small and 
one ·large precision calibration boards. The stereo cameras are pre-calibrated 
using the smaller precision calibration board so that the 3D coordinates of 
any object point seen by the stereo cameras can be computed with respect to 
the camera coordinate frame { C} defined by the calibration board. Since { C} is 
fixed with respect to the tool frame { T} of the robot, it moves with the robot 
hand from one calibration configuration to another. On the larger precision 
calibration board which defines the world coordinate frame { W } , there are 
evenly spaced dot patterns of uniform shape. Each pattern defines a 
coordinate frame { E i}, whose pose is known in { W } . The dot pattern is 

designed in such a way that from a pair of images of the pattern, the pose of 
{ E i} can be estimated with respect to { C } in each robot calibration 
measurement. By that the pose of { C} becomes known in {W} at each robot 
measurement configuration. For a sufficient number of measurement 
configurations, the homogeneous transformation from { W } to { C } , and 
therefore the link parameters of the robot, can be identified using 
least-squares techniques. Since the global knowledge of the precision 
calibration points is available in advance, and the cameras perform only 
error measurements, the field-of-view of the camera system is independent 
of the work space of the robot. The field-of-view of the camera system can be 
as small as 50x50 mm, resulting in an overall accuracy of the measurement 
system as high as 0.05 mm. This is at least 20 times better than the accuracy 
provided by vision-based measurement systems with a fixed camera 
coordinate frame using common off-the-shelf cameras. 

After the transformation relating the camera frame to the world frame is 
determined, the transformation relating the tool frame to the camera frame 
can be identified in a more straightforw.ard manner. Incidentally, it is 
sufficient in some applications to identify the transformation from the world 
frame to the camera frame. 

This paper is organized in the following manner. The stereo hand-eye 
measurement system is introduced in Section 2. Identification of the 
homogeneous transformation from the world frame to the camera frame is 
discussed in Section 3. The identification of the transformation from the 
camera frame to the tool frame is given in Section 4. Robot calibration using 
monocular camera with multi-view is discussed in Section 5. 

The paper does not report any actual experimental results, hence the 
word "preliminary" in the title. 

2. Stereo Hand-Eye Measurement System 
The arrangement of the stereo hand-eye measurement system is shown in 

Fig. 2.1. The system is made up of a robot to be calibrated, a pair of cameras 
rigidly mounted on the robot hand, one small (not shown in the figure) and 
one large precision calibration boards. The small precision board is used for 
camera calibration and the large one for robot calibration. The use of a 
precision calibration board for robot calibration is only one convenient 
choice. In an application environment, precision calibration objects with any 
shape may be used, as long as the objects provide a large enough number of 
precision calibration points for the robot to change its measurement 
configurations that will cover a sufficient portion of the robot's workspace. · 

A number of coordinate frames are assigned as follows (Fig. 2.1): 

1. { W } - World coordinate frame. The world frame is assigned in any 
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convenient location. It is often defined by calibration fixtures or the 
sensory system. The coordinates of the precision points on the precision 
calibration board are assumed known in { W } . The purpose of ro~ot 
calibration is to determine the robot tool position and orientation in { W} . 

2. { C} - Camera coordinate frame. Camera calibration is done separately 
from robot calibration. Refer to [ 6, 7] for camera calibration techniques. 
The camera coordinate frame is the reference frame used for camera 
calibration. A better name for the frame may be the camera-world 
coordinate frame. We shall simply refer to it as the camera coordinate 
frame. This frame should be distinguished from the frame which lies on 
the focal point of the camera. The camera frame is assigned before 
performing camera calibration, see Fig. 2.2 for the set-up of the camera 
calibration. The position of the robot hand in { C} is fixed. We continue to 
consider the abstract frame { C} even after the camera calibration board is 
removed. As the robot changes its configurations, { C} "moves" with the 
robot hand. 

3. { B } - Robot base coordinate frame. The nominal location of the base 
frame is usually defined by the robot manufacturer. However the user 
may be allowed to relocate the base frame. 

Cameras 

Precision 
Calibration 
Board 

Figure 2.1 The set-up of the measurement system 
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4. { T} - Robot tool coordinate frame. The tool frame is defined by the user 
in a convenient location. 
5. {Ed - The ith calibration frame on the precision robot calibration board 
(Fig. 2.3 ). To measure the orientation errors of the robot, a group of three 
precision points need to be considered in each robot configuration. These 
three points are measured and are then used to construct a coordinate frame 
{Ed as shown in Fig. 2.3. More details on this issue will be given later. 

Stereo 
Cameras 

Figure 2.2 The set-up for camera calibration 

3. Identification of Transformation from the World to the 
Camera Frames 
The measurement procedure for identifying w T c, the transformation from 

the world to the camera frames, is as follows: 
The robot hand is first moved to a position where the ith group of points 

on the precision calibration board can be sensed by the cameras. Since the 
camera frame is allowed to move, the distance between the cameras and the 
robot calibration board can be maintained roughly the same. The coordinates 
of these points in both { W} and { C} are recorded, together with the robot joint 
variables. Denote the recorded joint position vector may by q i, and there is 

no ambiguity if only one robot configuration is taken for each group of 
points . The process is repeated until enough groups of points on the precision 
calibration board have been measured. 

At this point it is important to identify which entities are known and 
which are yet to be found before deriving the identification algorithm. The 
entities known exactly are: 
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of the cameras 

Precision 
Calibration 
Board 

Fig. 2.3 Three points are measured in each configuration 
to obtain orientation errors of the robot 

1. w T ei• the transformation from the world to the ith calibration frames, is 

known a priori since the world frame is defined by the robot precision 
calibration board . 

2 . cr ei• the transformation from the camera to the ith calibration frames , is 

known through the measurements of the stereo cameras. Recall that 
after cameras are carefully calibrated, stereo cameras provide pose 
measurements of the ith calibration frame in terms of the camera frame , 
by which cr ei can be accurately computed . 

The transformation from the world frame to the camera frame at this 

robot configuration can thus be accurately determined by 

WT = WT . eir c ez c 
- WT . CT .-1 - ez ez i=l , 2,···,m (3 . 1) 

where m denotes the number of measured groups. 
The technique given in [8] thus becomes readily available to identify the 
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robot kinematic parameters in a closed form if the camera frame is treated as 
an "imaginary" tool frame, since the poses of the "tool" are provided in { W} . 
An alternative method using an error model based identification technique is 
described next. 

Let the right-superscript "0" denote a nominal entity. The following 
quantities are only known approximately: 

1. n -1 T c 0, the nominal transformation from the n-1 th link frame to the 

camera frame, can be acquired before or right after camera calibration 
from the data provided by approximately measuring the pose of the 
camera frame in the n-1 th link frame. 

2. b T n -10, the nominal transformation from the robot base frame to the 

n-1 th link frame, can be obtained from the CAD model of the robot. 
3 . w T b 0, the nominal transformation from the world frame to the robot base 

frame, can be obtained from w T ei• CT ei and b T c 0. For this purpose, using 
one group of calibration points is sufficient. From a pair of images of the 
group, CTez· is computed. Since WT · and bT .0 = bT 0 CT · are available ez ez c ez ' 

(3 .2 ) 

Thus the nominal transformation from the camera frame to the world 
frame becomes known since 

WT 0 = WTbo bT 10 n-IT 0 c n- c (3.3) 

WT c is however known for any robot configuration by (3 .1 ). If the robot 
nominal kinematics is sufficiently close to the actual geometry of the robot, 
then 

WTC _WTC(pO, qi) = 0 i=l,2, ···,m 

where q i is the joint variable vector at the ith robot configuration and p i s 

the link parameter vector of the robot. Let d p = p - pO, the parameter error 
vector. The deviation of w T c 0 from w T c is primarily due to the uncertainty in 

modeling the robot. The identification problem is to find d p such that the 
following equations are satisfied: 

i=l,2, .. · , m 

This is a standard kinematic identification problem usmg error-model 
based methods. 

Define, 

(3 .4a) 

Then 
(3.4b) 

where oW T c is, 
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[ 

0 -8z 8y dx l 
SwTc = 8z 0 -8x dy 

-8y 8x 0 dz 
0 0 0 0 

where [dx , dy , dz]T = dT are the translational errors and [ox, oy , oz]T = oT are 
the rotational errors. The linearized relationship between the pose error 
vector [dT, 6 T] T and parameter error vector d p are given by an error model in 
[1 , 9, 10, 11]. Let Yi = [diT , 6iT]T be the ith measured pose error vector and J i 

be the corresponding Identification Jacobian. J i is evaluated at the ith robot 

configuration. Then the robot error model can be written as 

i=l , 2 , ··· ,m ( 3 .5 ) 

Furthermore, let 

(3 .6 a) 

and 

1= (3 .6b ) 

fm 

where 1: Rs ~ R 6 m , and s is the number of independent parameters in the 
error model. Then 

y =1 dp ( 3 . 7 ) 

The identification procedure is as follows : 

1. Collect m measurements. During this step, {WTel • wre2 , ···, wreml and {CT el • 

cr e2' ... ' cr em} become available. 

2 . Compute dw T c from (3.4a) given the link parameter vector p and the ith 

configuration q i• for i = I, 2, · ·· , m. 

3. Compute Yi = [diT , 6iT]T fori= 1, 2, ···, m. 

4 . Compute J i using the selected error model for the given link paramete r 

vector p and the given ith configuration q i for i = 1, 2, · · ·, m. 

5 . Minimize II y - 1 dpll2 by choosing dp . 

6. Update p . 

Steps 2-6 are repeated until either II y - 1 d p 11 2 or lid p II are within 

prescribed threshold values. By a proper choice of the kinematic model , the 
nominal parameters of the robot are in general in the neighborhood of the 
actual parameters . Therefore in practice , three or four iterations are enough 
for the algorithm to converge. 

It has been assumed in the above scheme that at each group of precision 
points , the robot assumes one measurement configuration . In practice , th e 
stereo cameras may be brought to a couple of poses at each group of precision 
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points . 
About 10 - 20 groups of points on the precision calibration board are in 

general needed for robot calibration. Thus the space between two consecutive 
groups of points can be as large as 0 .3 meter, depending upon the actual robot 
workspace. On the other hand, the field of view of the cameras can be made 
very small, for instance, as small as 5x5 em . The image processing task is 
thus simple since only a few points are shown in a pair of stereo images . 

The distances between precision points and the focal planes o f the 
cameras can be controlled to sharpen the images of the calibration board . 
This further reduces measurement uncertainties. 

4 Identification of the Transformation between the 
Camera and the Tool Frames 
c T t • the transformation from the camera frame to the tool frame , depends 

on the location of the tool frame. Without loss of generality, assume that the z 
axis of the tool frame coincides with the nth joint axis and the x and y axes of 
the tool frame lie on the surface plane of the robot tool flange. 

Joint n (z,) 

Stereo Cameras 
moves along Joint n 

qo~j =----=-~ /. 

Joint n-1 

The Pr cision 
Point is fixed 

Precision 
Calibration 
Board 

Figure 4.1 Measuring the position and orientation of Join n in { C} 

The axis of the nth joint axis can be identified by applying well-known 
vector analysis methods [12]. It is assumed that the nth robot joint is revolute . 
The procedure starts by fixing all joints except for the last. By rotating the 
nth joint continuously while the cameras are taking pictures of a fixed point 
on the precision calibration board, the action of moving cameras while 
taking pictures of a fixed point is equivalent to that of fixing the. cameras 
while taking pictures of a moving point. Thus after the nth joint completes a 
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/ 

circle, the precision point has also moved a circle in the camera coordinate 
frame; refer to Fig. 4.1. Denote by Cp 1 , cp2 , ·· · , cPk the coordinate values of the 

precision point on the moving trajectory in { C}. Numerical methods can now 
be employed to identify the rotation center and axis in { C} from { c p 1, c p 2, · · ·, 

c p k}; refer to Appendix 1. If the nth joint is prismatic , the sliding trajectory , 

of the axis can be found by the moving cameras. 
What remains to be done is to determine the origin and the x and y axes of 

the tool frame in { C } . This can be done in several ways, none of which is 
absolutely better than the others. One method is to apply the vector analysis 
method to the n-1 th joint axis as well. This time all axes but the n-1 th axis are 
fixed. Assume that the n-1th axis is revolute. The scheme is similar to that 
given above except that more than one precision point should be used to 
increase the rotation range of the n-1 th axis (Fig. 4.2). Refer to Appendix 2 
for more details. After the geometric features of the nth and n-1 th axes are 
identified, the tool coordinate frame can be established. Since the actual 
distance between the center of the mounting surface and the n-1 th joint axis 
is unknown, its nominal value may be used in the construction of cT r· The 
uncertainty in this distance will have influence on the robot calibration 
accuracy. 

Joint n (Zr) 

\ 

Stereo Cameras moves 
along Joint n-1 

Joint n-1 

Precision 
Calibration 
Board 

More Precision Points are emplyed to 
increase the motion range of Joint n-1 

Figure 4.2 Measuring the position and orientation of Join n-1 in { C} 
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A second method of determining the ong1n as well as the x and y axes of 
the tool frame in { C} involves additional measurements before the camera 
calibration fixture is removed. Since the field of view of the cameras is very 
small, the mounting surface can be placed within 20 em distance from the 
camera calibration fixture. In other words, the distances from some marked 
points on the mounting surface to a few (for instance, three) known points in 
{ C} can be measured by a gauge (Fig. 4.3). The coordinates of these marked 
points in { C } can then be calculated by simple trigonometry. The direction 
and position of the x axis, defined by the user, is then determined. These 
geometric features are all represented in { C } . c T t is then constructed. A 

disadvantage of this method is that the accurate measurements must be taken 
manually. 

A marked point on 
the mounting surface 

Distances from the 
marked point to 
known points in { C} 

Figure 4.3 Measuring a marked point on the mounting surface in { C} 

The third method of determining the x axis of the tool frame requires an 
additional precision tool. The tool consists of a T -shaped bar (Fig. 4.4 ). One 
end of the round bar is bolted using locating pins into the mounting surface 
of the robot and the other end of the bar is fixed in a right angle at the center 
of the rectangular bar. The distance a from the mounting surface of tool 
flange to the center of the rectangular bar is known. On this bar there exist a 
few precision points that define the direction of the x axis of the tool frame . 
The geometry of the tool is designed in such a way that the cameras are 
capable of taking pictures of the precision points on the tool. The direction 
vector of the x axis, defined by the user, is estimated from the collected 
measurements . The identified x axis is then shifted to the mounting surface 
by a distance a along the z axis of the tool frame . 
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Precision points 

Figure 4.4 A temporary tool designed for determining 
the location of the tool frame in { C} 

For all the above methods, there exists a common problem, i.e. , two actual 
axes may be neither orthogonal nor intersecting. For instance , in the first 
method, the identified nth and n-1 th JOint axes are most likely non
intersecting and non-orthogonal. An approach of solving this problem is as 
follows: Let the z axis of the tool frame coincide with the identified nth joint 
axis. The common normal between the z axis and the n-1 th joint axis (or the x 
axis of the tool frame defined by the user in the second and the third methods ) 
is computed, which is then defined as the y axis of the tool frame. 

Denote by ext, cyt, Czt and cot the x, y and z axes and the origin of the tool 

frame, respectively; by c Zn-1 the z axis of the n-lth link frame; and by c p t and 
c p n -1 two arbitrary points on the nth and n-1 th joint axes , respectively . All 

of these vectors are represented in { C} . Then 

(4.la) 

and 

(4.lb) 

The origin of the tool frame , that is the intersection point of the common 
normal with the z axis, is given by [ 13] 

(4.lc) 

After ext, cyt , czt and cot are determined, the transformation c rt is readily 

constructed. 

5 A Method of Using Monocular Camera 
The measurement scheme presented earlier can be extended to the case in 

which a single camera rather than two cameras is used . Two views of a 
precision point are required to compute the 3D position of a point in { C } . 
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Monocular 
Camera in 
Position one 

(a) 

Monocular 
Camera in 

.......... ~Position two 

(b) 
Figure 5.1 A monocular camera in two views 

The modification begins at the camera calibration phase. The monocular 
camera, fixed on the tool mounting surface of the robot arm, is in the position 
close to one of the two stereo cameras (Position one); say the one at the 
left-hand side., comparing Fig. 5.la with Fig. 3.2. The nth joint position is, say, 
q n ,1 . After a camera calibration is performed at this location, the camera is 
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moved to the position close to the other camera in the stereo pair at the 
right-hand side (Position two). The displacement of the nth joint is q n, 1 + !J. q n. 

Another camera calibration is performed· for the second position of this 
camera. The identified camera models can now be used to perform 3D 
measurement in { C } . The relative nth joint displacement !J. q n is recorded to 

place the monocular camera in two relatively fixed positions in the 3D 
measurement process . 

The remaining task is to determine c T t the transformation from the tool 

frame to the camera frame. The tool frame can be defined in terms of Position 
one of the camera. c T t is the transformation from the camera frame to the 

tool frame when the camera is at Position one. Displacements of the nth joint 
at Position two therefore are not used for the computation of the robot 
kinematic model. Keeping this in mind, all of the measurement and 
identification methods devised for the case of stereo cameras are applicable 
here except for the third method for identifying c T t presented earlier. 

The single camera method has two obvious restrictions related to the last 
joint of the robot. First, the effective travel range of the last joint is reduced 
by !J. q n. In general !J. q n equals 180 degrees. Consequently, the last joint may 

not be well calibrated. Second, the repeatability of the last joint influences 
directly the accuracy of the measurement. 

Appendix 1. Estimation of Rotation axis and Center for a 
Given Circular Trajectory 
The method · given next is a modification of the technique given in [4]. 

Denote by { c p 1, c P2, ·· ·, c p k} a set of trajectory points. Ideally, these points are 

on the circle centered at c p 0 . The circle lies on Plane B having a normal 

vector c n. The distance from the origin of the camera coordinate frame { C } to 
Plane B is a. Refer to Fig. A.l. The problem is to determine c p 0 and c n given 
{ c p z, c p 2, · · ·, c p k}. All of these quantities are represented in { C } . To simplify 

the notation, the left-superscript "c" is dropped next for those vectors 
represented in { C} . 

The solution is given by the 10 steps listed below: 

1. Three points, pz, PI+q• P1+2q• are chosen among {pi, P2· · · · , PkL where q 
is the nearest integer to k/ 3. 
Remark: Ideally, the three points should form an equilateral triangle in 
order to obtain a good initial estimation of n. If {pI, p 2 , · · ·, p k} do not 

complete a full circle, one at least needs to make sure that p 1, p 1 + q, and 

p 1 + 2 q are not nearly co linear. 
2. The initial normal nO of Plane B is computed. 

(A . 1) 

where vI is the vector connecting pI + q to p 1 and v 2 is the vector 

connecting PI+q to PI+2q· 
3. The element having the maximum absolute value among the elements of 

nO= [nxO, nyO, n 20]T is selected. 

Remark: This step is done to ensure that the validity of the equation of 
Plane B given in Step 4. 
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4 . The equation of Plane B is formed: 

n·pi +a= 0 i=l,2 ,·· ·, k ( A.2) 

It is assumed that nxO is the maximum element among {lnxOI, lnyol , ln 2 01} . 

(A.2) can then be rewritten as 

where [xi, Yi· zi]T 

equations can be 
element. 

- jJ i, and { b , c , e } 
formulated whenever 

i=l , 2, ·· ·,k (A .3) 

are to be determined. Similar 
n 0 or n 0 are the maximum y z 

Figure A. I The Rotation Axis and Rotation Center in { C} and { Z} 

5 . { b , c , e} are solved from (A.3) using a least-squares algorithm . 
Remark: The least-squares solution is unique since {p 7 , p 2, · · ·, p k} arc 

noncolinear. 
6 . nand a are solved from {b,c,e}, 

(A .4 ) 

and 
a= e/g (A.5) 

where g = { l+b2+c2} 112. 
7 . { p z, p 2, · · ·, p k} are transferred by a rotation R and a translation t to a new 

coordinate frame {Z} whose x-y plane is Plane B [ 14, 15], where 
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2 -nxny 1-~ nx 
1 + nz 1 + nz 

-nxny 2 
R = 1 - ___!!:_]__ ny (A.6a) 

1 + nz 1 + nz 

- nx - ny nz 

and 

t = [0, 0, a]T (A.6b) 

{ z p 1, z p 2, · · ·, z p k}, the representations of Points p 1, p 2 , · · ·, p k in { Z} , are 

then obtained from 

i=l,2,···,k (A . 7) 

Remark: The rotation R T and the translation -t bring { C } to coincide 
with {Z}. Refer to Fig. A.l. 

8. The circle equation in { Z} is formed. It can be written as 

i=l,2, ···, k (A.8) 

where [2xi, 2yi, O]T = 2 pi, [2 x 0 , 2y 0 , O]T = 2p 0 , which is the center of the 

circle in {Z}. Presented next are two alternative methods for 
construction of linear equations with circle parameters as coefficients . 
Method 1. From (A.8), 

2 Z Xi Z X O + 2 Z y i Z yO _ Z X O 2 _ Z yO 2 + r2 = Z X i2 + Z y? 

i=1,2,···,k (A.9) 

Method 2. From (A.8), 

and 

2(Zxi+1 - 2Xi) 2 xo + 2(Zyi+l - 2Yi) 2YO = wi+l- wi 
i=l ,2,···, k-l 

2(Zx1 - ZxkFxo + 2(Zyl - 2YkFYo = w 1 - wk 

(A . lla) 

(A . llb) 

9. Needs no\.v to either solve {2 xo, 2yo, h} from (A.lO) or to solve {2 xa, 2Yo} 

from (A.ll) using a least-squares technique . 
Remark: The least-squares solution is unique since {2p 1 , 2p 2 , ·· ·, 2pk} are 

not colinear. 
10. 2Po is transferred back to {C} using the following relationship , h 

PO= R(Zp0 +t) (A.13) 
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Appendix 2. Estimation of the Rotation axis and Center 
Given a Number of Co-Centric Circular Trajectories 
The method is similar to that given in Appendix 1. More than one 

precision point on the precision calibration board are used in this method . 
Assuming for simplicity that k different views are taken for each precision 
point, one has wPi corresponding to {CPi ,1• cPi,2• ···, cPi ,k} fori = 1, 2,···, r, 
where r is the number of precision points used. Ideally, {CPi ,1• cPi,2• ···, cPi,k} 

are on the ith circle (or contour) centered at a _common center c p o. The circle 
lies on Plane B having a normal vector c n. The distance from the origin of 
the camera coordinate frame { C} to Plane B is a. The problem is to find c p 0 
and en given { {Cp 1,1, Cp 1 ,2• ···, Cp 1 ,kL ···, {CPr,1• cPr,2• ···, cP,,k} }. All of these 
quantities are represented in { C} . 

The solution is given by the 10 steps listed below: 

1. Three points, cP1,1• cP1,1+q•cP1,k• among {CP1,1• cP1,2• ···, cP1,k}, are 
chosen, where q is the nearest integer to k/2. 
Remark: {Cp 1 ,1 , cp 1 ,2 , ···, cp 1 ,k} can only form a small portion of a 

circle. Therefore the above method is the best that one can do to avoid 
colinearity of the three points. 

2-7. The same as Steps 2-7 in Appendix 1, except that in a few places where the 
words "one trajectory" should · be replaced by "a number of trajectories" . 
This is done by changing a single index to double indices in (A.2), (A.3) 
and (A.7). 

8. The equations of the circles in { Z} are formed. These equations can be 
written as 

(A.14) 

where [2xj,i• 2Yj,i• O]T = 2Pj,i• [2xo. 2yo, O]T = 2Po which is the center of the 
circle in {Z} - and rj is the radius of the jth circle. From (A.14), the 

following relationships can be obtained, 

2CZxj,i+1- 2Xj,i) 2 xo + 2CZYj,i+I- 2Yj,tFYo = wj,i+I - wj,i 
i=l,2,···,k-l 

and 
2(Zx-1 _zx · kFxo +2(Zy.1 _zy.k)zyo =w · z -wJ-, k ), ), ), ), ), 

for j = 1, 2, ··· , k, where wj,i = 2xj,i2 + 2Yj,/ 

(A.15a) 

(A.15b) 

Remark: These circles have a common center therefore the above 
equations can be used simultaneously to find this circle center. 

9. 2 xo and 2Yo are solved from (A.15) using a least-squares technique. 

Remark: The least-squares solution is unique since { { c p 1 ,1 , c p 1 ,2 , · · ·, 

cP1,k}, ···, {CPr,1• cPr,2• ···, cP,,k}} are not colinear. 
10 . The same as Step 10 in Appendix 1. 
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WORLD COORDINATES IDENTIFICATION OF 

ROBOT MANIPULATORS 

Abstract 
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Robot calibration includes identification of robot link kinematic 
parameters as well as localization of the robot to the world coordinate frame. 
This paper deals with the latter problem. Identification of the world 
coordinates of a manipulator is important for applications which require 
off-line programming and sensory driven on-line programming. It is 
assumed in this paper that only point measurements of the end-effector 
locations are provided. Linear solutions are presented using quaternions. 
Experimental studies reveal the effectiveness and effie ienc y of the 
quaternion technique. 

1. Introduction 
Flexible Manufacturing Systems often require robotic applications which 

are off-line programmed using data coming from CAD data bases and/or 
end-point sensors. Robot calibration holds the key to achieving acceptable 
accuracy in such applications. Robot calibration consists of identification of 
robot kinematic model parameters followed by accuracy enhancement. A 
subset of the kinematic model is composed of those parameters associated with 
the BASE transformation, which localizes the robot manipulator to the world 
coordinates. 

Identification of robot world coordinates is a process by which the 
orientation and position of the robot base frame, usually attached to the robot 
body, with respect to the world coordinate frame, which is independent of the 
robot body and is often defined by the calibration devices, are identified 
given a set of end-effector pose measurements [ 1]. When both position and 
orientation measurements are provided, the identification problem is trivial. 
However if only position (or point) measurements are available, this problem 
becomes more complicated. Iterative methods for optimal solutions was 
presented in [2] . A linear solution using Clifford algebra was proposed in [3]. 

This paper focuses on linear solutions to world coordinates identification 
of the robot using quaternions. Quaternions algebra is a subset of the Clifford 
algebra. It is shown in this paper that linear optimal solution can be obtained 
using quaternions algebra only. The method is compact and simple. 
Extensions to a least squares solution in the presence of measurement noise 
are straightforward. Experimental studies reveal the effectiveness and 
efficiency of the quaternions technique. 

2 c Problem Formulation 
Let { W}, {B} and {T} be the robot world, base and tool coordinate frames, 

respectively . The world coordinate frame is a reference frame assigned at 
any convenient location . For instance, when a Coordinate Measuring 
Machine (CMM) is used to measure the pose of the robot, the CMM coordinates 
can be used as the world coordinates. The base frame is assigned at the base of 
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the robot. For instance, for the PUMA 560, the base frame origin is usually 
located at the intersection of the first and second joint axes. The tool frame is 
usually attached to the end-effector. Fig. 2.1 shows an example of such 
coordinate frame assignment. 

PUMA 560 
Manipulator 

Fig. 2. 1 An example of link frame assignment 

It is assumed that the homogeneous transformation by t• from the base to 

the tool frames is known. This implies that the accuracy of the robot itself 
(either serial or parallel) is much higher than that of the robot with respect 
to its environment before identification and compensation of the world 
coordinates of the robot. Error bounds on the identification due to errors in 
by t will be analyzed later in this paper. 

It is also · assumed that only point measurements of the end-effector 
location are provided. It is generally agreed that orientation measurements 
are expensive to obtain [1, 4, 5]. Even when orientation measurements are 
available, these may not be as accurate as position measurements . Therefore 
world coordinates identification based on position measurements only has 
much wider range of applications. 

Let w Y b and w Y t be the homogeneous transformations . from the world to 

the base frames and from the world to the tool frames , respectively. Let w R t 

and w p t be the rotation submatrix and position vector of w Y 1, respectively. 

Similarly for w R b• w p b• b R t and b p t· The following relationship holds: 

(2. 1) 

b p t is a function of the robot JOint variables and link parameters . The 

problem to be solved can be stated as follows: 

The world coordinates identification problem: In (2. 1), let b p t be 

computed using the recorded robot joint commands and w p t be measured using 

end-point sensors at each of the calibration measurement configurations. 
Estimate the rotation w R b and translation w p b. 
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3. Estimation of the Base Rotation 
Let the robot end-effector position w p t be measured at m robot 

configurations. By . eliminating w p b from (2.1), one obtains 

WRb a .. - b ·· lj - l} i= 1, 2, ... , m-1;}= i+l, ... , m (3.1) 

where aij = bPt,i- bPt,j• and bij = wPt,i- wPt,j· wPt,i denotes the ith position 
measurement, and b p t ,i is obtained using the robot forward kinematic model. 
Geometrically, a ij is the vector connecting the ith measurement point to the 

jth point all measured with respect to {B} and b ij is that vector measured with 

respect to {W }. Three ap~roaches to a linear solution of w R b are investigated 
next. 

Method 1. Direct Pseudoinverse Method 
Let A = [ a 1 2 , a 13 , a 2 3 , ... , a ( m -1 ) m] and B - [ b 1 2 , b 1 3 , b 2 3 , 

then 
(3.2) 

It is interesting to note that for m = 3, the matrix A is always singular. In 
order to obtain a unique solution for w R b, at least 4 noncoplanar 

measurements need to be provided. In this way {a 12, a 13, a 2 3 • ... , a ( m-1) m} 

span a three dimensional linear space. If measurement noise is ignored, the 
linear scalar equations given in (3.2) are consistent. w R b can therefore be 

obtained using a pseudoinverse, 

(3.3) 

where A+ = (A A T)-1 A. In the presence of measurement noise, (3 .3) provides 
the least squares solution. 

The method suff~rs from two problems. The restriction m > 3 is artificial 
and has nothing to do the physical nature of the problem. A more serious 
problem is that in the presence of measurement noise, w R b solved from (3.3) 

may not be orthonormal. 

Method 2. Pseudoinverse combined with Orthogonalization Method 
An additional orthogonalization process follows the pseudoinvcrsc 

solution given in (3.3). 
Let w lR b be the estimate obtained by (3.3). The orthogonalization problem 

is to find an orthonormal matrix WR b such that J is minimized, where 

(3.4) 

This problem can be solved by applying quaternions [6]. 
From [7], 

(3.5a) 

where * denotes the conjugate of a quatcrnion, and x is an arbitrary pure 
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quatemion. Let q = (q 0 , q) be a quatemion corresponding to w R b. Let w 1R b = 
[r 1 , r 2 , r 3 ]T. Let I= [u 1 , u 2 , u3]T, where I is a 3x3 identity matrix. ri and ui 

may be treated as pure quatemions (that is, quaternions with zero scalars). 
By substituting w IR b for w R b in (3.5a), one has the approximate relation, 

i = 1, 2, 3 (3.6a) 

or 
i = 1' 2, 3 (3 .6b) 

The orthogonalization problem is then equivalent to that of determining q 
such that 

3 2 
J = I llqui -riqll (3.7) 

i = 1 

is minimized. [6] gives a solution to this problem in terms of solving an 
eigenvalue- eigenvector problem. We alternatively propose a pseudoinverse 
solution. Consider the ideal case, 

i = 1, 2, 3 (3.8) 

Expanding (3.8) provides 

which is equivalent to 

(3.9) 

since the scalar part (u i - ri)·q = 0 is implied by (3.8). However for w R b being 

a rotation matrix [7], 

q = sin(8/2)k 

q = cos(e/2) 

T where k = [kx, ky, k 2 l and 8 are the rotation 

respectively. Substituting (3.10) into (3.9) yields 

i=l,2,3 

axis and 

(3.10a) 

(3.10b) 

angle of w R b, 

(3.11) 

Let Q ( v) denote a skew symmetric matrix which corresponds to v = [ v x , 

Vy, Vz]T, 

.Q(v) = [ ~' 
-Vy 

0 

Vx 

Define 
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[
Q(ut + n)l 

G = Q(u2 + n) 

Q(u3 + n) 

(3 .12) 

[ ut-n] 
h = U 2 - T2 

u 3 - T3 

(3 .13) 

and 
x = tan( 8/2)k (3.14) 

Equation (3.11) can be written as 

Gx =h (3.15) 

It is trivial to show that in the ideal case of (3 .8) x has a unique solution. In 
the presence of measurement noise, the least squares solution of x is given by 

(3.16) 

where G+ = (AT A)-lAT. If llxll =t- 0, k and 8 can be obtained from (3.16) by 

k = x/llxll (3.17a) 
8 = 2atan(Xmax1kmax) (3. 17b) 

where Xmax and kmax are the maximum absolute value elements among the 

three components of x and k, respectively . If llx II = 0, 8 = 0 and k is 
arbitrarily chosen as [0, 0, l]T . Finally 

(3.17c ) 

where v8 = 1 - cos(8), c8 = cos(8), and s8 = sin(8). 

Method 3. Direct Orthogonalization Method 
Let m =3. From (3. 1 ), 

q a · · - b · ·q- 0 lj lj - i= 1, 2;)= i+1, ... ,3 (3 . 18) 

which can be brought to the format of (3.15) along the same path of the 
derivation given in Method 2. This time G and h are 

[

Q(a12 + h12)] 
G = Q(at3 + ht3) 

!J(a23 + b23) 

(3. 19) 
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h = [ : :: : :: : l 
a 23 - b2 3 

(3 .20) 

and x is the same as that given in (3 . 14). 

Lem·ma 3.1: A necessary and sufficient condition for (3.15), with G , h and x 
as given in (3.19), (3.20) and (3.14), to have a unique solution x is that the 
three measurement points are noncolinear. 
Proof: A necessary and sufficient condition for x to have a unique solution is 
that rank( G) = 3 since (3 .15) is consistent in the absence of measurement 
noise. By performing elementary matrix transformations on G, an equivalent 
condition is 

(3.21) 

Substituting (3.1) into (3.2la) yields 

(3.22) 

Since I + w R b is nonzero for any rotation matrix with respect to a right-hand 

coordinate system, (3.22) is equivalent to 

a 12 xa 13 -:~= 0 (3.23) 

which implies that the three measurement points have to be noncolinear. 
[] 

Upon obtaining x from (3 . 16), the rotation matrix is solved from (3.17). 
The method provides a least squares solution in the presence of measurement 
noise. In this case, the cost function is written as 

m- 1 

I= I m 2 I llqaij - bijQ II (3. 24) 
i = 1 j = i+l 

where m ~ 3 is the number of measurements . 
Error bounds on the estimation of x can be represented m terms of matrix 

norms. Let the noisy system be 

(G + oG)(x + ox)= h + oh 

where oG, ox and oh are uncertainties associated with G, x and h. A solution 
formula for the case of a square matrix G is given in [8]. It is straightforward 
to show that the same expression is valid for a pseudoinverse solution by 
replacing the inverse of the square matrix with the pseudoinverse of G, 
where G is a sxn matrix and s > n [6]. Specifically, if IIG+oGII < 1, then 

118xll 

llxll 
~ IIGIIIIG +II I 118h II + 118GII ) 

1 -IIG+OG'II \IIGIIIIxll IIGII 
(3.25) 

The world coordinates identification problem can also be formulated as a 
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linear quadratic opt1m1zation problem given (3 .24), which is equivalent to the 
following quadratic cost , 

J = qTQq ( 3 .26 ) 

where Q, a 4x4 matrix, is given by 

m- 1 m 

Q=I, I, Qij (3 .27) 
i = 1 j = i+1 

where 

(3.28) 

where gij= aij- bij• and M ij = Q(aij +bij)· 

Since the matrix Q is symmetric nonnegative definite , the optimal 
solution of q which minimizes (3.24) is the eigenvector corresponding to the 
smallest eigenvalue of Q. Upon obtaining q, the rotation matrix w R b is given 
by 

(3 .28) 

The pseudoinverse solution preseted earlier is preferred over the linear 
quadratic optimization solution since pseudo inverse problems can be solved 
by the Singular Value Decomposition technique which is numerically more 
robust than the eigenvalue-eigenvector technique (9]. 

4. Estimation of the Base Translation 
After w R b is obtained, w p b can be solved from (3.1), 

( 4. 1) 

The least squares solution for w p b is then 

(4 .2) 

5. Experimental Result 
The experiment system (Fig. 5.1) consisted of a Puma 560 robot , a Mitutoyo 

Model CX-D2 coordinate measuring machine (CMM) and an LBM PC-AT 
computer. The CMM had a rated repeatability of 0.01 mm and a work volume 
of 400x500x800 mm3 

The robot base coordinate frame was placed at the intersection of the first 
joint and second joint axes of the PUMA arm. The tool coordinate frame was 
placed at the tooling ball center of the end-effector. The CMM position 
indicators were set to zero after driving each axis to its travel limit. This 
established the coordinate frame for the CMM, which was then defined as the 
world coordinate frame for the measurement process. 
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PUMA 560 
Manipulator 
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D 
Robot Controller 

RS-232 

IBM AT Computer 

Mitutoyo CX-02 
Coordinate 
Measuring 
Machine 

CMM 
Display D 

Fig. 5.1 Arrangement of equipment for calibration experiments. 

The geometry of the PUMA arm is shown in Fig 2.1 along with the link 
coordinate frame assignment. The nominal D-H link parameters of A 1 , A 2 , ... , 

A 5 , and A 6 • which are obtained from engineering drawings of the PUMA arm , 
are cited from [10]. 

A set of 100 position measurement points from both left- and right-arm 
configurations of the PUMA robot was collected in the experiment , among 
which 50 measurements were used for the identification purpose and the other 
50 were used for calibration verification . Figs. 5 .2-5.4 present the verification 
results. Only those results using up to 11 measurements arc illustrated s ince no 
significant improvement was observed by using more measurements . 
Remarks : 
1. The experimental results show that, as expected, Method 1 is much 

inferior compared to the other two methods . Results of comparable 
accuracy were obtained by the second and the third methods . 
However the third method is more efficient computationally . 

2 . By carefully identifying the parameters in the transformation w T b 

alone using nominal parameters for the transformation b T 1, the 

mean positioning errors can be reduced to about 1.0 mm . 
3. The identification of w T b has quite a few merits . First , whenever the 

world coordinate frame is reassigned, w T b needs to be calibrated. 

Second, the identification and compensation effie iency can be 
improved by employing the identified w T b along with the nominal 

byt to form a new "nominal model", provided that the nominal byt is 

sufficiently accurate. This facilitates closed-form inverse kinematic 
solutions. 
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Fig. 5.4 The Standard deviations of the position errors using the identified 
BASE transformation together with nominal robot link parameters 

6. Concluding Remarks 
Among the linear solution methods for the identification of robot world 

coordinates, the third method based on direct quaternions solution is 
recommended due to its effectiveness and the efficiency. The solution is 
compact, simple and easy to apply. To obtain an exact solution , three 
noncolinear point measurements are needed . Providing more than three 
measurements calls for a linear least square solution, which is a 
straightforward extension of the exact solution. 

The techniques discussed in this paper can be applied to other problem s. 
One example is the calibration of a robot mounted on a mobile base . By 
mounting the robot on a movable base, a larger workspace of the robot is 
created [ 11]. The base usually consists of one-dimensional or two dimensional 
rails that allow motion along specific paths . Commonly , the resolution of the 
arm motion is finer than that of the base motion. For the sake of discussion , 
let the base be a rotary table with one revolute joint (Fig. 6.1 ). Let { B } the 
reference coordinate frame of the robot be fixed with respect to the Oth link 
of the robot. Let { W} be the world coordinate frame assigned elsewhere on the 
work table. The problem is to determine the transformation from {B} to { W} 
by providing the position measurements of the tool with respect to { W } . This 
is precisely the problem that has been addressed in this paper. 

Another example to application of the method is for motion estimation 
using computer vision. Assume that a rigid body goes through a rotation and 
a translation with respect to a reference frame. If mor:e than two points on 
the body are sighted at two different times, the body's motion parameters can 
be determined using techniques presented in this paper. 
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Fig. 6.1 A robot with a rotary table (cited from [ 11]) 
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Abstract 

A Method for Kinematic Calibration of 
Stewart Platforms 

Hanqi Zhuang and Zvi S. Roth 
Robotics Center and Department of Electrical Engineering 

Florida Atlantic University 
Boca Raton, FL 33431 

A method for kinematic calibration of Stewart platforms is proposed. Calibration of Stewart 
platforms consists of a construction of a kinematic model, measurements of the position and 
orientation of the platform in a reference coordinate frame, identification of the kinematic 
parameters, and accuracy compensation. In order to identify the kinematic parameters of each 
leg, the length of the respective leg must be kept fixed while other legs change their lengths 
during the measurement phase. This approach allows the systematic elimination of redundant 
parameters in the identification phase. It also allows the estimation of each leg parameters 
separately since the measurement equations are fully decoupled. 

1 . Introduction 
The majority of today's industrial robots are serial manipulators. Such robots usually have 

large workspace and high maneuvarability on one hand, and relatively low accuracy and 
load/weight ratio due to their cantilever structure on the other hand. Attention has recently been 
given to parallel manipulators in applications which demand high precision, high speed and large 
payloads with relatively small workspace. A Stewart platform consists of six variable-length legs 
connecting a platform to a base. Such a parallel manipulator was first used by Stewart for the 
design of flight simulators (1 ). Much of the effort to date on parallel manipulators in general and 
Stewart platforms in particular has focused on kinematic, dynamic, control and design issues 
[2-1 0]. In the robot calibration literature ((11] and its references), very little attention thus far has 
been given to non-serial manipulators. Accuracy enhancement through kinematic calibration is 
important in applications which require off-line programming or transfer of programmed 
applications from one robot to another. This paper addresses the issue of Stewart platform 
calibration. 

