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COLLISION-FREE PATH FINDING FOR 1WO 
COOPERATIVE SPATIAL MANIPULATORS 

PART I: WRIST CENTER LOCALE1 FINDING 

Jau-Liang Chen 
Research Assistant 

Joseph Duffy 
Graduate Research Professor 

Department of Mechanical Engineering 
Director 

Center for Intelligent Machines and Robotics 
University of Florida 
Gainesville, FL 32611 

This paper is the first of a series of papers which present the study of finding 
collision-free paths for two cooperative spatial manipulators in an obstacle-strewn 
environment.' A series of vertical planes for each robot is established to reduce the 
geometric problem from three dimensions to two dimensions. The algorithm 
developed in this study is applied to two PUMA robots handling a workpiece. 

1. INTRODUCTION 

Automation has become a necessary element in modern manufacturing 
processes. Many of these processes are complex, such as multi-part assemblies, 
fabrication of difficult geometric shapes, and the handling of very heavy parts. Along 
with the development of high level machine intelligence for second and third 
generation robots, there is need to develop robotic systems with multi-arm 
configurations for better manipulation. 

Robot systems with two arms working in the same space have been 
investigated by several researchers [1-5]. In these studies, each robot performed an 
independent working sequence rather than a coordinated task. The primary interest 
of these studies was collision avoidance between robots. Because each of the two 

Wrist Center Locale (WCL) is defmed as the area within which the wrist center of the 
cooperative robot can be located to avoid collision between the robot arms and obstacles. 

1 
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robots had an independent working sequence, there was no kinematic relationship 
between their motion vectors. If each robot had a closely coordinated motion with 
the other, an important kinematic relationship would exist. 

Since the 1970's, several researchers [ 6-12] have focussed attention on the use 
of two manipulators to handle a single wor.k.rpiece. However, they have almost 
exclusively dealt with control issues, leaving the kinematic and geometric aspects 
virtually untouched. 

This research will study collision avoidance for two cooperative robots 
handling a workpiece within an obstacle-strewn environment. 

The problem of this study can be stated as follows: 
Given: Initial and final positions of the wrist centers of a pair of cooperative robots. 
Find: Paths for this pair of robots to move a workpiece safely to a destination 
position without 

colliding with obstacles in the environment. 
The two cooperative robots are positioned in locations to facilitate 

development of the algorithm. The coordinate system is constructed with its origin 
at the center of the first robot's base. The Z-axis coincides with the central axis of 
the first joint of the first robot, and the center of the second robot's base is on the 
positive X-axis (see Fig. 1). The robots are oriented in such a way that one works 
as a left hand robot and the other as a right hand robot. 

2. EXPANSION OF OBJECT 

Collision avoidance between a solid link and ObJects scattered within a 
robot's working area is a complex problem. To simplify the problem, each object 
is expanded by a factor derived from the thickness and width of the link, so that all 
the links can be treated as line segments. The problem can then be reduced to 
locating intersections of the line segments with expanded objects. 

For two cooperative robots, each object is expanded by an amount calculated 
from the thickness and width of the upper arm. Figure 2 illustrates the upper arm 
of the PUMA robot. Because of its irregular form, it is difficult to use this shape 
in calculating the expansion. To reduce complexity, this arm is treated as a 
parallelepiped, utilizing its largest dimension. 

Figure 2 shows the cross-section of the upper arm. Point P is the intersection 
point of the cross-section A-A and the upper arm axis. This axis connects the 
centers of joints 2 and 3. H is the distance from point P to the lower corner of the 
cross-section. V is the perpendicular distance from point P to the base. 

The vertical sides of an object are expanded by H. Each vertex is then 
expanded to form two corners (see Fig. 3). Figure 4 shows positions of the upper 
arm relative to the top surface of two different objects. In both (a) and (b), the axis 
of the upper arm is parallel to the slope of the top surface of the object. If the top 
surface is expanded by the amount of V / cosa, where a is the angle of the slope of 
the top surface, the relative position the upper arm and the object's top surface will 
remain the same. 

Figure 5 illustrates an example of the object before and after the expansion. 
The upper arm and forearm become two line segments lying on the same plane, with 
an offset to the first joint (see Fig. 6). 

2 
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3. IDENTIFICATION OF OBSTACLES 

Only those objects which lie within the swept volume2 of the two robots will 
be considered as obstacles in path finding. 

The following procedure is used to determine which objects are classified as 
obstacles: 

1. Project the expanded object and the swept volume onto the X-Y plane. 
Each object is evaluated in terms of two pairs of angles on this plane. For example, 
[8i, 8c] and [8~, 8~] are used to evaluate object A (see Fig. 7). These angles are 
measured between the offset of the robot and the X-axis as shown in Fig. 7. The 
angles 8i and 8i indicate the contact with object A (as the robots approach A), 
where 8 r and 8~ indicate that the robots are clear of object A. The two pairs of 
angles are denoted as the angular range of object A 

The angular range of the swept volume of the left hand robot is represented 
by [a, ,8], and the angular range of the swept volume of the right hand robot is 
represented by [,8', a'] . 

2. To be classified as an obstacle, the angular range of an object must satisfy 
one of the following conditions: 

a) Lie within the angular range of the swept volume of both robots (for 
example, objects A, B, and C in Fig 7). 

b) Lie within the angle range of the swept volume of one of the robot and 
overlap with another (for example, object D in Fig. 7). 

c) Overlap the angular range of the swept volume of both robots. 
Example: In Fig. 7, object E does not satisfied any of the three conditions. 

Therefore, it is not counted as an · obstacle. 

4. DETERMINATIO!'-l OF COLLISION-FREE AREA (CFA)3 

A series of vertical planes is formed for each of the two cooperative robots 
to determine the collision-free area (CFA). Each plane will include a vertex of the 
obstacle's top surface and an offset, S, to the axis of the robot's first joint (as shown 
in Fig. 8). 

Each vertical plane cuts through obstacles and the reachable workspace of the 
wrist · center, and thus generates cross-sections of obstacles and the reachable 
workspace of the wrist center. The cross-sections are mapped through rotational 
transformation onto the X-Z plane. A CFA for each individual robot can then be 
found on each transformed cross-section, according to the relative positions of the 
obstacles and the work area of the robot. 

Two terms, "principal upper arm obstacle" and "principal forearm obstacle" 
have been established to locate the lower boundary of the CF A: 

2 

3 

Swept Volume is defmed as the space swept by a robot arm along a pre-determined path. 

Collision-Free Area (CFA) is defined as the area within which the wrist center of an individual 
robot can be located to avoid collision between the robot arms and obstacles. 
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1. The "principal upper arm obstacle" is defined as the first obstacle hit by 
the upper arm as it rotates downward from its vertical position (for instant, obstacle 
A in Fig. 9a). 

2. The "principal forearm obstacle" is defined as the first obstacle hit by the 
forearm as it rotates downward from its extreme position and the upper arm and the 
forearm are collinear (for instant, obstacle B in Fig. 9b ). However, if the upper arm 
is halted by a "principal upper arm obstacle," the forearm may rotate further before 
it strikes an obstacle (for instant, obstacle B in Fig. 9a). This obstacle is also 
defined as the principal forearm obstacle. 

According to the location of the principle obstacle, determination of lower 
boundary of the CF A will fall into the following three groups. 

Group 1: The angle from joint 2 to any vertex of the principal obstacles is 
less than the joint limitation of joint 2. 

In this group, the lower boundary of the CFA is determined by rotating the 
forearm around the lowest position of joint 3. According to the location of the 
principal forearm obstacle, there are two different cases: 

Case 1. The X coordinate of the far corner of the obstacle is greater than 
the X coordinate of the joint 3 (see Fig. lOa). The actual curve of the lower 
boundary of the CFA is a sixth degree polynomial curve [13]. As suggested, the 
straight line PR' rather than the sixth degree polynomial curve, is used to present 
the lower boundary. 

Case 2. The X coordinate of the far corner of the obstacle is less than the 
X coordinate of the joint 3 (see Fig. lOb). In this case, the lowe~ boundary of the 
CFA is the far vertical side of this obstacle. 

Group 2: The straight line 0 2R
4 hits the principal upper arm obstacle first. 

In this group, the lower boundary of the CF.A. is determined by the forearm 
as it rotates around the joint 3 while the upper arm is fixed at its lowest position. 
According to the location of the principal forearm obstacle, there are three different 
cases: 

Case 1. The forearm hits the far corner of the obstacle (see Fig. lla). In 
this case, the lower boundary for the CF A is formed by a line PR' and a circular arc 
R'R. 

Case 2. The forearm hits the top surface of the obstacle (see Fig. llb ). In 
this case, the lower boundary of the CF A is formed by a circular arc R'R. 

Case 3. The principal forearm obstacle is the same as the principal upper 
arm obstacle (see Fig. llc). In this case, the lower boundary of the CFA is formed 
by a circular arc R'R. 

4 
The line 0 2R represents the upper arm and the forearm when they are at collinear position. 

4 
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Group 3: The straight line 0 2R hits the principal forearm obstacle first. 

In this group, the lower boundary of the CFA is given by the line PR (see Fig. 
12). 

In all three groups, the lower boundary of the CF A on the right side of the 
principal obstacle was determined. The lower boundary between the principal 
obstacle and the left most obstacle is formed by connecting the vertices of each 
obstacle with a straight line (for instance, the line QQ' in Figs. 11a and 11b ). 

5. DETERMINATION OF WRIST CENTER AREA (WCA)5 

After the position of the wrist center of the first robot is selected, a sphere 
is constructed with its center located at this position, and with a radius equal to the 
distance between the two robots (see Fig. 13). The intersection of the sphere and 
the vertical plane of the second robot is a circle. The wrist center will then lie on 
that part of the circumference of this circle which lies within the work area. 

To determine the position of the wrist centers of both robots: 
1) The vertical plane 1r1 is considered, which forms an angle a1 with the X

axis (see Fig. 14). The normal vector of this plane is n1 = (-sina1, cosa1, 0). 
A new coordinate system 0 1X1Y1Z 1 is constructed with the Y1-axis parallel 

to this normal vector n1 with an offset S. The relationship between the original 
OXYZ and the new 0 1X1Y1Z 1 coordinate systems is given by: 

(1) 

where c1 = cosa1, s1 = sina1. 