As in serial manipulator calibration, the calibration of Stewart platforms consists of four steps: 
c:Jnstruction of a robot kinematic model, measurement of the position and orientation of the 
platform in a reference coordinate frame, identification of unknown kinematic parameters in the 
robot model and compensation of pose errors based on the calibrated model. 

A unique feature of the Stewart platform calibration method proposed in this paper is in its 
measurement procedure: In order to identify each leg's kinematic parameters, the length of the 
respective leg is kept fixed while other legs stretch or shrink. This approach allows the 
systematic elimination of redundant parameters in the kinematic identification phase . Another 
advantage of the method is that the parameters of each leg can be estimated individually; thus 
drastically reducing the complexity of the parameter estimation problem. 

It is assumed in this paper that each leg of the Stewart platform contains a single degree of 
freedom ideal prismatic joint, and that the ball joints which connect each leg to the base and 
platform are perfectly machined so that rotations of leg are about the respect ball joint center. 
The kinematic identification task is to estimate the coordinates of these ball joint centers in a 
reference frame. 
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2. Problem Statement 
The robot , illustrated in Fig. 2.1, is composed of six variable-length legs, a base and a 

platform. The base and the platform are arbitrary convex hexagons. Each corner of the base 
supports one leg and each corner of the platform connects to one leg. 

Fig. 2.1 Stewart Platform Coordinate Frames and Parameters 

A base coordinate frame { B} is placed at an arbitrary location on the base. The z axis of { B} is 
chosen to be perpendicular to the surface of the nominal base plane. Similarly a platform 
coordinate frame { P} is placed somewhere on the platform with its z axis being perpendicular to 
the surface of the nominal platform plane (Fig 2.1 ). Two more coordinate frames , the world frame 
and the tool frame can be placed at convenient locations. Since the transformations from tool to 
platform frames and from the base to the world frames are fixed and application dependent, 
these are omitted for simplicity of the discussion and without loss of generality. 

The corner points of the base are denoted as 81, 82, ... , 86 and those of the platform as Pt. 
P2, ... , P6. The coordinates of 8;, i = 1, 2, ... , 6, in {8} are described by the vectors bt. b2, ... , b6 

and those of Pt. P2, .. . , P6 in {P} are described by Pt. P2 . .. . , P6· Each of the leg lengths is 
denoted by /;, i = 1, 2, ... , 6. b; and Pi are the kinematic parameter vectors of the ith leg. 

Let Rand t denote the orientation and the position of the platform coordinate frame with 
respect to the base coordinate frame. R is a 3x3 matrix and tis a 3x1 vector, both are functions of 

157 



the leg variables /;, i = 1, 2, ... , 6. The following constraint equations represent the kinematics of 

the Stewart platform: 

tl =lib;- Rp;- ~1 2 i = 1' 2, ... , 6 (2 .1) 

where 11·11 denotes a Euclidian norm. The actual leg length is the sum of the nominal joint 
command 1;, 0 and a fixed offset 111;. Thus 

Ui,O + 111;)2 = llb;- Rp;- ~ j2 i = 1' 2, ... , 6 - (2 .2) 

1;,0 is provided by the leg position transducer. 

There are now four typical problems: 
1) The forward kinematics problem 

In (2.1), given the leg lengths /;, the leg parameters b; and Pi tor i = 1, 2, ... , 6, find the 
platform pose {R, t}. 

For this problem to be tractable, it is essential to assume that both the base and platform are 
semiregular plane hexagons. Even in such a case, numerical solutions are needed, and only in 
the particular case of six-legged triangular platform, a partial closed-form solution was obtained 
[9) . 
2) The inverse kinematics problem 

In (2.1 ), given the platform pose {R, t} and the leg parameters b; and p;, find the leg lengths 

/;fori = 1, 2, ... , 6. 

A unique solution is trivially provided by (2.1) itself. 
3) The kinematic identification problem 

In (2.2) , let the leg lengths I;, d. i = 1, 2, ... , 6, be recorded by the leg-position transducers 
and the platform pose {m, pj} be measured using end-point sensors, at each of the calibration 
measurement configurations j = 1, 2, ... , m. Estimate the leg parameters b; and Pi as well as the 

leg length offsets 11/;for i = 1, 2, ... , 6. 

Remark 2.1: Neither the platform corner points {Pt,P2, ... , P6} nor the base corner points {81 , 

82, ... , 86} are necessarily coplanar, taking into account manufacturing tolerances or other fixed 

deformations. 
Remark 2.2: Whenever {R/ pi} are measured with respect to { VV}, the world coordinate system, 
rather than {8}, the estimated base parameters b;will be also represented in { VV}. 
4) The Accuracy compensation problem 

In (2 .2), given the platform pose {R, t}, the identified leg parameters b; and p;, and the 

identified leg length offsets 11/;, find the leg lengths l;,o tori= 1, 2, ... , 6. 

This problem is identical to the inverse kinematic problem. 
The paper therefore focuses primarily on Problem 3, the kinematic identification problem. 

Some discussion of a numerical solution to Problem 1, the forward kinematics , is given as part of 
the simulation studies. 

3. Calibration Strategy 
The kinematic identification is formulated as a nonlinear optimization problem under certain 

assumptions about the measurement procedure. The Identification Jacobian matrix is then 
derived and analyzed to facilitate the implementation of the iterative solution. 

3. 1 The Measurement Strategy for Kinematic Identification 
By (2.2), there exist seven parameters for each leg . 111;, however, is redundant since it can 

be computed given the leg parameters as well as pose and leg measurements. Thus six leg 

158 



parameters, three for each platform corner and three for each base corner, are sufficient to 
represent geometric errors of each leg of the Stewart platform. The elimination of t1/; from (2.2) is 
in general not a simple task because of the nonlinearity of the equation. A measurement 
procedure is proposed next in which .1/; is naturally eliminated. 

I 
the j-1 th conjfguration 

I 
I 

/ 
/ 

o-
/ 

/ 
/ 

-d 
the jth configuration 

- -

B 

\. 

the j+ 1 th configuration b --- / - --(Y' 

Fig. 3.1 Changes of configurations while the length of Leg i is kept fixed 

The key idea is to keep one leg length of the platform fixed , while the other five legs move 
freely . Fig. 3.1 illustrates the measurement strategy. Let the ith leg length be fixed while the 
platform changes its configuration. As the robot changes its pose, if a sufficient number of 
poses are measured, enough equations for the estimation of the fixed leg parameters b; and p; 
are generated. Thus if/; is kept fixed, then by (2.2), 

llb;-Rip;-t1ll 2 =llb;-Rkp;-tkll2 i=1,2, ... ,6; j,ke{1 , 2, ... , m} ; andj<k (3 .1) 

where m is the number of configurations that are taken while the ith leg length is fixed, Rj and tj 
are the orientation and position of the platform at its jth configuration. Similarly for Rk and tk. Let 
s be the resulting number of algebraic equations, s = (m-1)m/2. For instance, if m = 7, then s = 
21 . 

Let ~ = b;- Rjp;- v (3.1) can be rewritten as 
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j, k e { 1 , 2, ... , !71; and j < k (3 .3) 

The minimum number of configurations needed for the identification of the ith leg vector is 
provided by the following simple results . 
Lemma 3.1. The number of independent equations in (3.3) is m-1 . 
proof: . The proof is by the mathematical induction. For m = 2, ft = f2 is the only independent 

equation. For m = p-1 , 

j, k e {1 , 2, .. . , p-1 }; and j < k (3.4) 

Let p-2 be the number of independent equations in (3.4). By increasing m to m = p, p-1 more 
equations are added, 

j= 1, 2, ... , p-1 (3 .5) 

However only ft = fp is independent while the other p-2 equations can be obtained by combining 
ft = fp with (3.4). Thus the number of independent equations in (3.4) and (3.5) is p-2+ 1 = p-1 . 

[] 
Corollary: The minimum number of configurations for the estimation of b;, Pi is seven. 
proof : By lemma 3.1 each new configuration provides one independent equation . Thus to 
identify six independent leg parameters, a minimum of seven configurations is needed. 

[] 
Any selection of six independent equations out of 21 equations provided by seven 

configurations will do, such as fj = ~+ 1 tor j = 1, 2, ... , 6. However without an increase of the 
program complexity and for better noise reduction, all of the combinations may be used for leg 
parameter identification when the number of measurement configurations are relatively small (as 
shown by simulations) . 

Define the measurement residuals as 

h;,a(b;, Pi)= lib; - Rip;- t1ll 2 - lib;- Rkp;- tkll 2 

i= 1, 2, ... , 6; j, ke {1, 2, ... , nt andj< k (3 .6) 

where the subscript a, which depends on j and k, is an index varying from 1 to s. The kinematic 
identification problem of the Stewart platform can now be formulated in terms of six parallel 
optimization problems : find b;, Pi such that the cost functions J; are minimized, where 

s 

li(bi , Pi)= ~ hi ,a(bi , Pi)
2 

i = 1, 2, .. . , 6 (3. 7 a) 
a= 1 

Alternatively if all measurement equations are chosen independent, then J; can be written as 

where 

m -1 

li(bi , Pi)= ~ hi,j(bi , Pi)
2 

J=l 
i = 1, 2 , ...• 6 

h;,fib;, p;) =lib; - Rip;- t1l1 2 - lib; - Ri+1p; - ti+111 2 

i= 1, 2, ... , 6; j= 1, 2, ... , m-1 
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After the leg parameters are identified, the leg length offsets L11; can easily be computed 
from (2.2). 

3. 2 The Identification Jacobian for Stewart Platforms 
The nonlinear optimization problems described by (3.3) may be solved by standard 

gradient-based algorithms since the nominal leg parameters of the Stewart platform are usually 
available. For this purpose, an error model based on a first order approximation is constructed . 
Let x;= [b;T, p;T]Tand h!..x;) = [h;, 1(x;), h;,2(x;), ... , h;, 5 (x;)]T; hi(e RS) is the measurement 

vector for the · ith leg and x; ( e RB) is the ith leg parameter vector. Let x,.O be the ith nominal leg 
parameter vector. Expanding h; about x,.O and neglecting second and higher order terms yield 

i = 1' 2, ... , 6 (3 .9) 

where V h; = Jhj/Jx; ( e Rsx6) is the Identification Jacobian matrix and ox; is the correction to x;. 

Iterative algorithms such as the Gauss-Newton or the Levenberg-Marquardt algorithms [12], can 
be then applied to update the leg parameter vector. 

The analytical form of the Jacobian matrix is obtained by differentiating h; with respect to b; 

and p;. h;,a. the ath element of h!..x;), is written as 

h;,a = (b;- Rip;- ti)·(b;- Rip;- ti) - (b;- Rkp;- t/<)·(b;- Rkp;- tk) 

= tr[titi1] - 2tr[bp;TRi1]- 2tr[b;ti1] + 2tr(Rip;ti1j 

- tr[tktk1j + 2tr[b;p;TRk1] + 2tr[b;tk1j - 2tr[Rkp;tkT] 

where tr[·] denotes the trace of a matrix. Then 

CJh;,J Jb; = - 2Rip;- 2ti + 2Rkp; + 2tk 

Jh;,JJp; = - 2RiTb;+ 2RiTti +2RkTb;- 2RkTtk 

That is, 

V h;,a = [(Jh;,a!Jb;) T, (Jh;,Jap;) 7] T 

= [ 2( Vi,j - Vi,k) T, 2( RiT Ui,j - Rk T Ui,k) 7] T 

a= 1, 2, ... , (m-1)ni2; i= 1, 2, ... , 6 
where 

Vi,j=- Rip;- ti j, ke {1, 2, ... , ~; andj< k 

Vi,k =. - Rkp; - tk . 

Ui,j =. ti- b; 

Ui,k = tk- b; 

(3.1 0) 

(3 .11 a) 

(3 .11b) 

(3.11c) 

(3.11d) 

By lemma 3.1 and its corollary, a necessary condition for the Identification Jacobian to have 
full rank is that the number of measurement configurations be equal to or larger than seven. 

In addition, as can be seen from (3.1 0), for a better condition number of the Identification 
Jacobian, the Stewart platform has to significantly change its orientation from one measurement 
configuration to another. In the extreme case where m = Rk = I (for instance, as the platform 
moves horizontally), 

RiTu;1·- RkT Uj k = u;1·- Uj k = v;1·- Vik 
f , , , , , 

161 



and the resulting Jacobian matrix is singular. 
A detailed study of the Stewart platform Identification Jacobian is an open research 

problem. 

B 

Fig. 3.2 Geometric insight of the Identification Jacobian 

4. Simulation Study 

4.1 An Iterative Algorithm for Forward Kinematic Solution 
For the identification simulation of each leg parameter vector a sequence of poses with a 

fixed leg length needs to be generated. Since a closed form solution for the forward kinematics 
of a general Stewart platform has not yet been found, an iterative solution had to be used in the 
simulation study. 

This problem also involves nonlinear optimization. Let the rotation matrix R be a function of 
three parameters, cp (for instance, a set of Euler angles). Let p = [fT, tl] T; p e R6. The cost 
function can be written as 

6 

J (p ) = I [i(P ) 2 (4. 1) 
j = 1 

where 
i = 1' 2, .. . , 6 (4 .2) 

The problem is then to minimize J by a proper choice of p. Similar to the kinematic identification 
case, iterative nonlinear optimization algorithm may be utilized to find the pose vector p [1 0]. 
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4 . 2 Simulation results 
For the simulation study, the base and platform were both taken to be nominally 

semi-regular plane hexagons, as shown in Fig. 4.1. The radii of the base and platform are 1.0 and 
0.6 meters, respectively. 

To simulate an actual Stewart platform, 5°/o uniformly distributed random numbers were 
added to the leg parameters bi and Pi· Table 4.1 lists the first leg's nominal and "actual" 
parameters . Seven measurement configurations over the range 1.2 m ± 0.125 m of the leg 
length were randomly selected for the identification of each leg parameter vector. The poses of 
the Stewart platform corresponding to the selected configurations were computed iteratively by 
minimizing the cost function of (4.1) using the Gauss-Newton algorithm. In each iteration , the 
Jacobian matrix was approximated using a difference operator and the matrix inversion was done 
by applying the Singular Value Decomposition (SVD) technique. The Gauss-Newton algorithm 
was also used to identify the leg parameters. In this case , the Identification Jacobian was 
computed from (3 .5) . In both cases, after about three iterations, the Gauss- Newton algorithm 
converged to the true leg parameter vector (Fig 4.2). 

y 

Base Geometry 

y 

(b) Platform Geometry 

Fig. 4.1 The geometry of the simulated Stewart platform 
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Table 4.1 The first leg's nominal and actual parameters 
(unit: meter) 

Parameter type bt,x bt,y bt,z Pt,x Pt ,y Pt,z 

Nominal 0.3420 0.9397 0.0000 0.3000 0.5196 0.0000 

Actual 0.3171 0.9451 -0.0154 0.2925 0.5392 0.0163 

0.03 
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0.00 
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Fig. 4.2 The first leg's RMS parameter errors 
in measurement noise-free case, where the number of configuration = 7 

We also performed simulation with artificial data to study the sensitivity of the algorithm to 
pose measurement noise and the efficiency of the algorithm in terms of number of 
measurements. Uniformly distributed noise was added to both tip-position and -orientation 
measurements. Three combinations of uniformly distributed noise intensity levels were tested , 
which were (±0.1 mm, ±0.001 degree), (±0.1 mm, ±0.005 degree), and (±0.5 mm, ±0.005 
degree), where the first argument is the level of position measurement noise and the second 
argument is the level of the angle measurement noise. Sets of 7-16 calibration configurations 
were randomly taken for each leg in a range of 1.2 meter± 0.125 meter. Fig. 4.3 shows a sample 
in which the RMS parameter error is plotted against the number of iterations. Figs. 4.4-4. 7 shows 
the final RMS errors against the number of configurations in different noise intensity levels . 
Among these figures, Figs. 4.4-4.6 illustrate the results obtained by minimizing (3.7a) and Fig . 
4.7 is the result from (3.7b) . The following comments are made with regard to the simulation 
results : 
1 . The algorithm outputs converged to a neighborhood of the true parameters in the 

presence of measurement noise (see Figs. 4.3-4.7) . As can be seen from Figs. 4.4 and 
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4.6, large measurement uncertainties result in large parameter estimation errors. 
2 . To reduce the measurement noise effect, a sufficient large number of measurement 

configurations must be taken. As a rule of thumb, at least twice as many as the necessary 
number of configurations should be used for robust leg parameter estimation. 

3. The comparison of Figs . 4.4 and 4.5 reveals that angle measurement noise contributed 
significantly to parameter estimation errors. 

4. It is interesting to point out that in our simulation studies, the base corner errors were 
consistently about twice larger than the platform corner errors. This has to do with the 
relatively larger base dimension. 

5. By comparison of Figs. 4.4 and 4.7, one notices that the results obtained by minimizing 
(3.7b) were almost identical to those obtained by minimizing (3 .7a) when the number of 
measurements were larger than 10. One may then use (3.7b) for parameter estimation. 
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5. Concluding Remarks 
By the measurement and identification strategy proposed in this paper, redundant leg 

length offsets of Steward platforms can be effectively eliminated , which paves the way for 
successful kinematic calibration of Stewart platforms. The proposed technique also allows the 
estimation of each leg parameters separately, by which the complexity of the corresponding 
identification algorithms is greatly reduced. 

There is an interesting duality between the method proposed in this paper and the joint ax:s 
identification [13] and the shape matrix technique [14] for the calibration of a serial robot . A 
common measurement strategy in these methods is to move the serial manipulator one joint at a 
time successively, by which the complexity of the identification algorithms is greatly reduced . 

In this study, we have concentrated only on geometric parameter identification of the 
Stewart platform. More effort is needed to explore the singularities of the Identification Jacobian 
and the effect of nongeometric errors to pose errors. 
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Analysis of Perspective Projection Distortion Effects 
on the Image Coordinate Computation of 
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Abstract 
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A particular type of distortion effects during the estimation of image 
coordinates of precision camera calibration points is analysed. It is argued 
that distortions due to the perspective projection can be ignored for most 
practical purposes. Compensation against such distortions is necessary only 
in either an ultra high precision camera calibration or for ultra high 
accuracy position measurements using calibrated cameras. 

1. Introduction 
~ This paper discusses methods to compensate against a particular type of 

distortions during the estimation of image coordinates of precision object 
points . The distortions of concern are due to the perspective projection. 

Camera calibration has received wide attention in the fields of photo
grammetry, computer vision and robotics ever since stereo cameras were 
introduced to perform 3-D measurements with advantages of non
invasiveness, fully automated operation, modest accuracy and low cost [ 1-6]. 
Among the various camera calibration techniques, the Radial Alignment 
Constraint (RAC) -based calibration method proposed in [ 1,5] has been 
recognized as an excellent method for its use of off-the-shelf TV cameras and 
lenses, compensation of lens distortion, and its capability of high accuracy 
and high speed. 

When circular patterns printed on a calibration board are used as 
precision object points, two methods may be used to estimate the image 
coordinates Aof an object point. The first method uses the image centroid of an 
object poirii as its image coordinates [8]. The second method computes the 
image coordinates by fitting a circle to the image boundary of the object point 
[7]. Ideally, when the image plane is parallel to the camera calibration board, 
either one of the methods works well. However, for the RAC-based calibration 
methods, it is specifically required that the image plane not be parallel to the 
calibration board. As a result, the images of the precision object points on the 
board appear as ellipses rather than circles due to perspective projection. 
This type of distortion, if not corrected, may contribute system errors to the 
camera model. This paper analyzes the error due to such distortion effects 
and presents methods for the compensation of these distortion effects 
whenever deemed necessary. 

The paper is organized as follows. Tsai's camera model is reviewed in 
Section 2. The analysis of distortion due to perspective projection is given m 
Section 3. Simulation results are presented in Section 4. 
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2. A Camera Model 
The definitions of the various coordinate systems are given In Section 2.1 . 

A four-step transformation from the world coordinate system to the image 
coordinate system is reviewed in Section 2.2. The material of this section is_ 
based on [1]. 

2.1 Definitions of Coordinate Frames 
Fig. 2.1 illustrates the basic geometry of the camera model. {xw, Yw, zw} 

denotes the world coordinate system. {x, y, z} denotes_ the camera coordinate 
system, whose origin is at the point 0, the optical center and whose z axis 
coincides with the optical axis. {X, Y} denotes the image coordinate system 
centered at 0 1 (intersection of the optical axis z and the image plane) · and 

lying on a plane parallel to the x and y axes. {X /• Y 1} denotes the computer 

image coordinate system used in the computer memory (not shown in the 
figure). (Xu, Y u) are the image coordinates of an object point P u if a perfect 

pin hole model is used, whereas (X d, Y d) are the actual image coordinates of 
such a point due to lens distortion. 

0 X 

P (x,y,z) or P (xw ,y..._ ,z,...) 

Fig. 2.1 Geometry of the camera model 

2. 2 The Camera Model 
The camera model is made up of a sequence of four transformations from 

the world coordinate system to the computer image coordinate system . 

Step 1. Transformation from the world coordinates (xw, y w, z w) to the camera 
coordinates (x, y, z), 
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r ~ J = R r~: l + t 
(2.2.1) 

where the rotation matrix R and translation vector t are written as 

[ n 
r2 r3 

l R = r4 rs r6 

'7 r8 r9 

(2.2.2) 

and 
t = [tx ty tz]T (2.2.3) 

Step 2 . Transformation from the camera coordinates (x, y, z) to the ideal 
image coordinates (X u• Y u) using perspective projection with the pin hole 
model , 

Xu = J ...x__ 
z 

Yu =JL 
z 

where f is the effective focal length. 

(2.2.4a) 

(2.2.4b) 

Step 3. Transformation from the ideal image coordinates to actual image 
coordinates taking into account radial lens distortion . That is 

Xd (1 - kr2)-1 =Xu 

y d ( 1 - k ,2 ) -J = y u 

(2.2.5a) 

(2.2.5b) 

where (X d• Y d) are true or distorted image coordinates, k > 0 is the distortion 
coefficient, and 

(2.2.6) 

(2.2 .5) is a simplified radial lens distortion model similar to that given in [5]. 

Step 4. Transformation from the actual image coordinates (X d , Y d) to the 
computer image coordinates 

Xt= Jlx Xd + Cx 

Yt = JlyY d + C y 

(2 .2 .7a ) 

(2.2.7b) 

where C x and C y are the computer image coordinates for the origin in the 

image plane , J1 x and J1 y are scale factors in the x and y directions , 

respectively . Define an image coordinate system {X, Y} by 

X= XI- Cx 

Y = Y1- Cy 
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Combining the four steps, the camera model , relating the world 
coordinate system {xw, y w, zw} to the image coordinate system {X, Y}, is · 

X = f ).lx TIXw + r2~w+ T3Zw + tx (2.2.9a) 
1 - kr2 r7Xw + rsyw+ r9Zw + tz 

y = f ).ly r4Xw + rsyw+ r6Zw + ty (2.2.9b) 
1 - kr2 r7Xw + rsyw+ r9Zw + tz 

J.l x and J.ly can often be found from the camera data sheet specifications. 

If however J.1 x and J.ly together with f are treated as unknowns , one should 
bear in mind that these parameters are not independent of one another. One 
can increase the focal length and decrease the image scale without 
influencing the input/output relationship of the camera model. Thus at most 
two parameters from the set {J.lx• J.ly, f} can be identified. Define 

and 

fx = f J.lx 

fy = f J.ly 

(2.2 . 10a) 

(2.2.10b ) 

(2.2.1 1) 

J.1 is termed the ratio of scale factors. Then from (2 .2.5), (2 .2. 6) and (2 .2 . 11 ), 
the distortion term can be written as 

kr2 = rxr'2 (2 .2 . 12) 
where 

(X = kf.ly2 (2.2.13) 

and 
r'2 = J.12 x2 + y2 (2 .2.14) 

With the above modifications and using (2 .2.9), the new camera model , 
relating the world coordinates (xw, Yw, zw) to the image coordinates (X , Y) , is 

X =fx TJXw + r2yw+ r3Zw + tx 

1 - ar'
2 r7Xw + rsyw+ r9Zw + tz 

(2 .2.15a) 

y =fy 
r4Yw + rsyw+ r6Zw + ty 

1 - ar'2 r7Xw + rsyw+ r9Zw + tz 
(2.2.15b) 

3. Analysis of Distortion Due to Perspective projection 

3. 1 A Special Case 
Our experience with camera calibration has been that uncertainties in 

the x and y image coordinates corresponding to the center of a circular object 
point are quite different. By carefully controlling the setup of the camera 
measurement system, distortions in one direction can be made practically nil. 
This facilitates some useful assumptions that will be made in this section . 
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It is assumed that the tilt angle between the sensor plane · and the 
calibration board can be described by an angle of rotation about the y axis of 
the camera coordinate system. It is further assumed that the rotations about 
the x and z axes of the camera coordinate system are negligible. Later in this 
section a quantitative analysis will reveal to what extent these assumptions 
are valid. The set up of most single and stereo camera systems can in practice 
be approximately modeled in this way. 

By the assumptions made, there is no image distortion in the y direction . 
The binary image pattern of an individual object point is symmetrical about a 
line parallel to the x axis of the image coordinate system. 

Let the calibration board be placed at z w = 0. Consider now a particular 

circular object point. The world coordinates of its center is (x w, c , y w , c, 0 ) . 

Denote the projected image coordinates by (X c , Y c) · A line is defined so that it 

is parallel to the x w axis and passes through the center of the calibration 

point. The line intersects with the circle at Points A and B . The world 
coordinates of these two points are denoted as (xw ,a• Yw ,c• 0 ) and (xw ,b• Yw ,c• 0 ). 
Let the image coordinates of these points be (X a , Y a) and (X b, Y b) such that X a < 

Xc <Xb. 

Let 8 be the rotation angle about the y axis of the came ra coordin ate 
system. Thus R of Equation (2.2.2) becomes 

[ ce 
0 s8 l R = 0 1 0 (3 .1.1 ) 

-s8 0 c8 

where s8 = sin8, and c8 = cos8. Substituting (3.1.1) into (2.2.15a) yields 

X a =fx c8xw,a + tx 

1 - a{J.12X; +Y/) -s8xw ,a + tz 
(3.1.2a) 

X b = fx c8xw,b + tx 

1 - a(J.12Xt +Y/) -s8Xw ,b + tz 
(3.1.2b) 

cB Xw,a + Xw ,b + tx 

X c = fx ---~2:......_ ___ _ 
1 - a(J..L2Xc? +Y/) -s8 Xw,a + Xw,b + tz 

(3.1.2c) 

2 

Define the eccentnctty coefficient 
point along the x direction of the world 

of the image patte rn or a calibration 
coordinate system as 

(3.1.3) 

Later in this section whenever no confusion arises, the subscript x will be 
omitted. Substituting (3.1.2) into (3.1.3) yields 
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1 - s8 Xw,b 

r= tz 
1 - s8 Xw,a 

(3 .1.4) 

tz 

where use has been made of the approximation 

a( 2 2 2} a( 2 2 2) a( 2 2 2) 1 - Jl Xa +Yc := 1 - Jl Xb +Yc :::: 1 - Jl Xc +Yc 

which is justifiable in practice since 

By doing this, we have ignored the effect of lens distortion on the image 
coordinate computation of the object point. 

The x component of the image coordinates corresponding to the object 
point center is 

Xc = Xa + ---"Y __ (Xb - Xa) 
1 + r 

(3.1.5) 

The error E 1 on the estimation of the image coordinates of the calibration 

point due to this type of distortions is therefore 

E1 = (Xb- Xa)l y - 0.51 
1 + r 

= 0.5(Xb - Xa)l___r_:jj (3.1.6) 
~ 

The equivalent 3D error E w for the center of the object point in the world 

coordinate system is then 

(3 .1.7) 

where r is the radius of the calibration point. 
From (3 .1.4) and (3 .1. 7), errors due to this type of distortions depend on 

the distance between the camera sensor plane and the object point, the angle 
between the sensor plane and the calibration ·board, the position of the 
calibration points, and the size of the object point. The distortion can be 
ignored if the tilt angle 8 is very small, the distance t2 is very large , or the 

size of the calibration point is very ' small. 
Unfortunately though, reduction of 8 introduces numerical uncertainties . 

Increasing of t 2 expands the camera field of view and in turn reduces the 

resolution. This affects the absolute accuracy of the camera measurement 
system. Finally the shrinking of the object point increases effect of 
quantilization noise level for the image coordinate estimation of the object 
point. 

As can be seen from (3.1.4) and (3.1.6), the uncertainty in the image 
coordinate estimation of object points due to perspective projection Is 

cJ 
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independent of the camera focal length and the scale factors . Its dependence 
on the lens distortion coefficient is negligible. Therefore distortions due to 
the perspective projection can be corrected separately. The following 
examples illustrate the magnitude of the perspective distortion effect in 
several situations. 

Example 1: Let t 2 = 150 mm, r = 1 mm, and e = -30 degrees. Also let xw ,a - -

Xw,b =- 1 mm. By (3.1.4), r = 1.0067, and by (3.1.7), Ew = 0.0066 mm. 

Example 2: Let Xw, b = 41 mm, r = 1 mm. Other parameters are the same as 

those in Example 1. In this case, r = 1.0059, and Ew = 0.0058 mm. 

The given parameters in the first two examples are typical of camera 
systems, thus the eccentricity of the projected patterns of calibration points , 
if not corrected, may introduce quite significant errors tn the image 
coordinate estimation. 

Example 3: Let e = -3 degrees. Other parameters are the same as those m 
Example 1. Then r = 1.0007, and Ew = 0.0007 mm. 

This case show that if the tilt angle is small, errors due to this type of 
distortions are indeed negligible. 

When 
however 

(3.1.4) is applied to a camera calibration task, a remaining problem 
is that prior to camera calibration, the parameters 8 and t 2 are 

unknown. 
and dt z• 

derivative 

To solve the problem, let us consider the error, d r of r due to de 
where de and dt 2 are the errors of e and t 2 • By (3.1.4), the total 

of r in terms of de and dt 2 is 

dy- Xw,a - Xw ,b (cede+ s1kttz) 

t, ( 1 - si:J X;:• r (, 
From which an upper bound for ld il is 

jdyj :s; Xw,b- Xw,a 
2 

{Ice del+ lsJldtz I) 
t, ( 1 - sl:l x;:•) 1

' 

By (3 .I. 7) the error variation IdE w I due to d r is obtained: 

jdEwl :s; 2r ldrl 
(r+ 1 f 

(3. 1.8) 

(3.1.9) 

Example 4: Assume that de = 3 degrees, and dt 2 = 5 mm . Other parameters are 

kept as in Example 1. By (3.1.8), d r ~ 0.0008, and by (3.1.9), dEw ~ 0.0008 mm. 

Example 5: Assume that de = 3 degrees, and dt 2 = 5 mm. Other parameters arc 
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given in Example 2. In this case, dl' ~ 0.0008 and dEw ~ 0.0008 mm. 

Based on the above analysis, a possible two-step solution to estimate t 2 and 8 

is as follows. The distortions are to be ignored at the beginning of a camera 
calibration procedure. A camera calibration method is applied to obtain an 
initial camera model. From the camera model the values . of t z and 8 can be 

computed approximately. These values have much higher accuracy In 
general than those given in Examples 4 and 5, therefore can be used to 
correct the image coordinates of the calibration points . Then the camera 
calibration procedure is again used to compute an accurate camera model. 

An alternative method is to use measurement instruments to determine 
roughly the values of 8 and t z, · since by Examples 4 and 5 , even relatively 

large errors of 8 and t 2 can be usually tolerable. 

Let (X c, Y c) be the image coordinates of the center of the kth calibration 

point to be estimated. The distortion correction procedure is as follows : 

A. Approximate measurement of 8 and t 2 • 

B. Computation of l' for the kth object point. 
C. Circle fitting of the binary image pattern of the kth calibration point (for 

a least square fitting technique, readers are re ferred to s tandard 
numerical analysis texts [9]) . Y c is then taken to be the y-axis component 
of the circle center. 

D . Drawing of a line which passes through the center of the circle and is 
parallel to the x axis of the image coordinate system. The line intersects 
the circle at a and b. Let the x coordinates of the two intersection points 
be Xa and Xb, where Xa < Xb. (4.1.5) is then used to compute Xc-

Steps B-D are repeated for all object points. 

If errors caused by the uncertainties in 8 and t z are intolerable , we need 

to use a camera calibration to compute an initial camera model. From the 
computed camera model, 8 and t 2 are then determined . This method can 

provide higher precision 8 and t 2 comparing with direct measurement. This 

scheme shall be used to replace Step A of the procedure. 

3. 2 General Case 
For certain camera measurement systems, it sometimes may be 

inconvenient or even impossible to set up cameras in such a way that the tilt 
angles are mainly restricted to be about a common axis. For example , if three 
cameras are used for 3D measurement, it is undesirable to let all of the three 
cameras be rotated only about the y axis of the world coordinate system . Thus 
it is necessary to extend the method given in Section 3.1 to a general case. 

Elements of the rotation matrix R and the translational vector t can be 
used to specify the degrees of distortions due to perspective projection, in the 
same way as the distance t 2 and the angle 8 were used to describe this type of 

distortions in Section 3.1. However these quantities can only be obtained after 
an initial camera calibration. 

It is assumed that an initial calibration has been done so that initial 
values of R and t are available. Let the calibration board be placed at z w = 0. 
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Now a particular calibration point is considered. The world coordinates of its 
center is (xw ,c• Yw ,c• 0). Denote the projected image coordinates by (Xc , Y c)· A 
line is drawed which is parallel to the xw axis and passes through the center 
of the calibration point. The line intersects with the boundary at Points A and 
B . Thus the world coordinates of the two points are (x w, a , y w , c, 0) and (x w , b, 

y w , c, 0). Let the corresponding image coordinates be (X a, Y a) and (X b , Y b ). 

Similarly a line is drawed that is parallel to the y w axis and passes through the 

center of the calibration point. The line intersects with the boundary at 
Points D and E. The world coordinates of the two points are (x w, c , y w, d, 0) and 

(x w , c, y w, e , 0). Let the corresponding image coordinates be (X d, Y d) and (X e, 

Ye). 
Similar to (3 . 1.3), the eccentricity coefficient of the image pattern of a 

calibration point along the y direction of the world coordinate system is 
defined as 

(4.2.1) 

A general rotation matrix can be modeled by three basic rotations 

R = Rot(z, t/1) Rot(y, 8) Rot(x, cp) (3.2.2 ) 

If the scale factors along the x and y axes of the image plane are assumed 
the same, the rotation about the z axis of the camera coordinate system does 
not change the shape of the image pattern of the camera calibration point; it 
only changes the orientation of the image pattern. In order to analyze the 
effect of the distortion due to the perspective projection, it is assumed that t/1 = 
0. Thus 

R- [ c; 
-s8 

s(/Js8 

Cl/J 

s(/Jc8 

s(/Jc8] 
-Sl/J 

c(/Jc8 

where s cp = sin cp, and c cp = cos cp. 

(3.2.3) 

Employing a similar technique to the one used in deriving (3.1.4), one can 
obtain the following expressions, 

1 - S8 Xw,b - c8 Sl/J Yw.c 

Yx = tz 

1 - S8 Xw,a - c8 Sl/J Yw,c 
(3.2.4a) 

tz 

1 - S8 Xw ,c - c8 Sl/J Yw,e 

Yy = tz 

1 - S8 Xw,c - c8 Sl/J Yw,d 
(3.2.4b) 

tz 

Using the Euclidean distance, the error E 1 on the estimation of the Image 
coordinates of the calibration point due to this type of ·distortions is 
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= ~ [(Xb- Xa)( 1 - Yx )]
2 +[(X,- XJ)( 1 - yy )]

2 

2 1 + Yx 2 1 + YY 
(3.2.5) 

The equivalent 3D error E w for the center estimation of the calibration point 

in the world coordinate system is 

Ew = r _ / ( 1 - Yx )
2 

+ ( 1 - YY )
2 

~ 1 + Yx 1 + YY 
(3.2.6) 

Remarks: 
1. Errors caused by a small tilt angle in the y direction can be analyzed 

using (3.2.4b), which allows the assessment to what extent errors due to 
small tilt angles can be ignored. 

2. (3.1.4) is obtained from (3.2.4a) by substituting q, = 0 into (3.2.4a). (3.1.6) 
and (3.1.7) are respectively obtained from (3.2.5) and (3.2.6) by setting ry 
= 1. Due to the striking similarities between the formulas presented in 
Section 3.1 and this section, many relevant remarks given before apply 
here. 

In practice the following method can be used to estimate r x and r y. The 

initial ·camera model (R and t) is used to obtain the projections of (xw,i• Yw,i• 0) 
for i = a, b, c, d, e. The projected points are denoted by (X/, Y /) for i = a, b, c, d, 

e, respectively. Both of r x and r y are then computed by replacing (X i • Y i) 

with (X/, Y/) in (4.1.3) and (4.2.1). Ew is in turn computed from (4.2 .6). 

There could be several ways to estimate the image coordinates of the 
calibration point center after (X/. Y i'), i = a, b, c, d, e, become available using 

an initial camera model. A simple and effective scheme is given next. 
A circle, say Circle A, is fitted with (X/, Y i '), i = a, b, d, e. Denote by (X', Y ') 

the center of Circle A. Another circle, say Circle 8, is fitted with the image 
pattern of the calibration point. Denote by (X, Y) the ~enter of Circle 8. The 
centers of both circles are known after performing circle fitting. Ideally the 
two centers coincide. Due to the uncertainties in the initial camera model, 
these centers may not be coincident. Since (X c ', Y c ') can also be computed 
using the initial camera model, the offset between (Xc', Y c') and (X', Y') are 

known. This offset can be used as the estimate of the offset between (X c, Y c) 
and (X, Y). Mathematically, this can be written as 

Xc =X + Xc' -X' 

y c = y + Yc'- Y' 

The correction procedure for the distortions is as follows: 
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(3.2.7a) 

(3.2.7b) 



A . Computation of (X/ , Y /) for i = a, b, c, d , e for the kth calibration point. 

B. Fitting of (Xi'· Y/). i =a, b, d, e, with a circle to obtain (X' , Y') , the center of 
Circle A . 

C. Fitting of the binary image pattern of the kth calibration point with a 
circle to obtain (X, Y), the center of Circle B. 

D. The image coordinates (X c, Y c) of the kth calibration point are then 

approximated by applying (3.2.7). 

Steps A-D are repeated for all calibration points. 

If the dimension of Circle A is not very close to that of Circle B, scaling 
may be necessary to compute the offset. Let the radii of Circles A and B be R A 

and R 8 , respectively. Then 

Xc =X + p(Xc' -X') 

y C = y + p ( y C I - y ') 

where p = RBlRA. 

4. Simulation Results 

(3 .2 .8a) 

(3.2.8b ) 

A camera model was constructed using (2.2. 15). To test solely the effect of 
the distortion due to perspective projection, lens distortion, image and world 
coordinate uncertainties of calibration points were all ignored. It was 
assumed that the camera was tilted about the y axis of the camera frame with 
different angles. In this case, the analytical method given in Section 3.1 was 
tested. Simulation results agreed with analytical results given in the 
examples of Section 3 .1. After compensation using the compensation 
algorithm, world coordinates errors due to perspective projection were 
reduced to about 1/10 of those before compensation if quantization errors 
were ignored. The improvement by the above compensation technique 
became insignificant when quantization errors were injected into the system . 

5. Conclusion 
Distortion due to perspective projection causes errors in image 

coordinates. This type of errors is however secondary to the errors due to 
image center offsets, quantization errors, lens distortions and image sampling 
uncertainties. The compensation against such distortion is only necessary for 
either ultra high accuracy camera calibration or for ultra high accuracy 
measurement using calibrated cameras and may be useful only if other error 
sources are eliminated first. 
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DESIGN SIMULATION OF A FLEXIBLE THREE DOF DEVICE FOR 

Abstract: 

ROBOT CALIBRATION 

Ming Z. Huang and Oren Masory 

Robotics Center 
Florida Atlantic University 
Boca Raton, Florida 33431 

A method is presented for automatic idenfication of kinematic parameters in robot 
calibration. The method features a simple and efficient measurement device using an 
instrumented articulated linkage. The basis of the parameter identification approach is akin 
to that of closed-loop mechanism synthesis. An example based on simulation studies devised 
to include realistic operating conditions is presented to demonstrate the feasibility of the 
identification procedure. The effects of the number of measurements needed and of required 
senor resolution, on the overall quality of identification are also investigated. 

1. Introduction 

It is well known that current industrial robots exhibit excellent positioning 
repeatability but relatively poor performance in their absolute positioning capability. The 
robot accuracy problem, while not an issue in most industrial applications where robot is 
programmed on-line via operator teaching, is critical to more advanced applications where 
robot programming is performed off-line. To overcome this problem, a solution procedure 
called Robot Calibration has received much attention recently [1]. Robot calibration is a 
procedure by which the positioning accuracy of a robot is imporved not by changing the robot 
design or hardware but, rather, by modifying its coordination software. 

Many researchers have addressed the various issues of calibration which involve: 
models of describing parameter errors [2-5 ], means of measurement [6-8], and algorithms for 
parameter identification as well as for error compensation [9-11]. As evidenced by the 
existence of an abundance of literature (see [1] for a good review), the calibration technique 
seems to have been largely accepted by researchers as a feasible solution to the robot accuracy 
problem, and has been so demonstrated primarily in laboratories. However, at present a main 
deficiency with regards to the various methods of measurement still exists. Methods, as 
reviewed in [8], which use vision systems, CMM, fixture, and laser interferometry involve 
either costly equipment or a tedious measurement process which is labor intensive and time
consuming. It can be expected that, as more complex robotic applications are introduced, robot 
calibration would play an increasingly important role in industrial settings. The adoption of 
such calibration techniques into the shop floor, however, cannot be fully justified until a 
calibration procedure which is both time-efficient and cost-effective can be developed. 