In the 0 1X1Y1Z 1 coordinate system, a point on the plane 1r1 can be designated 
by (X1, 0~ Z1). According to Eq. (1), the same point in the OXYZ coordinate system 
is designated by ( c1X1 - s1S, s1X1 + c1S, Z 1). 

2) For the right hand robot, the normal vector of the corresponding plane 
7r2 is n2 = (-sina2, cosa2, 0) (see Fig. 14). A coordinate system 0 2X2Y2Z 2 is 
constructed with Y 2-axis parallel to n2• The origin 0 2 has an offset with the base of 
the first joint and X2-Z2 plane coincides with the plane 1r2• The relationship between 
the OXYZ and 0 2X2 Y 2Z2 coordinate systems can be obtained as follows: 

(2) 

where c2 = cosa2, s2 = sina2 and ( d, 0, 0) are the coordinates of the base of the 
right hand robot. 

5 
Wrist Center Area (WCA) is defmed as the area within which the wrist centers of the 
cooperative robots can be located. 

5 
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In the 0 2X2 Y 2Z2 coordinate system, a point at the plane 1r2 can be designated 
by (X2, 0, Z2). According to Eq. (2), the same point in the OXYZ coordinate system 
is designated by ( ezX2 + s2S + d, s2X2 - ezS, Z2). 

3) For two cooperative robots, the distance between the two wrist centers is 
constant and equal to R. This condition can be expressed mathematically as: 

From Eq. (3), for given coordinates of either (X1, Z1) or (X2, Z2), the WCA 
for each robot can be found. 

5.1 WCA for the left hand robot 

For a given position of the wrist center of the left hand robot, given X1 and 
Z1, Eq. (3) can be rewritten: 

where 

r = (R2 _ p2)112, 

and P = { si_zXi-2[ ( cl-2sl-2-sl-2)S + ( c1-ezc1-2)d]X1 + ( 1 + cl-2)
2
S

2 

+ 2[ s1 + s2 + c2s1_2]Sd + s~d2} 112, 

(4) 

(5) 

(6) 

(7) 

If r ~ 0, there is no intersection between the sphere and the plane 1r2. This 
means that a wrist center position cannot exist for the right hand robot. Hence, r 
must be greater than zero, and p must be less than R. From Eq. (6): 

where 

where 

Xi - 2a1 X1 + az ~ 0, 

al = [ ( cl - c2cl_z)d - ( sl-2 - c1-2sl-2)S] I si_z, 

a2 = {[1 + c1_2fS2 + 2[s1 + s2 + ezs1_2]Sd + s~d2 - R2} I si_2• 

By solving Eq. (8): 

Al = al - ( ai - az)l/2, 

A2 = al + (ai - a2)1/2. 

6 

(8) 

(9) 
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The reachable limits of the PUMA robot in the X direction are: 

-34.1 ~ X1 ~ 34.1. (10) 

From Eqs. (9) and (10): 

(11) 

Figure 15 shows four different cases of WCA of the left hand robot. 

5.2 WCA for the right hand robot 

Similarly, for a given set of coordinates of the wrist center position of the 
right hand robot, Eq. (3) can be written as function of X1 and Z1: 

where 

r' = (R 2 _ p'2)112 

p' = { si-2X~-2[ ( s1-2-ct-2s1-2)S-( c2-ct c1-2)d]X2 + ( 1 + ct-2)
2
S

2 

+ 2(s1 + s2 + c1s1_2)Sd + sid2} 112. 

(12) 

(13) 

(14) 

(15) 

For the existance of a wrist center of the left hand robot, r' must be greater 
than zero. From Eq. (14) 

where 

where 

bl = [ ( S1-2 - ct-2st-2)S + ( cl C1-2 - ~)d] I si-2, 

b2 = {(1 + c1_2)
2S2 + 2(s1 +s2+c1s1_2)Sd + sid2 - R2} I si_2. 

By solving Eq. (16): 

Bt = bt - (bi - b2)tf2, 

B2 = bt + (bi - b2)1/2. 

(16) 

(17) 

Due to the reachable limitation, X2 must also satisfy the boundary condition 
as defined in Eq. (10). 

In the previous two sections, the CFA and WCA of each robot under the 
cooperative motion were determined. The wrist center locale (WCL) for both robots 
is then found by superimposing these two areas. Intermediate positions for wrist 

7 
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center will be located within the WCL. By connecting these intermediate positions 
together with the initial position and the final position, a collision-free path can be 
produced. 

6. CONCLUSION 

In this work, an algorithm has been developed to find the wrist center locale 
(WCL) for two cooperative robots, which grasped an workpiece and moved within 
an obstacle-strewn environment. A series of vertical planes for each robots is 
established to reduce the geometric problem from three dimensions to two 
dimensions. An algorithm to determine the intermediate positions for the wrist 
center to produce a collision-free path will be developed. 
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Figure 1. Relative position of the PUMA robots. 
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cross-section 1 
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Figure 2. The upper arm of PUMA 
robot. 

Figure 3. Expansion of vertical side. 
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I 
(a) 

Figure 4. Expansion of the top surface. 

Figure 5. Object before and after 
expansion. 

Figure 7. Identification of obstacles. 

10 

Figure 6. Line segments represent the 
PUMA robot. 

Figure 8. Series of vertical planes. 
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Figure 9. Principal obstacles. 
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Figure 10. Group 1. 
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Figure 11. Group 2. 
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Figure 11. Continue. 

Figure 13. Determination . of wrist 
center position. 
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Figure 12. Group 3. 
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Figure 14. Projection on the X-Y 
plane. 
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AUTONOMOUS RECTILINEAR MOTION PLANNING 
Part III: Determination of Collision Free Paths 
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This is the third paper in a sequence of papers analyzing 
the geometry of the Reachable Area (RA)m 1 of the end effector 
tip of a planar 3R manipulator with multiple circular 
obstacles inside the workspace. This provides a means for 
determining a collision free path for the end effector tip of 
the robot from a given initial position to a target position. 

A time efficient algorithm has been successfully 
developed and implemented on the Silicon Graphics 4D-G70 
system. A collision free path consisting of a sequenc.e of 
line segments is generated autonomously within 3 seconds. 
Further, the algorithm can be modified to guide Puma and T3776 
robots through pipes with circular cross-sections, which can 
be modeled as an assembly of a series of spherical obstacles. 

1. INTRODUCTION 

In recent years there have been a number of 
investigations on the collision free path planning of the end 
effector of robots. An "artificial potential field" concept 
was used by Khatib (3] for the real~time obstacle avoidance for 
manipulators and mobile robots. This method had been extended 
to moving obstacles by using visual sensing and a time
varying artificial potential field. 

Lozano-Perez ( 4] used configuration space (C-space) to 
plan collision-free motions for general manipulators with 

1 The subscripts m and s are used to distinguish the 
reachable area of the end effector tip of a planar 3R robot 
with multiple and single circular obstacles inside the 
workspace. 
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revolute joints. The configuration-space obstacles were 
derived for an n degree-of-freedom manipulator, which were 
approximated by lists of n-1 dimensional slices. The 
complement of the C-space obstacles is called the free space. 
A* search was introduced to search a collision free path 
through a list of regions connecting the initial point to the 
goal. · 

Young and Duffy[5,6] used the idea of "allowable 
trajectory manifold" to present a motion planning procedure 
for planar 3R manipulators which provided the robots with 
abilities to articulate and, hence, to avoid interference with 
other robots or with obstacles. Tseng [ 7] presented an 
efficient trajectory planner to rapidly generate a collision 
free path for a manipulator, the Cincinnati Milacron T3-776. 

Cheung and Lumelsky[8] considered the problem of sensor
based path planning for planar and simple three-dimensional 
robot arms operating among unknown obstacles of arbitrary 
shape. Shiller and Dubowsky [ 9] presented a global time 
optimal motion planning of robotic manipulators with obstacles 
in their environment. Nonlinear manipulator dynamics, 
actuator constraints, joint limits, and obstacles were all 
taken into account. Graph search and hierarchical pruning 
techniques were used for a global path search over 't.ne 
manipulator workspace which consisted of 10 x 10 x 10 grids. 

Chen and Vidyasagar(10] used the joint space approach to 
model the obstacles, called the J-obstacles, which were 
enclosed by an algebraic closed curve (for instance, an 
ellipse) in the joint space. Khosla and Volpe[11] presented 
a new obstacle avoidance potential based on superquadrics. 
Xia, Jiang, and Lii[12] focused on the problems of reducing 
memory size and running time. The free space is described in 
detail by means of an octree, and a precise obstacle avoidance 
path was searched by using the graph of the neighbors of the 
octree. 

In this work, a time efficient algorithm has been 
developed to determine a collision free path for the end 
effector tip of a planar 3R manipulator with multiple circular 
obstacles inside the workspace. This can be done by firstly 
determining the (RA)m, the reachable area of the end effector 
tip with multiple circular obstacles inside the workspace. 
The (RA)m is determined by finding the individual (RA)s of the 
end effector tip for each of the circular obstacles, and then 
finding the common area of all the (RA)s. If a target point 
~ lies inside the common area, the (RA)m, rectilinear motion 
of the end effector tip from the initial position p4 to the 
target position ~ is possible. Otherwise, a free path 
searching algorithm is used to determine a collision free path 
from p4 to ~ by choosing several intermediate points inside 
the workspace. 

The paper is essentially an extension of [ 1, 2] for 
Autonomous Rectilinear Motion Planning. It is also required 
in this paper that the end effector of the manipulator moves 
along a sequence of straight lines with constant orientation. 
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The development presented here is in the process of being 
extended to the cases of guiding the end effector tips of 
spatial Puma and T3776 robots through horizontal pipes with 
circular cross-sections and through multiple spherical 
obstacles. 

2. DETERMINATION OF THE (RA)m 

A computer graphics technique is used to determine the 
(RA)m. This can be done by firstly determining an NA11 the 
Non-reachable Area of the end effector tip with respect to the 
first circular obstacle with center ob1 (see Fig.l). Then, 
deleting the (NA) 1 from a (RA} 0 , the Reachable Area of the end 
effector tip with no obstacle inside the workspace, yields a 
(RA) 1 • The (RA) 1 represents the reachable area of the end 
effector tip with one obstacle lying inside the workspace. 
The determination of the (NA} 1 and (RA) 1 has been discussed in 
detail in [1,2] and will not be repeated here. 