In this paper, we present a simple method to be used in robot calibration, specifically 
for the identification of manipulator kinematic parameters. As will be discussed in the 
following, this method features an easy-to-perform measurement process which does not 
require laborious operator intervention. Therefore, with proper planning of data collection 
process, the measurement of actual end effector positions can be performed automatically. As 
such, the overall calibration procedure is easily amenable to automation. A further 
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advantage is that the measurement device used in the process is a simple and low cost 
mechanical one. 

2. Basic Approach and System Configuration 

As related above, to identify the actual parameters of the robot kinematic model, it is 
necessary to have data on the positioning errors which are typically obtained by some means 
of measurement. These data are then used in conjunction with the manipulator error model in 
solving for the actual parameters. In the present approach we follow an existing method in 
formulating the error model of the manipulator as well as in choosing the parameter 
identification algorithm [9]. However, in implementing the means of measurement, we adopt 
a particular scheme which is developed as an extension to the fixed-end measurement method 
attributed to [6]. 

The basic idea of the fixed-end calibration approach is similar to that of kinematic 
synthesis of closed-loop mechanisms. In mechanism synthesis, critical kinematic dimensions 
of a mechanism are computed from a set of 'loop-closure' constraint equations based on several 
specified positions of a reference point on the mechanism. In the case of a manipulator, a 
closed-loop kinematic chain is formed when its end effector is constrained to a fixed location. 
If the resulting dosed chain is mobile, namely being at least of mobility one, then by guiding it 
through a series ·of configurations, it should be possible to infer the corresponding kinematic 
parameters of the constrained manipulator for which the loop-closure equations were derived. 
This method has an advantage that it requires no external measurement be made since only 
values of joint variables are needed, which are readily available from the joint feedback 
device of the manipulator. However, a major drawback is that the manipulator to be 
calibrated must have a 'free mode', a mode in which joints are disengaged from their 
actuators, in being able to move through the various configurations. Therefore it is necessary to 
physically carry the manipulator from one configuration to another. This limits the 
applicability of this method to light weight robots and such a process necessarily involves 
intensive operator intervention. Another drawback is that, due to mobility requirement, not 
all manipulators _are amenable to this closed-loop calibration technique. 

Central to the calibration procedure presented here is the particular scheme adopted 
to measure the actual positions of the manipulator end effector. It is a generalization of the 
aforementioned closed-loop approach with, effectively, all of its drawbacks remedied. 
Referring to Figure 1, which illustrates the configuration of calibration system, the adopted 
measurement device consists of a passive instrumented mechanical linkage, with its one end 
fixed to the ground whereas the other end connected to the manipulator at a location extened 
from the wrist flange. This is in contrast to other existing methods (e.g., the camera vision 
method) where the robot/sensor loop is not closed physically. 

The ground end of the sensing linkage consists of a univeral joint instrumented with 
position feedback devices, with an instrumented linear axis attached to it. Thus, the position 
of its flange end, which is connected to the manipulator with a ball joint, can be easily 
measured. The three degrees of freedom ball joint at the flange end is not instrumented. 
Effectively one may consider the sensing linkage as a six degree-of-freedom passive, spherical 
type manipulator. As such, the closed chain which results from combined manipulator-sensing 
linkage would always be mobile for all industrial type manipulators. 

The use of articulated linkage as end effector position sensor removes the need to 
operate the manipulator under 'free mode' as in the aforementioned fixed-end calibration 
method. As a result, in moving between one configuration to another for measurement of end 
effector positions, the manipulator can be guided in the usual way by a teach pendant or, more 
conveniently, through the execution of some pre-programmed calibration routine. 
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3. Problem Formulation 

Consider Figure 1 again. Locating the reference frame at the ground point, B, of the 
sensing linkage, the following kinematic closure equation can be written for the end effector 
position: 

Clc = (RoRtR2R3R4Rs)q6 + (RoRtR2R3R4)qs + (RoRtR2Rs)q4 

+ (RoRIR2)qs + (RoRI)q2 + RI qi + qo (1) 

with R t and qi being, correspondingly, the 3x3 rotational matrix and the 3x1 translational 
vector of frame i, expressed with respect to the (i-1) frame. The above equation consisits of 
three components and, clearly, each of which is function of all the kinematic parameters of 
manipulator as well as those which characterize the reference to manipulator base 

trasformation. Denote a as a vector of parameters ~ , i=l , .. ,6 and so forth, the following 
functional form holds for the position of the end effector in Eq. (1 ): 

qc = f (_a.d_, _a, fl ) (2) 

where ~ , ~, 8t, and at are the Denavit-Hartenberg (D-H) parameters [12] of the 
manipulator. Alternatively, the end effector position can also be obtained through the path 
of the sensor (Figure 1). In fact it is obtained from measurement in actual calibration process. 

Let qm denote the measured end effector position using the sening linkage, then ideally qc 

should equal qm . However, in reality there will be deviation due to both geometric and non
geometric errors inherent to the manipulator. As mentioned previously, it is assumed that the 
non-geometric attributes are negligible and the deviation is caused primarily by errors in 
kinematic parameters. Consequently one can write: 

(3) 

where ..a has been used to denote a vector of all kinematic nominal parameters, with 8~) 
terms being their associated errors. Equation (3) gives the closure constraint equation for the 

combined robot/ sensor kinematic chain. Note that the term n has been added to include the 
fact that there exists modeling, due to non-geometric effects, and measurement noises in the 
system. 

The error model which relates the errors in the kinematic parameters to those in the 
end effector positions can be obtained from differentiating Eq. (2). Assuming the errors are 
small and of first order, we arrive at: 

M=JaLla 

where J a is the 'generalized Jacobian' which is defined by: 

J =[ af af af at J 
a aa dd a.a dfl 

T 

and Ll.a is a combined error vector, namely: A.a = (~aT ~T ~_aT ~11. T ) . 
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From Eq. (4) and (5), we obtain the basic equation which describes the differential 
relationship between the positioning deviation of the manipulator and the errors in its 
kinematic parameters: 

dq = J (] aa: + .n (6) 

To determine the parameter errors, data from a series of different, say m, 
configurations of the manipulator need to be collected. This results in m equations of the form 
(8). By concatenating these resulting m set of equations, one can write: 

dQ = G da + n' (7) 

where 

The superscripts in the above have been added to dinstinguish data . 
taken at various configurations. A least square method can be used to obtain an estimate of the 
parameter errors: 

- 1 

M · = ( GT G + A.V GT dQ (8) 

The result from Eq. (8) can be used to update the manipulator kinematic parameters. An 
iterative parameter identifcaiton procedure based on successive applications of Eq. (8), known 
as the Levenberg-Marquardt algorithm [14], can result in an optimal estimation of the actual 

manipulator kinematic model. The use of A, a gain constant, in Eq. (8) has been found 
effective to avoid numerical singularity, because it ensures the result of matrix operation 
(inside the paranthesis) being always positive definite before its inversion. 

It is remarked that at each iteration in the above process, it is also necessary to 
construct the generalized Jacobian given by Eq. (5). We adopt a formulation method, which 
essentially involves a simple vector cross product computation procedure [6,15]. Such a 
formulation is not only intuitively simple but also geometrically meaningful. The reader is 
referred to [6] for details of this technique. 

4. Simulation Studies 

Figure 2 illustrates the simulation flowchart used for this numerical experiment. The 
simulation is divided into two stages; the first involves simulation of the measurement process 
and the second involves the parameter identification process. The measurement stage is 
represented by the left branch of the flowchart whereas the identification phase by the right. 

The simulation starts with, assumed known, a set of test configurations of the robot, 
and two sets of its kinematic parameters corresponding to the nominal and the actual (real) 
robot model. In the measurement stage, as shown in Figure 2, a forward kinematics 
computation using the actual robot model is invoked first, then a process involving the inverse 
and subsequently the forward kinematics of the instrumented linkage is executed to generate a 
'measured' end effector position. Note that, in order to attain more realistic results as would 
be obtained from a real measurement, quantization errors and noise were incorporated - both 
before invoking the forward kinematics computations for the robot and the sensor- as a means 
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to account for the nonideal behavior of the robot control system as well as the resolution of 
feedback devices. 

The parameter identifcation stage involves taking the errors between the measured 
(simulated) and the computed end effector positions, and then applying the iterative L-M 
algorithm mentioned previously. Essentially, using Eq. (10), the errors in the parameters are 
computed at each iteration and the robot model is updated accordingly. The norm of the 
difference 7between the newly estimated positions, based on the updated model, and the 
measured positions is evaluated and subsequently compared against some preset value for a 
condition to terminate the iterations. We suggest the use of manipulator positioning 
repeatability for such a criterion. 

4.1. Results and Discussion 

A PUMA type robot is used in this simulation study. Table 1 shows the D-H kinematic 
parameters of both the nominal [13] and the actual robot model used. A test case was 
performed based on 20 configurations with a quantization error of 0.005 degree in the joint 
sensor readings. Using a samll gain of 0.05, the algorithm successfully returned an estimated 
robot model with a maximum deviation (norm of error) less than the repeatability of the robot 
(about 0.1 mm for PUMA [7]) after 43 iterations. Note that it is necessary to use a nonzero (100 
mm) length parameter of link 6 here in order to make joint angle offset of axis 6 identifiable. 

In addition, using the same simulation method we have also investigated effects of 
the following factors on the quality of identification: 

1. The number of configurations that have to be measured for a proper identification of 
the kinematic parameters. 

2. The convergence rate (required number of iterations necessary) of the identification 
algorithm. 

3. The necessary resolution of the sensor devices, used on the joints of instrumented 
linkage, to achieve an accurate identification. 

To investigate the aforementioned effects, we proceed with the simulation analysis basically 
as follows: 

1. A set of one hundred random configurations, R(lOO), within the robot workspace, were 
generated and used as a basic data set with which the identification quality is 
evaluated. 

2. A subset of R(lOO) configurations were then selected for use in the parameter 
identification process. After each iteration of the identification algorithm, the new 
set of identified parameters were recorded. 

3. Each set of the parameters identified in step 2 was then used to calculate the norms of 
the position errors for the entire R(lOO). 

4. The maximum norm of error was recorded and is used as a measure for the quality of the 
identification. 

Figure 3 shows the relationship between the identification quality, the number of 
iteration of the identification procedure, and the size of the measurements set R(n). The 
results are obtained based on the same level of contamination due to quantization and noise. As 
expected the quality of the identification increases with the size of the set R(n). This is due to 
the characteristic of the least square procedure which will try to reduce error 
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Nominal ~ameters ActualJ2arameters 

Joint ai ~ ~ ai ~ ~ 8qff 
1 -90.00 0.00 0.00 -90.10 0.10 0.10 3.00 
2 0.00 431.80 149.09 0.10 431.80 149.02 3.00 
3 90.00 -20.32 0.00 90.00 -20.42 0.00 3.00 
4 90.00 '0.00 433.07 -89.90 0.00 433.10 1.00 
5 90.00 0.00 0.00 89.90 0.00 0.00 1.00 
6 0.00 100.0* 56.25 0.00 100.00* 56.35 1.00 

(Note: units for lengths and angles are mm and degrees, respectively) 

Tahh: 1: Nominal and Actual 0-H 12arameters of the PUMA kinematic Model 

throughout the measurement set. Thus one san expect that a better fit will be achieved for the 
whole set R(lOO). Nevertheless, even with a limited number of measurements (10 
configurations), the resulting identified parameter will make it possible to reduce the position 
error by one order (from maximum norm of 6.49mm to 0.23mm). It can be observed that in all 
three cases simulated, with 10, 30, and 50 configurations, convergence was reached after about 
15 iterations of the identification procedure. The results indicates that it is possible to reduce 
the error to the level of the PUMA repeatabilty with the use of a larger set of measurments. 

The effect of sensor resolution on the identication quality is examined in a similar way 
except that, instead of different numbers of configurations, different levels of quantization, 
resulting from varying sensor resolution, are used. Three cases were investigated using sensor 
resolution levels representative of high (0.0006 deg. and 0.001 mm), medium (0.006 deg. and 
0.01 mm), and low (0.06 deg. and 0.1 mm) performance ones. Figure 4 shows the relationship 
between the quality of identification, the number of iteration, and the resolution of the 
feedback devices used in the instrumented linkage. The results, obtained by using 20 
measurements, indicate that even a very low resolution sensor can provide data which will 
reduce the maximum norm error by a factor of 5. A medium resolution sensor, for example, a 
rotary encoder with 60,000 pulse/revolution, will reduce the error to the level of the PUMA 
positioning repeatability, and therefore, there is no need for expensive high resolution sensor. 

5. Conclusion 

We have presented a simple method suitable for automatic idenfication of kinematic 
parameters in robot calibration. The identification method utilizes a measurement device 
which is connected physically to the manipulator to be calibrated, and features an approach 
which is more akin to that of closed-loop mechanism synthesis. The measurement device is 
basically an articulated mechanical linkage instrumented with position sensors. Being 
connected to and able to move with the manipulator, the sensing linkage can provide the 
necessary end effector positions in an very efficient way without complex data processing. 

The identification procedure has been proven feasible based on simulation studies that 
were devised to include realistic operating conditions. Using the PUMA-type robot geometry, 
the simulation results indicate that, with the present procedure, it is possible to identify an 
accurate kinematic model of the robot using the closed-loop approach. In addition, the effects 
of the number of measurements needed and the required senor resolution on the overall quality 
of the identification have also been investigated. It is found that, while it is the case that 
the identification quality improves with using more measurements, use of 20 to 30 
measurements are sufficient for the PUMA-robot example to achieve an identification quality 
which is less than the robot positioning repeatability. Furthermore, it is shown that use of 
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expensive high quality sensors is not necessary; satisfactory identification results can be 
achieved with low cost medium resolution joint position sensors. Work involving the design 
and construction of such a sensing linkage and experimental verification of the simulation 
results is presently underway. 
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Abstract 
This paper reports on the development of a general depth estimation system directly using image sequence. 

We combine the direct depth estimation method with the optical flow based method. More specifically, the 
optical flow on and near moving edges are computed using a correlation technique. The optical flow information 
is then fused with gradient information to estimate depth not only on moving edges but also in internal regions. 
The depth estimation problem is formulated as a discrete Kalman filter problem and is solved in three stages. 
In the prediction stage, the depth map estimated for the current frame, together with knowledge of the camera 
motion, are used to predict the depth variance at each pixel in the next frame. In the estimation stage, a vector
version of Kalman filter formulation is adopted and then simplified under the assumption of a diagonized error 
covariance. The resulting estimation algorithm takes into account of the information from the neighboring pixels 
and therefore is much more robust than the scalar-version Kalman filter implementation. In the smoothing 
stage, morphological filtering is applied to the estimated depth map to reduce the measurement noise and fill 
in the untrustable areas based on the error covariance information. Preliminary experimental results are also 
provided to illustrate the effectiveness of the presented method. 

1. Introduction 
It is desirable for an advanced computer vision system to develop the capability to recognize and track objects 

as well as estimate their speed and direction. Many applications can be found in robot navigation on land, 
underwater or in space. In this paper we are concerned with the problem of recovering depth maps from a 
sequence of images of the object assuming that the relative motion of the object and the camera is known. 

Depth and motion may be estimated based on two frames or based on multiple frames. A single snapshot 
of two frames can not provide very accurate information. Examples of two frame motion estimation are in Adiv 
[1], Weng, Huang and Ahuja [2], Tsai and Huang [3], and Fang and Huang [4]. Heel [5] pointed out that the 
computation of optical flow and feature correspondence are expensive and sensitive to noise. Using multiple 
frames improves the accuracy, reduces the influence of noise and allows the extraction of additional information 
which cannot be recovered from just two frames. Broida and Chellappa [ 6] applied a Kalman filtering technique 
on optical flow measurement for the iterative improvement of estimates for structure and motion parameters. 
Bharwani, Riseman, and Hanson [7] proposed a recursive depth estimation procedure using feature matchings 
and known translational motion. Matthies, Szeliski and Kanade [8] presented a practical and simple method 
based on optical flow measurement for estimating structure using a Kalman filter based algorithm. Heel 
[5],[9],[10] developed a Kalman filter based method for the dense estimation of structure which had the 
additional capability of estimating the unknown parameters of rigid body motion rather than requiring them to 
be known. The algorithm does not require the computation of optical flow or feature matches and uses an image 
sequence of arbitrary length to reduce the effect of noise. It also placed no restriction on the nature of motion. 
The direct method of Horn [11],[12],[13] recovers depth of an object without the computation of optical flow. 
After optical flow information around edge and· gradient fields are computed in each image. 

We combine the direct depth estimation method with the optical flow based method. More specifically, the 
optical flow on and near moving edges are computed using a correlation technique. The optical flow information 
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is then fused with gradient information to estimate depth not only on moving edges but also in internal regions. 
The depth estimation problem is formulated as a discrete Kalman filter problem [14] and is solved in three 
stages. In the prediction stage, the depth map estimated for the current frame, together with knowledge of the 
camera motion, are used to predict the depth and depth variance at each pixel in the next frame. Our prediction 
scheme is computationally much more efficient than the resampling method presented in Heel [5]. In the 
estimation stage, a vector-version of Kalman ftlter formulation is adopted and then simplified under the 
assumption of a diagonalized covariance form. We combine optical flow information on and near moving edges 
and gradient in internal regions. The resulting estimation algorithm takes into account the information from the 
neighboring pixels and therefore is much more robust than the scalar-version Kalman filter implementation. In 
the smoothing stage, morphological filtering [15] is applied to the estimated depth map to reduce the 
measurement noise and fill in untrustable areas based on the error covariance information. This step is similar 
to Heel's method, where the Markov random field technique [5] was employed to smooth the motion field with 
the help of the error covariance information. The lowpass filtering the depth map fail when discontinuities are 
present. We choose morphological filtering which preserves edges while smooths the depth map. 

The paper is organized in six sections. The formulation of the problem as a discrete Kalman filter optimal 
estimation problem is presented in section 2. In section 3, the scheme for prediction the depth from two 
successive frames is described. The details of the estimation procedure and the smoothing method are provided 
in section 4 and 5. Finally the experimental results are given in section 6. 

2. Problem Formulation 
An image sequence corresponding to small object motion is used to estimate depth from camera motion. 

Gradient information is very sensitive to noise, optical flow method is computationally expensive. We reduce 
the optical flow information around edge and combine with gradient based to recover depth. Both the optical 
flow and gradient based are formulated as follows: . 
2.1 Gradient based method 
The brightness change equation (2.1) is the basis for the presented depth estimation method. The derivation 
of the equation is given in Appendix A. We rewrite the brightness change equation as a dynamic model and then 
apply the Kalman filter algorithm to do recursive depth estimation from the image sequence. From equation 
(A.9) in Appendix A, the depth Z corresponding to an image point (x,y) is given by 

(2.1) 

where E1 is the brightness temporal derivatives, T= [U, V, W]T is the translation vector, n= [A, B, CY is the 
rotation vector, and 

fE + y (xE +yE ) 
y I X y 

X -JE --(xE +yE) 
X I X y 

yEx-xEY 
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Ex and By are the brightness spatial derivatives. Note that sand v weigh the contribution ofT (translation) and 
n (rotation) vector. · 
Defme the parameters: 

2.2 Optical flow based method 

X"t.Z" 
Y~ct:.(s·T)" 
hktt.-(v·O. +Et) k 

The optical flow equation [5] is given by 

-fU+xW 1 2 A. u- +-(Axy-B(x +1 )+Cyf) 
z I 

v- -jV+yW +_!(A(y2+.f)-Bxy-Cxj) 
z I 

(2.4) 

(2.5) 

where u,v is the image velocities. These motion field equations can be established at every pixel (x,y) in the 
image plane. 
Define the parameters: 

X"!:.Z" 
1 [ -fU+xW -jV+yW ] YL A- + -----=-----=-----

~-2 1 1 k 
u--(Axy-B(x2+.f)+Cy/) v--(A(y2+.f)-Bxy-Cxf) 

I I 

2.3 System model 
A state space representation of either equation (2.1) or (2.5) can be given as 

w"-N(O,q") (2.7) 

(2.8) 

where ak is the time-variant state transition coefficient which can be determined adaptively in the prediction 
stage, and w and v are zero mean white noises, uncorrelated with each other and with Xo· 

The depth, expressed as a state variable(xJ, may be estimated using information from the neighboring pixels 
to reduce noise effects. Thus, equation (2.8) is rewritten in its vector form. 

(2.9) 
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where 

(2.10) 

(2.11) 

and each hk has a structure given in (2.4) or (2.6) depends on whether is edge or not, m is the number of pixels 
used to compute Xx, and Rk is the mxm covariance matrix. 

Based on the state space model in equation (2. 7), (2.8) we use Kalman filter algorithm to update the depth 
map. 

3. Prediction Stage 
The task of the prediction stage is to predict the depth and its variance after motion, i.e., how it appear to 

the observer at time k + 1 based on the depth and variance at time k. Matthies, Kanade, and Szeliski [S] 
presented a disparity map for two sequential images using the perspective projection. This prediction process 
will yield estimates of disparity at pixel locations which need not lie on the rectangular grid, thus resampling is 
needed to obtain predicted disparity at pixel locations. Heel [5] discussed a warping and resampling depth map 
algorithm which is similar to Matthies, Kana de, and Szeliski [8]. 
3.1 Depth prediction 

We present a different algorithm which is outlined as follows: 
We would like to predict the object point corresponding to the image point (~J' Yi) at the k + 1 frame using 

the depth information at the kth frame and known camera motion parameters. The object points corresponding 
to the lln.age point (~J' Yi) and its two neighboring points (~J + h YiJ+l) and (~+IJ' Yi+r) at the kth frame are 
obtained through the perspective projection (Figure 1). 

Let us denote the corresponding object points at the kth frame by (XiJ' YiJ' Zi), (XiJ+l' YiJ+l' ZiJ+ 1), and 
(Xi+lJ' Yi+lJ' Zi+rJ) (or in short (Rb R2, R3)k ). The locations of these object points at the k+ lth frame are 
predicted using the known camera motion parameters. Let the new locations of these object points at the k + lth 
frame be (Xi/, Yi/, Zi/), (XiJ+ 1', YiJ+ 1', ZiJ+1'), and (Xi+ 1/, Yi+ 1/, Zi+rJ') (or in short (R1, R2, R3)k+l· A plane, 
say Plane A, is constructed to pass through (Rh R2, R3)k+r· Assume that the object point (Xi/, Yi/, ZiJ') of the 
image point (~J' Yi) at the k+ lth frame lies on Plane A. Then the 3-D coordinates of the object point (XiJ', 
Yi/, Zi/) is the intersection of the focal ray with Plane A. Zi/ is the predicted depth. Figure 1 shows the object 
motion during the kth frame and k + lth frame. 
3.2 Algorithm 

1. From the equations of perspective projection we compute the object point of every pixel of the k-th image 
frame. For the ij-th pixel, we choose three points, for example, in a triangular neighborhood. Transformation 
involved are 

(~J,yiJ,ziJ) ---- > (XiJ' YiJ,Zi) --- > Rr 
(~J + l,yiJ+ bziJ + l) ----> (XiJ+byiJ+bziJ+l) --->R2 
(~+IJ,Yi + IJ,Zi+r) ---- > (Xi+lJ,Yi+IJ,Zi+rJ) --- > R3 

The transformations can be performed using the following focal ray equations. 
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We denote the three object points by (R1,R2,R3)k. 
2. Using the motion equations; we transform the three object points into new their new positions at k+ 1 

frame instant. 

X~ - [~l [ ~-- ~-
zlj 

Again we denote the three points by (R1,R2,R3)k+l· 

1 -C B l XiJ 
C 1 -A Y;J 
-B A 1 z .. 

lJ 

3. Construct Plane A which is passing through the three points (R1,R2,R3)k+l· 

(3.2) 

(R1,R2,R3)k+l ---- > Z = aX +bY + c 
4. Find the intersection of focal ray and through grid point (x, y) and the constructed plane. This is' equivalent 

to solving Z' from 

Z- aX+bY+c 
z 

X-( f)x (3.3) 

or, 

Y-(z)y 
I 

zt ____ c __ 

a b 1--x--y 
I I 

Zi/, the predicted depth value in the k+ lth frame for the image point (~j' Yi), is thus obtained. 

(3.4) 

There is a singular case in the construction of the plane. If the three projected object points are in a straight 
line, say Line A, there is no unique plane. In other words, the focal ray does not necessary intersect Line A. 
A possible solution is to find the common normal between the focal ray and line A. The common normal is 
unique since Line A cannot be parallel to the focal ray. The intersection of the focal ray with the common 
normal can be used as the predicted object point at the k+ 1 frame for the (i,j)th image point. 

The above algorithm avoids the use of resampling and extrapolation procedures [5] as the object point is 
predicted for a grid point in the image. 

Using the Kalman filter algorithm (Refer to Appendix B) we have the time updates for depth (x·k+1) and its 
covariance (p·k+1): 

-
xk+l-a~k 

- 2 
Pt+t-at Pt +qt 

where the grid indices (i,j) have been omitted, ak is estimated adaptively by 

Z' a-
t z 
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After ak is computed, the time update covariance p-k+l obtained from Pk· The process noise ( wk ) is 
measured from the change of depth over time. The process noise depends on the derivation of the object surface 
from the fitted plane. If all the object points lie on the plane, the prediction error is zero. Therefore the process 
noise is proportional to the fitting residue which can be obtained with more than three object points. 

The different scheme in prediction stage with Heel's method as follows: 
1. Heel reported the prediction part of the algorithm is computationally most expensive. We combine the 
warping and resampling method in one step, reduce the complexity to O(n2

) compared with Heel's worst case 
O(n4

) . 

2. We don't need warping process since our image point is fixed. 

4. Estimation Stage 
If the rigid body motion parameters T and n are known, the brightness change constraint equation or optical 

flow equation contains only one unknown variable, the depth, which can be solved easily. After the kth image 
frame is available, we compute temporal and spatial gradients or the optical flow around edges, which can be 
used to update ~based on the Kalman filter update rule. In the simplest case, the depth Z could be updated 
using a scalar-version of Kalman filter. However, the gradient information is very sensitive to noise [5]. In this 
stage we modify the· edge information by optical flow. If edge is detected then use optical flow information 
otherwise use gradient information. The equation (2.4) or (2.6) is chosen depend on edges. For example, once 
the edge is detected then Ykl hkl and r k are optical flow information. The derivation of optical flow around edge 
refer to Appendix C. 
4.1 Vector-version Kalman filter 

In this paper a vector-version of Kalman filter algorithm for depth estimation is presented. We choose the 
vector-version to improve the estimation quality by using information from neighboring reg~ons. The 
measurement update equation of the Kalman filter algorithm ( refer to Appendix B) is: 

where, 

xh1-x;+l +Khl[zhl-:Hhlxi+d 

pk+l-[/-K.t+lH.t+l]Pi+l 
(4.1) 

(4.2) 

We assume that the measurement error at adjacent pixels are uncorrelated. Notice that the measurements 
are not averaged in the vector formulations. With this assumption we define Rk and Hk as: 

0 0 .. . 
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where m = LxL; L is the size of the window. From Appendix B we have the Kalman gain as 

r;\1) 0 ... 0 

0 0 

0 0 ... - 1 
rk (m) 

or, 

Thus, 

or, 

m 

K/{k-P~:fL hk(i)2rk(i)-1] 
i-1 

From (4.1), (4.2) the covariance measurement update is 

or, 

m 

Pk+1-[1-Pk+1CL hk+t(z)2rk+1(i)-t]P~1 
i-1 

Thus the measurement update of the depth estimate is: 

4.2 Variance analysis 

m 

xk+1-xk+t +Pk+t[L hk+t(i)rk•1(i)-t(yk•1(i)-hk+1(i)xk".t)1 
i-1 

(4.5) 

(4.6) 

(4.7) 

(4.8) 

(4.9) 

( 4.10) 

( 4.11) 

Let us examine the measurement noise represented by the R matrix in equation ( 4.3), when L= 3, the 
sequence for uncorrelated r(m) can be chosen as follows: 
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4.2.1 Gradient case 

r(l) r(2) r(3) 

r(4) r(5) r(6) 

r(7) r(8) r(9) 

1. rk(i) depends on weighting coefficient w(i), that is 

( .) 1 r l oc--
k w(i)' 

where the distribution of w(i) can be illustrated for 3x3 case. 

w(l) w(2) w(3) 

W- w(4) w(5) w(6), 

w(7) w(8) w(9) 

(4.12) 

( 4.13) 

~ w(i)=-l 
m 

(4.14) 
i-1 

W can be chosen to be a Gaussian distribution function with the center pixel has the highest weight. . 
2. The error in depth estimate is caused by the uncertainties in the computation of temporal and spatial 

gradients, as well as by the uncertainties due to the linear approximation in the derivation of the brightness 
change equation. The expression of the variance a2

z is derived in Appendix D equation (D.5). It is generally 
difficult to estimate the variances of Ex, By, E1• From the expression of ~z' it is evident that 

(1) ~Ex' (iEy, and ~Et depend on the second and higher order brightness gradients. The values of a2
Ex, a2

EY' 

and~ Et' and thus the value of ~z increase with increase in the values of the higher order brightness gradients. 
(2) from equation (D.4) and (D.5) of Appendix D. We notice that the reciprocal of a2

z is approximately 
proportional to (E1 +v·n)2

• The 4th order terms in equation (D.3) are neglected in this analysis. Note that v 
contains the spatial gradient information. The larger the value of (E1+v·n), the richer the spatial and temporal 
gradient information and more reliable the estimated depth. 

Based on the above analysis, we may approximate the variance a2
z as 

( 4.15) 

where a is a positive number. The ~elements of the error covariance matrix Rk may be chosen as: 

fior i-12 ··· m ' ' ' 

( 4.16) 
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4.2.2 Optical flow case 
The error in the optical flow estimate is contributed by 
(1) the error in the location of the valley of the mismatch function c(i,j) (see Appendix D) which can be 

reduced to the spread of the function and shift due to noiseness. For computational reasons, we used a simple 
measure based on the reciprocal of the mismatch function. 

(2) the error of interpolation in the optical flow estimate, which was ignored. In summary, the elements of 
error covariance matrix can be chosen as 

r - ~ 1 , for i-1,2,. -· ,m 
k w(i) c2(iJ) 

(4.17) 

. where B is a positive number. 
Equation ( 4.17) is applied for moving edge pixels. If some pixels of window do not belong to the moving edge 

category, their rk's are set to high values. More specifically, a and B are tuned to accommodate the relative 
error contributions from the gradient estimates and optical flow estimates. 

5. Smoothing Stage 
This stage deals with the improvement of the depth estimate in the region where image points have high 

variances. Depth values of zero and negative values are certainly incorrect. In high variance regions for which 
the estimates do not change from their initial values, we need to do surface reconstruction to improve the depth 
estimation. Matthies, Kanade, and Szeliski [8] used a regularization-based smoothing method to reduce 
measurement noise and ftll in areas of unknown disparity. Geiger and Girosi [15], and Heel [5] , use the MRF 
surface reconstruction method. In this paper we use a fill-in algorithm along with Morphological filters to 
smooth the depth map. The filter we choose is the close-open filter [16]. The advantage of this close-open filter 
has noise suppression. 

The basic Morphological filters are erosion, dilation, opening and closing. Maragos and Schafer [16] 
presented two new morphological filters, the open-closing and close-opening, whose behavior is similar to median 
filters. 

Before performing the close-open operation, depths in high variance regions are replaced by their neighboring 
depth values using a fill-in algorithm. The fill-in algorithm is basically a recursive cross-shaped filter , as shown 
below: 

1. Start with N =3. If the number of trustable depth values of a window of size 2N-1 is greater than 1fz(2N), 
replace the pixel value by the median value. 

2. Else increase the window size toN +2. If N <Nmax, where Nmax is the a prescribed number, go to step 1. 
Else go step 3. 

f: 3. Extend the window size further up to Nmax. Then replace the depth value by the median value in the 
window. 

Cross-shaped filtering operations are not computationally expensive. In the MRF surface reconstruction [5] 
there are many parameters to tune. The close-opening filter mentioned here is easier to control and many 
machines support these functions. 

6. Experiments and Results 
In this section, we present preliminary experimental results for the proposed Kalman filter multiframe 

algorithm. In the first experiment, images of a golf ball are obtained using a CCD camera attached to a Image 
Technology Frame Grabber installed in an IBM PC AT. As shown in Figure 4 11 images of size 128x128 pixels 
were generated for this experiment. The golf ball is set about 940 mm from the camera. Its motion is T = [0.5 
0.5 0] mm and n = [0 0 0] mm between two consecutive frames. The light is 45 degrees from the right. All the 
data is processed in supercomputer(CRA Y-YMP). 
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Figure 5 shows depth map sequence of the golf ball. Lighter areas in the depth maps indicate smaller values 
of depth. The Kalman filter was initialized with Zo = 940 and p0 = 300000. In the measurement stage a 3x3 
window was used. In the smoothing stage the close-opening filter with a 3x3 window was used to do surface 
reconstruction. From Figure 5 one can see the upper left and lower right portion of the golf ball are not 
recovered quite well. We can see from the original image sequence Figure 4 that the brightness is too smooth 
in these regions. No depth information can be obtained from motion in the region of uniform brightness. Figure 
6, 7 show the 3-D depth map (sampling every 2 pixel) after 1st and lOth iteration respectively. 

In a second experiment images of a wooden block are obtained (Figure 8). Its motion is T= [0.5 0.5 0] mm 
and n= [0 0 0] mm between two consecutive frames. Figure 9 shows the depth map sequence. Figure 10, 11 
shows the 3-D depth map after 1st and lOth iteration respectively. Notice that the boundary of the bolck is 
recovered very well. The depth estimate in its internal region however are inferior due to a relatively smooth 
brightness distribution. 

7. Conclusion 
A vector-version of Kalman filter algorithm with new prediction and smoothing procedures are presented for 

the estimation of depth from image sequence. We also simplified the computation to scalar case. The algorithm 
can recover robustly depth information along object boundaries. Its performance however is not impressive in 
the region of smooth brightness. A study is under way to improve the estimation quality by utilizing fully the 
error covariance information and by improving the fill-in procedure. The contribution of this paper is as follows: 
In prediction stage we modify resampling and extrapolation method and the complexity is reduce to O(n2

) 

compared with Heel [5] the worst case is O(n4
). In estimation stage we combine both the optical flow around 

edge and the whole gradient information. Depth estimation is improved by using information from the 
neighboring regions. It is vector-version Kalman filter with no matrix multiplication. In smoothing stage no 
MRF surface reconstruction we choose simple morphological filter. Finally it is feasible to implement the 
algorithm on a parallel processor. 
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Appendix A 
The material in this section is adopted from Horn, Weldon, and Negahdaripour ((11], (12]) . A viewer

centered reference coordinate system {X, Y, Z} is chosen. The image is formed on the plane Z= 1 (without loss 
of generality, let the focal length be unity) and the viewing direction is along the positive z-axis as shown in 
Figure 2. A point R= (X,Y,Z)T in the reference coordinate system corresponds to a point r= (x,y,l)T in the image 
plane. Assuming that the perspective projection is performed, we have 

r--1-R, Z-Ri, i-[0 0 1] T 
Ri 

where Z is the distance of the point R from the viewer along the optical axis. 

(A.l) 

Suppose the viewer moves with translational velocity T= (U,V,W? and n= (A,B,C? relative to a fixed 
environment, then the time derivative of the vector R can be written as 

R --T-OxR t 
(A.2) 

The corresponding image point moves with velocity, 

r --(ix(rx(rx0--
1
-1))) 

t Ri 
(A.3) 

Assume that the brightness of a small patch on a surface in the scene does not change during motion. 
Let E(r,t) denote the brightness of an image point rat time t. Then the constant brightness assumption allows 
us to write 

dE(r,t) - E ·r + E -0 
dt r t t ' 

(A.4) 
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where Et and Er= (Ex,~O? denote the temporal and spatial derivatives of brightness. 
Substituting equation (A.2) into (A.3) and rearranging the result yield 

((E xz')xr)·T 
E -(((E xzjxr)xr)·Q+ r -0 

t T Ri 

To simplify this expression, let 

or, 

The equation (A.5) is then rewritten as 

st~.(E,xzjxr, v~-sxr 

s Q 

fE +y (xE +yE) 
y I X y 

X -fE --(xE +yE) 
X I X y 

yEx-xEY 

z-- s·T 
E,+v·Q 

This is referred to as the brightness change equation. 

Appendix B Discrete time Kalman filter 

(A.5) 

(A.6) 

(A.7) 

(A.8) 

(A.9) 

The material presented in this Appendix is cited from Lewis [14]. The discrete stochastic dynamical equation 
to describe a system with noise is 

~+1 =Ak~+ Bkuk+Gkwk 
~=Hk~+vk ' 

where the process noise w~ and let measurement noise is vk, are respectively have the following distributions: 

(B.l) 
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Both { wk} and { vk} are assumed to be stationary white noise processes uncorrelated with each other 
and with Xo· The covariance function of wk satisfies the following relationship: 

(B.2) 

where o(k) is the Kronecker delta, and similar for vk. 

or, 

Defme at each time k: 
a priori estimate x-k with covariance p-v and 
a posteriori estimate Xx with covariance P k 

The relation between pk- and Pk is illustrated in Figure 3. The Kalman filter algorithm is listed in (B.3)-(B.9). 
Initial condition: 

(B.3) 

Time update (error covariance and estimate): 

(B.4) 

(B.5) 

Measurement update (error covariance and estimate): 

(B.6) 

(B.7) 

(B.8) 

where (B.9) 

The time update part of the algorithm gives a prediction of the state at time k + 1, along with the associated 
error covariance. The measurement update provides a correction based on the measurement at time k + 1 to 
yield the net posteriori estimate and its covariance. 

Appendix C Derivation of Optical Flow around Edge 
The whole optical flow information is computationally expensive. We extract the edge information by 

correlation method. The algorithm is derived as follows: 
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1. Detect moving edges in two consecutive frames. 
2. Pick up a window (D1) around the edge in frrst frame then moving the window (D2) around edge to do 

correlation in second frame. Defme the mismatch function: 

m(iJ)- E E 1Iix+i+ox,y+j+oy)-11(x,y)l (C.l) 
x..yED1 ijED2 

where 11 and 12 are intensities of the image, x and y are image coordinate, ox and oy are initial displacement 
which is can be predicted by matching corner points, D1 domain is window around edge, D 2 domain is the 
window move around center pixel. 

3. Normalized the intensity function. 

1 
c .. ---

'J m . . 
IJ 

4. Compute the coordinates of the matched point in the second image. 

1 

x1
-"' (e. _1+e.0+e.1)(x+ox+i) L l, I, l, 

i--1 
1 

yl- E (e_1j+eoJ+e1)(y+oy+J) 
j--1 

5. Compute optical flow around moving edges. 

u-x1-x 
I v-y -y 

Appendix D Derivation of a z 
2 

(C.2) 

(C.3) 

(C.4) 

Assume that the camera motion is very accurately known. The major error sources in the depth estimation 
are due to 
D.l Gradient case 

(a) the uncertainty in the temporal and spatial gradient estimation. 
(b) the linear approximation in the derivation of the brightness change equation. 
At the image boundary regions, the second and higher order terms are not negligible. Presmoothing can 

improve the estimation along these regions. Assuming that the influence of the second order terms can be 
treated as the variation of the first order terms, an expression of a2

z is derived as follows: 
Depth estimate is given by equation (A.9) as 

(D.l) 
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where s and v are functions of Ex, By, and Et. In a more abstract form, Z = Z(Ex, By, Et). Expanding Z around 
the point of interest and ignoring the second order terms, we have 

dZ- az dE + az dE + az dE 
aE x aE y aE t 

X y t 

(D.2) 

where, 

(D.3) 

and 

.az s·T 

aEt (Et +v·Oi 
(D.4) 

Assuming that dZ, dEx, dEy, and dEt are zero means, we have q
2
dz=q

2
z , q

2
dEx=q

2
Ex , q

2
dEy =q

2
Ey ,q

2
dEr=q\ t. 

Furthermore, assume that Ex, By, and Et are independent one another, we have 

0.2 Optical flow case 

2 ( az )2 2 ( az )2 2 ( az )2 2 
(J z- aE (J Ex+ aE (J Ey+ aE (JEt 

X y t 

The depth equation [5] is given as 

z-_!( -fU+xW + -jV+yW ) 
2 

u-_!.[Axy-B(x2+f)+Cyj] v-![A{y2+f)-Bxy-Cxj] 
I I 

(D.S) 

(D.6) 

where u, v are functions of c(i,j) . Expanding Z around the u and v, for simplify the analysis we assume no 
rotation, then we have 

dZ- az du+ az dv 
au av 

(D.7) 

where, 

< az, az)-(fU-xW,JV-yW)-( -z, -z) 
au av 2u2 2v2 2u 2v 

(D.8) 

Assuming that dZ, du, dv are zero means, we have qd/=q/, qdu
2
=qu

2
, qd/=q/, Furthermore, assume that 

u, v ·are independent one another, we have 

2 ( az)2 2 < az)2 2 a-- a+- a 
z au u av v 

204 

(D.9) 



\ 
\ ~~~~~--~ 

K frame 

v 
B 

c 

(X,Y,Z)k+l 

\ 

\ 
\ 

.K+l frame 

Figure 1 Object prediction 
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Figure 2 Perspective projection 
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TU: time update 
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Figure 3 Error covariance update timing diagram 
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Figure 4: Golf ball image sequence 

E:P.TH HAP 
- 11 F'RAHE 

Figure 5: Golf ball depth map sequence 
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Figure 6: 3-D depth map after 1st iteration. 