In the same way, NA2 is calculated and is deleted from 
the (RA) 1 to create a (RA) 2 (see Fig.2). The same procedure 
is repeated until the last circular obstacle is considered. 
Finally, the (RA)m of the end effector tip for .the case of 
multiple circular obstacles is determined (see Fig.3). 

The (RA)m facilitates the determination of motion 
capability simply because it enables one to check whether the 
target position lies within the (RA}m or not. Here, the (RA}m 
is determined when the end effector tip is at the initial 
position. If the end effector tip is at the final position, 
the (RA)m with respect to the final configuration can be 
determined in the same way. 

Figure 1 Determination of (RA) 1 • 
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Figure 2 Determination of 
(RA)2. 
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Figure 3 Determination of 
(RA)m. 

3. DETERMINATION OF COLLISION FREE PATHS 

4 

After the determination of the initial (RA)m, another 
graphics technique is used to choose intermediate points 
inside the (RA) m. Thus, a collision free path of the end 
effector tip can be generated by a sequence of line segments 
connecting the initial position, intermediate points and the 
final goal. 

The graphics technique is called the "color recognition" 
technique, because the color of the (RA)m displayed on the 
screen of the Silicon graphics machine is pre-specified by a 
certain color index, and any point on the screen is checked 
to determine if its color index is identical to that of the 
(RA)m. If the color index of a point is identical that of the 
(RA)m, the point must lie inside the (RA)m. Otherwise, the 
point lies outside the (RA)m. 

Further, several Checking Lines (CL) are derived 
according to the shape of the boundaries of the (RA)m in order 
to avoid checking all the points inside the workspace each 
time in finding the intermediate points. Only the points on 
the (CL) are checked such that the computation time for 
determining a collision free path is saved. The computation 
speed of using this approach is much faster than deriving the 
equations of the boundaries of the (RA)m, and then, 
determining whether the selected point lies inside the 
boundaries. 

3.1 Determination of the Checking Lines and intermediate 
points 

If, for instance, there are five circular obstacles 
inside the workspace, a reachable area (RA) m for the five 
obstacles is determined using the algorithm discussed above 
(see Section 2). Five checking lines CL11 C~, C~, CL4 and 
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C~ with respect to the five circular obstacles are derived 
as follows. 

A Checking Line, CL1 , with respect to the first circular 
obstacle is determined by firstly drawing a line segment Oob1 
intersecting the first circular obstacle at point E1 , where Q 
is the robot center and ob1 is the center of the first 
circular obstacle. A line ~ is drawn tangent to the first 
circular obstacle at point E1 • 

The purpose of deriving the line ~ is to divide the 
(RA)m into two subareas and to divide the first circular 
obstacle from the robot center Q. In this way, a collision 
free path can be determined separately and combined together 
later. 

Since the end effector of the planar 3R robot moves along 
a sequence of straight lines with constant orientation, the 
center ob1 of the first circular obstacle and the line ~ are 
translated parallel to the vector £~ through a distance a~ as 
an image center ob1 ' and an image line ~'. The vector £~ 
denotes the direction of the end effector and a 34 is its 
length. Similarly, the image line ~· divides the image of 
the first circular obstacle from the robot center Q. 

The perpendicular distances from the robot center Q to 
the two lines ~ and ~· are calculated and compared with each 
other. Finally, the line which is closer to the robot center 
is chosen as the line CL1 (see Fig.4). Here, CL1 intersects 
the circle c~, the outer boundary of the planar 3R robot, at 
points D1 and D2 • 

(CL)1=L2 ------.. 

Dl-~"' 
OD3--.;.-{ 
0b3---H---,~ 

Figure 4 Determination of the First Checking Line CL1 • 

If the initial point p4 lies on the same side of the line 
CL1 as the robot center Q, p4 is chosen as the first reference 
point and the algorithm will continue to determine the c~ for 
the second circular obstacle. Otherwise, a point G1 on the 
CL1 and inside the (RA) m is chosen as the first reference 



199 

6 

point, which is determined as follows. The graphics technique 
is used to check each point on the line segment D1D2 from D1 
to D2 until the color index of the selected point is identical 
to that of (RA)m. The selected point, D3 , is the intersection 
of the line segment D1D2 and one of the boundaries of the 
(RA)m. In the same way, the other point D4 is determined by 
searching the points on the 1 ine segment D1D2 from D2 to D1 • 

The point D4 is also the intersection of the line segment D1D2 
and one of the boundaries of the (RA) m. Point G1 is the 
middle point of a line segment D3D4 • In case that the 
algorithm cannot find the points DJ, D4 and Gl, the point p4 
is chosen as the first reference point. 

Following the same procedure, C~, the checking line with 
respect to the second circular obstacle is determined (see 
Fig.5). If the first reference point lies on the same side 
of the line c~ as the robot center Q, the reference point is 
chosen as the second reference point. The algorithm will 
continue to determine the c~ and the third reference point 
for the third circular obstacle. Otherwise, a point G2 on the 
C~ and inside the (RA) m is chosen as the second reference 
point, which is determined in the same way as that for 
choosing the first reference point. 

The same proced'..lre will be continued until the final 
circular obstacle is considered. At that time, the c~ and 
the fifth reference point are determined. Further, the fifth 
reference point is checked to determine if it lies on the same 
side of all the checking lines as the robot center Q. If the 
fifth reference point lies on the same side of all the 
checking lines CL1 , c~, c~, CL4 and c~ as the robot center 
Q, the point is chosen as the first intermediate point for the 
initial configuration (Fig.5). Otherwise, another (RA)m with 
respect to the fifth reference point is determined again using 
the algorithm discussed in the section 2. Then, following the 
same procedure discussed above, the second intermediate point 
is determined. 

1st 
rmediate 
point G1 

Figure 5 Determination of the Checking Lines and the 
Intermediate Point for the Initial Configuration. 
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For the final configuration, the (RA)m, the (CL)s and the 
intermediate point can be determined in the same way as for 
the initial configuration (see Fig.6). 

In general, one or two intermediate points with respect 
to the initial (or final) configuration are needed for 
determining a collision free path. When the planar 3R robot 
cannot perform a sequence of straight line motions with the 
given end effector orientation or the given environment's 
obstacles, the algorithm will stop and ask user to change the 
end effector orientation or the environment's obstacles. 

Figure 6 Determination of the (RA)m, Checking Lines and 
Intermediate Point for the Final Configuration. 

3.2 Determination of Collision Free Paths 

A collision free path of the end effector tip of the 
manipulator with multiple circular obstacles inside the 
workspace can be determined quickly when the intermediate 
points for both the initial and the final configurations are 
chosen, for instance, the points G6 (for the initial 
configuration) and G7 (for the final configuration) in Fig.7. 

Here, the possible obstacles which lie between the 
intermediate points G6 and G7 are the circle C3i' and the 
semicircular arc cobv' (see fig. 7) . The circle C3i' is the 
translated image of the central limit circle C3i along ,9.34 
through a distance a 34 • The semicircular arc C0~ 1 exists when 
a circular obstacle lies inside or on the circle C2 , the locus 
of the second joint. 

If the line segment G6G7 does not intersect the circle 
C~' and the semicircular arc C0~', rectilinear motion from G6 
to G7 is possible. The collision free path for this case is 
P4G6G7CL. However, if the line segment G6G7 intersects the 
circle C3i' , two more intermediate points are needed to 
determine a collision free path. These two intermediate 
points can be determined firstly by drawing two tangent lines 
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( Ls and 4) from G6 and G7 to C3i 1 
• The intersection point of 

the two tangent lines is D6 • Further, the line segment O'D6 
intersects the circle C3i 1 at point D7. A line I.ry is drawn 
perpendicular to the line segment 0 1 D6 and intersects Ls and 4 
at points G8 and G9, where D6G8 = D6G9 = D6D7. The point G8 and 
G9 are the intermediate points for the collision free path 
p4G6G8G9G7'14. If the line segment G6G7 intersects the semicircular 
arc Cobv' , -two more intermediate points are determined in the 
same way for finding a collision free path. 

Similarly, if the line segment G6G7 intersects both C3i' 

and Cobv 1 , four more intermediate points (two for the C3i 1 and 
the Other tWO for the C0bv I) Will be generated between the 
intermediate point G6 and G7 for determining a collision free 
path. 

ob4-+++
ob4--+-P-.....,..... 