Figure 7: 3-D depth map after lOth iteration. 
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I r·1 A C~ E S E 0 U E H C E 
1 - 1 1 F F: A r·i E 

Figure 8: Wooden block image sequence 

DEPTH t·1AP 
1 11 FF:At·1E 

Figure 9: Wooden block depth map sequence 
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Figure 10: Wooden block 3-D plot after 1st iteration 

Figure 11: Wooden block 3-D plot after lOth iteration 
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EXTENDED SUMMARIES 

The science of providing v1s1on for a robot is called visual machine 
perception. Most exiting vision systems employ one or more cameras to act as 
the robot's eyes. To us, visual description language means the objects handled 
by the language are visual. More specifically, it means .. language for processing 
visual information:• or •visual information processing language ... The subject is also 
known by the other names such as image description language or picture 
description language. There are many interesting and challenging tasks regarding 
the definition of commonly used terms. For example, it is, in general, difficult to 
define the concepts of a house, church, building, tree, grass to a robot because 
houses and trees can have different size, shape, color, height, and texture. 
Comparing a house and a tree, it is even more difficult to define a tree because 
its time-varying property. Usually, a tree in the summer is different from the same 
tree in winter in terms of color, size, shape, and texture. In order to have better 
understanding of the problem so that robots may know what they see, we briefly 
discuss the limitations of the computer. · 

LIMITATIONS OF COMPUTER 

A universal Turing machine [MINS67] can do anything any other computer 
can do, although more slowly. In this paper we will look at some of the things that 
current computer cannot do. 

*This research was supported by a 1991 
Florida International University 
Summer Research Award. 
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A. IN WORLD PROCESSING AREA 

Example 1. Give a computer a technical paper or a book in machine 
readable form, we ask the computer to give us a summary or an abstract of the 
given paper or the given book. 

Apparently a current computer cannot accomplish this task. If a computer 
were to be able to perform this task, then the techniques used may be applied to 
the following areas~ namely, 

1. Data reduction area 
2. Time management area 
3. Information storage and retrieval area for reducing the required 

storage space, at the same time, improving retrieval time. 

The reasons that this task cannot be performed by a computer include: 

1. This task involves not only the manipulation of the syntax (structure) 
of sentences, but also the manipulation of the semantics (meaning) 
of sentences. 

2. The meaning of summary or abstract are fuzzy (not precisely 
defined) [LEE69]. 

Compared to computers, a human being can accomplish this task easily. 

B. IN PICTURE PROCESSING AREA 

Example 2. Given a computer a picture of a person in machine readable 
form, we ask the computer to estimate the age of the person. The reasons that 
this task cannot be carried out by a computer include: 

1. The precise relationship between the age and a person's picture is 
fuzzy [LEE69]. 

2. This task plays a similar role as the feature extraction task in pattern 
recognition. The problem is we don't know how to find the proper 

- features for estimating the age. 

Compared to computers, a human being can carry out this task easily. 

In this paper, visual description languages are classified into two groups -
line-oriented visual description languages and region-oriented visual description 
languages. 

In line-oriented visual description languages, chain ~odes [FREE61 ,62] by 
Freeman and picture description languages (POL) by Shaw [SHAW68,69] are 
presented and compared with emphasis on robotic applications. 
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In region-oriented visual description languages, Pavlidis 
[PAVL68a,68b,75,77] proposed a set of primitives for encoding geometric patterns 
in terms of regions. This method is introduced. In addition, two-dimensional 
grammars [LEE87a,87b,87c,89] are used as a tool to describe visual patterns. 
Various examples are given. The time and space complexity analysis [CHAN86, 
FU82, LEE88a, WANG89] are also presented. 

Furthermore, entity-relationship model is introduced and applied to picture 
description [LEE87d,88b] 
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ABSTRACT 
This paper suggests a new vision-based approach to road following. It is based on the 
theoretical framework of the recently developed optical flow-based visual field theory. 
By building on this theory, we suggest that motion commands can be generated directly 
from a visual feature, or cue, consisting of the projection into the image of the tangent 
point to the edge of the road, along with the optical flow of this point. Using this cue, 
we suggest several different vision-based control approaches. There are several advan
tages to using this visual cue: (1) it is extracted directly from the image, i.e., there is no 
need to reconstruct the scene, (2) for many road following situations this is the only 
necessary visual cue, (3) only the horizontal component of the optical flow of the 
tangent point needs to be extracted, (4) it has a scientific basis, i.e., the described tech
niques are not ad hoc, (5) the related computations are relatively simple and thus suit
able for real-time applications. For each control approach, we derive the value of the 
related steering commands. 
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1. INTRODUCTION 

Autonomous visually-guided road following by a ground vehicle requires two 
basic steps. The first step is to extract relevant road features from images taken by on
board cameras, such as road edges and boundaries, highway lane lines, etc. The second 
step is to determine how to steer the vehicle (as well as how to speed up or slow 
down) once visual road information has been extracted. Algorithms for both steps have 
recently been explored by many investigators [2, 3, 4, 9, 10, 11]. Most of these inves
tigators, however, have approached these problems using ad hoc techniques. ad hoc 
manner. 

This paper approaches the road following . problem by building on the theoretical 
framework of the recently developed visual field theory [7, 8]. This theory provides 
quantitative relationships between a stationary 3-D environment and a moving camera. 
Using the visual field theory, we develop geometric and motion-related relationships 
and constraints for road following. These then suggest partial control algorithms as well 
as visual cues that can serve as input signals to control algorithms. The paper details 
many different control options. The control sche~es presented are partial since only the 
kinematics of the vehicle and the camera are considered. Also, stability, robustness and 
sensitivity issues are not considered in this paper. 

This paper has suggestions for algorithms for both steps described above. For the 
first step, involving the extraction of road features, this paper suggests ~at the only 
road feature necessary (for curved, convex roads) is the tangent point on the road edge 
(i.e., the point on the road edge lying on an imaginary line tangent to the road edge and 
passing through the camera) and its optical flow. Therefore, all image processing effort 
should be directed towards reliably finding and tracking the tangent point and extracting 
its optical flow. This is in contrast to most current systems which attempt to find as 
much about the road as possible. Existing systems often ignore the tangent point when 
making steering decisions, and usually are not concerned with the optical flow values 
of points on the road. 

For the second step that involves determining steering commands once visual 
information has been extracted, this paper suggests that fast, computationally inexpen
sive, and simple control algorithms can be used. Given the desired distance from the 
edge of the road, the only visual information these algorithms would require is the 
location of the tangent point (in the image) and its optical flow. Other inputs to these 
algorithms would be the current steering angle, the current vehicle speed, etc. The out
put of these control algorithms is the change in steering angle for the next instant of 
time. (In this paper, we do not consider decisions about speed and acceleration of the 
vehicle.) Most existing road following algorithms convert the information extracted 
from images into a 3-D, vehicle-centered cartesian coordinate system aligned with the 
ground plane. Steering decisions are then ·determined in this coordinate system. A 3-D 
reconstruction is therefore performed before steering decisions are made. We suggest 
that control algorithms can be developed which directly use image information 
represented in the 2-D image coordinate system (e.g., image position and image flow). 
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This paper begins by outlining our assumptions and defining road following, the 
coordinate system, and the vehicle. We then review the visual field theory as it relates 
to road following. Next, we provide analyses and suggest partial control schemes for 
two road following scenarios, one for circular roads and the other for curved roads. 
Finally, we discuss directions for future work. 

2. DEFINITIONS AND ASSUMPTIONS 

2.1. ROAD FOLLOWING 

We define a road as any continuous, extended, curvilinear feature. The goal of 
road following is to follow along this feature over an extended period of time. In what 
we normally think of as road following, a road is defined either by its boundaries or by 
an extended solid or dashed white line. Here, the goal is not only to follow along these 
features but also to stay within a constant lateral distance from these features. In gen
eral, the feature to be followed need not define a real road. For example, it could be a 
boundary line of vegetation, a stripe painted on the ground, or even a wall. 

Figure 1 shows a vehicle on a road and the left-hand side road edge. The unit vec
tor h is the instantaneous heading of the vehicle, 0 is the instantaneous center of curva
ture of the vehicle path, and r is the instantaneous radius of curvature of this path. We 
define road following as an activity that involves servoing ·h such that it follows the 
road edge. It is desired that h be servoed such that the vehicle is always parallel to the 
tangent to the local curvature of the road edge (Figure 1 b), and such that the distance s 
of a point on the vehicle from the road edge is maintained at a constant value. In other 
words, the instantaneous center of curvature of the road edge and the instantaneous 
center of curvature of the vehicle path should coincide, and the tangent to the edge of 
the road at the intersection point B should be parallel to h. In this paper, we assume 
that the road is always curved and we do not discuss the two-boundary case. 

2.2. COORDINATE SYSTEM 

The equations in this paper will be defined in a coordinate system which is fixed 
with respect to the camera on board the vehicle. This coordinate system is shown in 
Figure 2. We assume that the camera is mounted on a vehicle moving in a stationary 
environment. Assume a pinhole camera model and that the pinhole point of the camera 
is at the origin of the coordinate system. This coordinate system is used to measure 
angles to points in space and to measure optical flow at these points. We use spherical 
coordinates (R-a-q,) for this purpose. In this system, angular velocities (9 and~) of any 
point in space, say P, are identical to the optical flow values at P' in the image domain. 
Figure 3 illustrates this concept: 9 and cp of a point in space are the same as 9 and cp of 
the projected point P' in the image domain, and therefore there is no need to convert 
angular velocities of points in 3D space to optical flow. In Figure 3 the image domain 
is a sphere. However, for practical purposes the surface of the image sphere can be 
mapped onto an image plane (or other surface). 
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2.3. TWO-WHEELED VEHICLE 

For our analysis, we use a theoretical two-wheeled vehicle as illustrated in Figure 
4. A rigid frame of length 2m holds both wheels. A steering wheel angle is applied to 
both wheels simultaneously, i.e., if one wheel is rotated by an angle ~ relative to the 
frame, the other wheel will rotate by the same angle. This apparatus assures that both 
wheels will always stay at the same distance from the instantaneous center of curvature 
of the vehicle's path. As shown in Figure 4, the camera is mounted such that its 
pinhole point is located above the front wheel center, and it rotates with the front 
wheel. The optical axis of the camera coincides with the instantaneous translation vec
tor (heading) of the front wheel. Note that the heading vector of other points on the 
vehicle may not be the same as the chosen one. 

The following geometrical relationship holds for the vehicle in Figure 4: 

r = __!!£_ (1) 
sin~ 

The frame length m is usually known. Thus the instantaneous radius of curvature r of 
the vehicle path can be determined by measuring the steering angle ~· 

Figure 5 is an overall description of the system including the spherical coordinate 
system, and Figure 6 is the related top view. For convenience we chose to have the z 
axis pointing down. However the same coordinate system as described in Figure 2 is 
used here. The camera is mounted at some height above the ground and rotates with 
the front wheel. The position of any . point on the road can be expressed with the coor
dinates R ,a and cf>, as shown in Figure 5. 

In the following analysis, we assume a moving vehicle in a stationary environ
ment. The road is assumed to be planar, and road edges are assumed to be extractable. 
Figure 7 is an example of a road image obtained from a camera mounted on a vehicle. 

3. VISUAL FIELD THEORY 

We have recently developed a new visual field theory that relates six-degree-of
freedom camera motion to optical flow for a stationary environment [7, 8]. The field is 
always centered at the camera pinhole point and moves with the camera. The structure 
of the field changes as . a function of the instantaneous camera motion. This theory pro
vides us with a theoretical and scientific basis for developing constraints, control 
schemes, and optical flow-based visual cues for road following. This section reviews 
this theory as it relates to the road following problem. 

3.1. EQUATIONS OF MOTION AND OPTICAL FLOW 

First we describe the equations that relate a point in 3-D space to the projection of 
that point in the image for general six-degree-of-freedom motion of the camera. Some 
of the equations can be found in many books, e.g., see [5]. 

We start with the derivation of the velocity of a 3-D point in the XYZ coordinates 
(Figure 2). Let the instantaneous coordinates of the point P be R =(X ,Y :zl (where the 
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superscript T denotes transpose). If the instantaneous translational velocity of the cam
era is t = (U ,V ,Wl and the instantaneous angular velocity is m =(A ,B ,Cf then the velo
city vector v of the point P with respect to the XYZ coordinate system is: 

V=-t-mxR (2) 

or: 

Vx = -U-BZ+CY (3) 

Vy =-V-cX+AZ (4) 

Vz = -W-AY+BX (5) 

where Vx, Vy, and Vz are the components of the velocity vector v along the X, Y, and z 
directions respectively. 

To convert from R eq, to XYZ coordinates we use the relations: 

X = R coscp case 

Y = R coscp sine 

Z = R sincp. 

Similarily, to convert from XYZ to R eq, coordinates we use: 

R = ~X2+Y2+Z2 

a= tan-1X. 
X 

~ . -1 z .., =sm 
~X2+Y2+22 · 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) 

In order to find the optical flow of a 3-D point in R eq, coordinates, we use the follow
ing relations and transformations (see [6] and Figure 2): 

Let VR, V 8 , and V • be the components of the vector V in spherical coordinates, and 

VR~= [~:] (12) 

Vxn =[~~]. (13) 

Then: 

VR&+ = [T +][T 8]Vxrz (14) 

where 

X y 
0 

[cosO sine 

~] = 
~X2+y2 ~X2+y2 

[Ta] = -s~ne cos a -Y X 
0 

~X2+y2 ~X2+y2 
0 

0 o· 1 

(15) 
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and 

[ 

coscp 0 sincp] 
[T,] = 0 1 0 = 

-sincp 0 coscp 

~ 
..Jx2+y2+z2 

0 

-Z 

0 
z 

..Jx2+y2+z2 

1 0 

0 
..Jx2+y2 

..Jx2+Y2+z2 

Also (see [ 6]): 

VR =R 

Ve = Re coscp 

v,=R<P 

where dot denotes first derivative with respect to time. 

Using equations (3)-(19) yields the following expressions: 

R 9 qoscp _ - sin9 cos9 0 -V _ X +AZ [ · J [ J [-U-BZ+CY] 
R q, - - sin$ cosa - sincp sine coscp -w -~Y +BX 

or 

-Y X 
0 

r:J = 

-- [-U-BZ+CYJ X2+y2 X2+y2 

-xz -fZ ..Jx2+y2 -V-CX+AZ . 

..Jx2+ y2(X2+ y2+z2) ..Jx2+Y2(X2+Y2+z~ X2+Y2+z2 
-W-AY+BX 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 

As mentioned earlier, e and ~ of a point in space (i.e., the angular velocities in the 
camera coordinate system) are the same as the optical flow components e and~ (Figure 
3). 

Suppose that we want to determine the locus of points in 3D space that produce 
constant optical flow values e and constant optical flow values ~ in the image for a 
given arbitrary six-degree-of-freedom camera motion. To do so we simply set e and~ 
in equation set (21) to the desired constants and solve for X, Y, and z. All points in 
3-D space that satisfy this solution are called equal flow points. However, the solution 
to these two equations is not unique since there are three unknowns and two equations. 
In general, there is an infinite number of solutions. 

3.2. A SPECIAL CASE 
In this section we analyze a specific motion in the instantaneous XY (cp = 0) plane 

of the camera coordinate system. 

Let the camera motion vectors t and c.o be given as follows: 

t = (U ,V ,O)T (22) 

m = (O,O,C f. (23) 
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This means that the translation vector may lie anywhere in the instantanous XY plane 
while the rotation is about the z-axis. Substituting these motion vectors into equation 
set (21) yields: 

[!] = 

0 

[-U+CYJ -v0cx (24) 
-XZ - l'Z ..fX2+Y'. 

..Jx2+Y2(X2+Y2+z2) ..Jx2+Y2(X2+Y2+z~ X2+Y2+z2 

Setting a and <i> in equation set (24) to constants will result in a set of equal flow points 
for this specific motion. 

Consider the case where the optical flow value of a is constant. From equation set 
(24), the points in space that result from constant a (regardless of the value of$) form 
a cylinder of infinite height whose equation is 

(x+ 2(;+Ei))\[Y- 2(%.9J = [ 2(;+EiJ+[ 2(%+9) r (2S) 

as displayed in Figure 8. Figure 9 shows a horizontal section of the cylinder of Equa
tion (25). 

The meaning of equation (25) is the following: all points in 3-D space that lie on 
the cylinder described by Equation (25) and which are visible (i.e., unoccluded and in 
the field of view of the camera) produce the same instantaneous horizontal optical flow 
e. We call the cylinder on which equal flow points lie the equal flow cylinder. A sec
tion of a set of equal flow cylinders is illustrated in Figure 10 for the case where the 
camera undergoes instantaneous translation and rotation. The label of each circle 
represents the horizontal optical flow a in the image that corresponds to points on this 
circle. Here, there is a circle with finite radius that produces zero horizontal flow (a= o 
in the image domain). 

3.3. ZERO FLOW CYLINDERS 
One of the equal flow cylinders corresponds to points in 3-D space that produce 

zero horizontal flow. We call this cylinder a zero flow cylinder. The equation that 
describes the zero flow cylinder can be obtained by setting a= 0 in Equation (25), i.e., 

(26) 

We have shown [7] that if the z component of the camera rotation vector (I) is positive 
(i.e., C > 0), then visible points in the XY plane that are inside the zero flow cylinder 
produce positive horizontal optical flow (a> 0), while visible points outside the zero 
flow cylinder produce negative horizontal optical flow (a< 0) in the image (see Figure 
11). If (I) is negative (i.e., c > 0) then the opposite is true. 

As the camera moves through 3-D space, the equal flow cylinders move with it 
Figure 12 shows sections of equal flow cylinders as a function of time. At each instant 
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of time, the radii of the equal flow cylinders are a function of the instantaneous motion 
parameters t and c.o. The locations of the equal flow cylinders are such that they 
always contain the origin of the camera coordinate system (the same as the camera 
pinhole point), are tangent to the instantaneous translation vector t, and their symmetry 
axes are parallel to the instantaneous rotation vector c.o. 

4. ANALYSIS OF ROAD FOLLOWING 

We describe two road following scenarios. The first one is for a circular road, 
where we outline basic geometric and motion-related relationships. Using this rela
tively simple case, we explain the problem of following a road using a vision sensor, 
problems associated with it, and relate . it to the visual field theory described above. We 
also suggest several road following control approaches. The second road following 
scenario is for an arbitrary convex curved road, where we also suggest some control 
approaches. 

4.1 CIRCULAR ROAD 
In this section, we consider following along . a circular road. Given visual cues, a 

goal of a control system is to find the steering angle. If the vehicle is already on a 
path that follows the road, then only changes in steering angle are necessary. Figure 
13 shows a vehicle moving around a circular road of radius l . The path traversed by 
the vehicle is a circle of radius r. Let the unit vector i indicate the direction of the 
tangent line, a line that contains the camera pinhole point and is tangent to the road 
edge. 

We will show next that the tangent point T lies on the instantaneous zero flow 
cylinder if the camera orientation is fixed relative to the vehicle. The proof for this is 
as follows. Let us consider the planar case first, as shown in Figure 13. Given that the 
line AT is tangent to the road edge, then AT is perpendicular to OT. We will now show 
that OA is the diameter of the section of the zero flow cylinder displayed in Figure 13. 
From Equation 25, we can see that the center of the zero flow cylinder section is at 

[
- V . , U . ] (Figure 9). Further, the location of the camera is at (0,0). Now the 

2(C+9) 2(C+9) 
center of rotation of the camera's circular path must lie on the zero flow cylinder sec
tion (see [13]). This means that no matter how far the vehicle is from the road edge 
(Figure 14), the tangent point lies on the zero flow cylinder. Thus the horizontal com
ponent of optical flow of the tangent point is always zero. 

In Figure 13, therefore, the optical flow e due to point T is zero. Let the distance 
from the vehicle to the road edge be s, and let a be the positive angle to ; measured 
from the X -axis. From Figure 13, the following relationships hold: 

l = r sin9 

s = r-l = r(l-sin9) 

Differentiating Equation (27) with respect to time: 
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i = rsine + racose (29) 

where dot denotes derivative with respect to time. For a circular road, I is constant, 
and thus i can be set to zero in Equation (29): 

0 = rsine + re cose 

r = -r a cote (30) 

When the vehicle is moving on a perfect circular path both r and a are equal to zero. 
However, suppose the vehicle's path is not a perfect circle. Since r is the instantaneous 
radius of curvature of the vehicle motion, r is the rate at which the curvature changes. 
Equation (30) suggests a way of controlling the vehicle motion so as to achieve a con
stant circular motion. Consider the two-wheeled vehicle described in Section 2.3. From 
Equation (1 ), we can derive the following: 

~ = sin-1( m ). (31) 
r 

Equation (31) gives a value of the steering angle ~ as a function of the instantaneous 
radius of curvature r and the distance 2m between the two wheels. Normally the value 
m is known. For a more realistic vehicle (e.g., Figure 15), some other relationship may 
hold. 

In Equation (30), r is the rate at which the radius of curvature of the vehicle 
motion is changing. We can express r as a function of the steering angle ~ by 
differentiating Equation (1) with respect to time: 

. -m cos~ · 
r- - ~ 

- sin2~ 

Substituting Equations (32) and (1) into (30) and solving for~ : 

~=a tan~ cote 

(32) 

(33) 

Equation (33) suggests a partial control scheme whose inputs are the current steering 
angle ~' the current angle e of the tangent line relative to the X -axis, and the optical 
flow a of the tangent point. All of these inputs can be measured. The variable being 
computed is the rate of change of the steering angle, ~. Equation (33) provides the 
gain tan~cot e by which a should be multiplied in order to get the correct change in 
steering wheel angle. It is important to emphasize that the derivation of ~ takes into 
account the kinematics of the system but not the dynamics. This is also the reason 
why we emphasize that the control scheme is not complete. 

If the rate of change of the steering angle, ~, is the only variable being controlled 
(as indicated in Equation (33)), then in practice the vehicle may not maintain a constant 
distance from the edge of the road. Therefore, in addition to Equation (33), Equation 
(28) can also be used to control the vehicle to achieve a constant circular motion. Sub
stituting Equation (1) into (28): 

s = ~(1-sine) 
SID~ 
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or 

~ = sin-1[ ~(I-sinG)] (34) 
s 

Equation (34) suggests a partial control scheme whose inputs are the measured angle a 
of the tangent line relative to the X -axis, the desired distance s of the vehicle from the 
road edge, and the distance 2 m between the front and rear wheels. The variable being 
computed is the steering angle ~· 

The control signals (~ and ~) and partial control schemes suggested above assume 
that the road is circular, that the center of curvature of the vehicle path coincides with 
the center of curvature of the circular road, and that the road is planar. It is also 
assumed that the tangent point (in the image) is traceable, and that the vehicle heading 
coincides with the camera optical axis. There are several advantages to this approach: 
(1) it is simple and therefore computationally inexpensive, (2) it is independent of the 
speed of the vehicle, (3) it is independent of the camera height above the road, (4) only 
a few measurements are necessary to control the vehicle, and (5) only a very small por
tion of the image -- the portion around the tangent point -- needs to be analyzed, in 
principle. (Of course, item (5) may not be true in practice since larger portions of the 
road may have to be extracted in order to reliably find the tangent point.) 

A different approach for circular road following is based on the simple fact that 
the height of the camera above the road is constant during driving. Refer to Figures 5 
and 13. Let he be the height of the camera above the ground. For the tangent point T 
we can write: 

he = r cosa tancp (35) 

or 

r = cos:ctmcjl (36) 

The value he is usually a known constant, while a and cp for the tangent point can be 
measured in the image. Thus the distance r of the camera from the center of curvature 
of the circular road can be determined. Equations (36) and (31) allow computing the 
steering wheel angle~ using visual information without measuring it directly. 

Taking the derivative of equation (35) with respect to time yields: 
. . 1 . 

he = r cosa tancp + r (-sin 9) tancp a + r cosa -2- cp 
coscp 

Since he is constant, then h~ = 0 in Equation (37), and solving for r: 

;. = <9 tana- --¥-!-) r 
sm2cp 

The corresponding change in steering angle is (using equations (32) and (38)): 

. 1 . 2 ~ 
~ = -- sin~ tan~ (9 tana - -.-) r 

m sm2cp 
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Substituting ~ = sin-1(~) (Equation (31)) and then r = :c (Equation (36)) in Equa-
r cos tan$ 

tion (39) results in an expression for ~ as a function of the visually measured parame-
ters e,q>,e,~ and the known constants m and he. 

Yet another approach for circular road following is depicted in Figure 16. A circu
lar path will be maintained by the vehicle if the heading vector h" at point A is 
smoothly servoed so as to result in a heading vector hB at point B . It is desired that the 
heading vector always be tangent to the circular path concentric with the circular road 
and at a radial distance s from the road edge. Let a be the angle between the camera 

X -axis and the tangent line, and let a= ~ -e. Notice that since it is desired that hB be 

parallel to the tangent line from point A , the change in direction between h" and hB is 
a. 

We define the turning rate as the amount the heading vector direction changes (or 
turns) per unit time. 

Since the circular arc length between points A and B is (s + l) a, it takes the vehi

cle (s + l) a amount of time to travel the length of the arc, where v is the speed of the 
v 

vehicle (assuming constant speed). Therefore 

Turning Rate = (s +~)a = ~~ . s+ 
v 

(40) 

For the two-wheeled vehicle in Figure 4, the turning rate is proportional to the rate of 
change of the steering angle, i.e., ~-

4.2 CURVED ROAD FOLLOWING 

In this section, we consider road following for the case where the curvature of a 
convex road is not constant. Figure 17 shows two cases. In Figure 17a the radius of 
curvature increases as the vehicle moves. In Figure 17b, the radius of curvature 
decreases. Figure 18 shows a detailed version of Figure 17 a. Let the current instan
taneous center of curvature of the vehicle path be at 0 . If the road curvature were con
stant, then the point of tangency of the vector i would be at T and this point would lie 
on the zero flow cylinder. However, because the road's curvature is changing, the 
point of tangency is at T'. The center of curvature of the curve at T' is at 0'. Notice 
that the point T' lies on some equal flow cylinder whose a optical flow is negative (T 
lies outside the zero flow cylinder). If the radius of curvature were decreasing (Figure 
17b ), the tangent point would lie inside the zero flow cylinder, and its a optical flow 
would be positive. Therefore, intuitively, if the horizontal component of the optical 
flow, a, at the tangent point is measured, then its value can be used as a control signal 
for steering the vehicle. If a is negative (Figure 17a) then the steering command is to 
increase the radius of curvature of the vehicle, s current motion. If a is positive (Figure 
17b), then the steering command is to decrease the radius of curvature of the vehicle's 
current motion by sharpening the turn. 
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Another approach to curved road following is to extend the technique shown in 
Figure 16. Consider Figure 19, which shows the case of a road whose radius of curva
ture is increasing. As before, the goal is to smoothly servo the heading vector hA at 
point A so as to result in a heading vector~ at point B. The vector h8 is parallel to the 

tangent line from point A and is at a distance s from the line. If a == ~ - 9 is the angle 

between hA and the tangent line, then the change in direction between hA and h8 is a. 
Let the distance between the vehicle and the tangent point T be a. Later we will dis
cuss how a might be computed. The arc between points A and B can be very closely 
approximated by an arc of a circle. The straight line distance between A and B is 

~. The ratio between the arc AB and the line AB is a (assuming arc AB is a 
2s

. a 

circle). Then 

2 v sin( .!E.-~) 
4 2 

Turning Rate = -----;=r=~
...Ja2 + s2 

m2 

(41) 

A way to compute a in Equation (41) is as follows. Suppose the camera is located at a 
height he above the ground (Figure 20). The angle between the horizontal and the 
tangent line is <)>. Then, from Figure 20, 

he 
a==--

tancj> 
(42) 

Since angle 4> can be measured in the image and he is a known constant, it is easy to 
compute a from Equation (42). 

Equation (41) gives the turning rate to achieve road following. The quantities that 
need to be measured to achieve this are the angle 9 between the X -axis and tangent 
vector, the value a , and the velocity v of the vehicle. The value s is assumed to be 
given. 

5. CONCLUSION 

In this paper we presented a new approach to vision and control for road follow
ing. The approach is based on an analysis of the geometric and motion-related relation
ships and constraints for road following. This analysis builds upon the visual field 
theory previously developed by the authors. From this initial analysis, we derived visual 
cues and control approaches for road following. We showed that, in principle, the only 
road feature necessary for following curved, convex roads is the position of the tangent 
point on the road edge and perhaps its optical flow. In practice, larger portions of the 
road may have to be extracted in order to reliably find the tangent point. We also 
showed that fast, simple control approaches are possible that directly use measured 
image quantities. The partial control schemes presented in this paper have not been 
implemented yet. Current and future work will be directed towards implementing con
trol algorithms that use the approaches suggested in this paper [12]. Issues such as the 
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dynamics of the vehicle, sensttlvtty, stability, robustness, and timing delays must be 
considered when developing control algorithms for real vehicles. 

Another area for future work is to extend the ideas in this paper to other types of 
roads. Issues that will need to be addressed include concave roads, roads with two 
boundaries, where the left and right boundaries are alternatively convex, and roads that 
are straight (not curved). Of course, to follow real-world roads, the ideas in this paper 
will have to be integrated with systems that find road edges in real images of highways 
and city and dirt roads. 
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ABSTRACT 

This paper provides a closed -form solution for obtaining 3-D structure of a 
scene for a given six degree of freedom motion of a camera. The solution is 
massively parallel, i.e., the range that corresponds to each pixel is 
dependent on the spatial and temporal changes in intensities of th~t pixel, 
and on the motion parameters of the camera. The derivation is based upon 
representing the image in the spherical coordinate system, although a 
similar approach could be taken for other image domains, e.g., the planar 
coordinate system. We comment on the amount of computations, errors and 
singular points of the solutions. We also suggest a practical way to 
significantly reduce and implement them. 
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1. INTRODUCTION 

The perception of depth is critical to survival for creatures of nature. Depth per
ception is necessary for locomotion without collision in a complex natural 3-D world. It 
is also advantageous for recognizing objects. In a natural environmen~ image segmenta
tion based on brightness boundaries of stationary objects is extremely difficult. It is 
confounded by shadows, surface texture, and markings that often produce brighmess 
and color boundaries that are much more distinct than true object or surface boundaries. 
In the natural world, segmentation based on motion discontinuities is much more reli
able than segmentation based on brightness discontinuities. 

Many methods have been proposed for computing depth from visual input. Of 
these, only the methods of stereo and image flow can compute depth directly without 
any knowledge of, or understanding abou~ the contents of the image. Only image flow 
can compute depth from a single retina without simultaneously viewing the scene from 
two separate eyes. Depth from image flow is thus extremely important to prey animals, 
such as fish, most birds, and rabbits because their eyes are on the opposite sides of 
their heads. If they have stereo vision at all, it covers very little of the visual field. Yet 
such animals can swim, fly, or run rapidly through complex natural environments (such 
as reefs, forests, or thickets) filled with obstacles without collisions. They can also 
effectively flee predators and manuever relative to other members in flocks, herds, and 
schools. 

Image flow is motion of an image on the retina of the eye, or on the photodetector 
array of a camera. Image flow can be caused by two phenomena: 1) motion of objects 
in the world, and 2) motion of the eye (camera) through the world. Motion of the eye 
can be of two types: translation and rotation. The algorithm described here applies to 
image flow produced by translation and rotation of the eye in a stationary world. 

It is well known that image flow due to translation is by itself a sufficient visual 
cue for safe movement through a natural environment filled with complex 3:-D obsta
cles. Helmholtz (1] observed as early as 1925 that monocular image flow provides 
direct and immediate perception of 3-D space. The rate of apparent motion of a sta
tionary object in the world induced by translation of the eye through the world is 
inversely proportional to the distance from the eye to the object. Close objects which 
are potential collision hazards ·produce large image flow. Distant objects or close 
objects near the instantaneous axis of motion produce little or no image flow. 

The psychophysics of image flow was extensively studied by Gibson [2], who 
treated the perception of space as the perception of a collection of surfaces, and con
sidered. motion relative to a surface to be the most fundamental of visual perceptions. 
Rogers and Graham [3] have shown that random-dot displays of monocular flow pat
terns produce the perception of solid oriented surfaces, and that image flow is adequate 
for shape and depth perception with no other depth information. 

Methods for computing image flow from time-varying images have been proposed 
by Hom and Schunck [4], Longuet-Higgins and Prazdny [5], Hildreth [6], Waxman and 
Wohn [7], Waxman, Kamgar-Parsi, and Subbarao [8], and others. In most of this 
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wor~ camera motion is assumed to be unknown. Overcoming this assumption requires 
complex mathematical analyses that are subject to error from quantization noise, and 
are too computationally intensive for practical real-time implementation. Recent work 
by Bolles [9], Matthies, Szeliski and Kanade (10], Albus and Hong [13], Rangachar, 
Hong, and Herman [16], and Heel (15] has been based on knowing camera motion. 
Combined with Kalman filtering techniques this approach has produced dense (iconic 
pixel based) range maps with relative RMS error values of less than three percent. 
Except for Heel, the approach has been defined only for translation without rotation 
with the camera scan lines aligned with an epipolar plane. 

The algorithm given here treats the general case of simultaneous camera transla
tion and rotation. It assumes both to be known. We assen this to be a good assump
tion, because most creatures of nature (and robot vehicles as well) possess non-visual 
vestibular and proprioceptive sensors, and other sensory-motor systems that enable 
them to estimate three-axis eye rotation, as well as ground spee~ air speed, or water 
speed independently of visual input. This estimate can be refined by the addition of 
global visual data integrated over the entire visual field. This paper thus assumes that 
there exists, either in the brain or the robot system, a mechanism by which both visual 
and non-visual information is fused into a single best estimate of eye translation and 
rotation. 

This paper provides a closed form solution to the computation of range to every 
pixel, and suggests a massively-parallel computational structure that could make range 
from image flow a practical mechanism for enabling high speed robot mobility. The 
paper begins by describing the camera-centered coordinate systems that are used here, 
followed by deriving expressions that relate optical flow and distance of a point to six
degree-of-freedom camera motion. When the optical flow constraint (as described by 
Hom and Schunck [4]) is added to these equations, a pixel-based closed-form solution 
for the 3D location of a point in the camera coordinate system is obtained. 

2. EQUATIONS OF MOTION Ai'lD OPTICAL FLOW 

This section describes the equations that relate a point in 3-D space to the projec
tion of that point in the image for general six-degree-of-freedom motion of the camera. 
Some of the equations are well known (11]. 

Assume a moving camera in a stationary environment with the coordinate · system 
fixed with respect to the camera as shown in Figure 1. Assume · a pinhole camera 
model, such that the pinhole of the camera is at the origin of the coordinate system 
We derive the optical flow cqmponc:;nts in the spherical coordinate system (R 9cp ). In 
this frame, angular yeloci~es (9 and cp) of any point in space, say P, are identical to the 
optical flow values 9 and <t> in the image domain. See Figure 2. 

The relationship between the image flow rates in the spherical domain of Figure 2 
~d the velocity of a point in the cartesian coordinates of Figure 1 is given by the fol
lowing equations: 
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Let the instantaneous cartesian coordinates of the point P be R = (X ,Y .Z )T 
(where the superscript T denotes transpose). Let the instantaneous translational velo
city of the camera be t = (U ,V ,W)T and the instantaneous angular velocity be 
C1l = (A .,B ,C )T. Then the velocity vector V of the point P with respect to the XYZ 
coordinate system is (see [11]): 

v = - t - (l) X R (1) 

or: 

Vx = -U-BZ+CY 

Vy = -V-CX+AZ 

Vz = -W-AY+BX 

(2) 

(3) 

(4) 

where V x, V y, and V z are the components of the velocity vector V along the X , Y, 
and Z directions respectively. Let sa = sine, c a = case, s ~ = sincp, c ~ = coset>, 
and R = IRJ. To convert from XYZ toR eq, coordinates we use the relations: 

X= R c~ ca 

Y =R Cq,Se 

Z = R s9 

(5) 

(6) 

(7) 

In order to find the optical flow of a 3-D point in R eq, coordinates, we us·e the follow
ing relations and transformations (see [12] and Figure 1). Let VR, V 9, and V q, be the 
components of the vector V in spherical coordinates, and 

rr:J = 

c~ 0 s~ ca sa 0 

[r~J 0 1 0 -sa ca 0 

-s~ 0 c~ 0 0 I 

Also from [ 12] 

VR =R, 

Ve = R8 c~, 

V q, = R <j>, 

where dot denotes derivative with respect to time. 

Using equations (2)-(11) the following expressions are obtained: 

[
R a c J [ -s c J [ - U- B R s q, + C R c ~ sa ] -~- a a 0 -V-CRcc+ARs 

R cp - - s ~ c a -s ~ sa c ~ R ~ a R ~ 
-W-A c~sa+B c~c9 

. . 

(8) 

(9) 

(10) 

(11) 

(12) 

There are three unknowns in equation set (12): R, 9, and cp. For each pixel, 9 and <P are 
known. The motion parameters (A .,B ,C ,U ,V ,W) are also known. 
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3. SOLUTIONS 

3.1 GRADIENT-BASED METHOD 

3.1.1 THE OPTICAL FLOW CONSTRAINT 

If brighmess I varies smoothly with 97 q,, and r, then we obtain the optical flow 
constraint equation (see [4]): 

~ a + ~ ~ + ai = o (13) ae aq, ar 
or 

. . 
I 9 9 + I~ 4> + Ir = 0 (14) 

where 

I 9, I~' and Ir can be approximated from the image sequence as follows. For a given 
pixel (9i ,q,j) (Figure 3) in the image at time insta~t r" 

~:::: I(9i,<Pj,tk)- I(9i-1,<j>j,tk) 

ae. e.-e. 1 l l ,_ 

(15) 

L = Icei,<Pj,t") -Icei,<Pj-l,t") 

aq,j <t> j--4> j-1 
(16) 

oi = I(9b<f>j,tk) -I(ei,q,j,(~-1) 

dt" t~c-tk-1 
(17) 

3.1.2 DEPTH COMPUTATIONS 

Equation set (~2) tog<?ther with equation (14) form a set of three equations with 
three unknowns R, 9, and <j>. Solving these equations for R yields: 

R = (Usa~Vc9)I9+c~(Usq,ca+Vs~ 9-Wc~)I~ 
- c ct/r - c~(Bc 9-As 9)I ~ + (Ccq,-s ~(Bs 9+Ac 9))I9 

(18) 

The meaning of solution (18) is that if the location of the pixel in the image, the 
motion parameters of the camera7 and the spatial and temporal intensity changes are 
given, then the depth of the corresponding point in 3-D can be obtained. 

At first inspection, 21 multiplications and divisions, and 10 summations and sub
tractions appear to be necessary for each pixel at each instant of time. However, for a 
given pixel, 9 and cp are COnStants and therefore all functions of 9 and cp SUCh as C aC ~ 

can be precomputed. Also, the rate of change of the motion parameters 
A ,B ,C ,U, V, W is usually much lower than the rate of change of the image variables 
I a, I q, and Ir. Thus the update rate of the motion parameters can be significantly 
smaller than the computation of R . For example, for a translation in the XY plane, and 
rotation about the Z axis (i.e., A , B , and W are zero), U, V, and C may be constants 
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for some period of time but I 9, I cp and I 1 change. Practically, accelerations (either trans
lational or rotational) are limited due to mass (or inertia) constraints. Thus, any func
tion of e,q,,A ,B ,C ,U,V ,W will typically have an update rate that an order of magni
tude smaller than the intensity changes rate. Equation (18) can be rewriten as follows: 

alie+a2IG> 
R = ----------------a 3 Ir + a 4 I <P + a 5 I 9 

(19) 

where a 1 = Us 9-Ve9 , a 2 = ecp(Us 9e 9+Vs<Ps 9-Wecp), a3 =- e 9 , 
a 4 =ecp(As 9-Be 9), and a 5 =Ce 41-s 41 (Bs 9+Ae9). By observing equation (19) it is 

clear that for given I 9, I ¢l and I 1 , at the fast sampling rate there are only five multipli
cations, one division, and three summations per pixel. 

For each point in space there is a set of three equations that result in a reconstruc
tion for R . The expression for R that corresponds to a pixel in the image can be com
puted using a pixel-based processor, and special purpose computers may run in parallel 
to reconstruct all visible points in space. Figure 4 shows a possible multi-rate structure. 
For each pixel there is a "fast" computer, and a "slow" computer. The first part of the 
"fast computer" extracts I~' I 0, and I,, and the second part of this computer computes 
the distance R that corresponds to this pixel. The latter part accepts spatial and tem
poral intensity changes functions as well as motion parameter functions for this particu
lar pixel (i.e., a 1, ... , a 5 in equation (19)), and combines ·them for instantaneous dis
tance extraction. The "slow" computer generates functions of e,q,,A ,B ,C ,U ,V ,W at a 
low update rate. 

It is difficult to analyze the error since there are eight · parameters 
(9,q,,A ,B ,C ,U ,V ,W) to consider. However, there are singular points, i.e., combinations 
of the parameters and variables values that cause the denominator. to be zero. There 
are also points that cannot be reconstructed, e.g., those that lie exactly on the direction 
of the motion vector. 

3.1.3 A SPECIAL CASE 

In order to intuitively understand expression (18), we show a special case. Sup
pose that the camera undergoes translation U and V in the instantaneous XY plane and 
rotation C about the Z axis only, i.e., A = B = W = 0. Assume <P = 0, i.e., the pixel 
which is analyzed lies on the XY plane. Substituting these values in (18) results in the 
following expression for R : 

(Usa-Ve 9)I e 
R= ~ 

- I 1 +CIa 

or (assuming I 9;eO) 

Usa- Ve 9 R = ---:.:---- (21) 
-e +C 

where 9=!!___ Given that S¢C, equation (21) is a solution for any point in the XY plane 
I a 
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when translating in this plane and rotating about the Z axis. 

3.2 CORRELATION METHOD 
Computation of image flow by cross-correlation is an alternative to using the opti

cal flow constraint equation (13). Cross correlation also requires that the direction of 
the flow vector be known. Assume that for any point in space viewed by a pixel at an 
instant of time7 the direction of the image flow vector can be found. i.e.7 assume that 

the ratio ~ is known. A second pixel can then be selected at some angular distance 
<P 

M from the first along the flow direction. One can then compute a cross-correlation 
function . between the first and second pixels. This will peak at some delay interval 'tmax 

and the image flow rate dA of the point in space is then given by (see [13]): 
dt 

dA = lim M (22) 
dt M -+0 'tmax 

It can be approximated by: 

dA~M 
dt 'tmax 

(23) 

dA e · · 
After computing -d and the ratio -=-, the values of <t> and 8 can be computed from: 

t <t> . 

. dA . 8 
<t> = - cos (tan-1-:-) 

dt <P 
(24) 

a= dA sin (tan-i!) 
dt <P 

(25) 

The value of R can be computed from equation set (12). 

For a general motion ! is unknown. Thus several pixels in the neighborhood of 
<t> 

the first one has. to be selected. The pixel for which the cross correlation function 

peaks provides ~, M , and 'tmax, and the same (previously described) procedure can 
<t> 

be used to compute R . 

4. DISCUSSION 
Computing range from image flow by the method of Hom and Schunck [ 4] has 

the advantage of simplicity. Unfonunately, it tends to produce noisy and inaccurate 
results. There are four sources of noise and errors: 

FJI"St, the sampled data system approximations to :, ~,and ~, are subject to 

digitization noise and Nyquist sampling frequency limitations. If I (9,q,,r) contains spa
tial (or temporal) frequency components that are higher than half the spatial (or tem
poral) sampling frequency, aliasing may occur. Of course, the natural world is infinitely 
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rich in detail. Thus low-pass filtering must be performed on natural images to smooth 
them before the Horn and Schunck method can be used. The resultant blurring of the 
images removes sharp features that contain the most accurate information about image 
flow. 

SeconcL except in the vicinity of brightness edges, d./ is small, and may be zero. 
dt 

Division by small numbers magnifies errors. 

ThircL the sensitivity of photodetectors in any array is not uniform. The difference 
in signal from two adjacent photo-detectors thus is not necessarily an accurate measure 
of the difference in illumination. In fact, in the biological eye, where accomodation 
occurs in the retinal photodetectors, if the eye is fixated for an extended period, accom
modation causes the image to fade away completely. In this case, difference in output 
of adjacent photodetectors provides no information at all about the spatial brightness 
gradient 

Founh, thermal noise in photodetectors is not "white", but heavily biased toward 
low frequencies. The difference in signal from two adjacent photodetectors is thus sub
ject to large amounts of differential low frequency noise: Thus range from image flow 
by the Horn and Schunck method tends to be inaccurate for smooth images, and unreli
able for sharply focused natural images. 

·Computing range from image flow by the method of cross-correlation can be 
much more accurate and noise free. It is, however, more complicated and computation
ally intensive. The selection of which two pixels to correlate is a function of the trans
lational and rotational velocities. For each pixel where correlation is performed, a 
delay line, a cross correlator, and a correlation peak detector are required [13]. The 
accuracy is limited by the ratio of the sampling rate to the delay 'tmar For one percent 
accuracy, the intersample mterval must be 100 times less than 'tmax. 

In order to reduce noise and increase accuracy, temporal integration methods can 
be used. Meth_ods for performing temporal integration include Kalman filtering 
[9],[10], and c~mputing the running average in world coordinates [13]. Temporal 
integration by running averaging has been shown to reduce inaccuracies in the compu
tation of depth from image flow by the Horn and Schunck method by about an order of 
magnitude, from about 30% absolute depth error in the raw data to about 3% absolute 
depth error in the averaged data [13]. This is comparable to the results achieved by the 
much more computationally intensive cross-correlation and Kalman filtering methods of 
Matties et al [10]. Recent results achieved by a new correlation-integration method 
[14] show absolute depth errors of less than 0.6%. 

5. CONCLUSIONS 
When eye velocity is known, image flow can be a simple, robust, and powerful 

method for generating dense range images. For complex natural scenes, dense range 
images computed from image flow should prove to be much easier to segment that 
brightness images. The combination of image flow techniques with more traditional 
methods thus promises to vastly improve the performance of machine vision systems. 
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The ability to compute dense range images without knowledge of, or information 
abou4 the contents of scenes may explain the ability of creatures of nature, such as 
flying insects, birds, fish, and mammals, to manuever in a complex natural world. 
Accuracy of range from image flow is proportional to accuracy of velocity. For many 
important robotics applications, such as driving unmanned ground vehicles, velocity is 
known well enough to compute useful range from image flow. Image flow may thus 
become a practical method for obstacle avoidance in unmanned vehicles. 

When eye rotation is zero, the computation of image flow, and range from image 
flow, is quite simple. This may explain why many creatures of nature have a vestibular 
reflex that can mechanically stabilize the eye against rotation. There is also psychophy
sical evidence for neuronal mechanisms that scroll the retinal image so as to cause the 
visual world to be subjectively perceived as stationary despite eye rotation that causes 
the retinal image to move about. 

Tiris paper has shown how depth from image flow can be computed directly from 
local image parameters, given knowledge of eye translation and rotaion. The closed 
form algorithm that has been presented is amenable to implementation on massively
parallel single-instruction multiple data (SllviD) computing machines. It could, in fac~ 
be computed by a single layer of neurons of the type known to exist in the biological 
brain. 

Future work will focus on measures of performance of the above algorithms in an 
environment filled with a variety of natural objects such as trees, bushes, rocks, . 
streams, dirt, leaves, and grass. Tests will be made that simulate tasks such as driving, 
running, or flying at high speeds, like insects and birds routinely do, through complex 
natural environments such as woods and fields. 
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Abstract: 

ON THE KINEMATICS OF PARALLEL-CHAIN PLATFORM 

MANIPULATORS 
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In this paper, a conceptually simple, alternative formulation of Jacobian for the 
parallel chain platform manipulator systems is presented. The formulation is different from 
those seen in the literature in that it uses a statics perspective to begin with, and then arrives 
at the system Jacobian by way of duality between forces and velocity. To demonstrate the way 
in which such form of Jacobian may be used for solving the forward position kinematics 
problem, a revised Newton-Raphson type iterative algorithm is also outlined explicitly. The 
intention is to provide the interested readers with a more intuitively easy-to-understand 
formulation. It is also hoped to bridge the gap of what seems to be a lack of clear delineation of 
applying the geometrically formulated Jacobian to the solutions of forward kinematics. 

1. Introduction 

There has been increasing attention recently toward the use of parallel-chain 
platform-type manipulators as alternative complement to the conventional serial-chain arm
type industrial robots. The in-parallel actuated configuration was proposed first by Stewart [1] 
- hence the so-called "Stewart platform", and more recently advocated by Hunt [2] and Pitcher 
[3]. It has been widely recognized to offer higher structural stiffness, better dexterity, and 
faster dynamic responses in contrast to its serial-chain counterpart; however, a major drawback 
is its much restricted reachable workspace. 

It has also been known that the kinematic behavior of a parallel chain manipulator 
exhibits many dual and inverse characteristics to a serial chain one [4]. For example, in 
parallel chain systems the forward (or direct) kinematics is more complex and the inverse 
problem is straightforward, whereas in serial chain systems the converse is true. While the 
forward kinematics solution is not necessary for the control operation, it is, however, essential 
to application areas such as design of controller, path planning simulation and calibration. 
Research addressing the forward kinematics problem in parallel chain systems recently has 
resulted in methods of both iterative and analytical nature [5-10]. However, just as the case 
with the inverse solution of the serial chain system, closed-form analytic solutions have been 
successful only for limited special cases, such as those reported in [7,8,9]. For the parallel chain 
systems, iterative numerical method remains the only general means feasible for its forward 
position kinematics solution [6,10]. 

The one iterative scheme which has been most commonly used is the Newton-Raphson 
algorithm, in which "Jacobian" of the mechanism is necessary and key to driving an initial 
estimate toward converging into the desired solution. Just as there are algebraic and geometric 
approaches in the serial chain case, the Jacobian for a parallel chain manipulator can be 
formulated algebraically [10] or geometrically [6]. The algebraic approach is to derive the 
Jacobian by directly differentiating the inverse kinematic constraint equations in which the 
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joint position variables are expressed explicitly in terms of the end effector spatial (position 
and orientation) parameters. While this approach is less tedious in the parallel chains than 
in the serial ones, the same drawback still remains, which is a lack of useful physical insights 
obtainable as compared to the geometric approach. In fact, it should be noted that the 
properties of duality, alluded to in [4], no longer hold between the forms of Jacobian formulated 
algebraically, although one might hasten to interpret [4] indiscreetly and regard it as such. 

The geometric formulations of Jacobian for the parallel chain manipulators has been 
based on the theory of screws in general with line geometry as its underlying basis (line being a 
screw with zero pitch). And they have been all presented through the use of either the screw 
or line coordinates [3,4] or motor algebra [6]. However, to the author knowledge, there has been 
no clear delineation of using the geometrically formulated Jacobian in the iterative forward 
kinematics solutions. It is the purpose of this paper to fill such a void with an explicit 
illustration. The intention here is to bridge the gap and serve as a supplement to those reported 
in the aforementioned references. 

2. Jacobian Formulation- A Statics Perspective 

A formulation of the Jacobian for the parallel chain manipulator is described in this 
section. The approach, too, is geometric. However, rather than formulating it within the 
realm of velocity analysis throughout, as most others have done, we arrive at the system 
Jacobian by starting with a static force analysis and completing with an application of the 
principle of virtual work. As will be seen, the formulation to be described in the following is 
conceptually simple and requires no a-priori background of screw theory. The formulation is, 
nevertheless, geometric in that the present derivation utilizes the dual property between 
velocity (instantaneous kinematics) and forces (statics)- a well known paradigm in the setting 
of screws theory. 

In this paper, we consider the popular class of platform manipulators in which 
connections between the end-effector plate and the base are composed of six spherical
prismatic-spherical (5-P-S) joint assemblies with prismatic joints being the actuators (Figure 
1). We start with a consideration of the static force interactions on the end effector. Let the 
resultant external load acting on the end effector plate be represented by a force R and a moment 
M, and the six actuator forces be given by f;, i=1, ... 6. Then, for static equilibrium, 

6 

L/;U;=R 
i=l 

6 

Lr;X/;U;=M 
i=l 

(1) 

(2) 

where U; is a unit vector along the axis of i-th prismatic joint, and r; is the position vector, 
referred to the end effector body-fixed frame, of the same prismatic joint axis. Eq. (1) and (2) 
can be stacked more compactly as: 

(3) 

Let's consider now the motions of the end effector plate. It is obvious that the motion of the end 
effector are necessarily the results of the changes in joint positions of the linear actuators. Let 
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!J.l = [A-1) .. 2,·· ·,A6] denote the small (differential) displacements in the actuators; d and o the 
corresponding differential translational and rotational changes in the end effector. Based on 
the principle of virtual work, i.e., virtual work input equals virtual work output, which in this 
case we have: 

(4) 

(5) 
hence 

(6) 
Upon substitution of (3) and followed by transposing the result, we arrive at the expression 
which relates the end effector differential motions to those of the actuators (or equivalently, 
relating the end effector velocities to the actuator joint rates): 

M=J.[:] (7) 

where the matrix J P (6x6) is the Jacobian for the parallel chain manipulator and is given by: 

J = p 

(8) 

Note that the Jacobian of (8) is the transpose of the matrix which relates the joint forces to the 
external load of the end effector in (3). The expression of each row in (8), or column in (3), in fact 
corresponds exactly to the Plucker coordinates of the line defining the axis of the prismatic 
joint. Moreover, in evaluating the Pliicker line coordinates for the rows of the Jacobian, the 
point coordinates of the two S-joint centers may be conveniently utilized. As an example, 

suppose that pei and phi are the positions of the 5-joint centers on the i-th leg, then one may use 
the following to obtain the line coordinates: 

(9) 
and 

u. = Pe;- Pbi 
1 

IPei- Pbil (10) 

3. The Forward Kinematics Solution 

As mentioned earlier, the inverse kinematics solution is straightforward in a parallel 
chain manipulator system. For the system shown in Figure 1, they are given directly from the 
constraints that the actuator joint position is specified by the distance between the 
corresponding pair of the 5-joint centers. That is, for i = 1 to 6, 
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(11a) 

or, 

(11b) 

In Eq. (11), Rm and qm denote the 3x3 orientation matrix and position vector of the end effector 

body-fixed frame referred to the base; m Pe; is the position of the i-th 5-joint center in the body
fixed frame. 

Based on Eq. (11), the forward kinematics problem can be stated as: Given linear 

positions of the actuator joints, l; 's, what is the corresponding end effector position, qm. and 

orientation, Rm, of the body-fixed reference frame? It can be seen that, basically, the solution 
involves root searching of a set of six nonlinear constraint equations given by (11). A numerical 
solution implemented using a direct Newton-Raphson root finding algorithm is described in 
[10]. Here, we also illustrate an iterative solution algorithm. As opposed to using a "gradient 
function" differentiated directly from Eq. (11b), we utilize the geometrically formulated 
Jacobian of Eq. (7). The algorithm is in essence similar to the Newton-Raphson root findings 
scheme. 

The Revised Newton-Raphson Algorithm: 

1. Start with an initial estimate of Rm and qm, say, Rm"' and qm"' 

2. Solve for the corresponding ("''s using inverse kinematics equations of (11). 

3. Form the error vector ~l using l. d . d -l."'; and check if l~ll ~ E? ( E being a desired 
1, estre 1 

tolerance of choice) 
4. Compute, based on Eq. (7), the corresponding corrective changes required of the end 

effector, d and 0, using 

J -1 ~l 
p 

5. Update the estimate using: 

qm = qm"' +K d 

[ 

1 -oz 
Rm=K oz 1 

-oy ox 
where K is an arbitrary gain (scalar) constant. 

6. Repeat from step 2 until the criterion in step 3 is met. 

4. Discussions 

Simulations based on the above algorithm have shown to be feasible. Moreover, the 
algorithm appears to be quite robust with respect to how the initial estimates are chosen. In 
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all cases tested convergence was achieved using initial guesses which are randomly picked and 
widely apart. As one would expect, the rate of convergence depends largely on the choice of 
gain constant. It is observed that, on the whole, the larger the gain, the faster the solution 
converges; however, this should not be deemed to be always the case. In fact, at some point the 
convergence rate starts to taper off and the solution process may even become divergent if too 
large a gain is selected. For example, in one of the simulation examples we run, using a gain of 1 
as many as 360 iterations was necessary for convergence, while it required only 8 iterations if a 
gain of 35 was used. In this particular case, number of iterations began to increase if higher gain 
was used. As to what value of gain to use seems, to our knowledge, ad hoc and remains very 
much case dependent. 

5. Conclusion 

In this paper, we have presented a conceptually simple, alternative formulation of 
Jacobian for the parallel chain platform manipulator systems. The formulation is different 
from those seen in the literature in that it uses a statics perspective to begin with, and then 
arrives at the system Jacobian by way of duality between forces and velocity. While the 
resulting form of Jacobian presented herein is not new, the intention is to provide the interested 
readers with a more intuitively easy-to-understand formulation. In addition, to demonstrate 
the way in which such a geometrically formulated Jacobian may be used for solving the 
forward position kinematics problem, a revised Newton-Raphson type iterative algorithm is 
also outlined explicitly. The geometry based Jacobian, in addition to the utility illustrated 
herein, is also useful in resolved motion rate control (RMRC), actuator force load distribution, 
and singularity analysis. 
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ABSTRACT 

The kinematics of all-revolute 4-, 5-, and 6-degree-of
freedom robot manipulators is discussed in this work. The 
approach taken in this research is to study the kinematics 
of low-number-of-axes robots and apply new results to 
progressively more complex geometries. The kinematic study 
of all-revolute-4-DOF robot arms leads to special four-DOF 
structures with more than one inverse kinematic solution 
set. When these special structures are part of a 5- or 6-
DOF arm, the inverse kinematics problem greatly simplifies. 

INTRODUCTION 

The complexity of the inverse kinematics problem for 
robot manipulators depends highly on the structure of the 
robot. For 6-DOF arms, the problem has a closed-form 
solution if three consecutive joint axes are parallel or 
intersect at a common point [10]. However, no closed-form 
solution has yet been reported for the general 5- or 6-DOF 
manipulators and the problem then requires a numerical 
solution. By studying 4-DOF structures and applying the 
results to the more difficult cases of 5- and 6-axis robots, 
a number of architectural conditions for the existence of 
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closed-form solutions are found and presented in this 
article. A fast one-dimensional method has also been 
developed for robot architectures that do not lend 
themselves to a closed-form solution. 

NOTATION 

The notation is described in detail in [ 3] , ( 4] , and 
(5], therefore, we only give a simple description of the 
notation here. Robot manipulators are modelled by a set of 
reference frames along the kinematic chain such that frame 
Fi={xi, Yi, zi} is entirely described by the usual four DH
parameters di, ei, ai and ai (2] with respect to the 
preceding frame Fi_1 . The homogeneous matrix transform . Ai 
[9] relates the expression of a vector u in frame Fi, 

i _ i i i 1 T 
U-( UX' Uy, Uz, ] , 

to its expression in frame Fi_1 , 

i-1 C· -S·T• S·a· a·C· ux 1 1 1 1 1 1 1 

i-1 S· C•T• -C·a· a·S· 
i-1 Uy 1 1 1 1 1 1 1 

u = = 
i-1 0 (1• T • d· uz 1 1 1 

1 0 0 0 1 

A useful decomposition of matrix Ai is 

A· 1 = Rz(9i) B· 1 

with the definitions 

C· 1 S· 1 0 0 1 0 0 

-S· C· 0 0 0 T • -ai 1 1 1 
Rz(9i)= and B·= 1 

0 0 1 0 0 (1• 
1 T• 1 

0 0 0 1 0 0 0 

1 

(1) 

0 

0 
(2) 

d· 1 

1 

The end-effector pose is adequately given by the 4 x 4 
matrix 
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p = 

where 

n = 

Py 

Pz 

0 0 0 1 

= [: 

KINEMATICS OF 4-DOF ROBOTS 

b t 

0 0 

Px 

Py 

Pz 

(3) 

(4) 

For a 4-axis robot the kinematics are described by the 
following equation 

(5) 

In [3] and [6], we show that Eq. (1) reduces to the 
following system of equations in the sines and cosines of 
joint variables 9 1 and 9 3 

a 1ty s1 + a1tx c1 + a2a3 s3 

a1tx s1 - a 1ty c1 

0 1Px s1 - 0 1Py c1 - a2a3 s3 

alpy sl + alpx cl + a2a3d2 

with 

r1 = t•p - 13d3 - d1tz 

r2 = 1213 - 11tz 

r3 = 11(d1 - Pz) + d2 

r4 = (p•p + a 2 
1 

+ d 2 1 
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- 0 2°3d2 c3 

+ 0 2°3 c3 

s3 + a2a3 c3 

- 1213d2 

+ r2d3 

a 2 
~ 

d 2 
~ 

= r1 

= r2 

= r3 

= r4 

- a3 
2 - d32)/2 

(6a) 

(6b) 

(6c) 

(6d) 

(7a) 

(7b) 

(7c) 

(7d) 



When matrix 

a 1ty a1tx a2a3 -a2a3d2 

a1tx -a1ty 0 0 2°3 
H = (8) 

0 1Px -a1py -a2a3 0 

a1py a1Px a2a3d2 a2a3 

called the structure matrix, is non singular, a unique 
solution to the reduced system is given by 

s1 r1 

c1 H-1 r2 
(9) = 

S3 r3 

c3 r4 

Unique values of 9 1 and 9 3 are thus obtained from the 
values of s 1 , c 1 , s 3 , and c 3 • Equation ( 5) can then be 
further solved for unique values of the remaining joint 
variables. When the structure matrix H is nonsingular, a 
unique solution exists at most. We have shown that 
nondegenerate robot architectures that have a singular 
structure matrix at all poses, described in [3], [6], and 
shown on Figure 1, can have at most two distinct solution 
sets [ 3 ] [ 6] • 

KINEMATICS OF 5-DOF ROBOTS 

For the case of 5-DOF robots, the equation to solve 
becomes 

To use the results of our analysis of 4-DOF arms, we 
rewrite this expression in one of two forms: 

with 

(12) 

or 

(13) 
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with 

-1 -1 Q = P A 5 s 4 , 

where we have used the decomposition (1) on matrix A4 . 

(14) 

Either one of Eqs. (11) and (13) will lead to a reduced 
system of the form of system (6) with the elements of matrix 
Q substituted for corresponding elements of matrix P and, in 
the case of (11), all subscripts will be increased by 1. To 
avoid redundancy, we will present the results of our 
research based on Eq. (11) only. 

ONE-DIMENSIONAL TECHNIQUE 

When 9 1 is known, matrix Q of Eq. (12) is fully 
determined and can be viewed as a pose matrix for a 4-DOF 
arm whose structure is described by the left hand side of 
Eq. ( 11) which merely expresses a 4-DOF problem. A fast 
numerical technique that iterates to an accurate value of 91 
from an initial estimate is described in [4] and [7]. Such 
a one-dimensional can be used to solve a 5-DOF arm having 
the most general architecture. 

CLOSED-FORM ARCHITECTURES 

It is well known that all 6-DOF manipulators with three 
intersecting axes or three parallel axes can be solved in 
closed-form. As a direct consequence of these structural 
properties, 5-DOF arms with two intersecting axes or two 
parallel axes allow a closed-form solution ( 7] . We prove 
this point in [7] by showing that the 2-intersecting-axes-5-
DOF problem is equivalent to a 3-intersecting-axes-6-DOF 
problem so that Pieper's method (10] applies. If the 5-DOF 
arm has two parallel joint axes, we show that the inverse 
kinematics problem is then equivalent to that of a 6-DOF arm 
with three intersecting axes. 

Therefore, A 5-DOF manipulator can be solved in closed
form if it has two intersecting joint axes or two parallel 
joint axes. However, a closed-form solution in Pieper's 
method is a quartic polynomial equation in the half-tan of 
one joint variable. Conditions for a closed-form solution 
as a linear equation in the sine and cosine of a joint 
variable, (i.e. a quadratic equation in the tangent of half
angle of one variable) is obtained if the 5-axis arm 
includes any one of the 4-DOF structures shown on Figure 1 
[3][7]. 
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1. First three joint axes 
are parallel. 

J.Axes 1 and 2 are parallel, 
axes 3 and 4 intersect. 

S.Axes 2 and 3 are parallel, 
3 and 4 intersect. 

2.Ax~s 1 and 2 are parallel, 
3 and 4 are parallel. 

4.Axes 2, J, and 4 are 
parallel. 

6.Axes 1 and 2 intersect 
2 and 3 are parallel. 

FIGURE 1. Special 4-revolute-axis robot manipulators 
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?.Axes 2 and 3 intersect, 
3 and 4 are parallel. 

9.Axes 1 and 2 intersect, 
3 and 4 intersect. 

FIGURE 1. Continued 
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' 

B.Axes 1, 2, and 3 intersect. 

lO.Axes 2 and 3 intersect, 
3 and 4 intersect. 



KINEMATICS OF 6-AXIS MANIPULATORS 

A 6-DOF inverse kinematics problem, 

(15) 

can be rewritten in one of three different forms: 

1. (16) 

with 

(17) 

2. (18) 

where 

(19) 

3. ( 20) 

with 

( 21) 

Each of Eqs. (16), (18), and (20) expresses a 4-DOF 
problem similar to Eq. (5) when the corresponding matrix Q 
is fully defined. When using the reduced system described 
in the 4-DOF section above, we have been able to prove the 
following points regarding 6-DOF manipulators: 

1. The most general 6-DOF manipulator structure can be 
solved by use of a two-dimensional technique [3) that 
iterates to accurate values of two of the joint variables 
and solves for the remaining joint variables in closed-form. 

2. All 6-DOF arms that have two intersecting axes or 
two parallel axes can be solved by use of a one-dimensional 
technique that iterates to an accurate estimate of one joint 
variable (91 ore ) [3] [4]. The remaining joint variables 
are then computed in closed-form. A one-dimensional method 
applies to any 6-DOF arm that contains one of the 4-axis 
structures of Figure 1. A similar one-dimensional technique 
was used to compute all sixteen solution sets for a 6-DOF 
manipulator described in [5]. 

3. We have been able to solve the 6-DOF arms with the 
~tructures shown in Figure 2 in closed-form [3] [8]. 
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a. 3 pairs of parallel joint axes. 

b. 2 pairs of parallel joint axes followed by 2 
intersecting joint axes. 

c. 2 pairs of parallel joint axes preceded by 2 
intersecting joint axes. 

FIGURE 2. Two closed-form 6-revolute-axis arms 
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CONCLUSION 

The complexity of the inverse kinematics problem 
depends highly on the geometry of the robot manipulator. 
The research reported here allows us to classify 
manipulators in one of three broad categories in terms of 
their geometry. 

For all-revolute nondegenerate 4-DOF manipulators, any 
of the geometries of Figure 1 is a sufficient condition for 
the existence of two solution sets at all achievable poses. 
All other non degenerate 4-DOF architectures will allow at 
most one solution set except, possibly, at a few particular 
poses. 

In the case of 5-DOF arms, the presence of two 
consecutive intersecting axes is a sufficient condition for 
a closed-form solution in the form of a quartic equation in 
one joint variable. The presence of two parallel axes also 
allows a closed-form solution. If the 5-DOF arm includes a 
4-DOF section shown on Figure 1, the solution simplifies to 
a quadratic equation in one joint variable [3],[7]. A one
dimensional technique can be implemented to solve any 5-DOF 
robot with no parallel or intersecting axes [3], [7]. 

Some 6-DOF arms allow a closed-form solution. These 
include the well known cases of three intersecting or 
parallel axes and the newly discovered conditions of three 
consecutive pairs of parallel or intersecting axes shown on 
Figure 2. 

We are presently investigating other 6-DOF structures 
that may allow closed-form solutions. 
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PERFORMING ROBOT INVERSE KINEMATICS 
BY ARTIFICIAL NEURAL NETWORK 

Shuyong Shao, Oren Masory and Derek M. Wells 

I. INTRODUCTION 

Robotics Center 
Florida Atlantic University 
Boca Raton, Florida 33431 

The inverse kinematic solution of a given manipulator is an essential if off
line high level language is used to drive the robot. Conventional solution methods 
are computational intensive and in some cases might degrade the performance of 
the robot by limiting its maximum speed. Since the inverse transformation maps 
"World Space" into "Joints Space" any other mapping technique which performs the 
mapping with the same "quality" but more efficient is preferable. Artificial Neural 
Network (ANN) when used as Associative Memory is another highly efficient 
method by which a vector can be transformed from one space to another. As such, 
ANN might provide an effective · method to solve inverse kinematic problem. 
Moreover, ANN have many advantages over the conventional transformation 
method: reliability,· flexibility, accuracy, and high speed. In some case the inverse 
kinematics problem has to be solved iteratively - a ~omputationally intensive 
process, that can be eliminated by the use of ANN. 

This paper describes the results of an experiment in which the inverse 
transformation of a four degrees-of-freedom manipulator was obtained by training 
ANN. A network, consists of four, input two hidden and output, fully 
interconnected layers, was trained using the Back Propagation algorithm. During 
training the network was fed by an input vector consists of the required position (X, 
Y and Z) and a target vector consists of the required joints' angles. Upon 
convergence,the network is fed only with required position and the network 
determines the required joint's angles. These angles are used as references for a 
controller that drives the robot's joints in a closed loop fashion. 

II. EXPERIMENT AND RESULTS 

A VUMAN robot which has four degrees-of-freedom was used in this 
experiment. A calibration plate (shown in figure 1), accurately marked with dotted 
grid, was placed in the robot workspace. It was used to collect data in both World 
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and Joint spaces. Although the data is limited to only one plane in "World Space", 
all four joint of the robot were moved in order to position the end-effector on the 
grid. 

0 2 3 4 5 6 

• 0 • 0 • 0 • 0 • 0 • 
I I • 0 • 0 • 0 • 0 • 0 • 
I I I • 0 • 0 • 0 • 0 • 0 • 

Figure 1: Grid used for training 

During training the robot was led manually through the grid (only the filled 
dots were used in this stage) and the X,Y,Z locations as well as the joints' angles 
T1,T2,T3 and T4 were recorded. 

A fully interconnected multilayer network was used to represent the inverse 
kinematic problem. Th~ configuration of multilayer neural network is shown in 

. Fig.2, it consists of an input layer with three processing elements, two hidden layers 
with eight processing elements each, and an output layer with four processing 
elements. The number of middle layer processing units was chosen heuristically; if 
too few units were used, there was considerable distortion in the transformation, 
whereas if too many units were used, the generalization properties of the network 
were reduced (the network becomes a look-up table and interpolates poorly). 

The network was trained by the Back Propagation algorithm to associate the 
input vectors, end-effector positions in "World Space", with the output vectors, end
effector positions in "Joints' Space". This is iterative algorithm that is commonly 
used for training multilayer feed forward networks as this particular one. It 
updates the weights using gradient search technique to minimize the mean square 
difference between the desired output vectors and the actual output vectors. 

To train the network to perform the inverse kinematic transformation, a set 
of 30 uniformly spaced planar end-point positions within the workspace of the robot 
arm were specified along with the corresponding potentiometer voltages. It should 
be emphasized that no information about the robot arm dimensions was required in 
this approach. All input and output vectors were then normalized to between 0.2 
and 0.8 instead of 0 and 1 in order to enhance the convergence rate. Training was 

269 



continued until the error in each element of the output vector was below a specified 
tolerance level (e.g., 0.01 ). 

X z 
0 

Figure 2: Artificial neural network architecture 

The performanc~ of the neural network was tested in two ways: 
1. Its capability to estimate trained positions 
2. Its capability to interpolate between trained positions. 

Figure 3 illustrates experimental results for both cases. In this case T1, the 

base rotation angle, is being estimated by the network. Since this angle is constant 
for a column of data points (see figurel) the standard deviation of the input and the 
network's output of each set is shown. The squares indicated the standard deviation 
of the input to the network while the filled-in squares represent the standard 
deviation of the network output. 

As shown, the network could provide a good transformation for those location 
that were used during training. However, when it comes to perform interpolation 
between these points, the quality of the transformation was degraded. Moreover, 
transformation of location which are outside the trained space or at it edges have 
lower transformation quality. 

It should be noted, that the mechanical structure of this particular robot has 
very low stiffness and the transmission units suffer from large backlash. This 
problems highly effect the readings obtained in this experiments. Currently, similar 
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experiment is performed on a PUMA robot, and the conclusions we will obtain will 
be more representative. 

0.016 

0.014 

0.012 

0.01 

0.008 

0.006 

0.004 

0.002 

0 
~2 . 4 0 6 8 10 12 14 16 18 20 

Figure 3: Experimental results 

III. CONCLUSIONS 

The simple experiment of applying a neural network to solve inverse 
problem has shown some interesting insights. First, it is possible to develop a neural 
network and training procedures which can replace of inverse kinematics. Second, 
the neural network architecture is quite simple, and can be easily realized with IBM 
PC/ AT. Third, this simple architecture can be realize with currently available 
hardware, then a very high speed transformation can be obtained. 
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ABSTRACT 

Singularity configuration avoidance for 
redundant manipulators utilizing the Jacobian is 
discussed from a kinematic viewpoint. A 
det(JJ1) is a criterion for the singular 
configuration analysis of redundant 
manipulators. The det(JJ1) has its zero value at 
a point of singular configuration at which the 
manipulator loses one or more degrees of 
freedom. 

It is known that the summation of all 
subdeterminants squared of the Jacobian equals 
the det(JJ1) from the Cauchy-Binet theorem. A 
new approach to singularity avoidance is 
introduced by maximizing the summation of all 
subdeterminants squared of the Jacobian 
matrix. The proposed scheme does not require 
an inverse Jacobian matrix when solving for 
joint variables. Furthermore this scheme does 
not need the gradient of an objective function 
which has a very complex expression in a 
symbolic form. An objective function 
supplements the forward kinematic equations 
for singularity avoidance. An optimization 
method is used to solve the forward kinematic 
equations and the objective function. The 
application of this technique to a planar 3R 
manipulator and the Space Station Remote 
Manipulator System(SSRMS) is presented. 

1. INTRODUCTION 

1.1 BACKGROUND 
There is an increased interest in using 

manipulators with seven or more degrees of 
freedom because of the dexterity limitation of 
current six degree of freedom manipulators. 
The vast majority of industrial robots, however, 
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possess six degrees of freedom. Generally six 
degrees of freedom are sufficient to position 
and orient the manipulator end effector at 
some specified pose within the workspace of a 
robot. However a six degree of freedom robot 
may go into singular or nearby singular 
positions in a significant portion of its 
workspace. In singular configurations, the 
manipulator loses one or more degrees of 
freedom and therefore it may not be able to 
perform a specified task. Further, close to a 
singular configuration, the manipulator will 
often be required to assume unacceptably high 
joint velocities in order to accomplish a desired 
motion. The presence of obstacles may also 
constrain the movement of a six degree of 
freedom manipulator in many situations. 
Limited ranges of motion of the joints, and 
torque limits on motors also restricts the 
movement of a six degree of freedom 
manipulator. Because of these considerations, it 
is desirable for a general purpose robotic 
manipulator to have more than six degrees of 
freedom. 

Redundant manipulators have more degrees 
of freedom than is required for a task. For 
example, a seven degree of freedom 
manipulator is redundant for the task of 
positioning and orienting the end effector( three 
degrees of freedom are required for position 
and three are required for orientation). The 
extra degree( s) of freedom of a redundant 
manipulator may be used to satisfy many 
supplementary criteria such as singularity 
avoidance, obstacle avoidance, keeping the joint 
variables within their physical limitations, 
providing greater dexterity, placing the joint 
torques close to the midpoint of joint torque 
limits, and minimizing kinetic energy. In this 
paper, we describe singularity configuration 



avoidance utilizing a Jacobian matrix. 
A brief description of each section is as 

follows: 
Section 2: A relationship between the det(JJl) 
and all subdeterminants of the Jacobian matrix 
is introduced. A physical meaning of the 
det(JJl) is described. 
Section 3: The reverse kinematic method and 
the resolved motion method for determining 
joint displacements is introduced. Its 
characteristics are described. Singularity 
avoidance of the 3R manipulator is described 
and the simulation results are presented. 
Section 4: Mechanism dimensions of the 
SSRMS are presented. A closed-form forward 
kinematic equation for position and orientation 
of the SSRMS end effector is described. 
Section 5: The Plucker line coordinate is 
introduced. The selection of a coordinate 
system which simplifies the Jacobian matrix is 
described. Singularity avoidance of the SSRMS 
is also described and simulation results are 
presented. 

1.2 REVIEW OF PREVIOUS WORKS 

Yoshikawa [1] introduced a performance 
criterion (det (JJ1))112

, where J is the Jacobian 
matrix. The performance criterion was 
successfully utilized to avoid singularities when 
applied to two dimensional planar manipulators. 
A major problem in employing the det(JJl), 
however, is the complexity when applied to 
spatial manipulators. It is necessary to 
determine complicated expressions such as the 
gradient det(JJl) in a symbolic form for the 
purpose of developing a control algorithm. 

Mayorga and Wong [2] presented a 
singularities avoidance approach suitable for the 
optimal local path generation of redundant 
manipulators. It is based on establishing proper 
bounds for the rate of change of the Jacobian 
matrix representing the transformation between 
the joints speed and the end effector Cartesian 
speed. 

Nakamura and Hanafusa [3] suggested a 
combined damped-weighted least-squares 
technique. The singularity robust inverse(SR
inverse) is introduced as an alternative to the 
pseudoinverse of the Jacobian matrix. An 
automatic adjustment technique for damping 
factor a is proposed to avoid singular 
configurations. The a has a large value near 
singularities. The basic properties of the SR
inverse are investigated by the singular value 
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decomposition(SVD). 
Baillieul [4] used the extended Jacobian 

technique for such tasks as singularity and 
obstacle avoidance. An additional constraint is 
added to the underdetermined system, thus 
extending the dimension of the task space. An 
objective function is maximized for singularity 
avoidance by taking the gradient. This 
technique was applied to only a planar 3R 
manipulator. 

Dubey and Luh [ 5] used the gradient 
projection method to improve the efficiency, 
and flexibility of the manipulator. This is 
achieved by improving the quantitative 
performance measures called Manipulator
Velocity-Ratio(which is defined as the ratio of 
end effector velocity vector norm to the joint 
velocity vector norm) and Manipulator
Mechanical-Advantage(which is defined as the 
ratio of the end effector force vector norm to 
the norm of joint torque vector). Although 
these control schemes do not require the 
gradient of very complex expressions in a 
symbolic form, it still needs the gradient of the 
transpose of the Jacobian matrix. 

Chiu [6] proposed an index for measuring 
the compatibility of an arm posture with respect 
to fine manipulation tasks, where accurate 
control of small velocity and force is required, 
and coarse manipulation tasks, where exertion 
of large velocity and force is required. This 
method requires the gradient of the 
performance criterion function which has very 
complex expressions in a symbolic form. 

Klein and Blaho [7] suggested a number of 
measures for the quantification of dexterity of 
manipulators. The minimum singular value is a · 
good measure of work space quality as it 
provides the upper bound of the velocity with 
which the end effector can be moved in all 
directions. This method was applied to only a 
planar 3R manipulator. 

Uchiyama et al. [8] proposed the Jacobian 
as an index for the evaluation of manipulator 
dexterity, and formulated the optimum path 
planning problem(OPPP) as that of calculus of 
variations and presented a numerical solution 
using a random search method. If the 
ungoverned trajectory is n degrees of freedom 
and the polynomial is of m dimensions, we have 
to perform an n( m + 1) dimensional search for 
the minimum value, which requires extensive 
computation. 

Dubey et al. [9] suggested a computationally 
efficient kinematic control scheme for a seven 



degree of freedom redundant manipulator with 
a spherical wrist. This scheme uses a gradient 
projection optimization method, which 
eliminates the need to determine the 
generalized inverse of the Jacobian when 
solving for joint velocities for given Cartesian 
end effector velocities. This method can be 
applied only to manipulators with a spherical 
wrist. 

Hollerbach and Suh [10] developed the joint 
acceleration null-space vector to minimize the 
joint torque in a least squares sense; when the 
least squares is weighted by an allowable torque 
range, the joint torques tend to be kept within 
their limits. This method leads to stability 
problems, even though locally they reduce 
actuator torques. 

Chang [11] proposed a closed form 
solution formula for the reverse kinematics of 
manipulator with redundancy which is derived 
using the Lagrangian multiplier method. This is 
essentially a local optimization scheme in which 
a set of equations are derived, and subsequently 
used as constraints on setting joint angle values. 
This set of equations supplements the original 
set of nonlinear equations relating the joint 
angles. The reverse kinematic method--direct 
mapping from the work space to the joint 
space--was demonstrated to give more accurate 
trajectories than the resolved motion method 
which determines the joint velocity using the 
pseudoinverse Jacobian matrix and then 
incrementally determines the joint 
displacements. 

Benhabib et al. [12] presented an algorithm 
for solving the reverse kinematics using the 
method of generalized inverse based on a 
modified Newton-Raphson iterative technique. 
This method may not have a symbolic form in 
the case of manipulators without a spherical 
wrist. 

Nakamura et al. [13] introduced the concept 
of task priority into the kinematic reverse 
problem and divided a required task into 
subtasks according to the order of priority and 
utilized the null space to achieve the subtask in 
the least -square sense. 

2. SINGULARITY A VOIDANCE USING A 
JACOBIAN MATRIX 

2.1 Physical Meaning of det(Ji1
) 

We consider an n degree of freedom 
manipulator with joint coordinates 9i , i = 1, 2, 
. . . , n, and a task described by m task 
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coordinates rj , j = 1, 2, . . . , m ( m ~ n ) . Let 
the kinematic transformation from the joint 
space to the task space be given by 

r = f(!!) (2.1) 
Where!! = (9H 92, ... , 9JT and r = (r1, r2, . 
. . , r mY are the joint and task coordinate 
vectors respectively. The superscript T denotes 
the transpose. Differentiating (2.1) with respect 
to time yields . 

i = J(!!)a (2.2) 
where i = Gr./at. E Rm ( m-dimensional 
Euclidean space ), 6 = ~~at E R n , and 
J (!!) = Of(!!)/~ E R mxn ( the set of all mxn 
real matrices ) . The matrix J (!!) is called the 
Jacobian. From equation (2.2), we see that the 
Jacobian is simply a linear transformation that 
maps the joint velocity in R n into the task 
velocity in R m. 

Yoshikawa (1] derived a relationship 
between the square root of the det(JJT) and the 
volume of an ellipsoid by using of the singular 
value decomposition (see Klema and Laub 
[14]). That is, the square root of the det(JJ~ is 
proportional to the volume of an ellipsoid. But 
the singular value decomposition(SVD) cannot 
be applied to dual matrices such as the 
Jacobian matrix, because the singular values are 
based on the formation of the matrix JTJ which 
involves the orthogonal product of screws. 

Lipkin and Duffy (15] showed that the 
orthogonal product of screws is noninvariant 
with a translation of origin or a change of unit. 
However, the reciprocal product of screws is 
invariant under any projective transformation of 
3 dimensional space. 