G7--+-+-+----;--' 
Gg 
D7_,__rt--~ 

15-----"<-~ 

--±:!--+--+ 0 b2 
1
ob2 

, G 
~~~-r-~17 6 

--------r-_,._--r---r-- G 8 
16 

Figure 7 Determination of the Collision Free Path 
p4G6G8G9G7'14 · 

4. SIMULATIONS 

The whole algorithm has been successfully implemented on 
the Silicon Graphics 4D-G70 workstation. The computation time 
for generating a collision free path of the end effector tip 
of the manipulator with five circular obstacles inside the 
workspace is within 3 seconds. 

An example showing the process for the generation of a 
collision free path for five circular obstacles inside the 
workspace is illustrated as follows. Figure 8 shows the 
initial (on the right hand side ) and final configurations (on 
the left hand side) of the manipulator and the inner and outer 
boundaries of the joints. Figure 9 shows the (RA)m of the end 
effector tip with respect to the initial and final position, 
and five pairs of checking lines with respect to the five 
different circular obstacles. Obviously, there is no 
intersection between the initial and final (RA)m. This means 
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that the end effector tip cannot follow a straight line motion 
from the initial position p4 to the target position ~ and 
there is no common area of the two (RA)m, where an 
intermediate point can be chosen. 

Figure 8 Initial and Final Configurations and Boundaries of 
the Joints. 

III.U. eutt•: _ .... n. eur.r to 
a-- • lnt.....tlete tlalnt In i._ 
C:.l..- ,_ ·-.., •• ,_ ODtJ. 
Rl ... t .... , .. , [Mit. 

Figure 9 I n itial (RA)m, Final (RA)m and Checking Lines. 
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Therefore, several intermediate points are chosen within 
the workspace to determine a collision free path. Figure 10 
shows the determination of an intermediate point for the 
initial configuration. Figure 11 shows the determination of 
an intermediate point for the final configurations and a 
collision free path of the end effector tip of the robot. 
Figure 12 shows the entire motion of the manipulator without 
any collision with the obstacles. 

111•1• -..tt11111 -- 1be c:.r.r to .,.... .. .............. ........ , .. 
Col-~._ .... ._ .... -
•IFteuttCIIII&Ito 

Figure 10 Determination of the Initial Intermediate Point. 

Figure ll Determination of the Final Intermediate Point 
and A Collision Free Path. 



204 

11 

Figure 12 Computer Graphics Simulation of the Entire Motion. 

5. CONCLUSION 

The geometry of the reachable area (RA) m of the end 
effector tip of a planar 3R manipulator has been analyzed to 
determine collision free paths for the case of multiple 
circular obstacles inside the workspace. Computer graphics 
techniques of a Silicon Graphics 4D-G70 workstation are used 
to determine efficiently the (RA) m and the intermediate points 
of the collision free paths. A collision free path with five 
circular obstacles inside the workspace is generated within 
3 seconds. 

The development presented here is in the process of being 
extended to guiding the end effector tips of spatial Puma and 
T3776 robots through multiple spherical obstacles inside the 
workspace, and furthermore, through horizontal pipes with 
circular cross-sections. 
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An approach for solving obstacles avoidance problems using a theory for the 
articulation of robot manipulators is presented. It is assumed that a robot 
manipulator follows a specified trajectory while its end effector orientation remains 
unspecified which is considered to be a free parameter. The orientation of the end 
effector together with the remairiing link orientations can be used to flex and hence 
articulate the arms to avoid interference with obstacles in the workspace. In this 
paper, TRS robots and PUMA robots are considered, and obstacles are modeled by 
spheres. 

1. INTRODUCTION 

In recent times there has been an enormous spurt of research activity in the 
algorithmic aspects of motion planning. The problem of navigating a body through 
an environment containing a set of known obstacles has been investigated by many 
researchers. Some of the fundamental solutions to this problem can be found in [1 -
4]. Other research on determining the path for collision-free motion of robot arm 
has been conducted in [5 - 10]. 

This paper applies a theory for articulation of robot manipulators to study 
collision detection and obstacle avoidance problems. The term "articulation" 
appeared first in the work of Young and Duffy [11, 12] and can also be found in [13] 
and [14]. It is used to describe the capability of a manipulator to change its 
configuration continuously such that it moves with a snake-like motion. The end 
effector of a robot manipulator is considered to be moving on a specified trajectory 
regardless of orientation which is considered to be a free parameter, and which 
together with the remaining link orientations can be used to flex and hence 
articulate the arms to avoid obstacles. 

. The geometry for articulation is derived by firstly considering a reference 
point on the end effector of a sjngle robot to be held fixed at a sequence of target 
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positions on some specified trajectory. At any instant the robot can continuously 
change its configuration while the reference point remains fixed. The end effector 
can be considered connected with an intermediate target position that is modeled 
by a hypothetical spherical joint. The closed loop configuration thus formed, for a 
TRS robot, is a TRSS mechanism. The degree of flexure of the robot is then 
determined by the analysis of the TRSS mechanism. 

In order for a robot manipulator to avoid colliding with obstacles while 
following a prescribed trajectory, two problems need to be considered. One is the 
detection of interference between the links of the manipulator and the obstacles, the 
other is the determination of configurations of the manipulator which avoid 
interference. It is assumed that the prescribed path does not intersect the obstacles. 

In subsequent applications, three sets of words, viz., permissible orientations, 
allowable orientations and favorable orientations, are used to describe the link's 
orientations. The permissible orientations of a link are determined by the flexure 
with the end effector pinned at some intermediate target position on a trajectory. 
The allowable orientations of a particular link are the orientations that direct the 
link to avoid interference with obstacles. It should be noted that when a link is in 
its allowable orientations, the remaining links of the manipulator may well interfere 
with the obstacles. The favorable orientations of a link are contained in its 
allowable orientations and are consistent with all links avoiding obstacles. In this 
paper, the robot links are modeled by line segments and obstacles are modeled by 
spheres. 

2. PERMISSIBLE ORIENTATIONS OF ROBOT LINKS 

For any target point P(~,yP,zP) on the specified trajectory, the end effector of 
a TRS robot or a PUMA robot can be considered connected with the point P by a 
fixed hypothetical spherical joint. The wrist joint of the robot is thus free to move 
on a spherical surface which will be called a constraint surface and can be 
determined by the intersection of the concentric spheres SP3_i and SP3_ o centered 
at 0 with the sphere SP3 centered at P (see Fig. 1). For TRS robots (see Fig. 2), 
the radii of SP3, SP3 i and SP3 o are r3 = s66, r3i = I ~-s44 1 and r3o = a23 + s44, 

. - - . 2 2 1/2 respectively. For PUMA robots (see F1g. 3), r3 = s66, r3i = [(a23-s44) + (s22-S33) ] 
and r 3o = [ ( a23 + s44)2 + ( s22-s33)2]1/2. 

2.1 E.nd Effector 
For convenience, a pair of transformations of coordinate system will be 

introduced (see Fig. 4 ). First the Ox'y'z' system is obtained by rotating the Oxyz 
system about z axis through an angle a. Next the Ox"y"z" system is obtained by 
rotating the Ox'y'z' system about y' axis through an angle (1r /2-/3), where a and f3 are 
given by 

and 
a = tan·\yp/~) 

13 = tan·\zp/(~2 +y/)112) 

(1) 

(2) 

Using the Ox"y"z" coordinate system, the coordinates of the target point P 
become (O,O,d), where d is the distance of the target point P to the origin 0. The 
equations of the spheres SP3, SP3 i and SP3 o can be expressed in Oxv-;; svstem as 
follows, - - " "' 
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(3) 
(4) 
(5) 

The intersection of SP3 and SP3 o is a circle, the equation of which can be expressed 
in the parametric form -

x" = s66cos( 6 3)cos( u) 
y" = s66cos( 6 3)sin( u) 
z" = d + s66sin( 6 3) 

0 5 u 5 21f (6) 

where 63 and u are latitude and longitude of the sphere SP3• Analogously, the circle 
determined by the intersection of SP 3 and SP 3 i can be expressed in the same form 
by replacing o3 with 64 (see Fig. 5). Therefore, the permissible orientation of the end 
effector can be expressed in terms of the latitudes and longitudes of the sphere SP3• 

Any point on the constraint surface can thus be represented in the Ox"y"z" 
coordinate system by, 

x" = s66cos(v)cos(u) 
y" = s66cos(v)sin(u) 
z" = d + s66sin(v) . 

(7) 

where 64 ~ v ~ 63 and 0 ~ u ~ 21r. It should be noted that when 63 = 1r /2, SP3 and 
SP3_ o do not intersect and when 64 = -1r /2, SP3 and SP3_i do not intersect. 

2.2 Upperarm and Forearm 
(a) TRS robots. In order to determine the permissible orientations of the 

upperarm and the forearm, it is best to consider these two links simultaneously. This 
is because the joint connecting the upperarm and the forearm is a revolute joint, and 
hence these links will always lie on a plane passing through the z axis. In addition, 
this plane belongs to a pencil of planes 'With z axis as the axis of the pencil. Two 
planes of this pencil which are tangent to the sphere SP 3 determine the boundary of 
this pencil that contain the upper arm and the forearm. For convenience, these 
planes will be called 1r planes hereafter. · 

Each 1r plane intersects the sphere SP3 in a circle, with the exception of the 
pair of tangent planes which have a point contact with the sphere. The permissible 
orientation ranges of the upperarm and the forearm on a 1r plane depend upon 
where the plane is located. In each 1r plane, the computation of the permissible 
orientations can be performed by considering the robot to be a planar 3R robot with 
three links. The lengths of the first two links are the same as those of the upperarm 
and the forearm of the TRS robot. Whereas, the length of the third link of the 
planar robot is equal to the radius of the circle of intersection of the 1r plane and 
the sphere SP3• The position of the reference point on the end effector of the planar 
robot is the center of the circle (see Fig. 6). 

Thus for each 1r plane, the permissible orientation ranges of the upperarm 
and the forearm can be computed by analyzing a planar four-bar linkage (see [14]). 
The permissible orientations of the upperarm and the forearm of the TRS robot can 
thus be determined by the union of the permissible orientations of these two links 
on each 1r plane. 



210 

(b) PUMA robots. Since there is an offset along the elbow joint, the 
upperarm and the forearm of the PUMA robot do not lie on the same plane. 
However, the upperarm and the forearm lie on a pair of parallel vertical planes 
separated by a fixed distance s33• Therefore, a pencil of pairs of vertical planes can 
be selected such that the upperarm lies on one (denoted by rr J of the parallel planes 
and the forearm lies on the other (denoted by rr b) as shown in Fig. 7. The boundary 
of all possible plane pairs ( rr a and rr b) is determined by the two rr b planes which are 
tangent to the sphere SP3• The upperarm and the forearm can lie on any plane pair 
between the two boundary plane pairs. 

In order to compute the permissible orientations of the upperarm and the 
forearm for a pair of specific rr a and rr b planes, it is necessary to introduce a 
hypothetical link a23' which is a parallel perspective projection of the upperarm onto 
the rr b plane from a center which is a point at infinity on a line normal to the planes 
rr a and rr b· The resulting mechanism in the plane rr b is a four-bar linkage, and the 
development for the TRS robots in the previous and the following sections can be 
applied to the PUMA robots. 

3. ALLOWABLE ORIENTATIONS OF ROBOT LINKS 