Romdhane [16] introduced the modified 
singular value decomposition(MSVD) which is 
invariant with a change of origin by using of the 
concept of the reciprocal product of screws. 

Generally, the Jacobian is an m by n 
matrix(m < n) for redundant manipulators. 
nCm submatrices(J1 , ••• , Jncm) from the 
Jacobian matrix can be selected for the 
singularity analysis and the subdeterminants can 
be expressed as 
ai = I Ji I E Rmxm, i = 1, 2, ... ' nCm (2.3) 
The notation 4 i denotes that this 
subdeterminant is formed without the ith 
column of the Jacobian matrix. The notation 
nCm is defmed as 
nCm • c~ = n! I ( m!(n-m)! ) 

From the Cauchy-Binet theorem [17], the 
relationship between ai and det(JJ~ can be 
expressed as 



nCm 

det(JJl) = L ll. i2, i = 1, 2, ... , nCm (2.4) 
i=1 

From Usmani [18], a theorem about the 
rank of a product of two matrices is quoted 
here. 
THEOREM 2.1 The rank of a product AB of 
matrices A and B cannot exceed the rank of 
either factor. That is, 
r(AB) ~ min( r(A), r(B) ) 
Proof: Let the columns of AB and A be 
denoted by C(AB) and C(A) respectively. 
Similarly, the rows of AB and A are denoted by 
R(AB) and R(A). It is known that the columns 
of AB are dependent on the columns of the 
matrix A, and the rows of AB are dependent on 
the rows of the matrix B. Thus, 
C(AB) ~ C(A) and R(AB) ~ R(B) 
and hence, 
r(AB) ~ r(A) and r(AB) ~ r(B) 
Finally, 
r(AB) ~ min( r(A), r(B) ) 
as desired. 
COROLLARY 2.2 If J has a full rank( r(J) = 

m ), then the rank of JJT is equal to the rank of 
J or JT. 
Proof: It is well known that 
r(J) = r(Jl) 
From equation (2.4) it can be seen that the 
det(JJl) equals zero when all subdeterminants 
equal zero simultaneously( ll. i = 0 for every i = 

1, 2, ... , nCm) 
Since r( J) = m then there exists at least 

one non-zero subdeterminant. Hence, 
nCm 

det(JJ~ = L ll. j2 * 0 
i= 1 

Thus JJT is nonsingular and r(JJ~ = m. Finally, 
r(JJl) = r(J) = r(Jl) 

From the corollary 2.2 it is very important 
to recognize that the rank of the Jacobian 
matrix is m-1 or less if and only if the det(JJl) 
equals zero. Therefore in the case of redundant 
manipulators, the det(JJl) is a criterion for 
singularity analysis and should be maximized 
for singularity configuration avoidance. On the 
other hand the det(J) is a criterion for 
singularity analysis in the case of non-redundant 
manipulators 

2.2. SINGULARITY A VOIDANCE 

In the case of singularity avoidance, the 
det(J!l) has been adopted as an objective 
function for a second subtask. The kinematic 
redundancy should be used to maximize the 
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det(JJ~. This is a means for singularity 
avoidance, since the det(JJl) is zero at singular 
configurations. The farther a robot manipulator 
is from singular configuration points, the larger 
value det(JJ~ has. 

Yoshikawa [1] proposed a gradient of the 
det(JJl) for singularity avoidance. Its major 
problem is the complexity when applied to a 
seven degree of freedom manipulator in three 
dimensional space. The equation of det(JJ~ is 
generally required to determine extremely 
complicated expressions and its numerical 
imple~entation may be computationally very 
expensive. These limit its application for the 
real robot manipulator. A new approach for 
singularity avoidance will be introduced by 
utilizing the Jacobian matrix. 

From equation (2.4) it can be seen that the 

larger t
1
1l.i2 is, the larger det(JJl) is, which can 

not only avoid the real singularities but also 
keep the dexterity as large as possible. Singular 

configurations occur when f. ll.i2 or det(JJl) 
1= 1 

equals zero. In the case of 7R manipulators the 
subdeterminants fl. i can be expressed in a 
symbolic form while the det(JJ~ can not be 
conveniently because of the complexity of the 

matrix of JJT. Thus f. ll.i2 will be maximized for 
1= 1 

singularity avoidance. This algorithm will be 
applied to a planar 3R manipulator and the 
Space Station Remote Manipulator System 
(SSRMS). 

3. SINGULARITY A VOIDANCE FOR A 
PLANAR 3R MANIPULATOR 

3.1 THE REVERSE KINEMATIC METHOD 
VERSUS THE RESOLVED MOTION 
METHOD 

Generally, there are two methods--the 
reverse kinematic method and the resolved 
motion method--to solve the reverse kinematics 
of a redundant manipulator. Chang [11] 
compared the two methods and showed that the 
reverse kinematic method is better than the 
resolved motion method in some aspects. 
. Only a few researchers [11, 12, 19] have 
mtroduced the reverse kinematic method--direct 
mapping from the work space to the joint 
space--for kinematically redundant 
manipulators. 

The equation of the reverse kinematic 



method for the redundant manipulator has the 
same expression as equation (2.1) and can be 
expressed in a symbolic form which provides 
the joint variables with explicit functions for a 
given position and orientation of end effector. 

r = f(~) (3.1) 
Let h(~) be some objective function which 
quantitatively represents the desired 
performance, for example, singularity avoidance 
or obstacle avoidance. The objective function is 
expressed as 

minimize or maximize: h(~) (3.2) 
The system equations (3.1) and (3.2) now 

fully specify the originally under-determined 
equations (3.1). The system equations may be 
solved either purely numerically or by 
symbolically reducing variables. Equation (3.2) 
supplements equation (3.1) for some 
performance criteria. 

Most researchers, however, have adopted 
the resolved motion method using the 
pseudoinverse Jacobian matrix to resolve 
redundancy. This resolved motion method first 
determines the joint velocity using the 
pseudoinverse matrix and then incrementally 
determines the joint displacement; it thus 
transforms from workspace to joint space via 
joint velocity. The equation of the resolved 
motion method for the redundant manipulator 
can be written by 

e = J+i + (I- J+J)k, (3.3) 
j+ = JT(JJ")-1 • 

where i = Or_jdt. E Rm, 6 ()f1jdt. E 

R 0
, and J+ is the pseudoinverse matrix. The 

matrix I in equation (3.3) is an nxn identity 
matrix and (I- J+J) is the null space of J. The 
vector k is an arbitrary vector. The first term on 
the right of equation (3.3), J+i , is the special 
solution. The second term, (I - J+ J)k is a 
homogeneous solution which is orthogonal to 
J+i . The homogeneous solution is referred to 
as the self motion of the manipulator and does 
not cause any end effector motion. For a 
desired trajectory, the homogeneous solution 
should be appropriately selected to improve the 
performance of the manipulator. 

Chang [11] indicated some weak points of 
the resolved motion method as follows: 
1. the method has intrinsic inaccuracy because 
of linear approximation characteristics of the 
Jacobian matrix; thus it accumulates errors 
which become larger as the velocity increases. 
2. the method does not directly give the joint 
values for a given position and orientation of 
the end effector. 
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3.2 SIMULATION 

Consider a 3 degree of freedom manipulator 
which moves in the (x, y) plane. Only the 
position of the end effector is of concern, thus 
making it kinematically redundant. The 
kinematic model with mechanism parameters is 
shown in Fig. 3-1. 

y 

350 

11 = 300 (mm) 
12 = 425 
13 = 100 

a~----------------------~ X 

Figure 3-1: Kinematic Model of a Planar 3R 
Manipulator 

The kinematic equation is given as 
x = 11s1 + 12sl+2 + 13s1+2+3 
Y = llcl + ~cl+2 + 13ct+2+3 (3.4) 
where 11, 12, 13 represent the length of each link, 
while the variables with subscript are defined as 
si = sin(9J, si+j+ ... +n = sin(9i+9j+ ... +9n) 
ci = cos(9J, ci+j+ ... +n = cos(9i+9j+ ... +90 ) 

The Jacobian matrix is obtained as 
(3.5) 

J = [lfl+2+3+l2cl+2+llcl 13cl+2+3+l2cl+2 13c1+2+3 ] 

-lj&J+2+T12'I+T1J5J -135J+2+T12'1+2 -1351+2+3 

Three 2x2 submatrices {11, 12, J3) can be 
selected from above the Jacobian matrix. 



(3.6) 

J1 = [ 13c1+2+3+1,c,+2 13cl+2+3 l -13s1 +2+3-1~1 +2 -13sl+2+3 

(3.7) 

12 = [ i3c1 +2+3 + i2c1 +2 + 11c1 13cl+2+3 l -13s1 + 2+3-1~1 +2-1ls1 -13sl+2+3 

(3.8) 

J3 = [13c1 +2+3 + l,c1 +2 + 11c1 13c1+2+3+ l,c1+2 l 
-l3s1 +2+3-1~1 +rl1s1 -l3sl+2+3-l~1+2 

From J17 12, and J3, each subdeterminant is 
obtained as 

A1 = I J11 
= -1213~ (3.9) 

A2 = I J21 
= -1213~ - 1113s2+3 (3.10) 

A3 = I J31 
= -1112s2 - 1113s2+3 (3.11) 

Singular configurations are identified by 
calculating A17 A2, and A3. If all of the 
subdeterminants equal zero simultaneously (s2 
= ~ = 0), then the 3R manipulator is at a 
singular configuration. To maximize the 
summation of all subdeterminants square, an 
objective function is written as 
minimize: h(~) = - (A1

2 + A/ + A/) (3.12) 
This objective function does not need an 
inverse matrix which would require a great deal 
of computation and nor does it need the 
gradient of the objective function which has a 
very complex expression in a symbolic form. 

The system of equations (3.4) and (3.12) 
now fully specify the originally under
determined equations (3.4). The system 
equations may be solved either purely 
numerically or by symbolically reducing 
variables - in this example 9 1 - and then by 
using an optimization method. 

The initial joint -angle values are 9i = [-

90°, 175°, 0.5°]. The command path is given 
as follows: 

X = 225 + t(20), 0 ~ t ~ 10 
y = 70 

Simulation results of each case without an 
objective function and with an objective 
function are given in Fig. 3-2 through Fig. 3-6. 
All subdeterminants and the det(JJl) in the 
figures are the values which are divided by link 
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length 1/ and V respectively. The system of 
equations is numerically solved for the joint 
values with regard to consecutive equidistant 
points on the command path. The Hooke and 
Jeeves optimization method (see ref. 20) is used 
to solve the nonlinear system equations. 

A pseudo objective function can be 
expressed as 
Cb(~) = h(~) + Y1(~en - Xronnula)

2 + YlYgiven -
Ytonnula)2 (3.13) 

Where y 1 and y 2 are weighing factors. The 
pseudo objective function is minimized to get 
joint variables while avoiding singularities. The 
optimization method allows only one set of 
local solutions among multiple sets of solutions. 
From figures (3-2) through (3-6) it can be seen 
that when only equation (3.4) is used each 
subdeterminant value is near to zero. On the 
other hand, when the system equations (3.4) 
and (3.12) are used together, the manipulator 
avoids singularities and maintains good 
dexterity. 

As previously stated, it is important to note 
that the major problem of the det(JJl) is the 
complexity when applied to seven degree of 
freedom manipulators. In the case of 7R 
manipulators the det(JJl) cannot be expressed 
conveniently in a symbolic form because of 
complexity of the matrix of JJT 

Joint Angles vs X Axis Path 

i 
I • • • 
! " .. 

• 

·• 
... 

IAliahtll t•l 

Figure 3-2: Joint Angles Profiles Without 
an h(~) 



Figure 3-3: Simulation Result Without an h(~) 

Joint Angles vs X Axis Path 
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' j ·• : ... 
·It 
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Uda~l•l 

Figure 3-4: Joint Angles Profiles With an 
h(~) =-( ~12 + ~/ + ~/) 
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Figure 3-5: Simulation Result With an h(~), 
h(~) = - ( ~12 + ~/ + ~/) 

Determinant vs X Axis Path 
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Figure 3-6: det(JJ1) Profiles, 
Without an h(~), + + : h(~) = -( ~/ + 
~/ + ~/) 



4. A CLOSED-FORM FORWARD 
KINEMATIC EQUATION FOR SSRMS 

4.1 MECHANISM DIMENSIONS OF THE 
SSRMS 

The notation used throughout this analysis 
is that developed by Duffy [21]. Shown in Fig. 
4-1 and table 4-1 are a kinematic model and 
mechanism parameters of the SSRMS, 
respectively. 

Table 4-1: Mechanism Parameters for SSRMS 

s1 = 0 mm 
s2 = 635 
S3 = 504 
S4 = 504 
S5 = 504 
s6 = 635 
S7 = 300· 

a12 = 0 mm 
a23 = 380 
a34 = 6850 
a45 = 6850 
<ls6 = 380 
~7 = 0 
a78 = 100• 

cx12 = 90o 
cx 23 = 270° 
cx34 = Oo 
cx45 = Oo 
cx56 = 90o 
cx67 = 90o 
cx7s = 90o 

S7, a78: Tool Dependent Parameters 
cx 78: an Arbitrary Twist Angle 

4.2 FORWARD KINEMATIC EQUATION 

The vector loop equation of the equivalent 
closed loop spatial mechanism in the frrst 
coordinate system can be written by (see Duffy 
[21]) 

R (1) = 
-p 

a (1) 
-23 

a (1) 
~ 

a (1) 
~5 

a (1) 
~ 

S~2<1> + az&23<1> + s~<1> + a~<1> 
+ S~(l> + a4~5<1> + SsS_s(l> + 
~<1> + s~<1> + s~7<1> + 
a1&1s<1> (4.1) 

[0, -s12' C12Y 
[0, -1, O]T 
[~, u21·, u21Y 
[~, 0, sJT 
[X2, Y2, ~ Y 
[-s2, 0, cJT 
[W32, -u321·, u321Y 
[~~' ~' s2~Y 
[X32, y 32, ~2]T 
[-s2, 0, cJT 
[W 432, -u 4321.' u 4321y 
[ ~~+4, ~+4, s2~+4]T 
[X432' y 432, Z43JT 
[-s2, 0, cJT 
[W 5432, -u 54321.' u 54321y 

(4.2) 

(4.3) 

(4.4) 

(4.5) 

(4.6) 

(4.7) 

(4.8) 

[ ~~+4+5, ~+4+5, s2~+4+5Y ( 4.9) 
[~32, Y 5432, Z5432Y 
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s (1) 
-7 

a (1) 
-78 

[~~+4+5' -~+4+5, s2~+4+5Y ( 4.10) 
[~32, Y 65432, z6543JT 
[ s6~~+4+5 + s2c6, s6~+4+5' s6s2~+4+5 
- ~c6Y ( 4.11) 
[W 765432, -u7654321., u7654321y 
[-s2s6~+ c2(s7s3+4+5+ c6~~+4+5), 
s7c3+4+5 + c6c7s3+4+5' c2s6c7 
+ sl ~~+4+5 + c6~~+4+5) Y ( 4.12) 

Substituting equation ( 4.2) through ( 4.12) into 
equation ( 4.1) yields 

R (1) = [R (1) R (1) R (1)]T 
=-=p A'px ' py ' A'pz (4.13) 

where 
~x(1) = a23~ - S3s2 + a34~~ - S4s2 + a45~~+4 

- S5s2 + a56~~+4+5 + S6~~+4+5 + 
S7(s6~+4+5~ + c6s2) + a7s(-s2s6~ + 
c2(~~+4+5 + c6~~+4+5) ) 

R (1) = S + + + Ai'Y - 2 a34~ a45~+4 a56~+4+5 -
S6~+4+5 + S7s6~+4+5 + a7s( -~~+4+5 + 
c6~~+4+5) 

Rz(1) = S + S + £1> a23s2 - 3~ a34s2~ - 4~ a45s2~+4 · 
- S5~ + a56s2~+4+5 + S6s2~+4+5 + 
S7(s6~+4+5s2 + c6~) + a7s( ~s6~ + 
s2(~~+4+5 + c6~~+4+5) ) 

the orientation vector of end effector, 
Ss<

1
> [X765432' Y765432' ~65432y 

[ ~( c6~+4+5 - ~~+4+5) · - s2s6~' 
c6~~+4+5 + ~~+4+5' sl c6~~+4+5 
- ~~+4+5) + ~s6~]T ( 4.14) 

Position and orientation vectors known in 
terms of the frrst coordinate system can be 
found in terms of the fixed coordinate system 
as follows: 

R = [M][R <
1>] 

=-=p =-=p ( 1) 
ihs = [M] bhs ] 
Ss = [M][Ss<1>] 

where 

M= 

0 

0 

0 

1 l 

(4.15) 
(4.16) 
(4.17) 

A detailed derivation of forward kinematic 
equations was presented in Chung [23]. 

In the next chapter, an objective function 
h(~) is introduced to supplement these 
equations ( 4.15), ( 4.16), and ( 4.17) for 
singularity avoidance. An optimization scheme 
is used to solve the nonlinear system equations. 



s 
6 

a 12 

Figure 4-1: Kinematic Model of the SSRMS 
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5 SINGULARITY A VOIDANCE FOR 
SSRMS 
5.1 INTRODUCTION TO PLUCKER LINE 
COORDINATES 

Two distinct points ! 1 (x1,y1,z1) and !2(~,Y2,~) 
determine a line as shown in Figure 5-1. The 
vector .S. can be expressed in the form 

.S. = Li + Mj + Nk (5.1) 
where 

L = ~-x1 , M = y2-y1, N = ~-z1 (5.2) 
are defmed as the direction ratios. The 
direction ratios (L,M,N) are related to the 
distance between the two points by 

L2 + M2 + N2 = I.S.I2 (5.3) 
Let r represent a vector to any arbitrary 

point on the line. The vector (r-r1) will be 
parallel to .S. and therefore the equation of the 
line may be written as 

(r-r1) x .S. = o (5.4) 
This equation can be expressed in the form 

! X ,S = So (5.5) 
where 

So = !1 X .S. (5.6) 
is the moment of the line about the origin and 
is origin dependent. The vectors (.S.;So) which 
must satisfy the orthogonality condition 

.S.·So = 0 (5.7) 
are the Pliicker coordinates of the line. (.S.;So) 
are homogeneous coordinates since from 
equation (5.5) the coordinates (k.S.;kSo) where k 
is a non-zero scalar, determine the same line. 
The vectors (.S.;So) may be written in terms of 
their components as (L,M,N;P,Q,R). 

) 

z 

_C2 

X 

Figure 5-1: Development of Plucker Line 
Coordinates 
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5.2 The Selection of a Coordinate System 
Which Simplifies The Jacobian Matrix 

Although it would be possible to determine 
the Pliicker line coordinates of each of the 
seven joint axes of the SSRMS in terms of this 
coordinate system, some simplification will 
result if an alternate coordinate system is used . 
All line coordinates will be found in terms of a 
coordinate system which is attached to the 
SSRMS and has its origin located at the 
intersection of the vectors ~ and ~5. The Z 
axis of this coordinate system will be along ~ 
and the X axis will be along ~5. The Pliicker 
coordinates for each of the seven axes of the 
SSRMS will now be found in terms of this new 
coordinate system--fourth coordinate system. It 
is important to recognize that the conditions for 
the linear dependency of the line coordinates 
are independent of the choice of coordinate 
system. 

The Pliicker coordinates of each of the 
seven joint axes are comprised of the direction 
of the joint axes and the moment of that line 
about the origin of the coordinate system. It has 
also been shown in Duffy [21] that the moment 
of each line about the origin is equal to the 
dual of the direction vector. The Pliicker 
coordinates of the six axis lines, ~i = [.S.i;SoJT, are 
listed as follows: (5.8) 
~1 (4) = [.S.l (4) ; ( -S~ (4) - a3&34 (4) - S~ (4) - az&23 (4) 

- s~2 (4>)x.s.l (4)1T 
i2 (4) = [.S.2 (4) ; ( -S~ (4) - a~ (4) - S~ (4) - az&23 (4) 

- s~2 (4>)x.s.2 (4)1T 
t (4) = [.S.

1 
(4) ; ( -S~ (4) _ a3&34 (4))~ (4)Y 

t<4> = [0, 0, 1 ; 0, 0, O]T 
_t<4) = [Ss(4) ; a4~5(4)X.S.S(4)]T 
t;<4) = [~(4) ; (a4~5(4) + sss.s(4) + a~(4))~(4)y 
i,(4) = [.S.7(4) ; (a4~5(4) + sss.s(4) + a~(4) + 

s~ (4>)x.s.7 (4>y 

The Pliicker coordinates for each of the 
seven lines in equation (5.8) can be simplified 
by substituting the actual SSRMS mechanism 
parameters from Table 4-1 into the equations. 
The simplified Pliicker line coordinates are as 
follows: (5.9) 
~I <4> = [ C:3+4s2, -S:3+4s2, ~ ; { a23~-(S3 + S4)s2}5:3+4 

+ a34s4~ + S2C:3+4~' { a23~ 
(S3 + S4)s2}C:3+4 + a34c4~- S25:3+4~,a345:3s2-
S2sJT 

~ <4> = [ 0 (S + S ) !2.2 -5:3+4, -C:3+4, ; - 3 4 C:3+4, 
(S3 + S4)5:3+4, a34C:3 + a23]T 

t (4) = [0, 0, 1 a34s4, a34c4, oy 
t<4> = [0, 0, 1 ; 0, 0, O]T 



Now that the Plucker coordinates of the 
seven joint axes of the SSRMS are known, 
seven subdeterminants of the Jacobian will be 
derived for the singularity avoidance problem. 

5.3 SUBDETERMINANTS 
It has been stated that a singularity 

condition occurs whenever rank of Jacobian is 
5 or less. As previously stated, the rank of 
Jacobian is 5 or less if and only if seven 
subdeterminants equal zero simultaneously. The 
seven subdeterminants can be obtained from 
seven possible combinations of six joint axes as 
follows: 
1. subdeterminant 7: 
ll7 = I it (4) i2 (4) ~ (4) ~ (4) .t (4) ~ (4) I 

= a45a34s4ll/ (5.10) 
ll/ = s2[ S25:3+4+5 + a23c:H4+5 + a34c4+5 + a4sCs + a56] 

2. subdeterminant 6: 
ll6 = li1<4> i2<4> ~<4> ~<4> .t<4> i/4> I 

= -a45a34s4ll6' (5.11) 
ll6' = s2s6[S2C:3+4+5 + a235:3+4+s + a34s4+5 + a4sSs + S6] 

3. subdeterminant 1: 
Ill = li2<4> ~(4) ~(4) .t<4> ~<4> i/4) I 

= a45a34s4ll1' (5.12) 

ll1' = s6[ a23 + a34C:3 + a4sC:3+4 + a56C:3+4+s+ S65:3+4+sl 

4. subdeterminant 2: 
ll2 = lil(4) ~(4) ~(4) .t(4) ~(4) i/4)1 

= -a45a34s4ll2' (5.13) 

ll2' = s2s6[ -S2 + a345:3 + a4s5:3+4 + a565:3+4+5-S6C:3+4+sl 

5. subdeterminant 3: 
ll3 = I i1 <4> i2 <4> ~ <4> .t <4> ~ <4> i/4> I 

a45ll; (5.14) 
a; = P1ll; - P2ll~ + P6ll~ - P7ll; 
P 1 = { a23~-(S3 + S4)s2}5:3+4 + a34s4~ + S2C:3+4~ 
P 2 = -(S3 + S4)C:3+4 
P6 = SsCs 
P 1 = -Sssss6 + S6CsC6-a56ssc6 

6. subdeterminant 5: 
lls = lit(4) i2(4) ~(4) ~(4) ~(4) ~(4) I 

a;(03PCP30t) + ll~(P302-03P2) + ll~(03P6-
P306) + a;(P307-03P7) (5-15) 
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01 = { a23~-(S3 + S4)s2}C:3+4 + a34c4~ - S25:3+4~ 
0 2 = (S3 + S4)5:3+4, 0 3 = a34C4 
06 = Ssss, 07 = a45C6 + Sscss6 + S6ssc6 + as6CsC6 

7. subdeterminant 4: 
ll4 = I i1 <4> i2 <4> ~ <4> .t <4> ~ <4> i/4> I 

= ll5 - 0 5/l; + 0 5P3N1ll; - 0 5P3N7ll; (5.16) 
Os = - a45, Nl = ~' N7 = - c6 

Detailed derivation of subdeterminants was 
presented in Chung[23]. 

From all the subdeterminant equations, it is 
known that a singularity condition occurs five 
cases which all subdeterminants(llH ll2, ... , ll7) 
equal zero simultaneously as follows: 

case 1: s2 = s6 = 0 
case 2: s2 = ll 1" = 0 
case 3: s6 = ll/' = 0 
case 4: llt" = ll2" = ll6" = ll/' = 0 
case 5: s4 = P1 = P2 = P6 = P7 = 0 

where 

llt" = a23 + a34C:3 + a4sC:3+4 + a56C:3+4+5 + S65:3+4+5 
ll2" = -S2 + a345:3 + a4s5:3+4 + a565:3+4+s-S6C:3+4+5 
ll6" = S2C:3+4+5 + a235:3+4+s + a34s4+s + a4sss + S6 
ll1" = -S25:3+4+5 + a23C:3+4+5 + a34c4+5 + a4sCs + as6 

5.4 SIMULATION 
As previously stated, the det(JJl) cannot be 

expressed conveniently in a symbolic form in 
the case of 7R manipulators. Thus the 
summation of all subdeterminants square will 
be maximized to avoid singular configurations 
and to keep good dexterity. The objective 
function can be expressed as follows: 
minimize: h(!!) = - ( ll/ + ll/ + ll/ + ll/ + 

ll/ + ll/ + ll/ ) (5.17) 
The initial joint-angle values are 8i = [-

910, 0.5°, 95°, 185°, 85°, 185°, -85°]. The 
command position and orientation of the end 
effector is given as follows: 
Case 1: ~x = 4000 + t(300), 0 ~ t ~ 10 

R,y = 3000 
~z = 3000 
a7Bx = -1, a7By = 0, a7& = 0 
SBx = 0, S8y = 1, S8z = 0 

The system equations ( 4.15), ( 4.16), ( 4.17), 
and (5.17) are numerically solved for joint 
values with regard to consecutive equidistant 
points on the command path. The Hooke and 
J eeves optimization method is used to solve the 
nonlinear system equations. 

A pseudo objective function can be written 
as 



~(ft) h(ft) + Yl{(J!p)given - (J!p)formulaV + 
Y 2[ { (ihs)given - (~78)formula} 2 + 
{ (Ss)given - (Ss)rormula} 2

] (5.18) 

where y 1 and y 2 are weighing factors. The 
pseudo objective function is minimized to get 
joint variables while avoiding singularities. 

Simulation results of each case without an 
objective function and with an objective 
function are given in Figures 5-2 through 5-6 
respectively. All the subdeterminant and 
det(JJ~ in the Figures are values which are 
divided by the offset S23 and S26 respectively. 

From the Fig. 5-6, it can be seen that the 
det(JJ~ values with an objective function are 
larger than those without an objective function, 
which is not only to avoid singularities but also 
to keep good dexterity. 
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Joint Angles vs X Axis Path 
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Figure 5-2: Joint Angles Proflles Without 
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Figure 5-3: Simulation Result Without an h(ft)) 
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Figure 5-5: Simulation Result With an h(~), 
h(~) = - ( ~12 + ~/ + ... + ~/) 
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6. CONCLUSION 

It has been known that the summation of 
all subdeterminants square of the Jacobian 
matrix equals the det(JJ1) from the Cauchy
BiDet theorem. A new approach to singularity 
avoidance has been introduced by maximizing 
the summation of all subdeterminants squared 
of the Jacobian matrix. The subdeterminants 
can be expressed in a symbolic form in the case 
of seven or more revolute joint manipulators 
while the det(JJ1) cannot be conveniently. 
Closed-form forward kinematic equations for 
seven or more degree of freedom manipulators 
can be also expressed in a symbolic form. An 
objective function maximizing the summation of 
all subdeterminants squared of the Jacobian 
matrix supplements these forward kinematic 
equations for singularity avoidance. The Hooke 
and J eeves optimization method was used to 
solve the forward kinematic equations and the 
objective function. The proposed scheme does 
not require an inverse Jacobian matrix which 
needs heavy computation when solving for joint 
variables. Furthermore this scheme does not 
need the gradient of the objective function 
which has a very complex expression in a 
symbolic form. 

The simulation results for singularity 
avoidance were implemented successfully on the 
IRIS 4D Silicone Graphics Workstation. The 
execution time of the planar 3R manipulator 
and the SSRMS for solving joint variables is 
approximately 0.5 second and two seconds 
respectively. 

Extension of this proposed algorithm for 
manipulators with multiple degrees of 
redundancy is possible. The twist and wrench 
control of redundant manipulators is a future 
research topic. 
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ALTERNATIVE PSEUDO-INVERSE BASED ALGORITHMS FOR 

CONTROL OF REDUNDANT ROBOTIC SYSTEMS 

Abstract 
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Real time rate coordination of redundant robot manipulators, has posed a challenge to 
the computational efficiency of the relevant algorithms being used. The most commonly used 
pseudo-inverse formulation of the solution, based on the S.V.D algorithm, has been 
computationally less efficient. The authors, in this paper, provide an overview of their work 
which lead to the alternative, computationally more efficient algorithms to obtain rate 
coordination. An alternative minimum norm formulation and its generalization are provided. In 
addition, another varient based on the 'dual projection' properties, is discussed. Examples are 
provided to illustrate the computational advantage of the above algorithms compared to the 
earlier ones. 

1. Introduction 
In a robot manipulator, whenever the total degrees of freedom exceed the minimum 

required, there exist redundancy, namely, the presence of more than finite number of 
manipulator configurations for a unique task space position for the end effector. The problem of 
resolving redundancy, ie., choosing one of the multiple available solutions, can be treated at 
different levels, namely, joint angle, rate and acceleration levels. While the task space to joint 
space transformation is non-linear at the joint angle and acceleration level, at the joint rate 
level, this transformation is linear as given by the equation, 

(1.1) . 
where, J (mxn matrix) is the Jacobian of ann d.o.f. manipulator, e (nx1 vector) the joint rate 

vector and X (mx1 vector) the end effector velocity vector. Due to the fact that Eqn. (1.1) is 
linear, the rate coordination problem is less complex compared to the angle and acceleration 
coordination problems. In the present work, we also concentrate on the rate coordination 
problem in detail. 

Algorithms based on a variety of techniques, for resolving rate coordination problem 
given by (1.1), are reported in literature and they are classified as the "Resolved Motion Rate 
Control". Among them the most widely researched ones are "generalized inverse" based 
solution techniques. Whitney [1], introduced the concept of obtaining solution based on a 
weighted minimum norm criterion to resolve redundancy. It may be noted that when the 
positive definite weighted matrix becomes identity matrix, we obtain the minimum norm 
situation. The concept of generalized inverses, well documented in Rao et al [2] and Ben-Israel 
et al [3], was later utilized by Liegeois [4] to develop a solution for (1.1) as, 

e = J·x + (I - J• J) <1> (1.2) 
+ 

where, J is a generalized inverse characterized by 
J = J J+ J (1.3) 
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The term (I - J+ J) is a matrix operator which projects an arbitrary n-D vector <I> onto the 

null space of J . 
Although a variety of formulations for generalized inverses are available in literature 

suggested by Liegeois [ 4], Chevellereau et al [5] and others, the most commonly used form of 
generalized inverse is the Moore-Penrose generalized inverse or the pseudo-inverse [2,3]. The 
pseudo-inverse based particular solution component has the added attraction in that, the same 
in itself is the minimum norm component. Since minimum norm solution has the inherent 
property of approximately minimizing the kinetic energy, a pseudo-inverse based solution can 
be considered to approximately optimizing such a performance criterion. Also, since singular 
regions exhibit extreme joint rates, minimizing joint rates as done using pseudo-inverse, may 
broadly be considered to avoid the singular configurations. The pseudo-inverse is defined as, 

- 1 

J+ = JT (JJ T) (1.4) 

A general solution form based on (1.2), has been the basis of research for the majority of 
algorithms developed later [6-10]. Also, the homogeneous component obtained from (1.2), based 
on pseudo-inverse, known also as the null space component, has been widely used in resolving 
redundancy for different performance criteria. 

The pseudo-inverse based solution of Eqn (1.2), however, has an inherent deficiency in 
that, this formulation is computationally expensive. Since in many industrial applications, it 
is envisaged that, we may require on-line control of the manipulators leading to real-time 
programming, a computationally complex algorithm may not serve the purpose. This deficiency 
is due to the fact that most of the the algorithms available in the literature for obtaining 
pseudo-inverse are based on "Singular Value Decomposition" [11-15], which are 
computationally very expensive. An alternate computation method proposed in [7], also is found 
not to be sufficiently efficient for real-time programming. 

2. Analytical Minimum Norm Solution 
In the following, we present an alternative method to obtain minimum norm solution at 

the joint rate level, developed by the authors [16]. As will be illustrated, with this method it 
is possible to arrive at explicit minimum norm solution in analytic form for most typical cases of 
redundant manipulators, e.g., cases whose d.o.f. are 7 or 8. As a result of the analytic solution, 
the computation can be performed efficiently. 

Je = x 
One may partition J into J m an mxm matrix and J n- m an mx(n-m) matrix as 

' ' below. 

J= [Jm1Jn-ml (2.1) 

then 

[ J m I J n- m] [9] =X (2.2) 
Using Gaussian elimination, one can transform (2.2) into the following form: 

liiJ'n-mJ [e]=X (2.3) 
I 

When J n- m is that, when augmented with the negative identity matrix of order (n-m), 
namely: 

(2.4) 

we get an nx(n-m) matrix which is orthogonal to the row vectors of J. The column vectors in 
Eqn. (2.4) give the (n-m) vectors which are orthogonal to the constraint surface given by Eqn. 
(1.1). For these (n-m) vectors to pass through the origin of the joint space in order that the 
minimum norm solution is obtained, the following equation must be satisfied: 
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(2.5) 

(2.6) 
On further simplifying and solving Eqn.(2.6), the minimum norm solution in closed form is 
obtained as, 

(2.7) 
where, 

I T I 

B = {I + { J n - m} { J n- m} } 

The above form of solution is very easy to compute. It should be noted that all elements 
on the right-hand terms of Eqn. (2.10) are already available from previous process of Gaussian 

elimination, with only the exception of inverse of B. However, since the matrix B is of 
dimension (n-m)x(n-m) which depends only the degrees of redundancy, one can easily derive 

analytic inverse of B for cases with d.o.r. up to 3, which is usually the situation. For example, 

in the case of a manipulator with 7 d.o.f. (i.e. 1 d.o.r) B becomes a scalar. In such a case, simple 
analytical formulae can be readily derived for the second term, thus reducing the 
computational requirement. This will be illustrated with examples in the next section. As can 
be seen, with this formulation tedious calculations of pseudo-inverse is no longer necessary, 
neither is it geometry dependent. Therefore, Eqn. (2.7) provides a very efficient alternative to 
the conventional pseudoinverse technique for obtaining the minimum norm solution of any 
underdetermined set of linear equations. 

To show the simplicity of the technique developed in the above, an underdetermined 
system of n d.o.f. and 1 d.o.r. (i.e., m=n-1) is considered below. From (2.7) we obtain 
analytically, 

9 =l:J- [A] p 
(2.8) 

m 

La 1 X1 

P= 
I= 1 

m 

(1+ I,a~} 
I= 1 (2.9) 

This gives the explicit closed form solution for minimum norm condition for the general linear 
case of m constraint equations with 1 degree of redundancy. 

In a similar way, the minimum norm solution for the general case with 2 degrees of 
redundancy (n-m=2) can be derived and is given by: 

9=l:J- [A][:] 
(2.10) 

where A the orthogonal vectors, r and s are given by, 
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:r 

[a11 a 21 ... a m1 - 1 0 ] 
A= 

a22 . .. am2 0- 1 8 12 

r = m-
p{n- qm). 

S= 
n- qm 

(1- pq} ' 1- pq (2.11) 
in which 

m m 

Lal1 XI Lal2 XI 

m= I= 1 n= I= 1 
m m 

(1+ La~1) (1+ La~2 ) 
I= 1 I= 1 

m m 

Lal1 · 8 12 Lal1 · 8 12 

P= 
I= 1 q= I= 1 

m m 

(1+ L8~1) (1+ La~2 ) 
I= 1 I= 1 

(2.12) 

The above two examples show clearly, the computational efficiency of the new method 
in that, simple analytical expressions are available for obtaining the minimum norm solution. 
We no longer require the tedious, S.V.D based pseudo-inverse formation. Instead, we may 
obtain the minimum norm solution explicitly as shown above. 

3. Generalization 
In section 2, we introduced a new concept of obtaining minimum norm solution for rate 

allocation problem of redundant manipulators. The theory was based on the concept of the 
orthogonality of a surface associated with the constraint surface. We obtained the minimum 
norm solution by proposing that, the orthogonal surface for minimum norm condition, will pass 
through the origin of the joint space. Here we present the generalization of the concept as 
developed in [18], to obtain the general solution. Here, the concept is that, the orthogonal 
surface will be characterized by a certain (n-m) dimensional vector, J..l , with its the value 
being determined by the solution we seek, ie., according to the performance criterion. Hence, 
based on the performance criterion, we obtain J..l differently. Such an approach leads to the 
following formulation of redundancy resolution for any general objective function. As mentioned 
above, we may obtain the surface orthogonal to Eqn. (1.1) given as, 

T . 
A 9 =J..L (3.1) 

Eqn (3.1) represents a (n-m) dimensional surface which is the orthogonal surface to the 
constraint equation given by Eqn (1.1). Equation (3.1) thus extend the task space to n
dimensional, by means of two distinctive orthogonal surfaces namely the constraint surface and 
the corresponding orthogonal surface. With this, our problem has been reduced to obtaining the 
(n-m)-dimensional vector fl Once we obtain the same, by appending Eqn. (3.1) to (1.1), we 
have n equations in n joint rates given as, 

(3.2) 
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Eqn (3.2) reiterates our explanation for the uniqueness of the solution set which satisfies the 
particular and homogeneous components as mentioned in an earlier section. Here, we may note 
that since there exist n equations inn d.o.f., we have a unique solution. Now applying to (3.2), a 
similar procedure to the earlier process of obtaining minimum norm (given in (2.3) to (2.10)) and 
solving for the joint rates, 

9=[~J-l_J; .. -_:Je-1[(J'._m)T j( -~ J 

=l:J-A B-
1 ATl:J+A B- 1 ~ (3.3) 

the particular and the homogeneous solutions. We have developed, in section 2, a compact 
analytic form of minimum norm solution for use as the particular part. The latter term in 
Eqn.(3.3) gives the particular solution.A detailed discussion on how to obtain the particular 
solution is discussed in detail, in [18] 

4. Dual Projection Method 
In this section, we present yet another algorithm developed, based on the dual 

projection property of the Jacobian and its null space [17]. The particular and homogeneous 
components of the solution are obtained via the direct use of a null space coefficient matrix, 
which is of the dimension of the degrees of redundancy, typically much smaller than that of 
the Jacobian. As a result, computational efficiency increases multifold. Furthermore, as can be 
seen from the formulation that follows, the method developed here is a general one which is 
independent of geometry. 

Consider the underdetermined set of kinematic equations of (1.1) which comprise m 
equations inn variables of joint rate, where m<n. We can show that, the solution for the above, 
given by (1.2), can be reformulated as, 

9 = J+ J l: J + [I - J+ J] cj> (4.1) 

Equation (4.1) will be utilized later to obtain the joint rates in terms of null space matrix. 
The dual projection theorem developed by the authors [17], shows that, there exist the 

following relationship between the Jacobian and its null space. 

(4.2) 

and 

(4.3) 

Given Eqns. (4.2) and (4.3), we have reformulated [17], the solution given by Eqn. (4.1) as, 

9=li-AT+ATJl:J+AT+AT cj> (4.4) 

The above is further modified into: 

(4.5) 

Here, we note that the joint rate solution can be obtained without calculating the 
pseudoinverse of the Jacobian. Moreover, all the necessary calculations are dependent on the 
number of redundancy. As was shown in [17], in many cases of redundant manipulators, we may 
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T 

directly arrive at [X 0] and AT analytically without even resorting to the Gaussian 
elimination process. This, of course, further increases the computational efficiency of this 
method. The formulation given in (4.5) has the advantage over (1.2) in that, it does not involve 
the calculation of the pseudoinverse of the Jacobian. Clearly, this advantage in computation 
disappears as the d.o.r. becomes equal to the number of task constraints. 

5. Examples 
5.1 Single Degree of Redundancy Systems 

To illustrate the utility of the method given in section 4, consider the case of a system 
described by equations of the same form as (1.2) which has, in general, n degrees of freedom and 
one degree of redundancy (i.e., m = n-1). This format immediately gives us the elements of the 

null space matrix, that is AT = [a,' a 2' ... ' am'- 1] . Having obtained AT ' the solution 
given by (4.5) can be written in the following form, 

9 
= l: J + ~ l ~ -l~ JJ (5.1) 

where, 

a2 
I a, a 2 a,am -a, 

a2al a2 2 a2am -a 2 
M= 

ama, a2 -am m 
-a, -a 2 -am 1 

(5.2) 
and 

m 
p = 1 +La~ 

I= 1 (5.3) 

Here in (5.3), ~ =AT+ AT. 

Now the solution of the problem reduces to calculating M and p, and applying (5.1) to obtain 
the solution. A very attractive feature of the above formulation results from the fact that, 

T 
analytical means for obtaining AT the null space coefficient matrix, and [X 0] the 
transformed end effector velocity vector, are available. A specific example given in [17], for a 
7R manipulator geometry, gives suitable simplification of the rate allocation for such 
geometries. 