The allowable orientations of a link are the orientations where the link does 
not collide with obstacles in the workspace. In this section, the upperarm and the 
forearm of a robot manipulator are assumed to be on a rr plane, and the 
computation of allowable orientations of each link is discussed. 

In general, the intersection of a rr plane and a spherical obstacle Sob is a circle 
which will be denoted by Cob· Since the position of the shoulder of the manipulator 
is fixed, the upperarm sweeps a circular region in the rr plane. The allowable 
orientation range of the upperarm is then determined by a circular arc with center 
0 (shoulder) and radius a23 (upperarm length) which is outside the circle cob• 

The endpoints of the forearm are constrained by the elbow and the wrist 
joints which are moving along circular arcs. In order to find the allowable 
orientations where the forearm avoids the circle Cob, the detection of the intersection 
of a line segment and a circle needs to be investigated. 

To determine the intersection of a line segment AB and a circle C, a 
reference coordinate system is selected. This coordinate system has origin at the 
center of the circle and its + x axis direction is the direction of AB. The relative 
position of the line segment AB and the circle C is then defined by the coordinates 
of the point A in this reference coordinate system. Further, a nonallowable manifold 
(NM) is determined which can be used to detect the intersection of the line segment 
and the circle. The boundary of the nonallowable manifold is determined by the 
radius of the circle and the length of the line segment and can be expressed by, (see 
Fig. 8) 

Y = ± Cr _ xz)l/2 
y = r 
Y = ± [ r -ex + I AB I )2Jl/2 
y =- r 

0 s X~ r 
-IABI ~x~o 
-IABI-rsXs-IABI 
-IABI sXsO 

(8) 

where r is the radius of the circle C. It can be seen that when the relative position 
lies within the (:Nw1), the line segment will intersect the circle. 
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For a sequence of locations of the forearm, a curve for the relative positions 
of the forearm with respect to the circle cob is generated. The section of the curve 
outside the (NM) gives the location where the forearm does not intersect the circle. 

When the upperarm and the forearm lie on a 1r plane, the end effector lies 
on a right circular cone. The vertex of this cone is the target point P and the base 
~ of this cone lies on the 1r plane. In order to find the allowable orientations of 
the end effector, it is necessary to investigate the intersection of a cone and a 
sphere. 

Let r be a plane which contains the axis of the cone and the center of the 
sphere (assume the axis of the cone does not pass through the center of the sphere). 
This plane intersects the cone in an isosceles triangle and intersects the sphere in 
a circle. It is observed that when the circle does not intersect the two equal sides 
of the triangle, the end effector will not intersect the spherical obstacle. Further, 
when the circle intersects simultaneously the two equal sides of the triangle, the end 
effector will always intersect the spherical obstacle. Finally, when the circle 
intersects either one of the two equal sides of the triangle, the end effector will 
intersect the spherical obstacle in some orientation. In this case, it is essential to 
identify the locations of intersection. 

In order to find the locations where the end effector intersects the sphere Sob' 
the polar of the vertex of the cone with respect to the sphere sob is obtained (see 
Fig. 9). This polar intersects the sphere Sob in a circle Cs with center at G, and any 
tangent from P to Sob has a point contact with the circle Cs. 

The point P and the circle Cs determine a right circular cone with vertex at 
P and all elements of the cone have a point ·contact with Cs. Consider this circular 
cone and a section IV1J of the cone by the plane 1r, as in Fig. 10; V1 and V2 are the 
points of the curve IV 1J on the intersection of 1r and the plane perpendicular to 1r 

through the line PG; G' is the intersection of 1r and PG, and Cis the point in which 
the bisector of the angle G'V1P meets PG. The point C is at the same distance r1 

from PV 1 and from the line of symmetry V 1 G' of the curve IV 1J; and the 
perpendicular from C upon V1G' is normal to the plane 1r, being in a plane 
perpendicular to 1r. A sphere of radius r1 can be generated with center at C. F1 

denotes the point where the sphere is tangent to the plane of the section and B1 

denotes the point where the sphere is tangent to the line PV1• Since the cone is 
right circular, this sphere is tangent to each element of the cone, and all the points 
of tangency are on a circle B1E1• D1H1 is the line of intersection of the plane of the 
circle and the plane 1r; this line is perpendicular to B1D 1• 

Let M be any point of the curve in which the plane cuts the cone, and PLM 
the element of the cone through M, L being its point of tangency to the sphere. 
Since MF 1 and ML are tangents to the sphere from the same outside point, they are 
equal. Further, all the elements of the cone make the same angle with the plane 
E1B1L. Therefore, the line ML makes with this plane an angle equal to V1B1D. It 
follows that [15] 

ML 
-- = -- = ----- = const. (9) 
MN MN 

where N is the foot of the perpendicular from M on the line D1H 1• Thus the curve 
is a conic, F1 being the focus and D1H1 the directrix. 

When the angle V1D1B1 is less than the angle \ 7
1B1D1, in which case the ratio 
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(9) is less than 1, the plane intersects all the elements of the cone and the section 
is an ellipse. As the angle V1D1B1 is taken smaller and smaller, the eccentricity 
becomes smaller and approaches the value 0, in which case the plane is normal to 
the axis of the cone and the plane section is a circle. 

When the angle V1D1B1 is equal to the angle V1B1D1, that is, when the line 
D1V1G' is parallel to the element PE1, in which case the cutting plane is parallel to 
PE1, the ratio (9) is equal to + 1, and the plane section is a parabola. 

When the angle V1D1B1 is greater than the angle V1B1D1, in which case the 
ratio (9) is greater than + 1, the plane intersects only some of the elements of the 
cone and the section is one branch of a hyperbola, the other branch being the 
section of the cone obtained by extending the elements through P. If we take a 
plane through P parallel to the cutting plane, it intersects the two cones in two 
elements; when these are projected orthogonally upon the cutting plane, the resulting 
lines are the asymptotes of the hyperbola, and their point of intersection, that is, the 
projection of P, is the center of the hyperbola. 

After the conic is identified, the intersection points of the conic and the circle 
cb can be determined. The region of the circle cb which is outside the conic can 
then be used to compute the allowable orientations of the end effector of the 
manipulator. 

4. FAVORABLE ORIENTATIONS OF ROBOT LINKS 

In the previous section, the ranges of allowable orientation of three links of 
the robot have been computed. In order to determine the favorable orientations of 
a robot with respect to a specific 1r plane, the following procedure will be used, 

(a) Determine the orientations of the upperarm corresponding to the allowable 
orientations of the end effector. 

(b) Determine the intersection of the allowable orientations of the upperarm and 
the orientations found in (a). 

(c) Determine the orientations of the upper arm in the region obtained in (b) 
such that the forearm is in its allowable orientation range. 

This procedure yields an orientation range of the upperarm within which all links of 
the robot do not intersect the obstacles. 

At any instant, the range of the 1r planes is constrained by the location of the 
upperarm and the forearm at previous instant and by the velocity limit in the base 
joint of the robot. For a series of 1r planes, a sequence of favorable orientations can 
be obtained. The location of the 1r plane where the robot has maximum favorable 
orientation range can be identified numerically, and the upperarm and the forearm 
of the robot will be on this 1r plane. The robot can have joint angles within the 
favorable orientations and is guaranteed to be free from collision. 

5. NUMERICAL EXAMPLE 

In order to illustrate the outcome of the aforementioned planning algorithm, 
the articulation of a Cincinnati Milacron T3-746 robot manipulator is used for 
demonstration. A skeletal model of the robot is shown in Fig. 11 and the 
dimensions of the robot are given in Table 1. 
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44" 55" 15" 

Table 1. Dimensions of robot. 

The permissible orientation ranges of the upperarm with respect to a 
sequence of 1r planes while the end effector is pinned at a target point P(85",0", 10") 
is derived and is shown in Fig. 12, which describes the motion capability of the robot 
link with the end effector pinned at P. Further, the favorable orientation ranges 
which represent the capability of the robot links to move without interfering a 
spherical obstacle with center (95",2",20") and radius 10" is shown in Fig. 13. Here, 
the robot is assumed to maintain an elbow up and wrist up configuration. 

Consider that the robot's end effector is to move along a rectilinear path 
which can be expressed in the parametric form as follows, 

.E = U + s(V- U) 0 ~ s ~ 1 (10) 

where U and V are the starting point and final points, respectively, and their 
coordinates are (85",0",10") and (60",30",4"). In addition, the robot must avoid a 
spherical obstacle with center (60",20",30") and radius 10". For each point of the 
path, an analysis of the favorable orientations of the robot links can be performed 
according to the relative location of the robot and the obstacle. This analysis is 
repeated for a sequence of discrete points on the path and any orientation within the 
favorable orientation range can be used to direct robot links to avoid interference. 
As a result, a sequence of sets of joint angles is selected and is shown in Fig. 14. 
The configurations of the robot corresponding to these joint angles can be visualized 
in Fig. 15. 

6. CONCLUSION 

A method for programming the motion of a spatial robot manipulator to 
avoid collision with spherical obstacles is discussed. This method uses articulation 
of the manipulator to continuously change its configuration while its end effector 
follows a specified path regardless of orientation. When there are other constraints 
imposed on the motion of the manipulator such as limitations on joint displacements, 
joint velocity and acGeleration, the favorable orientation ranges can be narrowed 
down to satisfy these constraints. Finally, this method can be extended to robot 
manipulators with solid links by expanding the obstacles to compensate cross section 
dimensions of the links. 
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Fig. 1 Constraint surface of the wrist joint. 

Fig. 2 TRS type robot. Fig. 3 PUMA robot. 
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Fig. 6 The upperarm and the 
forearm of a 1RS robot lie on a 
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Fig. 7 The upperarm and the 
forearm of a PUMA robot lie on two 
parallel vertical planes. 
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Fig. 10 Plane section of a cone. 
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Fig. 12 Permissible orientations 
range. 
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Fig. 9 Polar plane of P with 
respect to sob• 

~1 

Fig. 11 Skeletal model of a 
Cincinnati Milacron T3 -746 robot. 
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Fig. 13 Favorable orientations range. 
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ABSTRACT 

This paper describes obstacle modeling as superquadric solids. The equation of 
superellipsoid is used to capture the shape, position and orientation of obstacles. The 
mathematical model is then applied to plan collision-free motion of robot manipulators. Three 
classes of motion planning can be achieved. The key idea is to move with a safe minimum 
distance or modify a specified trajectory, depending on the type of control operation being used. 
The proposed techniques of obstacle modeling and motion planning are easy to implement and 