5.2 Weighted Minimum Norm Condition 
Whitney [1] has proposed a weighted minimum norm condition where the objective 

• T • 

function to be optimized is given as F = 9 We The solution for the same is obtained based on 
+ 

a weighted pseudo inverse of the Jacobian J w given as, 
- 1 

J+ = w- 1JT (Jw- 1J T) 
w 
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Instead, we may arrive at the weighted minimum norm solution as follows. By utilizing the 

objective fun:ti:nl: r:er;~:~ JT ;:: ~ _ =l; TI9. Rearranging E~:.:>5), 

9=G- AT+ATJl~J+2AT+ATW9 
(5.5) 

This can be further simplified after keeping 2 Was W ,as, 

9=[1- AT+ATwJTI- AT+ATJ[~J 
(5.6) 

Given the fact that, for many manipulator geometries, we can obtain the components in the 
above equations analytically as in [17], the computational requirements for such a case reduces 
by a large percentage. 

6. Conclusions 
Alternative forms of solution for rate co-ordination problem in the redundant 

manipulators, are discussed in detail. They have been shown to be computationally more 
efficient than the conventional form of the pseudo-inverse based solutions. The computational 
efficiency is illustrated by means of analytical examples. The improvement in efficiency is 
achieved due to the fact that in the current formulations, we utilize the null space coefficient 
matrix. 
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DEVELOPMENT OF TELEROBOTIC SYSTEM 

Shuyong Shao, Oren Masory and Roy Smollet 

I. INTRODUCTION 

Robotics Center 
Florida Atlantic University 
Boca Raton, Florida 33431 

This paper describes the development of a telerobotic system that is based on 
a VUMAN robot, that is used as a slave and a master, that has the same but scaled 
down geometrical configuration. The master and the slave are interfaced to an 
IBM/ AT computer which samples the required joints' position from the master, and 
in turn produces the control signal to the directional valves so that the slave follows 
the master motions. The control program allows the user to select the mean by 
which the slave is manipulated - master or keyboard. Also, two mode of teaching are 
available: 1) point to point and 2) continuous path. The paper will describe the 
interface, hydraulic control scheme and the control program and ·provide 
experimental results. 

II. DESCRIPTION OF THE CONTROL SYSTEM 

The block diagram of the system is shown in Fig.l. The robot has four joints 
driven by hydraulic actuators that are controlled by six directional valves as shown in 
figure 2. This arrangement allows to control the direction of rotation of each joint 
in two speeds HIGH and LOW. This is done by direction the flow through the 
valves and restrictions according to the switching sequence shown in table 1. The 
signals to the valves (A, B, C and D) are provided through and discrete I/0 port. A 
joystick, that has the same geometric configuration of robot scaled down four times, 
is used to control the robot. Each joint of robot and the joystick uses a 
potentiometer as a position sensor. These eight potentiometers are interfaced to the 
controller (IBM/ AT computer), through eight 12 Bit A/D converters. A controller, 
implemented in PASCAL, uses the above interfaces to control the position of the 
robot in real time as will be explained in the following. 
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Figure 1: System block diagram 
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Figure 2: Hydraulic configuration for a single axis 

A B c D Motion 
1 0 0 0 Right Slow 
1 1 0 0 Right Fast 
0 0 I 1 0 Left Slow 
0 0 1 1 Left Fast 
0 0 0 0 Stop 

Table 1: Signal assignments to control the motion of a joint 
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III. SOF1WARE DESCRIPTION 

The control software is menu driven by which the user may select the 
required operations from a hierarchical menus (Table 2). In the highest layer menu, 
the select the mean by which the robot will be operated: 1) Joystick or 2) Keyboard. 
In the second layer the mode of operation is been selected: 1) Teach, 2) Replay or 
3) Manual. The 'Manual' selection means that one may move the manipulator 
manually by the joystick or the keyboard without saving the data that describes the 
motion. If the Teaching mode was selected, a third layer menu by which the 
selection between Continuous Path (CP) and Point-to-Point (PTP) is made. In CP 
mode the positions off all four joints are sampled every millisecond and stored in a 
file which is used in a Replay mode. This data represents a path through which the 
robot move during the teaching. In PTP mode only a limited number of positions, 
in which a task is being performed, are being stored (suitable for Pick-N-Place 
operations). In the replay mode a file, in which taught positions were stored, is 
recalled and CP or PTP mode of playback can be selected. 

First 
Layer 

Joystick 

Keyboard 

Second Third 
Layer Layer 

Teach CP 
PTP 

Replay CP 
PTP 

Manual 
Teach CP 

PTP 
Replay PTP 

CP 
Manual 

Table 2: Menu hierarchy 

:· " 
J .. · 

The control algorithm used in both Teach and Replay mode is quite simple. 
At every sampling period the position of teach joint was compared with the 
reference signal. This signal was obtained by either sampling the corresponding 
potentiometer on the joystick or by tracking the reference provided by the keyboard. 
The error, given by the difference between the actual position and the reference, 
was used to generate the signal to the actuator according to figure 3. 
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COMMAND 

FAST 

SLOW 

STOP 
ERROR 

Figure 3: Control decision graph. 

IV. CONCLUSIONS 

The conclusions obtained from this project fall into two categories: Software 
and controls. The software developed found to be robust and friendly. The use of 
menus make it easier on the operator to select the required operation mode and 
leads him step by step through the required setting. On the other hand, the control 
scheme, used to control the position/velocity of the robot, has poor performance. 
This is due to the fact that directional rather than servo valves are being used to 
control the actuators. The fact that only two velocity settings, (Slow and Fast), were 
possible degrade the performance in CP mode. 
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WORKSPACE EVALUATION FOR STEWART PLATFORM 

ABSTRACT 

Jian Wang and Oren Masory 

Robotics Center 
Florida Atlantic University 
Boca Raton, Florida 33431 

An effective algorithm to compute the workspace of a Steward Platform that 
considers all kinematic constraints is presented. A criteria for optimization of the 
workspace is proposed and used in the investigations to evaluate the effects of 
different kinematic parameters and constraints on the workspace of the platform. 
The obtained results and conclusions can be used as guidelines for selecting 
kinematic parameters and specifying the kinematic constraints in the design process 
of such a platform. 

1 INTRODUCTION 

Most current industrial robots are serial manipulators composed of links that are 
connected in a serial manner. This type of manipulators have large workspace, high 
.dexterity and mo1 e maneuverability. Another type is parallel manipulators, which 
usually are based on closed kinematic chain with actuators arranged in-parallel. 
Although parallel manipulator have limited workspace and dexterity they possessed 
the following advantages as compared to the open kinematic chain manipulators: 
high accuracy due to the noncumulative actuators' errors, high force and torque 
capacities and high structural rigidity since the loads are supported by several 
aotuators. Therefore, they are very suitable to be applied in high speed and high 
loading operations and/or .when the high positioning accuracy is required. 

The Stewart Platform, which is a six degrees-of-freedom (DOF) in-parallel 
manipulator, was original1y designed as an aircraft simulator [1]. Only later, this 
kind of manipulator has attracted considerable researches' interests that include 
kinematics analysis, practical design/ construction considerations, dynamics and 
application [2-5]. 

Despite its advantages, this type of manipulators does have its physical limitation, 
i.e., relative small workspace and low maneuverability. The workspace of a in
parallel robot manipulator can be defined as a reachable region of the origin of the 
moving plate. It is essential for its application. However, determination of in-

299 



parallel robot manipulators is rather difficult one, because there are no direct 
analytic solution for its forward kinematic problem, which involves a set of highly 
non-linear simultaneously equations. Moreover, it is not only depend on the 
different spatial geometric parameters, but also on the constraints introduced by 
joint angle limitations, link length limitations and the interferences between the 
links. In [6], a special case of the workspace of a Stewart Platform have been 
analyzed, where all joints are evenly distributed and the payload platform is allowed 
to rotate only about one axis. In [7], the workspace of three DOF in-parallel 
manipulator is simulated. In [8] and [9], algorithms to determine reachable 
workspace of a Stewart Platform were proposed, however, the joint angle and link 
interference constraints are not taken into account. 

Generally speaking, the workspace of in-parallel manipulator, including Stewart 
Platform, is very limited. Since the problem is so important that its application is 
often constrained by this limitation, it is necessary to gain deeper understanding of 
the problem to obtain some design and application guidelines. The purpose of this 
investigation try to answer these questions which is related to the Stewart Platform: 
How to determine the workspace of the robot considering all of the constraints? 
What are affects of the different geometric parameters of the manipulator on the 
workspace? How do the constr~ i nts of the joint angles and link interference effect 
the workspace? And how to optimize the workspace problem? 

This paper is organized as following: First, geometric parameters and kinematic 
constraints related to the workspace of the Stewart Platform are described and a 
kinematic model for evaluation workspace is established. Secondly, a computer 
algorithm is presented to calculate the workspace of a Stewart Platform, where all 
the constraints are taken into account. Thirdly, based on a proposed workspace 
criteria, the effects of different manipulator geometric parameters and constraints 
on the workspace are investigated. The parameters and constraints include joint 
location of plate and base, radius (or area) ratio of two plates, joint angle 
limitations, link length limitations and link interference. Finally, based on these 
results, some suggestions will be presented for selecting geometric parameters and 
for installation of joints to optimize the workspace of the manipulators. 

2. GEOMETRIC PARAMETERS AND KINEMATIC CONSTRAINTS 

It is almost impossible to obtain analytic solution for the workspace of a general 
Steward Platform due to its inherent complexity in dealing with its forward 
kinematics transformation, i.e., find the platform pose (orientation and position) 
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based on the link length. In other hand, the inverse kinematics of Stewart Platform, 
or, computation of link lengths according to known pose, is straight forward. The 
basic idea of workspace determination presented in this paper is to develop a 
computer algorithm which can systematically search the envelop of the workspace 
based on the inverse kinematics. In this section, the geometric parameters which 
are used in inverse kinematics and workspace computation are introduced, then the 
equations related kinematic constraints are described. 

2.1 Coordinate system and geometric parameters 

The Stewart platform illustrated in figure 1 is composed of six variable links, a 
base and a platform. 

Without losing generality, assume base and platform both be circular with the 
radii Rb and rp respectively. A base coordinate system {B} is placed at center Ob 

on the base with Z axis being perpendicular to the base. Similar for platform 
coordinate system {P}. Let three joint pairs in plate and in base be symmetrically 
distributed at 120 degree apart from each other. Denote Pt to P6 and Bt to B6 be 

the position points representing six platform joints and six base joints, Lt to 1.1) as 

the link length, Ln as the nominal length of L1 to L6. 

The coordinates of Bi i = 1,2 ... 6, in {B} are described as bh and those of Pi in {P} 
. ' 

are described as Pi· ·Denote 3*3 matrix R and vector q the orientation and 

translation of {P} with respect to {B}, and denote lj the vector from Bi to Pi with 

respect to { B}. 

X axis of {B} is selected as a line which evenly divides the angle Bt ObB6. Similar 

for X axis of {P}. Denote half of angle B10bB6 as base angle ab, half ofPtOpP6 as 

platform angle ap. They can be used to represent relative placement of base joints 
and platform joints. In summary, the geometric parameters which affect the 
workspace are Rb, r P' Ln, ab , Clp • 

2.2 Kinematic·-constraints 

There are three kinds of kinematic constraints which effect workspace of a 
Stewart Platform: link length limitations, joint angle limitations and link 
interferences. 

2.2.1 Link length limitations 
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The coordinates of Pi and bi can be expressed by 

bi = Rb ( cos a bi , sin a bi , 0 ) 
and 

Pi = r P ( cos a pi , sin a pi , 0 ) 
where 

a b1 = a b 

a b2 = 120 o - a b 

a b3 = 120 o + a b 

a b4 =- a b3 

abs=- ab2 

a b6= - a bl 

ap1 = ap 

a P2 = 120 o - a P 

a P3 = 120 o + a P 

ap4=- ap3 

aps=- ap2 

ap6=- ap1 

The following kinematics transformation can be established: 

li = R Pi + q - bi 

The link length is computed by 

Li = I R Pi + q - bi I i = 1,2, ... 6 

The link length constraint is expressed by 

i = 1,2, ... 6 

(1) 

(2) 

where lmin and lmax are the minimum and maximum allowable link length. 

2.2.2 Joint angle constraints 

The joints in the platform of a Stewart robot usually are ball joints. Theoretically, 
a ball joint can move freely to all of the three axes. In practice, its motion always 
restricted by it physical dimension. A ball joint is composed by a ball, a socket and a 
leg. To hold the ball physically, the top plane of the socket must be above the ball 
center. The rotate angle of a joint, a , can be defined as the angle between the Z axis 
of the joint and the direction vectof along its leg, as shown in figure 2. Apparently, 
this angle has its physical limitation. It is limited further by the leg width. Similarly 
for U-joints which usually are used in the base of a Stewart Platform. In words, 
every practical joint has its maximum rotate angle. 

Assume the ball joint is installed perpendicularly to the platform with its unit 
normal vector np (with respect to {P} ). Then the rotate angles of the platform joints 

can be computed by 
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1· ·Rn e . = cos-1 1 
p 

Pi IIJ (3a) 

Similarly, rotate angle of the base joints are given by 

(3b) 

where Db is the unit normal vector to the base and the joints are installed 

perpendicular to the base. 
The joint angle constraints can be expressed as 

Bpi~ 9pmax (4a) 

and 

9bi ~ 9bmax (4b) 

where ebmax and Bpmax are maximum rotatable angles of base joints and platform 
joints. 

The joints can also be installed along a particular axis. If each joint is installed 
along the nominal direction lnj, which is the direction of vector li when each link 

has the nominal length Ln and the platform has no rotation with respect to base, 
then the rotate angles are given by 

I· ·Rin· 
9Pi = cos-1 ~~~ lin~ 1 i = 1,2 ... 6 (5a) 

and 
1· ·In· e - -1 1 1 

bi - cos II~ lln~ i = 1,2, ... 6 (5b) 

2.Z.3 Link interference constraints 

Denote Di be the shortest distance between two adjacent links BiPi and 

Bi + 1 Pi+ 1, D1 be the diameter of six links. The link interference constraints can be 

expressed by 

i = 1,2, ... 6 (6) 

If Di < Dt interference will occur. 
' 

Let dni be the common normal of two consecutive link vector lj and li + 1' Di be 

its unit vector, Dnj be the shortest distance between these two vectors as shown in 

figure 3. Then, ni and Dni are given by 
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li X li+l 
Di =---

IIi X li+ll 
(7) 

(8) 

If Dni > DJ, there will be no interference. If Dni < D1, then Dit the actual shortest 

distance of two links, must be calculated to 9ecide whether the interference exists. 
In order to decide Dh the coordinates of Cj and Ci + 1, or the intersections of dni 

with vector li and li + 1 respectively, must be found. In this case, if Ci is on the ith 

link and Cj + 1 is on the i + 1th link, i.e. Dni = Dj (fig.3a), interference occurs. If both 

Ci and Cj + 1 are outside of the links (fig.3b ), no interference exits due to the fact 

that the distance between each pair of adjacent joints are fixed. If only one 
intersection (either Ci or Cj + 1) on one of the links, then the Dj should be found 

accordingly. For example, if Cj is located ·beyond Pi, but Ci + 1 is on the i + 1th link 

(fig.3c), then the Di is the distance from Pi to i + 1th link and is given by 

Di ='(Pi-Bi+I) X li+ll 
lli+tl 

Similar analysis can be applied for other cases. 
The coordinate of Cj can be computed by following equation: 

Ci-Bi (Bi+t-Bi) · mi 
P·-B· = (P 1 1 t-Bi) · mi 

(9) 

(10) 

were mi ,which is a normal vector of the plane decided by ni and li + 1, is given by 

(11) 

The expression for Ci + 1 can be obtained similarly. It is worth to mention that in 

(8) to (11), all of the coordinates of Pi and Pi+ 1 must be expressed with respect to 

{B}, i.e. 
Pi= Rpi+ q 

Pi+t ~ = Rpi+t+ q 

3. ALGORITHM FOR \VORKSPACE DETER~fiNATION 

. (12) 

The origin of moving plate of Stewart Platform has six degree of freedom, three 
of position and three of orientation. The workspace determined here is the position 
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workspace, i.e., the reachable region of the center of moving plate expressed in 3-D 
Cartesian space with a given platform orientation. 

For every pose (position and orientation) of the center of the moving plate, with 
geometric parameters Rb, r P' ab, ap ,In given, link length Li, joint rotate angle 

Sbi. 9pi and link pair distance Di can be calculated by equations given in section 2. 

Then compare them with given physical constraints Lmax, Lmin' ebmax' 8pmax and 

Dt. If any of the constraints is violated , the particular point is out of the workspace. 

If all of the constraints are satisfied, the point is within the workspace. 

Figure 4 is the main flowchart of the program which is used to search the envelop 
of the workspace. By cutting the space into many slices parallel to x-y plane and 
searching the workspace area and the boundaries in every piece of the slices, the 
program can systematically find the envelop and volume of the workspace. 

The workspace area in every plane with different height (Z) can be search~d 
using pole coordinates ( p , 'Y) with its origin at (0,0). First, with 'Y fixed and p is 
gradually increased until the boundary is obtained. Then increase y and begin a 
new search for new boundary along a new direction. The search in the plane 

. continues until 'Y equal 360 degree. Search is started at Z = Zo plane, where 

Zo<Zmin' and Zmin is the lowest plane parallel to x-y plane in which one or more 

points can be found within the workspace. In other words, no point at Zo plane 

within the workspace. Z is gradually increased until the Zmin is found. After all of 

the boundaries in a plane are found, the height is increased to begin search in a new 
plane. At last, .there will exist a plane where you can not find any point within the 
workspace and the search can be stopped. 

Workspace areas of pieces parallel to X-Y plane are usually simple-connected 
domains. In other words, all of the points within the boundary are belong the 
workspace. In this case the fast search method can be applied and the computation 
time can be greatly reduced. The method of the fast search is illustrated in figure 5. 
Assume a boundary point A 1 is obtained by increasing radius 
until one constraint is violated, then increase 'Y and keep the p unchanged. If 
the new point is out of the workspace (T2 in fig.5), decrease p and if the point is in 

the workspace {T1 in fig.5.), increase p , to continue search until new boundary 

point (A2 or B 1 in fig.5) is found. Then increase y and begin a new search. Thus 
all of the boundary points As and Bs in the plane can be registered. 
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Attention should be paid that the workspace area in each plane is not necessary 
a simple-connected domain. The workspace areas in planes parallel to x-y plane 
could belong multy-connected domains. It often happens in the lower part of the 
Platform when the ioint angle constraints are neglected or the constraints are not 
strict (for example, e max ~ 45 °). One example is shown in figure 6. The shadow 
parts are belong workspace. Therefore, the search has to be covered in whole 
region, it means that the p should be big enough during the searching. Also, the 
program must correctly put down all boundary points of As(from nonworkspace 
area to workspace area) and Bs (from workspace to nonworkspace). 

The algorithm with slight changes can be used to plot the boundaries of the 
workspace in planes parallel to X-Z plane. 

4. WORKSPACE CRITERIA 

Since the workspace of a Stewart Platform is embedded in a closed space, the 
volume of the workspace is definite and it can be used as a criteria for the 
workspace optimization. 

The workspace volume is t.he function of geometric parameters and kinematic 
constraints of the Platform. Therefore, the criteria will also be used to evaluate the 
effects of different. geometric parameters and kinematic constraints on the 
workspace. · 

Based on the algorithm described on the section 3, the workspace volume V can 
be computed by integrating all of the small workspace pieces. For the slice 
belonging to simple-connected domain with piece height dZ, the workspace volume 
of a piece is given by 

Vi=t ~PI dydZ 
J 

For other multiply-connected domain as shown in fig 6, the corresponding 
volumes of the pieces can be calculated using registered boundary points As and Bs. 

5. EFFECTS OF' DIFFERENT PARAI\1ETERS AND CONSTRAINTS 

The effects of the different geometric parameters and kinematic constraints on 
the workspace have been investigated employing proposed algorithm and criteria. 
The nominal parameters are used in the simulation are as following: (length· 
parameters are normalized with respect to rp) 
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rp=1 

Rb=3 
aP = 15o 

ab =30° 

Ln=6 

Lmin=4.5 

Lmax=7.5 

D1 =0.1 

5.1 Kinematic constraints 

R=I 

Joints are installed vertically 

The workspace envelop of a Stewart Platform with nominal parameters and 
constraints are shown in figure 7. The boundary of the planes parallel to X-Y plane 
is shown in fig.7a, while the boundary of planes parallel to X-Z plane is shown in 
fig.7b. As shown, the envelop of the Platform is usually composed by three parts: 
Upper part is composed by the boundaries which are constrained by Lmax, middle 

boundaries are constrained by the joint angle limitations and the lower boundaries 
are constrained by Lmin· 

The effect of the joint angle limitations are expressed by figure 8. It shows that 
the constraints have significant effect on the workspace. The workspace volume V 
versus joint angle limitations is illustrated in figure 8a. Figure 8b and Be are the 
workspace boundaries with different joint angle limitations. 

As expected, the length limitation effected the workspace directly. It is shown in 
figure 9 and figure 10. 

Simulation results show that the link interferences usually do not effect the 
workspace of a Stewart robot. The other constraints are violated before the 
constraint is hit. Only in special cases, for example when the link width is very large, 
(D1 = 0.5 in simulation) and when the plate rotate around Z axis greater than 45 

degree, the link interference could occur before the other constraints are violated. 

5.2 Locations of joints 

The results in figure 11 are obtained by fixing ab while changing the 
location of the plate joins by changing ap. It appears that different locations of the 
joints have little effect on the workspace. Although the maximum V is obtained at 
ab =a,. this configuration is not recommended in the design since in this case the 
Jacobi of the Platform is singular.[ 2 ·] In the design of the Stewart Platform at 
Robotics Center of FAU,ab = 30°and ap = 15° are selected. 
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5.3 Radius ratio of two plates 

The workspace volume V increases sharply when the ratio of Rb/rp becomes 

smaller. The results shown in figure 12 suggest that in order to optimize the 
workspace problem. the radius or area of the base should be as small as possible, as 
long as the requirements of the statics and dynamics of the platform can be met. 

5.4 A method to optimize workspace 

Simulation results indicated that joint angle constraints have significant effect on 
the workspace of a Stewart Platform. Although physical limitation cannot be 
changed when the joints have been selected, it is possible to improve the workspace 
by fully utilizing the rotate angle limitations. Instead of the vertically installation of 
the joints, the joints can be installed in such a way that all of the joint rotate angles 
equal zero when the Platform is in the nominal position. In other words, the ith 
joint should be installed along the nominal vector lni. Figure 13 is the simulation 

results where all the parameters are same as in simulation for figure 7, except the 
joints in both .plates are installed along lnj. The workspace volume can be incresed 

from 12 to 57 whe:n the 9max= 30 degree and from 57 to 83 when 9max== 45 degree. 

6. CONCLUSIONS 

An algorithm for determination of the workspace of a Stewart Platform 
considering all of the constraints has been presented. The workspace volumes and 
boundaries for different geometric parameters and kinematic constraints are 
computed. In order to maximize the workspace, the base of the Platform should be 
as small as possible. The .constraints due to the rotate angle limitations of the joints 
can be reduced substantially by nominal installation of the joints. 
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Figure 1. Coordinate system and parameters of a 
Stewart Platform 

Figure 2. Ball joint and its rotate angle 

search for the boundary 
of workspace in the plane 

Figure 4. Flowchart of main program for workspace determination 
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(a) Both intersections Ci, Ci + 1 are on ten two links. 

(b) Both intersections are out of the links. 

Ci ./ ~i+1 -~· -p. · Dr'l'···.. c 
I I i+1 

i 

(c) One of the two intersections is on a link. 

Figure 3. The distance between two consecutive links (Dj) and 

the distance between two consecutive vectors (Dnj) 

Figure 5. Fast search procedure 
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igure 7. Boundaries of a Stewan Platform with nominal parameters 

(a) boundary in planes parallel to X-Z plane 

(b) boundary in planes parallel to X-Y plane 
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Figure 8. Effect of joint angle limitations 

(a) workspace volume versus joint angle limitation 

(b) boundary in planes parallel to X-Z plane 

(c) boundary in planes parallel to X-Y plane 
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Abstract 

When lightly armed paratroops or commando soldiers are faced with a mine 
field which must be crossed during insurgency type combat operations, their 
only option is to fmd a clear path across the field using hand-held mine 
(metal) detecting equipment. Such hand-held devices have been used widely 
since WW-II, but they do expose the operator to considerable danger. Not 
only is the operator endangered from the mines, but he also has to walk slowly 
across the open field, thereby presenting himself as an easy target for enemy 
snipers. His predicament is further worsened by the fact that he has to wear 
head-phones, thus impairing his hearing. The present paper describes a 
concept where the current hand-held equipment could be replaced by a small, 
lightweight, RPV hovercraft system. The hovercraft would be carried on the 
back of one soldier, and released into the mine field when needed. The 
hovercraft locomotion system would distribute the low vehicle weight such that 
no mines would be detonated. A standard inductive detection system would 
be housed within the robot, along with the Radio-Control equipment and 
signal conditioning / processing electronics for the detection system. Upon 
detecting a mine the robot would automatically mark the ground at the mine 
location with a blast from a aerosol can of 'Day-Glow' paint. 

Introduction 

The "Land Mine" has been part of the military 
arsenal since before WW-I. It is a particularly 
insidious weapon in that it tends to be totally 
indiscriminating. Such mines lie silently in wait to 
often eventually kill or maim as many friendly 
troops as enemy, and even innocent civilians years 
after hostilities have ceased. 

Land mines come in many varieties including: 
anti-tank mines, anti-personnel mines, gas mines, 
~cendiary mines, etc. Not all mines have to be dug 
mto the ground and covered with soil, many mine 
tJI?es ar: simply scattered over the ground, often 
usmg arrcraft for wide coverage and quick 
de~loyment. These latter mines are usually small 
an!1-personnel munitions and can avoid detection by 
bemg made to appear like innocent objects such as 
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rocks or tree branches. Particularly unpleasant are 
anti-personnel mines disguised to look like desirable 
items such as childrens toys or food, thus inviting 
the victim to handle and thereby detonate the mine. 

Mines can be detonated by many methods. 
Physical pressure is the usual way of triggering anti
tank mines, but they can also be detonated 
magnetically by a large mass of metal such as a 
vehicle. The magnetic mine can avoid detection 
through being buried deeper than pressure types, 
and can even counter "Chain Flailing" machines by 
detonating only when directly below the vehicle, 
having survived the chain impacts. 

Magnetic mines are 'active' rather than 'passive' 
·in that they need internal circuitry and a power 
source to function. Arms manufacturers have not 



even begun to consider the development of 
'Intelligent Mines' with the ability to discriminate 
between targets (vehicle or soldier; friendly or 
enemy) 

Existing Detection & Clearance Methods 

Mine fields can be dealt with in two basic ways 
depending on the combat operation, these being 
'Clearance' or 'Detection'. 

Mine 'Clearance' involves the deliberate 
controlled detonation of mines to open up a safe 
path for combat vehicles through the field. The 
safest method of mine clearance involves the use of 
air-dropped "Disrupter Bombs". Such bombs are 
designed to set up large amplitude surface waves 
which shake up the ground over a large area 
surrounding the bomb impact point. Such bombs 
may not detonate magnetic mines, and are difficult 
to deliver accurately enough to overlap and thus 
clear a continuous path. 
· Another mine clearance technique involves the 
use of "Chain Flailing" vehicles. Such vehicles 

· employ a large rotating drum held out ahead of the 
main vehicle body (containing the driver, engine, 
fuel, etc). Lengths of metal chain attached to this 
drum tend to fly around and strike the ground, 
thereby detonating pressure activated mines 
harmlessly ahead of the vehicle. 

The problem with the clearance method is that it 
inevitably looses any element of surprise in the 
combat operation, and it also relies on the 
availability of large equipment in sufficient numbers. 

The alternative to clearance is 'Detection', which 
attempts to fmd a safe path across a mine field by 
clearly marking the location of mines, but without 
detonating them. This technique lends itself to 
insurgency type combat operations, such as 
commando raids involving lightly armed paratroops. 
Since no mines are detonated it becomes possible 
for troops to cross a mine field without alerting the 
enemy to their presence. The technique is not 
practical if vehicles need to be driven across the 
field since it my not be possible to maneuver around 
the known mine positions. 

Miniature Hovercraft Robot Concept 

When lightly equipped troops need to traverse a 
mine field during clandestine insurgency operations 
there is currently only one detection option 
available. This option requires the use of hand-held 
mine (metal) detecting equipment which can be 
carried on the back of a single infantryman. Such 
hand-held devices, which essentially employ 
inductive techniques, have been used widely since 
WW -11, but they do expose the operator to 
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considerable danger. Not only is the operator 
endangered from the mines, but he also has to walk 
sl.owly across the open field, thereby presenting 
himself as an easy target for enemy snipers. His 
predicament is further worsened by the fact that he 
has to wear head-phones, thus impairing his 
hearing. 

The following sections describe a concept where 
the current hand-held equipment could be replaced 
by a small, lightweight, RPV hovercraft system 
which could be carried on the back of one soldier as 
before. However in this case there would be no 
need for the soldier to expose himself to enemy 
snipers, instead the hovercraft would be released 
into the mine field and remotely controlled by a RF 
communications link from the operator hidden in 
cover. 

The hovercraft's unique locomotion system is 
ideal for distributing the vehicle weight over a large 
enough area to negate any possibility of detonating 
pressure activated mines. The hovercraft would be 
small and largely non-metallic, thus avoiding the 
detonation of magnetically activated mines. 

A standard inductive detection system would be 
housed within the robot, along with the radio
control equipment and signal conditioning 1 
processing electronics for the detection system. The . 
inductive system could be retro-fitted with a system 
more suitable for the remote detection of all-plastic 
mines once such a system becomes available. 

Upon detecting a mine below the robot, the 
ground would automatically be marked at the mine 
location by activating a blast from a aerosol can of 
'Day-Glow' paint housed beneath the robot. 

Troops would then be able to cross the field 
along the swept path by being careful not to step on 
any of the marked mine locations. 

Hovercraft Design Details 

The design parameters of the robot hovercraft are 
relatively simple to defme. The robot must be small 
and light enough to be comfortably carried on the 
back of a single soldier, this limits the weight to a 
maximum of 20 lbs and the diameter to 2 ft. A 
circular conftguration is called for since this readily 
accommodates the inductive coil, fan and dueling 
arrangements; makes the skirt simple to construct; 
and allows accurate performance predictions to be 
made. " 

The size and weight restrictions point to a small 
gasoline engine for the power plant. The larger
heavier battery I electric motor alternative would not 
have the necessary endurance. Fuel for gasoline 
engines . is likely to be readily available during 
combat operations, and refueling is quick and easy. 
None of these advantages would be applicable to 
recharging electric batteries. Noise could, however, 



be a problem with a gasoline engine, and so careful 
attention will have to be given· to the muffler 
configuration. 

The following sections look in detail at the 
various sub-systems involved in the design. 

Power Requirements 

For the simple skirt-less circular planform 
hovercraft system shown in figure 1., the following 
performance equations have been derived in Ref.(1]. 

)~{ 2R 

The power (P) required is equal to the kinetic 
energy in the annular jet per unit time (neglecting 
losses and potential energy increases), such that: 

p = 7rRpw1 

The vc:r~cal lift (L) must equal the vehicle weight 
(W), giVIng: 

W = L = 7rRptyl{2sin8 + (R/h)(1+cris8)} 

For a vehicle radius (R) of 1 ft, a hover height 
(h) of 1"! ~ overall weight (W) of 20 lbs, an 
annular arr Jet width (t) of 1/2", and jet angle of 
30 o, .the lift e'!uation . can be used to fmd the jet 
velOCity (v). This velOCity, when substituted into the 
power equation, provides an estimated power 
requirement of 1/10 hp. 

This estimate assumes that all the available power 
can. be converted into pressure energy below the 
vehicle, an~ therefore it neglects the fan efficiency 
and the vanous head losses associated with the air 
ducting system. Typically only 40% of the available 
power ends up doing useful work. 

Another assumption is that the vehicle hovers 
~bov~ a flat rigid surface, which is likely to be 
mv~d whe~ operating over rocky terrain or grass, 
and IS certainly untrue over water. 
T~ into account all of the previously 

mentioned assumptions results in rather complex 
and cumberso~e equa~ons, such that in general 
hovercraft destgn data IS presented in the form of 
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performance curves. Although fundamental to the 
design of full size vehicles, the use of such curves 
for model hovercraft development is not 
appropriate. One reason is that the curves have 
been developed using empirical data derived from 
full size test vehicles, which may not be applicable 
~hen scaled down to the model level. Secondly, full 
s~ hovercraft rarely adopt a circular planform, 
smce the rectangular shape more readily lends itself 
to transportation needs. 

In the case of the present model hovercraft the 
predicted power requirement of 1/10 hp is so small 
that even the smallest model aircraft engine would 
exceed it by 3 times. With such an over abundance 
of ready power available it seems likely that ample 
power reserves would be on tap to overcome the 
effect of those items neglected from the simple 
power requirement analysis. 

Listed below are the results of a survey of model 
aircraft engines produced by a leading 
manufacturer: 

Smallest Engine 
in Product Line: 

Bhp 
Displacement 
Bore 
Stroke 
rpm 
Weight 

0.270 h~ 
0.107 in 
0.530 in 
0.490 in 
2500-18000 
4.2 ozs 

Largest Engine 
in Product Line: 

3 hp @ 16000rpm 
1.08 in3 

1.14 in 
1.06 in 
2000-16000 
26.5 ozs 

As can be seen from the above, glow-plug type 
model aircraft engines have excellent power /weight 
and power/ size ratios. However these advantages 
have been achieved to some extent through the 
necessary use of Alcohol-Nitroniethane fuel and not 
regular gasoline. If for the military role it is deemed 
undesirable for the operator to be required to carry 
a special supply of the necessary unconventional 
fue~ then it may be necessary to consider a small 2-
cycle gasoline engine. Typically a 2 in3 engine of the 
type commonly found in chain saws will develop 
between 1 and 2 hp from a unit weighing around 2 
lbs. These engines are about the size of a 3" cube. 

The engine will also be called upon to supply 
propulsive power to the vehicle. On conventional 
hovercraft a separate engine and propeller system 
is used since the propulsive power needs to be 
variable, while that for hover remains constant. For 
the present application, however, it is proposed to 
use only one engine and generate propulsive forces 
by opening vents in the side wall of the main down
draught ducting. The propulsive power requirement 
is expected to be smcdl given the light weight of the 
vehicle and near frictionless nature of the air 
cushion effect. 



The power for the electronics, vent servos, and 
spray-can actuation will be supplied by rechargeable 
NiCd batteries. These are relatively light and should 
easily provide enough power to complete a combat 
mission without recharging in the field. A generator 
set attached to the main engine would be heavier 
and over-complicate the design. 

Fan and Straightener System 

The fan is the primary element for converting 
mechanical power at the engine output shaft to 
kinetic energy (per unit time) of an air stream with 
an appropriate differential pressure and flow rate. 

Many types of fans have been used for hovercraft, 
including: axial flow fans, centrifugal fans, mixed 
flow fans, and crossflow fans. Although the axial 
flow fan was used on all of the pioneering 
hovercraft it has now been largely replaced by the 
other types. This shift in fan design was an attempt 
to reduce the space allocation for fans to a 
minimum by laying the fans in a 'rolling-pin' fashion 
along the edges of the craft. This leaves the main 
body of the craft free to carry payload. 

Because the present proposed hovercraft does not 
have to carry any cargo and has a circular planform, 
the 'old' axial fan layout happens to be the most 
convenient configuration. 

Two approaches are possible when it ·cones to 
selecting a suitable fan for the hovercraft design. 
One method involves designing from scratch a 
ducted fan specifically matched to the engine speed 
and torque characteristics, and able to provide the 
required flow rate and generate the necessary 
pressure differential across the blades. The 
disadvantage of this approach is that the resulting 
fan design has to be custom manufactured. The 
alternative approach is to use an off-the-shelf 2 or 
3 blade model aircraft airscrew. Such propellers are 
generally designed for use in the open air as 
opposed to ducted operation, and are also optimized 
to produce thrust rather than shift a large volume of 
air with a high pressure differential. However, with 
such a large excess of power available it may not be 
necessary to have a very efficient fan system. 

Figure 2. Typical Axial Flow Fan Design 

Pursuing the custom fan approach the following 
design procedure was used. For the present 
proposed hovercraft design a 2 ft diameter annular 
air jet, 1/2" wide, is ejected from the vehicle base. 
The velocity of the jet (v) calculated from the lift 
equation is 52 ft/s, which translates to an air flow 
rate of 13 rt3 /s (1/5 cfm). For a fan diameter of 1 
ft rotating at 10,000 rpm (n), standard design 
equations and charts such as those presented by 
Wallis [2) suggest the following fan configuration: 

Overall Diameter 
Hub Diameter 
Number of Blades (B) 
Root Chord 
Tip Chord 
Root Angle of Attack 
Blade Twist 
Max Thickness/Chord Ratio 
Blade Tip-Ducting Gap 

1ft 
4" 
6 
13/8" 
5/8" 
24° 
None 
5.5 (constant) 
1/8" 

Such a Fan would deliver a flow rate of 10 ft3 / s 
on 1/10 hp. The small deficiency in flow rate (of 3 
rt3 /s) would simply translate to a hover height 
slightly less than 1". 

The gage pressure required in the air cushion 
beneath the hovercraft is given by: 

Pc = pr} (1 + cos8)/h 

which when applied to the present design gives 
0.0425 psi. The gage pressure generated below the 
fan is given by: 

Pr = PBcr1C(n/(:IJ)2 CL 

where p is the air density, c is the blade chord 
length at radius r, and CL is the local blade lift 
coefficient. Choosing the root chord and a CL of 0.6 
produces a pressure of 0.102 psi. These values are 
ideal since a ratio of p1/pc of 2.5 is usually 
recommended so as to account for the many head 
losses encountered in the ducting between the fan 
and skirt cushion. 

Fixed Angled 
Flat Blades (6) 

Figure 3. Straightener Arrangement 
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AIR FLOW AIR FLOW 

Simple Plenum Simple Peripheral Jet 

AIR FLOW 

FLEXIBLE 
SKIRT 

Skirted Plenum Skirted Peripheral Jet 

FLEXIBLE SKIRT 

. FEED HOLE 

Skirted Modified Plenum 

Figure 4. Typical Skirt and Ducting Configurations [3] 

The fan will inevitably communicate angular 
momentum to the air stream, resulting in an 
inefficient swirling motion. This swirl can be 
eliminated by providing a set of evenly spaced faed 
vanes (straighteners) so arranged that the torque 
which they exert on the fluid at any radius is equal 
and opposite to that of the fan at the same radius. 
Figure 3. shows the straightener arrangement 
recommended for installation just below the fan on 
the proposed hovercraft design. 

Skirt and Ducting System 

Several combinations of skirt and ducting 
geometries have been use on hovercraft over the 
years. Two choices are available for the ducting 
arrangement, these being the "Plenum" or the 
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"Peripheral Jet". The plenum design is simple to 
construct and so the cost is low, however the 
cushion pressure is maintained simply by a direct 
downward jet thrust which is less efficient than the 
peripheral jet configuration. The peripheral jet 
design uses the centrifugal forces generated by 
turning an annular jet flow to create the necessary 
cushion pressure. This requires a more complex 
ducting arrangement but does produce a more 
efficient and structurally stronger vehicle. 

The addition of flexible skirts serves to allow the 
hard body of a craft to hover higher above the 
ground without an additional power penalty. The 

' skirts can absorb impacts and therefore provide a 
more comfortable ride over terrain strewn with 
rocks or foliage. Figure 4. shows some typical 
skirted and skirt-less ducting arrangements. 



For the present hovercraft design it has been 
decided to adopt a skirted peripheral jet 
configuration. As well as high efficiency, this system 
provides a good ground clearance for the solid 
vehicle body (essential when hovering over mines). 
It also creates a region of relatively calm air under 
the center of the vehicle, which is necessary to 
ensure effective operation of the paint spray 
marking system. 

Because the hovercraft design adopts a circular 
planform the physical construction of the skirts are 
relatively simple. It is proposed to use a rubber 
truck tire inner-tube for the skirt, suitably cut and 
riveted to the vehicle body. This is considerably 
easier than making the complex three-dimensional 
skirt shape for a rectangular planform, which often 
calls for the assembly of many cut and shaped 
pieces. 

Remote Mine Detecting System 

For the prototype hovercraft it is proposed to use 
a standard 'Metal Detector' as the remote mine 
locating system. An off-the-shelf device such as the 
RS 63-3003 would be a good choice since this uses 
a 8" diameter search coil and a VLF circuit. These 
features enable metal to be detected even under 
shallow water or in highly mineralized ground. 

The inductive search coil would be centrally 
located on the underside of the vehicle, and the 
accompanying electronic control box would be 
placed on the upper surface of the hovercraft to one 
side of the central fan housing. 

Over recent years arms manufactures have been 
developing all-plastic mines. Such mines could not 
be detected by the proposed inductive coil system. 
Development is currently underway using a variety 
of techniques to produce a remote detection system 
for these all-plastic mines. It is hoped that such 
systems would be comparable in size and weight to 
the current inductive devices so that a simple 
retrofit could be made to the hovercraft. 

Spray Paint Marking System 

Having detected the presence of a mine below the 
vehicle body it is intended to use a spray paint 
marking system to indicate the mine location. 
Painting the ground in this way would not detonate 
the mine and could be achieved fairly easily. 