optimize for real-time applications. 

1. INTRODUCTION 

Obstacles are defined as any portion of an object with which contact is undesirable. This 
means that any stationary or moving object within a workspace, including the kinematic links 
of a manipulator, can constitute obstacle if it lies on the trajectory path. Obviously, obstacle 
avoidance is absolutely necessary for successful completion of specified tasks. 

In all varieties of manipulator applications, collision avoidance has been implemented 
by removal of potential obstacles, using fixed motion commands and visual feedback coupled 
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with careful manipulation of robot arm around obstacles. These methods have effectively 

prevented collision, but in unpredictable and evolving environments, they are difficult to use. 
An outstanding example is in underwater telerobotic operations. In these operations, the 
operator views the worksite through video monitors which are the only visual feedback. Since 

video displays do not convey any depth information, it is difficult to maneuver robot arms 

around obstacles. Moreover, obstacles that are outside the camera's field of view are hidden 

from the operator. Such hidden obstacles pose great dangers for collision. Similar problems 

exist in graphic simulation of robotic systems. In these types of application, it is necessary to 

upgrade the intelligence of robot manipulators so that collision-free motion and/ or indication 

of potential collision are automatically achieved in all types of robotic operations. 

The problems of obstacle detection and collision avoidance have attracted much 

attention and many papers have been published. Yoshikawa (YOSHIKAWA 1984) and 

Maciejewski (MACIEJEWSKI 1985) suggested methods that pull manipulator links away from 

obstacles by assigning velocity vectors in the direction that is safe for the robot link to move. 

Dai (DAI 1989) used dynamic increment and test method to detect collision and modify a path. 

This method can move robot links into blind corners, an issue which he failed to address. 

Khatib (KHA TIE 1986) implemented a real-time obstacle avoidance that is based on artificial 

potential field. However he could not model obstacles with simpler mathematical formulas, he 

used the minimum distance from link to obstacle to solve the potential field function. 

Various geometric models such as convex hull, hull sphere, hull cylinder and other 

sophisticated polygons and polyhedra, have been used to approximate the shape of obstacles, 

the choice usually depending on the geometry of the obstacle (LA TOMBE 1989). Generally, 

the objective for each approximation is to reduce the number of curves/surfaces defining the 

boundary of the object and consequently, the number of polynomial constraints and the degree 

of these constraints. 

In this paper, we present a simple technique that uses a modified equation of 

superellipsoid (ZARRUGH 1985) to describe obstacles. We also show how the modeling 

method can be used to implement collision-free motion planning. With this approach, obstacles 

can be mathematically represented with a single equation as superquadric solids. The fact that 

obstacles can be captured with a single equation greatly makes the problem of collision detec
tion and trajectory path modification easier. 

In the following sections, the obstacle modeling technique, collision detection and 
collision-free path planning methods are described. The idea is to test a specified path for 
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collision and then, either advance a safe minimum distance or modify the path completely, 
depending on the type of control operation that is being used. 

2. THE COMPLEXI1Y OF MANIPULATOR MOTION 

The possible motions for the different links of a manipulator are generally complex and 
substantially different. Referring to Figure 1, which shows a 6 degree of freedom manipulator 
with revolute joints, all the moving links form an articulated kinematic chain which can collide 
with each other or with an independently static or mobile object within the manipulator 
workspace. In other words, a manipulator performs its complex motion in an environment 
clustered with obstacles. This means that we have to generate a collision-free path for the 
articulated linkages of the manipulator. 

It is obvious that finding a collision free path in an obstacle-clustered environment is 
difficult and computationally very complex. The complexity increases as the number of 
obstacles increases. Even when a collision-free path exists, it might be practically impossible 

to negotiate a payload through the workspace. 

Considering the complex nature of manipulator motion and for the purpose of collision 
avoidance, we classify collision-free motion planning into three groups: 

1. Tactical Planning. 

2. Strategic Planning. 
3. Predictive Planning. 

Tactical planning is essentially an increment-and-test type of motion planning. This 
means that the path is tested for collision before the manipulator link moves. Tactical planning 
can be used to implement collision-free motion during teleoperation control and position 
control of underwater robotic telemanipulators {AGBA 1989, AGBA 1990). It is suitable for 
collision-free motion planning during pick-and-place, and insertion operations. 

Strategic planning is suitable for data-driven control teleoperation of robot manipulators. 
In data-driven type of teleoperation, a trajectory path to a specified target point is generated 
by solving the inverse kinematics of the manipulator (AGBA 1990). Strategic planning means 
that the entire path can be tested for collision. If collision is detected, a via point is generated 
to bypass the obstacle. Otherwise, the manipulator links move along the determined paths. 

3 



222 

Predictive planning is a combination of tactical and strategic planning. It is used when 
the workspace contains moving obstacles such as transporters or in multi-robot systems. It is 
the most complex type of motion planning, especially, if the workspace is unstructured. In a 
structured workspace, the motion of obstacles can be predicted, and it is possible to find a 

collision-free path if one exists. 

3. MODELING OBSTACLES AS SUPERQUADRIC SOLIDS 

In this method of collision-free motion planning, the geometry of workspace and free 
space need not be explicitly known. However, location and nature of obstacle must be 
completely described. In mission rehearsal or scene modeling type of applications, the 
workspace environment could be captured with cameras and the obstacles reconstructed. When 
the 3D geometry of the obstacles are completely realized, then the obstacles can be modelled 
as superquadric solids, a concept that was developed from the basic quadric surfaces by Bar 
(BAR 1981). 

Superquadrics are mathematical representation of solids. The mathematical 
representation, consisting of a few sines, cosines and surface control parameters, is very simple 
to manipulate. Different complex solids can be easily constructed by altering the surface 
control parameters. Because the effect of the control parameters on the properties of the shape 
cannot be localized, it might be difficult to reconstruct the exact shape of unsymmetrical 
obstacles. In such cases, it is sufficient to describe a bounding superquadric solid such as a 
cube, a cylinder, a sphere, an ellipsoid or some other round-edged shapes around the obstacle. 
In this way, the forbidden obstacle region can still be captured with a single mathematical 
expression which can be easily manipulated. 

The chief advantage of using the concept of superquadrics to model obstacles is that 
superquadric solids have both inside and outside which are distinctly define by a surface 
boundary. They also have well-behaved inside-outside function which makes it possible to 
determine in which region an arbitrary point falls. For example, in the case of a unit sphere 
of the form 

f(x, y, z) = x2 + y2 + z2 (1) 

a simple test can be applied to any point, such as (x0, y0, z0), as follows: 
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f(xo, Yo, Zo) = 1, 

f(xo, Yo, Zo) > 1, 
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the point is on the surface 

the point lies outside the sphere 

f(x
0

, y0, z0) < 1, the point lies inside the sphere 

(2) 

The inside-outside function facilitates boolean operations such as union, intersection, and 

subtraction for reproduction of complex shapes. It is also useful for studying obstacle deforma

tion. The following superquadric shapes has been identified by Bar (BAR 1981): 

1. Superquadric ellipsoids. 

2. Superquadric hyperboloids of one piece. 

3. Superquadric hyperboloids of two pieces 

4. Superquadric toroids. 

3.1 MODELING OBSTACLES AS SUPEROUADRIC ELLIPSOIDS 

To describe obstacles, or enclose the obstacle spaces, as superquadric solids using the 

equation of superellipsoid is a simple modeling technique. The equation of superellipsoid in 

its simpler form as developed by Bar (BAR 1981) has only two surface control parameters. 

Since the equation can not produce certain shapes, Zarrugh modified it by introducing a third 

parameter (ZARRUGH 1985). The surface vector in parametric form given by Zarrugh is 

shown in equation (3 ). 

1( 1( 
--~U5:-

2 2 
05:v~ 21r 

0:1' 0:2,0:3 > 0 

(3) 

The parameters u and v are defined as north-south (latitude) and east-west (longitude) 

parameters, respectively (see Figure 2). The parameters a:1, a:2 and a:3 control the surface 

curvature and the constants a, b and c define the maximum extent of the ellipsoid along 

coordinate axes. Varying the surface control parameters will produce different shapes, see 

Figure 3. When a:2 = a:3, Zarrugh's equation reduces to Bar's equation. 
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The normal and tangent vectors lie on a dual superquadric form. They are given below 

without derivation: 

normal: 

tangent w.r.t. u: 

tangent w.r.t. v: 

1 2-a 2-a ( ) - cos 1
( u) cos 3 v 

a 

n(u,v) = 
a3 2-alaJa3( ) . 2-a2( ) 

--COS U Sill V 
ba2 

t = -u 

1 . 2-a 1( ) 
-Sill U 
c 

-a cosa 1(u) sin(v }cosa3-1(v) 

ba2 a aJa a 
1v = -cos 1 \u)cos(v)sin 1(v) 

a3 

0 

The inside-outside function is 

f(x, y, z) = [(X)2/a3 + (Y)2/a2]a:Ja 1 + (~)2/a 1 
a b c 

3.2 MANIPULATION OF OBSTACLES 

(4) 

(5) 

(6) 

(7) 

The position and orientation of obstacles and manipulator links are defined with respect 

to a fixed reference frame. Since the equation of superellipsoid describes solids in standard 

positions and orientations, it is necessary to translate and rotate the solid to the desired 
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configuration of the obstacle. Also, in a structured dynamic environment, it might be necessary 

to track a moving obstacle. To successfully describe or enclose an obstacle with superellipsoid 

and also implement the collision-free path planning we must transform the surface vector, 
normal vector, tangent vectors and inside-outside function. Since rigid body transformations 

are invertible, we can use the transformed equations to manipulate obstacles. The general 

transformation of the surface equation from its standard position and orientation to that of a 

reference frame is given by 

surface: .S.T = [M] .S. + I! 

where .s.T is the transformed surface vector, [M] is a rotation matrix, and I! is a displacement 

vector. The displacement vector is expressed as a time rate of translation for moving obstacles. 

The transformed normal vector (!!T), tangent vectors (!u,T' lv,T), and inside-outside function lfT(x, 
y, z)) are 

normal: !!T = [M]!! 

tangent: lu,T = [M] 1u; lv,T = [M] lv 

inside-outside function: fT(x, y, z) = f(xr Yr zT) 

where xT, YT and z-r are derived from £r· 

4. COLLISION DETECTION AND AVOIDANCE 

The objective is to make sure that undesired contact with obstacles is avoided during 

robotic motion. In teleoperation and position control types of operation, target motion can be 

executed only when it is safe. For data-driven operation, the optimal path should be modified 

for collision-free motion. Therefore, the primary computational task is to test the special path 

for collision, Figure 4. If the path is safe, the joint commands are executed. 