Systems are already commercially available for 
automatically dispensing blasts of bug spray or de
odorizer into the air for use in restaurants. These 
units accept a standard size aerosol spray can and 
use a battery driven timer and motor/ gear system to 
depress the spray head periodically. Such a system 
could be readily modified to accept a paint can and 
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dispense only would given a command signal. 
The metal paint can should not be placed below 

the inductive coil since false readings might result, 
therefore it is proposed to place the can and its 
actuation system on top of the robot to one side of 
the fan ducting. A small plastic pipe would then be 
required to transport the spray jet to the underside 

"of the vehicle. 
Care will have to taken to avoid blockages in the 

tubing and to replace near empty paint cans, since 
the consequences could be literally fatal. 

Communications and Control Systems 

To keep the robot simple and reliable an 
autonomous operation is not recommended. Instead 
the robot will be controlled by a human operator 
situated in a safe position but one where the vehicle 
can be continuously observed. The operator would 
have a small joy-stick which would be used to 
control all in-plane (parallel to ground) motions, i.e. 
start, stop, left, right, forwards, and reverse. The 
communications link for this control would involve 
the use of a standard model-aircraft-type multi
channel radio control unit actuating proportional 
servos attached to side vents in walls of the main 
fan down-draught ducting. No control over hover 
will be provided. 

For the frrst prototype the human operator will 
also be in the mine detection-spray actuation loop. 
For the metal detector system the signal normally 
supplied directly from the , electronics box to the 
head phones via a wire, will be sent via an RF link 
to the head phones which will still be worn by the 
remote operator. The operator will then listen to 
the metal detector in the normal way and make a 
decision regarding the presence or absence of a 
mine. If a mine is detected the operator will use 
another of the radio control channels to activate the 
spray can servo. 

Steering & 
Paint Control 

Joystick 

Figure 5. Communication and Control Links 



Electronics 

Search Coil 

/ Axial Flow Fan 

Engine 

Servo-valve 
Steering Vent 

Figure 6. Overall Robot Hovercraft Configuration 

Later varients may take the operator out of the 
detector loop by using signal conditioning circuits 
and a micrprocessor to make a decision as to 
whether a mine has been detected or not. It may 
even be possible to remove any need for an 
operator by using on-board software to maneuver 
and navigate the vehicle for complete sweeping 
coverage along a predetermined path across the 
mine field. 
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ABSTRACT 

In integrated manufacturing/assembly systems, the mobile 
robots are employed for transport and handling functions. 
Efficient utilization of these robots in a manufacturing 
environment depends upon a number of the decisions such as 
path planning and the selection of home location of mobile 
robots. Numerous algorithms have been suggested for the path 
planning of a mobile robot. However, the location decision of 
a mobile robot has received little attention of researchers. 
In this paper, two different models for the mobile robot 
location are suggested. The models are drawn from the 
facility location theory. These models will assist in 
determining the optimal home location of the mobile robot. 

INTRODUCTION 

The manufacturing industry, throughout the industrialized 
world, is fast adopting the computer integrated systems in 
order to compete in the global market. The material handling 
systems are key elements of a computer integrated 
manufacturing system, and provides a physical link between its 
various components. The material handling systems transport 
parts and resources among work stations and loadjunload 
stations. A large variety of these systems are in use, which 
include robots, gantry robots, automated guided vehicles 
(AGVs), conveyors, monorails, shuttles, and rail carts. 

Majority of today's industrial robots used in the 
manufacturing sector are stationary. They are used for the 
loading/unloading operations or for the assembly operations. 
However, robots used for work piece loading and unloading have 
long waiting time between consecutive loading/unloading 
operations (Nof, 1985). Moreover, due to stationary 
positions, these robots can not serve all machines/ 
workstations in the system (Schuler, 1987). These factors 
result in relatively low utilization of stationary robots. 
This makes the economic justification of the highly cost 
intensive equipment rather difficult. 

Mobile robots are being used successfully in some of the 
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non-manufacturing operations, e.g. , inspection of nuclear 
power plant's turbines (Obama, Ozaki, and Asano, 1985), and 
inspection and repair in large plants (Nakano, Fufie, and 
wanto, 1985) . The locomotion in these robots is achieved 
through various means such as conveyors, AGVs, wheels, legs, 
and crawlers (Nakano, et al., 1985; Madela, and Hagiharas, 
1985). The guidance for navigation to a mobile robot can be 
provided by active means such as wire guided vehicles, or by 
passive means using multidirectional vision systems (Ichikana, 
Norihoka, and Ozahi, 1985). 

The mobility of robots requires a proper planning of 
shortest and collision free paths. This problem of robot path 
planning has received considerable attention of researchers 
(Singh, and Wagh, 1987; Crowley, 1985). The problem has been 
studied in presence of several convex and non-convex 
obstacles. Path planning in known terrain and completely 
unknown terrain has also been addressed. 

In a manufacturing environment, an automated guided 
vehicle (AGV) mounted robot can provide adequate mobility in 
an X-Y plane (Nof, 1985; Komoriya, and Tanie, 1986) and a 
gantry robot can be adequate for the three dimensional 
mobility in an X-Y-Z cube. It can be assumed that the flat 
terrain of work place as well as the layout of wire guided 
system for AGVs or the gantry system, is known. In this case 
the problem of path planning is not complex. 

However, use of a mobile robot can not be continuous in 
manufacturing applications, i.e., there may be a period of 
idleness between two successive busy periods. When a robot 
finishes some task such as loading/unloading of a machine, or 
picking and placing of a part on a workstation, a new task for 
the robot may not be available immediately. In this case, the 
robot will return to its predetermined home location. When 
the next task to be carried out is available on a different 
workstation, the robot will travel to the new workstation from 
its current location. Rapid response time to these tasks is 
the key to optimize manufacturing output parameters and 
utilization of robots. 

In the following sections, some of the facilities 
location models applicable for mobile robot planning are 
reviewed. Two models are developed to minimize the response 
time of a mobile robot. 

FACILITIES LOCATION MODELS 

A simple facility location model may be formulated as an 
extension of Weber problem with constraints, which minimizes 
the sum of weighted distances in presence of 'K' forbidden 
regions, R., j = 1, 2, ---- K, on the region F (Katz, and 
Cooper, 1919). For 'n' service stations, the objective is to 
determine x', such that, 
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where, 

x· 

is minimized, 

is the home location of the robot, 

is the locations of the i th workstation in 
the system, i = 1,2,----n, 

is the positive weight corresponding to 
the service demand at i th workstation, and 

is the distance along shortest path from 
x• to x., which does not intersect the 

• 1 
unl.on of Rj. 

Examples of the forbidden regions in manufacturing 
environment include workstations, storage areas, conveyors, 
automated storage and retrieval systems. Understandably, a 
robot can not pass through these regions. Several location 
models, in presence of forbidden regions, are available in the 
literature. Katz, and Cooper ( 1979) have discussed the 
location in presence of one circular forbidden region. They 
(Cooper, and Katz, 1979) further discussed the same problem in 
presence of two non-intersecting circular forbidden regions, 
and polygonal regions (Katz, and Cooper, 1979a). Rao (1983) 
extended it to elliptical forbidden regions and generalized 
non-intersecting convex forbidden regions. Larson, and Sadiq 
(1986) developed an algorithm to find minimum rectilinear path 
in presence of arbitrary shape forbidden regions. 

For a mobile robot serving multiple manufacturing cells, 
it is more appropriate to minimize the response time instead 
of distance traveled. Berman, Larson, and Chiu, (1985) 
developed a model for determining optimal location of a server 
on a network using M/G/1 queue model. They assumed the 
distance function to be Euclidean. Batta, Ghose, and Palekar 
( 1989) have modified same model for Manhattan distances. They 
also developed a simple algorithm to find the optimal 
solution. In the M/G/1 model (Berman, et al., 1985), the 
demand nodes are taken as customers. The arrival process of 
the service calls is assumed to be Poisson. A general service 
time distribution is assumed. The sum of average queue time 
and average service time is minimized to get the optimum 
location. 

MOBILE ROBOT LOCATION 

Integrated manufacturing systems, particularly the 
flexible manufacturing systems, are characterized by 
relatively short planning cycles, large part variety and 
dynamic routing. Since the arrival of a service call (e.g. 
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loadjunload at a particular workstation) can not be estimated 
deterministically, the number of service calls from 
workstations to mobile server is assumed to be a random 
variable. Furthermore, the arrival of these service calls are 
assumed to be independent. For simplicity, we assumed the 
arrival process to be Poisson. It is further assumed that 
generation of the service calls at every workstation has 
Poisson distribution, so that the nature of arrival process is 
independent of the number of workstations in the system. 
since the union of several Poisson distributions results in a 
Poisson distribution. 

The service times are made up of the two different 
components, the travel time and the task time. The travel 
time is the function of the speed and the distance. Thus, the 
time to travel between two stations is a constant. Similarly, 
the task time, in loading/unloading or assembly operations, is 
constant for a given task on a given workstation. 
Consequently, the service at the workstations is assumed to be 
generally distributed. Therefore, this system of mobile 
servers and fixed workstations may be modeled as spatially 
distributed (M/G/1) (GDjoc) queue (see Berman, and Odani, 
1981). 

The service times in the spatially distributed queue are 
dependent on the travel time of the server between customers, 
i.e, the travel time of the robot between workstations. 
Therefore, minimization of average waiting time will mean the 
minimization of the travel time (task time distribution is 
independent of the location of the robot). 

However, the nature of service time distribution is 
dependent on the control structure of the mobile server. In 
the following sections, two possible control structures are 
considered. In the first control structure (model A), mobile 
server such as AGV mounted robot perform the service at a 
workstation and always returns to the home location 
irrespective of the waiting service calls. In the second case 
(model B), the mobile robot returns to the home location only 
if there is no call waiting in the queue. 

MODEL A 

In this location model (for detail see Berman, et al., 
1985), service time is assumed to be the sum of time to travel 
to workstation, the task time, and the time to travel back to 
home location. For simplicity, we assumed a constant travel 
speed for robots. In practice the speed of the robot may not 
be same for travel between different workstations or between 
workstation and home location. However, following model may 
be easily modified to incorporate the difference in the 
travelling speeds. 
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Travel time to 
calling 
workstation 

Task time 
at the 
workstation 

Travel time to 
home location 

Thus the total and average service times, and average 
travel time may be represented as follows. 

Total service time (T(X1)) = (Travel time to the calling 
workstation + Task time at 
the workstation + Travel 
time to home location) . 

= d ex· I xi) /V + si 

+ d ex· I xi) /V. 

Weighted Average Service Time (S(X 1

)) 

= I:" w i * { 2 * ( d ( X I I Xi ) /V) + s i } • 

Weighted Average Travel Time (D(X.)) 

where, 

v 

= I:" w1 * (d(x· ,x1)/V, 

is the fraction of the calls initiated by 
workstation 'i', 

is the speed of the mobile robot, 

is the distance between workstation 'i' 
and home location x·, which does not 
intersect the union of Rj. 

is the task time at workstation 'i'. 

The average waiting time per call can be calculated from 
the Pollaczek-Khintchine formulae (Berman, and Odani, 1981) 
for M/G/1 queue model. 

= {l*S2 (X
1

) }/2{1 - l.*S(X
1

)} 

for l.*S(X 1

) < 1 

= oc, otherwise, 

where, 

is the expected waiting time in the queue, 

is the second moment of the service 
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time, and 

is the arrival rate of the service calls. 

The average response time (R(X.)) to the service call is 
given by sum of the expected waiting time and the weighted 
average time to travel from the home location to a 
workstation. 

R (X
1

) = 

Hence, the problem of determining the optimal home 
location may be formulated as follows. 

Minimize R(X
1

) = 

subjected to 

1 - A*S(X
1

) > o, and 

x· does not intersect union of forbidden regions, Rj. 

MODEL B 

This model assumes more practical control structure in 
which a robot visits the home location only if there is no 
service call waiting in the queue. If there is a service call 
waiting in the queue, the robot immediately proceeds to attend 
the service call. It visits the home location only when no 
service calls are waiting. These visits may be very frequent 
if the utilization of the robot is low. It is assumed that 
the path of the robot can not be changed during a travel of 
the robot. A decision concerning the next move of the robot 
is made at the end of each service, and if the queue is empty 
the robot will proceed for home location. 

When ' the queue is not empty the service time has no 
impact on the optimal choice of the home location. The robot 
in this case does not return to the home location. Since the 
location of every workstation is assumed to be fixed, the time 
to travel between workstations can be predetermined. 

However, when the service call queue is empty the robot 
has to return to the home location. Therefore, service time 
in this case will depend upon the home location. 

Therefore, the service time can be represented in two 
parts as shown below. 

When the queue is not empty: 
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Task time 
at the 
workstation 

Travel time to 
calling 
workstation 

When the queue is empty: 

Task time 
at the 
workstation 

Travel time to 
home 
location 

Thus, the total and average service times and average 
travel time may be represented as follows. 

Total service time (T(Xi)) = ( Task time at the 
workstation) + (Travel 
time to home location or 
next workstation) 

= d (X I ' X . ) /V + s . ' 
1 • 1 • 

1f Queue 1s empty; 

= d ( xk, x1 L(V + s 1 , . 
1f Queue 1s not empty. 

Weighted Average Service Time (S(X')) 
= I:" W i * ( d ( Xk , Xi ) /V) 

+ I: i w i * p ( 0 ) * [ d ( X I ' Xi ) ] /V 
+ si. 

Weighted Average Travel Time (D(X')) 
= I:" w 1 * ( d (xI , x1) ;v, 

where, 

p (0) 

is the fraction of the calls initiated by 
workstation 'i', 

is the distance between workstation 'i' 
and workstation 'k 1 ( i '+ k) which does not 
intersect the union of Rj, and 

is the probability that there is no call 
waiting in the system. 

Using M/G/1 queueing formulae, the probability of the 
system being empty (or the queue being empty) can be 
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calculated. 

P(O) = [1-I..*S(X')]. 

The probability of system being empty equals to the 
fraction of the time robot travels to home location. In this 
model, the only a fraction of the weighted average service 
depends upon the home location (see the formula of weighted 
average of service time). Therefore, in order to calculate 
optimal home location of the robot, only the fraction of the 
travel made to home location can be minimized. 

Therefore, the weighted average time to travel to home 
location may be written as: 

t (X') = L; W; * P(O) * [d(X' ,X;) ]/V. 

Hence, the problem of determining the optimal home 
location may be formulated as follows. 

Minimize t (X') 

subjected to 

1 - I..*S(X') > 0 

x' does not intersect the union of forbidden regions, Rj. 

DISCUSSION OF THE MODELS 

At the manufacturing shop floor, the forbidden regions, 
Rj, are formed by workstations, storage facilities, etc., and 
most of these regions are convex. Mostly these forbidden 
regions, machines or storage, can be approximated to 
rectangular regions. If forbidden regions could be considered 
convex, then computations of the distance functions, d(X',X;), 
are simpler. In general, it may be assumed that rectangular 
forbidden regions (machines) in manufacturing shop floor are 
aligned to X and Y axes. This will further simplify the 
computation of distance function if distances are Manhattan. 

The nature of the distance function depends upon the 
means of locomotion of robots. If the robot is mounted on the 
wire guided vehicles, the distance function will be Manhattan. 
This is due to the fact that wire guided vehicles travel on a 
predefined path determined by the layout of the wire embedded 
in the floor. However, if the robot has autonomous 
locomotion, the distance functions may be Euclidean, since 
robot's locomotion is independent of any predefined layout of 
the guiding wire. 

The coordinates of the home location are the only 
decision variable in both the models, thus, solving them will 
not be very complex despite the non-convexity of the objective 
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function. If forbidden regions are convex, a heuristic 
procedure of solving these models may be obtained by 
partitioning the whole region (manufacturing floor) into 
number of convex subregions (see Batta, et al., 1989). 
Several candidate locations from each of these subregions may 
be evaluated to get a good solution. 

CONCLUSION 

In this paper, we have discussed the importance of the 
choice of location of the mobile robot (server) in a 
manufacturing shop floor where its usage is intermittent. Two 
models are proposed which can be utilized to determine the 
optimal robot location under different control structures. 
The development of these models utilizes some results from the 
queueing theory. 

These models can be extended for multiple robots 
(servers) locations. One or more home locations may be 
required in these cases. Multiple robots may be needed in the 
cases where density of the service calls is high and single 
robot is not enough for the service. · 

Another extension of the model may be incorporation of 
rest periods in M/G/1 queue model, which will signify the 
recharging/repair of the mobile server. Testing and 
validation of the these models with industrial data will be 
interesting and useful. The simulation experiments will also 
be effective to demonstrate the utility of these models. 
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Abstract 

Practical Fusion Algorithms for 
Rotation Matrices 

Hanqi Zhuang and Zvi S. Roth 
Robotics Center, College of Engineering 

Florida Atlantic University 
Boca Raton, FL 33431 

Many computer vision, sensor fusion and robot calibration applications 
require the determination of a 3x3 rotation matrix from a set of measured or 
computed 3x3 rotation matrices. This is in general a nonlinear optimization 
problem requtnng an iterative solution. The paper investigates through 
simulation studies the performance of several proposed noniterative 
suboptimal algorithms. 

1. Introduction 
In robotics and computer vtston applications, it is sometimes necessary to 

determine a rotation matrix A which is the best fit to a given set of rotation 
matrices Ai, i = 1, 2, ... , m. This problem can be solved by first deriving a 
linearized error model and then using standard nonlinear programming 
methods such as the Gauss-Newton algorithm. These procedures are all 
iterative in nature. In this paper, one such iterative solution algorithm and 
four suboptimal noniterative procedures are constructed and investigated 
through simulation studies. 

The iterative algorithm is used as a reference for the performance 
analysis of four proposed suboptimal noniterative algorithms. All four 
suboptimal methods are apriori equally plausible. The first noniterative 
procedure consists of obtaining an intermediate matrix using least- squares 
estimation (averaging) of every rotation parameter, followed by an 
orthonormalization. In the second noniterative procedure, the mean values 
of each element of the given rotation matrices are used as elements of an 
estimated rotation matrix. The third algorithm uses first the mean value of 
the direction cosine vectors of the rotation axes as the direction cosine vector 
of an estimated rotation matrix, and then computes the angle for the 
completion of the required rotation. In the fourth noniterative procedure, a 
cost function is constructed in such a way that the rotation matrix can be 
determined uniquely. Simulation results show that outputs of the 
noniterative algorithms approximate very well the outputs of the iterative 
algorithm under the condition that the given rotation matrices are all 
orthonormal. The performance of the noniterative algorithms deteriorates if 
noise contaminates the orthonormal structure of the given matrices. 

In this paper, the estimation problem is stated first, followed by the 
presentation . of the algorithmic solutions and simulation results. In the 
appendices, two linearized error models are presented. The first error model 
is derived using Euler angles and the second uses the CPC kinematic modeling 
convention [ 1 ,2]. The Jacobian matrix in the latter error model, although 
being slightly more complicated, is always invertible. 
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2. Problem Statement 
Rotation transformations are commonly modeled in terms of 3x3 

orthonormal matrices. Let A be an estimate of a true rotation matrix A tr based 
on a set of measured rotation matrices A i' i = 1, 2, ... , m, which all differ from 
A tr by a "small amount". Mathematically, a measurement equation may be 

written as follows: 

i = 1, 2, ... , m, (2.1) 

where 6Ai is a 3x3 noise matrix associated with Ai. Let 6i = [6i,x 6i,y 6i,z]T, 

whose elements are the (3,2), (1,3) and (2,1)th elements of 6Ai. It is shown in 

[3] that to a first order approximation 6A i is a skew symmetric matrix. 

Problem A: Determine A such that J is minimiz~d, where 

m T 2 
J = 2: I lA Ai -I lb (2.2) 

i=l 

subject to the constraint that A must be an orthonormal matrix. 
This nonlinear programming problem may be solved by applying a 

variety of standard procedures. In the following sections, one iterative 
optimal and four noniterative suboptimal algorithms are proposed and 
analyzed. 

3. Algorithm I An Iterative Solution 
A in general is a function of a parameter vector p, for example, the Euler 

angles. 6 i can therefore be written in terms of its parameter error vector d p, 

i = 1, 2, ... , m (3.1) 

where K is a 3x3 matrix. d p can be solved from (3 .1) using a linear least 
squares algorithm. Since K is identical for all i, the least squares solution is 
obtained by an averaging operation, that is, 

(3.2) 

In Appendices 1 and 2, two expressions of K which correspond to two different 
modeling conventions are given. These can be used to determine A using an 
iterative algorithm such as the Gauss-Newton algorithm [ 4 ]. 

The procedure consists of the following steps: 

Step 1: Computation of an initial guess for A and the corresponding 
parameters p 
The suboptimal algorithm described in Section 4 can be used for this 

purpose. 
Step 2: Computation of orientation error vectors 6i from A 

Substitution of A, of step 1, for Atr in (2.1) provides a solution for 6i. 
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Step 3: Computation of parameter errors dp 
For this purpose, a Jacobian matrix K given in Appendix 2 can be 

substituted into (3.2). 

Since the above procedure is based on a linwarized error model it must be 
repeated until the norm of d p becomes smaller than a prescribed threshold 
value. For small 6A i' very few iterations produce a solution. 

4 . Algorithm II - Averaging of CPC Rotation 
Parameters 

The idea behind this algorithm is as follows: Let a rotation matrix be a 
function of a parameter vector p e R3, for example, a set of Euler angles [3]. 
That is 

A =f(p) (4.1) 

If p = f-1 (A) is unique, then the average values of the parameters pi of the 
given rotation matrices A i can be used as the estimated parameters of the 
desired rotation matrix. Unfortunately, many rotation matrix 
representations do not have unique inverse solutions, as illustrated in the 
next example. 

Example: Denote by { 0 } the original coordinate frame and by {F } the final 
coordinate frame. Let the rotation matrix A , the transformation from { F } to 
{ 0 } be represented in the Z-Y -X Euler angles. Let A= [n o a] , where n, o and 
a are orthogonal 3x 1 unit vectors. From (A.2), whenever the x f axis is not 
parallel to the z0 axis, one has 

ex = Atan2(ny, nx) 

{3 = Atan2(-n 2 , {nx2+ ny2}2) 

1' = Atan2(o 2 , a2 ) 

Whenever the x f axis is parallel to the z 0 axis, ex is undetermined from the 

above. In this case two angles, f3 and 1' are enough to perform the required 
transformation. Thus ex may be set to zero. If the x f axis changes from being 

parallel to slightly misaligned with the z 0 axis, ex will have a discontinuity. 

Since the averaging process of ex i, i = 1, 2, .. . , m, may -not be numerically stable, 
the Euler angles formalism is not a suitable candidate to implement this 
noniterative fusion algorithm. It was shown in [2] that any rotation matrices 
formed by either the Roll-Pitch-Yaw angles or Euler angles contain model 
singularities. 

Robert's rotation matrix (refer to Appendix 2) which is part of the CPC 
kinematic convention [1 ,2], on the other hand, is singularity free . 

Denote by {F d the ith final coordinate frame corresponding to A i· A i is 
then the rotational transformation from {F d to { 0}. From (A.11) we have 
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i = 1, 2 , ... , m (4.2) 

where Ri is given in (A.10) (also see [6,1,2]). Thus, 

i = 1, 2, ... , m (4.3) 

where a i is the third column of A i· Then b, the best fit in a least-square 
sense to bi, i = 1, 2, m, is the normalized mean vector of ai, i.e., 

m 

L,ai 
b = i=l (4.4) 

m 

II I, a ill 
i=l 

By the assumption that the uncertainties of A i are small, b is always defined. 
After R, the rotation matrix from an intermediate coordinate frame {M} to 

{ 0}, is constructed from (A.10), f3 is found from 

i = 1, 2, ... , m (4.5) 

Let ai,l and ai,2 be the (1,1)th and (2,1)th elements of RT Ai . Since ai,l and ai,2 
cannot be simultaneously zero, 

(4.6) 

f3 is taken to be the mean value of the angles f3 i· Care should be taken when 
an angle averaging operation is performed. For instance, the average of 1 
degree and 359 degrees should be zero degree, not 180 degrees. To that extent 
a robust procedure is suggested for the computation of f3 (refer to Appendix 3). 

In summary, the procedure consists of the following steps : 

Step 1: 
Step 2: 
Step 3: 
Step 4: 

Computation of b and R from (4.4) and (A.10) 
Computation of fli from (4.5) and (4.6) 

Computation of f3 using the algorithm given in Appendix 3 
Computation of A from (A.11) . 

5. Algorithm III - Averaging of Rotation Matrices 

The algorithm consists of two steps. 

Step 1: Computation of a non-orthonormal matrix Azs through 

averaging all Ai 
From (2.1), 

T m m 
A L,Ai=ml+ L,oAi 

j =1 j =1 
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If 6 i is zero mean, then the second term 
expected to be small if m is large enough. 
solution A ls for A is 

in the right-hand side of (5.1) is 
By neglecting the noise terms, a 

T [ m l-1 A1s = m .LAi 
I =1 

(5.2) 

By the assumption of small errors, A ls is always defined. However A zs is in 
general not an orthonormal matrix therefore it needs to be orthonormalized . 

Step 2: Computation of A by orthonormalization of Azs 

The orthogonalization can be done using a standard technique such as the 
Gram-Schmidt orthogonalization procedure [5]: 

Let A zs = [n zs ozs azs] . Then 

n=nzslllnzsll 
o = (ozs- ( ozs· n) n) I ll(ozs- ( ozs· n) n)ll 
a=nxo 

where "x" denotes a vector cross-product operation. 

6 . Algorithm IV Averaging of Rotation Axes 

(5. 3 a) 

(5.3b) 

(5.3c) 

This algorithm is a modification of Algorithm 2. It differs from Algorithm 
2 only in the way the angle p is determined. The value of p is taken as the 
average of the rotation angles about a common axis rather than the average 
of the p rparameters of the rotation matrices A i. Since the rotation axes 
which correspond to each A i all intersect at the same point, the axis obtained 
by averaging the direction cosine vectors of the given rotation axes (the 
third column of A i) can be chosen as the common axis. 

Upon obtaining R, the rotation matrix from {M} to { 0 } , using the method 
given in Algorithm 2, the z axis of {F d (see Section 4) is projected onto the z 
axis of. {M}. This is equivalent to performing a rotational operation D · (in the 
form of (A.10)) which transfers {F d to {F /}, where the z axis of {F i'} is the 

same as the z axis of {M} (or {F} ). Denote by Pi' the angle between the x axis of 

{M} and the x axis of {Fi'}. Pi', the ith rotation angle about the common axis, 

that is the z axis of {M } (or {F} ), is then calculated. The best fit p in a 
least-square sense to pi', i = 1, 2, ... , m, is the average value of Pi'. 
Mathematically, the following operations are involved, 

i = 1, 2, ... , m (6.1) 

The direction cosine vector for constructing D i is the third column of R T A i . 

R T A i defines the rotation required to transform { F i} to { M } . Thus 

i = 1, 2, ... , m (6.2) 

The procedure given in Appendix 3 is then adopted to determine P. 
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In summary, the procedure consists of the following steps: 

Step 1: Computation of b and R from (4.4) 
Step 2 : Computation of f3i' from (6.2) 

This is done in a similar manner to Step 2 of Algorithm 2. 
Step 3: Computation of f3 as given in Appendix 3 
Step 4: Computation of A from (A.11) 

7 . Algorithm V - Optimal Construction of a Corner Block 
about the Central Axis 

Denote by nav' Oav and aav the normalized three column vectors of the 

matrix Aav which results from averaging all matrices Ai. Aav = [ nav Oav aavL 

where, 
m 

~ni 
nav = j =1 

m 
(7 .1 a) 

II ~ndl 
j =1 

m 

~Oi 
Oav = j =1 

m 
(7 .1 b) 

II ~odl 
j =1 

m 

~Qj 
aav = j =1 

m 
(7.1c) 

II ~ad I 
j =1 

Note that {nav' Oav' aavl does not in general form an orthogonal set of vectors . 
Define 

(7.2) 

A plausible strategy for constructing a coordinate frame {F} is to let the 
projections of c on the three coordinate axes of {F} be equal. There are 
however infinitely many such coordinate frames. The choice of an "optimal" 
such coordinate frame is driven by the additional requirement that the x, y, z 
axes of {F} shall be "close" to the nav' Oav and aav lines, respectively. The 

procedure of defining a cost function based on these two constraints is as 
follows. 

A line, termed the Q-line, which passes through the origin of { 0 } and is 
parallel to c is constructed. A plane, termed the Q-plane, which is 
perpendicular to c is cut at a distance d from the origin of { 0} (Fig. 7 .1). There 
exists a particular choice of d for which the family members of candidate 
frames { F } are all cartesian. 

335 



Fig. 7.1 The Q-line and Q-plane 

Construct { F } as above. Let In, I 0 and I a be the intersection points of x !• y 1 
and ZJ with the Q-plane, where Xj, Yj and ZJ are the coordinate axes of {F }. I n• 

I 0 and I a are thus the comers of an equilateral triangle (Fig. 7 .2). Let J n, J 0 

and J a be the intersection points with the Q-plane of the three extensions of 

nav• Oav and aav (Fig. 7.1). A possible cost function Cis 

(7.3) 

where in', i 0 ', ia',jn',j0 ' andja' are respectively the coordinates of In, I 0 , Ia, 

J n, J 0 and J a in the original frame { 0 } . The rotation A can thus be determined 
by minimizing C. 

To simplify the computation, a coordinate frame { Q} whose x-y plane is the 
Q-plane and whose z axis is the Q-line is established. If the rotation from { Q } to 
{ 0 } is chosen as that given in (A.10) with b being replaced by c, then the x 
and y axes of { Q } indeed lie on the Q-plane. 

A computational procedure is given as follows: 

Step 1: Computation of nav• Oav• aav and c using (7.1) and (1.2) 

Step 2: Construction of the Q-plane 
The normal to the Q-plane is c . and the distance between the origin of { 0 } 

and the Q-plane is d. The equation of the Q-plane in { 0 } is then 

c·r + d = 0 (7.4) 
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where r represents the coordinates of a point on the Q-plane. It can be 
shown, as an elementry exercise in geometry, that by taking d = (2)- 1/2 the 
lines { 0 In, 0 I 0 , 0 I a} are mutually orthogonal and In, I 0 and I a lie on a unit 
circle. This explains the name "Comer Block" used in the title of this section. 

Fig. 7.2 Defmitions used in Algorithm 4 

Step 3: Computation of in', i 0 ' and ia' 

in'= k nav 
io' = k Oav 
ia' = kaav 

k is an appropriate scale factor. For d = (2)- 1/2, k = ( 1.5) 1/2. 

Step 4: Transformation of in', j 0 ' and ia' to {Q} 

(7.5a) 
(7.5b) 

(7 .5c) 

This is realized by a rotation R and a translation t. R is obtained by 
substituting c for b into (A.IO) and 

t = [ 0, 0, d] T ( 7. 6) 

j n, j 0 and j a, the representations of Points J n, J 0 and J a in { Q } , are obtained 
from the following equations, 

337 



in= RT(jn'- t) 

j 0 = R T (j 0 I - t) 

j a = R T (j a' - t) 

Step 5: Representation of In' I 0 and I a in {Q} 

This can be achieved by choosing in, i0 and ia such that 

(7. 7 a) 

(7. 7b) 

(7. 7 c) 

(7.8) 

is minimized, where in, i0 and ia are the representations of In, I 0 and I a in { Q } . 

In, I 0 and I a are on a circle which lies on the Q-plane and is centered at the 
origin of {Q} with radius r. For r = 1 (that is d = (2tl/2), 

C = (xn- cos¢)2 + (yn -sincp)2+ 

+ (x0 - cos(¢+120°))2 + (y 0 - sin(¢+1200))2 

+ (X a - cos( cp-1200))2 + (y a -sin( cp-1200))2 (7.9) 

where (Xn, Yn), (x0 , y 0 ), (Xa, Ya) are the x and y components of in,io and ia in 

{ Q}, respectively; and cp is the angle from the x axis of {Q} to Line QI n (Fig. 7.2), 
where Q is the origin of {Q } . The problem is now reduced to that of 
minimizing C by choosing a scaler variable cp. By d C /d cp = 0 

Y n - fi (X o - Xa) - L (yo + Ya) 
tan(/J = 2 2 

Xn + fi_ (Yo - Ya) - L (Xo + Xa) 
2 2 

(7.10) 

There exist two solutions for cp , where are 1800 apart. One m1n1m1zes C and 
the other maximizes it. By substitution into C the optimal cp is chosen. Then 

in = [cos cp sin cp O]T 

i0 = [cos( C/J+ 1200) sin( C/J+ 1200) O]T 

ia = [cos( cp-120°) sin( cp-1200) O]T 

Step 6: Transformation of in,io andja to {0} 

in'= R in+ t 

i 0 ' = R i 0 + t 
ia' = R ia + t 

Step 7: Computation of A 

n = in '/II in 'II 
o = i0 '/II i0 'II 

a= ia'lll ia'll 
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(7.11b) 

(7.11c) 

(7 .12a) 
(7.12b) 

(7.12c) 

(7.13a) 
(7.13b) 
(7.13c) 



8. Simulations 
Rotations used for the simulations were generated using the 

transformations that correspond to the Roll-Pitch-Yaw angles formalism [7]. 
80 different configurations were selected covering uniformly the whole 
parameter space. In each configuration, up to 20 "measurements" are 
computed. Measurement uncertainties were modeled as uniformly distributed 
random numbers added to either each of the Roll-Pitch-Yaw angles or to the 
elements of a rotation matrix. Different levels of noise intensity were tested. 

The Jacobian matrix K derived in the CPC modeling convention was used 
for the iterative algorithm. 

The results obtained with noniterative algorithms were compared against 
the results computed using the iterative procedures. 6 i from (2.1) was used to 
define the estimation error, that is, the deviation of a noniterative estimate 
from the iterative one. Means and standard deviations of 6 i were computed for 
each set of measurements from all 80 configurations, providing essentially 
the first two moments of the ensemble statistics. 

The horizontal axes in Figures 8.1-8.3 represent the number of "measured" 
rotations for the estimation problem. The vertical axes of Figures 8.1a and 
8.1 b show the mean and standard deviation of the estimation errors when the 
added noise for each angle is uniformly distributed in a range of ± 3 degrees . 
The vertical axes of Figures 8.2a and 8.2b show the mean and standard 
deviation respectively when the added angle noise is in a range of ± 0 . 3 
degree. It was observed that the relative performance of the suboptimal 
algorithms is insensitive to the noise intensity, thus only a pair of graphs was 
selected to illustrate the algorithm effectiveness when noise is added to the 
elements of the rotation matrices. The vertical axes of Figures 8.3a and 8.3b 
show the mean and standard deviation of the estimation errors when the 
added noise to each element of the rotation matrices is uniformly distributed 
in a range of ± 0.00 1. The results of Algorithm 4 are not shown in these 
figures since these are close to those of Algorithm 2. 

By studying these plots the following comments can be made: 

1. When noise is added to the Roll-Pitch-Yaw angles, the A i remain 
orthonormal. In this case, all noniterative algorithms perform well. It is 
observed that Algorithm 5 (construction of a corner block about the 
central axis) has the smallest mean errors while Algorithm 3 (averaging 
rotation matrices) has the smallest standard deviations. 

2. When noise is added to the elements of a rotation matrix, the resulting A i 

are in general no longer orthonormal. In this case, the performance of 
all noniterative algorithms degrades drastically, especially when the 
number of measured rotations is relatively small. 

9. Conclusions 
The paper poposed in detail an iterative and four noniterative fussion 

algorithms for rotation matrices. It was demonstrated that Roberts' rotation 
representation (the CPC modeling convention) played a central role in 
Algorithms 1 (the iterative algorithm), 2 (the averaging of the CPC 
parameters) and 4 (averaging of rotation axes). All four suboptimal 
algorithms have roughly the same computational complexity. Based on the 
simulation results, the performance of Algorithm 5 (construction of a corner 
block about the central axis) is slightly superior. 
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Appendix 1 A Linearized Error Model in An Euler 
Angles Convention 

The Z-X-Y Euler angles can be written as follows [7] 

R = Rot(z, cr:) Rot(y, fJ) Rot(x, r) (A.l) 

In a 3x3 matrix form, (A.l) is expanded into 

[ 

cacf3 casf3sr-sacr 
R = sacf3 sasf3sr+cacr 

-s/3 cf3sr 

casf3c r+sas r ] 
sasf3c r-ca sr 

cf3cr 

(A.2) 

where c cr: = cos cr:. Similar definitions are used for s cr:, c f1, s f1, c r and s r. The 
error matrix 6 R in terms of R is 

Let 

6R = RT dR = [Rot(z,cr:)Rot(y,p)Rot(x,r)]T d{Rot(z,cr:)Rot(y,{J)Rot(x,r)} 
= [Rot(z,{J)Rot(y,r)]T {Rot(x,cr:)T dRot(z,cr:)} Rot(y,{J)Rot(x,r) 

+ Rot(y,r)T {Rot(x,p)T dRot(z,fJ)} Rot(x,r) 
+ Rot(x,r)T dRot(z,r) (A.3) 

(A.4) 

where 6 cc , 6 fJ and 6 r are respectively the orientational error vector 
corresponding to the 1st, 2nd and 3rd terms of the right-hand side of (A.3). 
Simplifying each term in the right-hand side of (A.3) yields 
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6tx=[-sf3 c{3si c{3sr]Tdcx 

6p=[0 ci -sr]Tdf3 

6 r = [ 1 o o ]T dr 

(A.4) and (A.5) can be written in a matrix form as follows, 

[ 

- sf3 

0 = ;;;; 

0 

cr 
-sr 

1 

0 

0 

(A.5a) 

(A.5b) 

(A.5c) 

(A.6) 

where dp = [dcx d{3 di ]T. Eq. (A.6) is a linearized error model. Note that the 

coefficient matrix in (A.6) is not invertible when either f3 or r equals to ± 900 . 

Appendix 2 The CPC Linearized Error model 
Define three frames: the original frame { 0}, the intermediate frame {M} 

and the final frame { F } . Let A be the transformation from { F } to { 0 } . Let the z 
axis (z m) of {M } be specified by its direction cosine vector b in { 0 } . A plane, 
termed the B-plane, which is perpendicular to z m and passes through the 
origin of { 0}, is cut; see Fig. A.l. The x and y axes of both {M} and {F} are 
defined on the B-plane, the origins of which are taken to be coincident with 
that of { 0}. The projection of the x axis (x0 ) of { 0} on the B-plane is taken to be 

the x axis (x m) of { M } . Then the rotation from { M} to { 0 } is given by 

Fig. A.l Frame assignments 

R = Rot(j,cx) 
where 

ex = arccos(z·b) = arccos(bz) 
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and 

j = zxb _ 
llzxhll 

-by 

(A.9) 

0 

where 11-11 denotes the Euclidean norm. Substitution of Eqs. (A.8)-(A.9) into Eq. 
(A.l) (refer to [3]) yields 

1 - b} -bxby b:x 
1 + bz 1 + bz 

-b:xb~ 
2 

R = 1-~ by (A.lO) 
1 + bz 1 + bz 

- b:x - by bz 

where by definition b z >-1. The transformation from {F} to { 0 } can now be 
represented by 

A = R Rot(z,p) (A.ll) 

where R is · given In (A.lO) and f3 is the rotation angle from Xm to Xf (the x axis 
of {F}). 

A linearized error model using this rotation matrix can be derived 
following the steps in Appendix 1. The following result is presented without 
derivation. Readers are referred to [2,8] for details. Among the three 
elements of b, two are independent. Let j ::# k ::# h be elements in the set 
{ x ,y, z} such that b j and b k in b are chosen as independent parameters, and b h 

in b is to be eliminated. 6 can be written as 

(A.12) 

where kj,h is a 3xl vector, and the same about the other coefficients. 
If b x and by are chosen as the independent parameters, then 

kx,z = Rot(z,p) [-bxbyw/bz, 1 + bx2wfbz, byw]T 

ky,z = Rot(z,p) [-1 -by2wfbz, bxbywlbz, -bxw]T 

(A.13a) 

(A.l3b) 

where w = 1/(l+b z)· If b x and b z are chosen as the independent parameters, 
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then 

kx,y = Rot(z,{3) [bx /by, 1, (1- b 2 )/by]T 

kz,y = Rot(z,{3) [b 2 /by + byw, -bxw, bxb 2 w/by]T 

If by and b z are chosen as the independent parameters, then 

ky,x = Rot(z,/3) [ -1 , -by/bx, -(1- b2 )/bx]T 

kz,x = Rot(z,{3) [ byw, -bz/bx -bxw, -byb 2 w/bx]T 

Finally, 

kp = [ 0 0 1 ]T 

The linearized error model given here is always invertible. 

Appendix 3 An Algorithm for Averaging Angles 

(A . 14a) 

(A.14b) 

(A.15a) 

(A.15b) 

(A.16) 

By the "small error" assumption, the difference between two angle 
measurements is expected to be small. To facilitate the detection of occasional 
large differences, a recurssive averaging technique is employed with the idea 
of comparing the angles one at a time to the running average. When the 
difference of the two angles becomes larger than 1!, the angle difference ..6. f3 
is replaced by 2 1! - ..6. fJ. This is equivalent to subtracting 2 1! from the larger 
angle. The algorithm is: 

Step 1: 
(A.17) 

For i = 1, 2, ... , m-1, compute Steps 2-3. 

Step 2: If 

then 
A A 

substitute max { /3i, /3i+l } by max {/3i, /3i+l } - 2n (A.18) 

Step 3: 

(A.l9) 

This is a standard recursive averaging operation. 

Step 4: 
A 

f3 =/3m mod 2n (A.20) 
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