If any obstacle is detected along the trajectory path, the robot link moves a safe 

minimum distance or an alternative path is generated, depending on the type of manipulator 

control that is being used. In some applications such as pick-and-place operations in graphic 
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simulators, contact might be desired while at the same time avoiding collision. 

In this section, we shall present one method of detecting collision and two methods of 

avoiding collision once it is detected. Our methods are based on manipulation of the equations 

of superellipsoid that has been developed. 

4.1 OBSTACLE DETECTION 

Consider two objects which are inside the same configuration space - one fixed object 

(obstacle) and one flying object e.g. the links of a manipulator or the end-effector. Suppose the 
objects are described as superquadric ellipsoids. Then we can define the following terms: 

§.fxd = surface function of fixed object. 

§.flg = surface function of flying object. 

frxd (x, y, z) = inside-outside function of fixed object. 

Making use of the inside-outside function, refer to equations (2) and (6), we can test for 

collision as follows 

If 'tJ X, y, z € §.flg' 

frxd (x, y, z) > 1, objects will not collide. 

If 3 x, y, z € §.flg such that, 

frxd (x, y, z) = ~ 1, objects will collide. 

If collision is detected, then the trajectory path must be modified using any of the 
methods shown below. 
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4.2 COLLISION AVOIDA..NCE BY TACTICAL PLANNING 

Tactical planning is based on the minimum distance between the flying object and the 

fixed object. In tactical planning, the maximum distance moved by the flying object in a 

specified direction must be less than (or at most equal to) the minimum distance in order to 

avoid collision. If the distance through which the flying object moved equals the minimum 

distance, the two objects will be touching. Referring to Figure 5, the minimum distance 

between the two objects (MORTENSON 1985) is given by 

{(
s - s ) x n = 0 -fxd -flg -fxd 

if 
(§.fxd - §.flg) X !lrxd = 0 

where !!rxd and !!ng are the normals to the fixed and flying objects respectively. 

Tnis type of planning is useful when telemanipulators are being operated in teleoperation 

and position control modes. In special applications of graphic simulators, such as in scene 

modeling, tactical planning is useful for generating joint commands for real-time manipulation 

of robots in off-line manner. Since depth information is lacking in graphic simulators for 

robotic systems, !Lnm provides a good representation of distance which is very useful for pick

and-place operations. Other advanced applications are for studying object deformation and 

stress distribution during grasping operations. 

4.2 COLLISION AVOIDANCE BY VIA-POINTS 

The method of via-points is used for strategic and predictive types of motion planning. 

Once collision is detected, via-points that lie outside the obstacle areas are generated. A new 

trajectory path that passes through the via-points is resolved. The flying object moves along the 

path, thereby avoiding the obstacle. 

Referring to Figure 6, let 21 and 22 be straight lines that, respectively, extend from the 

object and the target points and are tangent to the fixed object. The following conditions are 
satisfied: 

9 
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1!1 • !lrxd = 0 ; 

If the tangent lines are extended beyond the point of contact with the obstacle, they will 

intersect at a point outside the obstacle space. This point of intersection is called a via-point 

through which the flying object must pass. The coordinates of the via-point satisfies the 

following equation: 

The via-point is modified to accommodate the size of the flying object. This is achieved 

by translating the line, 21 in the direction of the normal to the obstacle by a specific clearance 

value. The clearance should be at least equal to half the maximum width of the link. This 

clearance should be taken into consideration before calculating the via-point. 

5. CONCLUSIONS 

We have described the formulation of three types of real-time collision-free motion 

planning schemes based on modeling obstacles as superquadric ellipsoids. The algorithms 

developed are standard and they can be applied to obstacles with virtually any kind of shape. 

By selecting the appropriate surface parameters, the obstacle under consideration can be 

replicated. 

This approach can be applied in various forms of robotic operations. In telerobotic 

operations, tactical planning can be used to convey information about the separation between 

links and obstacles when worksite is obscured to the operator. 

The methods of collision avoidance that have been presented is being implemented in 

a hybrid simulator under developed at Florida Atlantic University. It was found very useful in 

implementing graphic object interaction such as grasping operations. 

10 
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1. Introduction 

We describe an integrated real-time vision-based closed-loop system which will serve as a 
platform for testing vision-based navigation algorithms. The system consists of several sub
systems: a CCD camera, a PIPE real-time image processor, a SUN 3/160 workstation and a DEN
NING mobile robot. We detail each of the subsystems, and the communications between them. 
Finally, we describe an algorithm used to test the system and discuss future work. 

Figure 1 is a diagram of the overall system. A camera on top of the DENNING robot is con
nected to the video input stage of the PIPE image processor. PIPE digitizes and processes the im
ages and outputs the results to the SUN for high level image processing. The output of the SUN is 
a set of motion commands to the DENNING robot. 

2. System Components 

2.1 Denning Mobile Robot · 
The Denning Mobile Robot [1] is composed of three major subsystems: mechanical, hardware, 

and software (Fig.2). 
The mechanical subsystem consists of a frame, wheels, motors, and batteries. The robot is pow

ered up by three 12V rechargeable batteries. It has three wheels and two motors, one for steering 
and the other for driving. A head plate on the top of the main frame turns together with the wheels 
while the main frame does not rotate even when a turn command is executed by the robot. 

Identification of commercial equipment in this paper is only for adequate description of our work. It does not imply 
recommendation by the National Institute of Standards and Technology, nor that this equipment was necessarily the 
best available for the purpose. 
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There are four major components in the hardware subsystem (Fig.3): computers, ultrasonic 
sensors, motor control system, and electric power system. The main computer is a MC68008 board. 
This board communicates with the user through an RS-232 serial port. A second serial port permits 
direct connection to a host computer, such as a VAX or SUN. The ultrasonic sensors and the motors 
are controlled by a dedicated Z-80 board. Available voltage sources on the robot are +5V,±l5V, 
and + 36V. The robot is controlled by translation and rotation commands. There are two modes for 
specifying a motion command. One of the modes, involving move and turn commands, uses dis
tance, speed, and acceleration. The second mode involves drive and steer commands and uses 
speed, and acceleration only. Translation commands are specified in units of 1/10 of a foot, and ro
tation commands in units of l/10 of a degree. The maximum allowable distance, velocity, and ac
celeration for a single command are 25ft., 25 ft./sec., and 40ft/sec.2, respectively. The maximum 
allowable angular displacement, angular speed, and angular acceleration are 360°, 100°/sec., and 
100°/sec.2, respectively. 

The software subsystem interprets data from the RS-232 serial port and issues necessary com
mands to other modules, such as the navigation and the sensor/motor module (Fig.3). 

2.2 PIPE Image Processor and Camera 
PIPE [2] stands for Pipelined Image Processing Engine. It is capable of processing standard 

size images (256x256 pixels) in one frame time (1/60 of a second). PIPE has an input stage, mod
ular processing stages (MPS), and an output stage (Fig.4). A PIPE with 8 modular processing stag
es is capable of executing 1.2 billion arithmetic and 7.36 billion Boolean sum-of-products 
operations per second. PIPE has special processing units with built-in operations like addition, sub
traction, AND, OR, XOR, single-value functions (sin, square root, etc.), and two-value functions 
(atan(a/b), etc.). An IBM/PC-AT is used as a host computer to program PIPE. 

There are four major ways of processing images for feature extraction in PIPE: 
• As isolated points: Point processing, 
• As spatial neighborhoods: Spatial Processing, 
• As a sequence of images: Sequence Processing, 
• As a stack of eight Boolean bit plane images: Boolean Processing. 
These four types of processing operators can be used individually or in any combination. The 

following quote is taken from the PIPE Manual[2]: 
"What does PIPE do? 
PIPE is a multi-stage parallel processor designed to do one thing very well: the processing of 

images at video rates. It is not a general purpose parallel processor. Each stage in the system is 
designed so that all input, processing and output are completely synchronous with the video raster 
and are done in one 1V field time ( 1 !60th of a second). This processing is performed with the goal 
of extracting features from the input image stream. Some typical features include: 

• Edges and gradients in gray scale or chromaticity, 
• Intensity changes over time and/or space, 
• Motion and other dynamic events, 
• Stereo or range maps, 
• Angular orientation of edges or gradients, 
• Corners or spots, 
• Isolated points." 
Further details about PIPE may be found in [2,3]. 
The CCD video camera mounted on the DENNING is connected to one of the video input stag-
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es of PIPE. We work with 256x256 images digitized at 256 gray levels (8-bits). 

2.3 SUN Workstation 
The SUN uses an MC68020 CPU and operates under the UNIX Operating System. Since this 

operating system runs several system tasks, the CPU is never dedicated fully to any user program. 
To avoid this problem we plan to use a dedicated MC68020 board that will be installed in the SUN. 

Although the PIPE performs many image processing algorithms very efficiently, there are 
many high level image processing algorithms that PIPE cannot run. These algorithms are run on 
the SUN 3/160 workstation. The SUN also runs planning and control algorithms for the DEN
N1NG. 

3. Integration of the Subsystems 

In this section we describe communication between the PIPE and the SUN, communication be
tween the SUN and the DENNING, and integration of the PIPE, SUN, and DENNING. 

3.1 Communication Between PIPE and SUN 
Our communication program is written in the C language and runs on the SUN. This program 

uses haltpipe, startpipe, and steppipe commands to control the PIPE. Data transfer between the 
PIPE and the SUN is done through the V11E Interface Bus. In order to achieve reliable data trans
fer, synchronization between the PIPE and the SUN has to be established. This is done by reading 
the data while PIPE is in halt mode. After this reading process is done, the PIPE sequencer is 
stepped using the steppipe command, that is, PIPE executes the next instruction and then halts. 

3.2 Communication Between SUN and DENNING 
Communication between the SUN and the DENNING occurs over an RS-232 serial port. This 

communication program opens a 9600 baud communication port for the DENNING. In order to 
test the communication, a C program is written to control the DENNING from the keyboard. In 
this program motion control commands entered by the user through the keyboard are sent to DEN
NING to control the speed and the direction. The user can change the speed and direction of motion 
'in increments or decrements of 0.2ft/sec and 10°/sec, respectively. 

3.3 Integration of PIPE, SUN and DENNING 
In our current integrated system, the camera is mounted on the head plate (Fig.2). From the 

control point of view, we have a-digital control system with two sampling times. These are T b the 
rate at which images are sampled by the PIPE, and T 2, the rate at which commands are transmitted 
to the DENNING (Fig.5). 

Since the execution of motion commands in the DENNING involves mechanical components, 
it is significantly slower than the PIPE. The value ofT1 is 16.67 msec (1/60 of a second). The value 
ofT2 cannot be less than 300msecs. Even though we have not been done it, the overall closed-loop 
system can be analyzed using multi-rate digital control theory. 

Figure 6 shows the general flowchart of the control algorithm running on the SUN. After per
forming initialization, this algorithm goes through two kinds of loops. The inner loop involves 
reading an image from the PIPE, running some image processing algorithm, determining whether 
a decision about the next command to the DENl'YING should be made, and repeating these steps if 
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a decision is not made. The outer loop includes the inner loop, but sends the command decision to 
the DENNING before reading the next image from the PIPE. 

These two loops can be controlled independently. Since the value ofT 1 is much smaller than 
T 2, the inner loop can be executed many times before the decision algorithm is run. This permits 
the decision to be based on many frames of image data. 

4. Procedures, Algorithms and Real-Time Considerations 

A simple vision-based tracking algorithm has been implemented to test the system. The task is 
to track a dark vertical line moving either to the left or to the right on a white background. The cam
era tracks the line by rotating the head plate. Figure 7 shows the test set up and the vision algorithm. 
The values ~p, ~5 , and ~D represent delays caused by processing on the PIPE, SUN, and DEN
NING, respectively. 

As shown in Fig.6, other decision algorithms can be plugged into the loop. A constraint for the 
decision criterion is to force T 2 not to be less than 300msecs. 

In the current implementation only the four central scan lines of each image are read from the 
PIPE. This takes 17.6 msec. Then the gray level values of all four pixels in each column are 
summed and scaled, forming a new line image. The algorithm then searches for the maximum 
change in brightness in this image. The position of this change is an edge point. A turn command 
is sent to the DENNING so as to rotate the camera on the head plate towards this edge point. The 
angular velocity for the turn command is determined as a function of the distance of the edge from 
the center of the image. The value of the angular velocity is zero, if the distance is between -10 and 
10 pixels; ±2 ° /sec, if the distance between ± 10 and ±50 pixels; ±6° /sec, if the distance greater than 
±50 pixels. 

5. Current and Future Work 

· A vision-based closed-loop system has been integrated and tested. This system will serve as a 
test bed for evaluating navigation and mobility algorithms such as obstacle avoidance algorithms. 
We have implemented a test algorithm for tracking of a dark object on a white background. 

We plan to develop navigation algorithms that can handle both stationary obstacles or targets 
and moving ones, and which do not use a-priori knowledge about the environment. There are sev
eral approaches that can be used, such as optical ftow[4,5], stereo image analysis[6], laser range 
scanners[7], time-based approach[8], qualitative approach[9], camera fixation[lO,ll], neural net
works[12], etc. We plan to concentrate on the time-based and qualitative approaches as well as on 
camera fixation approach. 
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Fast Correlation for Image Registration 

Anil D. Mandalia*, R. Sudhakar*, Fumio Hamanot 

EXTENDED SUMMARY 

Template matching is a fundamental operation in image processing and computer vision. It 
is used mostly for object recognition and detection. The problem that arises using the normal
ized correlation search technique in template matching is the large amount of computation time 
[7,1) involved in locating the position of a subimage(template) within a large(search) image. 
A technique is proposed for two-stage template matching which uses Monte Carlo simulation 
along with binary correlation. Results are presented to show the reduction in computation time 
as well as improvements in computation complexity. 

1 Outline of Approach 

Matching involves two steps. The first is to shift the template window over the search window, 
and the second involves computing correlation measure at each shift between the template and 
the overlapped part of the search window. If the template size is NxN and the search size is 
Mxlvf (assuming N < M), then there will be (lvf -N +1) 2 shift positions. The cross-correlation 
between the two windows is defined by: 

""'N-1'\"'N-1j(" ·) ( · ") 
( ) 

- L...,.i=O L...,.j=O Z,J g X + z, y + J 
T X , y - 1/2 

{'\"'/!-1 '\"'f'!-1 J(. ")2 '\"'i':f-1 '\"'I'!-1 ( + . + ")2} 
L...,.t=O L...,.J=O z, J L...,.t=O L...,.J=O g X z, Y J 

u , v = 0, 1, 2, ... ,M- N + 1 
where f and g are gray level pixels values inside the template and the search area, respectively. 

As it can be observed from the above equation, that considering all the pixels from both 
the windows, the computation complexity involved is for the numerator part as well as the 
denominator. In evaluating the denominator, the sum I::f:01 f(x,y) 2 need to be computed 
only once, while the sum I::~0 1 g( x + u , y + u )2 at particular position has to be computed 
at every shift. Similarly the numerator has to be evaluated for each shift. Thus the total 
computation required for the above equation is ;V 2 (Jv/ -JV + 1)2 additions and N 2(M- N + 1)2 

multiplication. 
The proposed 2-stage algorithm is aimed at reducing the computation complexity. In the 

first stage, the following is performed: 

1. Instead of shifting the template over search image for all pixel positions , random shift 
positions are selected. The choice of how many random shifts to be selected depends on 
the type of image being considered. 

·Depart ment of Electrical Engineering, Florida Atlantic University, Boca Raton, FL 33431 
t Department of Electrical Engineering, California State University at Long Beach , Long Beach . CA 90840 
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2. Instead of using all the N 2 pixels in overlapping windows for computation of correlation 
measure, random pixels within the window are used. The number of pixels to be used 
only depends on the admissible variation in the cross-correlation scores. 

3. The cross-correlation performed uses binary correlation rather than gray level because of 
the nearly identical performance and large computational savings in binary operations. 

In the second stage, correlation measures which are above a certain threshold are considered 
to be the possible matches and are referred as correlation peaks. Cross-correlation is again 
performed not only for the correlation measures obtained for the shift positions which are 
above the threshold but also for the pixel regions around these peaks. Within these regions an 
exact match can be found. The size of these regions is estimated based on the average distance 
between random shifts. 

The overall computation required for both stages will depend on the number of random 
shifts, the number of random pixels within the window, the effecqveness of the threshold and 
the number of pixels selected within the region around each selected peak. 

The use of binary correlator over gray level correlator is to speed up the computation of 
correlation measure. The image is quantized [4] to two-levels(-1,1) and a counter mechanism is 
implemente_d in which there is a significant reduction in the computation time as well as compu
tation complexity. The performance of the binary correlator depends on the local threshold [5] 
that is chosen for the image. Binary correlators have been shown [3] to perform better over gray 
level correlators, and the results that follow show also good performance of binary correlator. 

2 Experiment and Results 

The main goal in carrying out the simulation for the method is to asses the reduction in 
computation complexity and also to study the performance with different template matching 
parameters such as the search size, template size, number of points for random shifts and 
number of points for selecting random pixels in the overlapping windows. For experimentation 
purposes, images of an assembled printed circuit board were used. The Monte Carlo simulation 
\vas performed on a search size of 48x48 and the template size of 24x24 as follows: 

1. Zero mean gaussian noise with different variance values(1- 100dB) was added to search 
image. 

2. On the noisy images, cross-correlation between the search area and the template were 
carried out for different parameters, i.e. the number of random shifts and the number of 
random pixels used for computing the correlation scores(for e.g. 64 shifts with 64 random 
selection of pixels). Experiments were performed for 6 different sets of parameters( see 
Table 1). 

3. For statistical assessment, 100 experiments were performed for each variance value and 
each set of parameters, but reseeding the random number generators. 

Figure 1 shows performance between binary correlator and unbinarized correlator. From the 
plot , the performance of the binary correlator is as good as the unbinarized correlator. In terms 
of computation time the binary correlator was faster than the unbinarized correlator. Figure 2 
shows the the probability of a hit or the best match found for the template inside the search 
image for variance values ranging from 1-100 dB for the different sets of parameters. From the 
plot , it is seen that the performance of the algorithm is better for the first four sets of parameter 

2 
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and all of the them show good performance relative to considering all pixels( compared with the 
binary correlator shown in figure 1) in the overlapping windows. 
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#of Random #of Random 
shifts pixel Selection 

64 64 
48 64 
64 48 
32 64 
32 32 
16 16 

Table 1: Parameter sets used for experiment 
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ESTIMATION OF PLANAR SURFACE 
MOTION AND STRUCTURE PARAMETERS WITH 

BINOCULAR CAMERA CONFIGURATION 

Padma Haliyur, R. Sudhakar and Hanqi Zhuang 
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Florida Atlantic University 
Boca Raton, FL 33486 

Summary 

This presentation deals with the estimation of motion 

and structure parameters of planar object surfaces viewed 

with a binocular camera configuration Possible 

applications of this method include autonomous guidance of 

moving platform (AGVS) using imaging, and segmentation of 

moving objects from other moving and stationary objects by 

using the information about motion and structure [1]. As a 

background for the development of the problem, concepts 

such as binocular perspective projection, binocular motion 

field, binocular brightness change constraint equation, 

rigid body motion, and planar surfaces under motion will be 

discussed. The· estimation problem is formulated as an 

optimization one which in turn is solved using iterative 

algorithms. To improve the robustness of the algorithm, 

only the motion and surface parameters along the image 

contours are estimated. To reduce the influence of process 

and measurement noises, pre- and post-processing are 

introduced. Since a pair of cameras are used in data 
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acquisition, a unique estimation of the parameters can be 

obtained. 

Many researchers have attempted to recover motion and 

structure parameters by relating the spatial and temporal 

derivatives of the image brightness function and then 

computing optical flow as an intermediate step. Optical flow 

is the distribution of apparent velocities of brightness 

patterns in an image [1]. In general,accurate determination 

of optical flow is difficult. An alternate approach has been 

proposed for planar surfaces by BKP Horn and S Negahdaripour 

[2] for a single camera configuration by directly relating 

the image brightness function to the motion and structure 

parameters through the brightness constraint equation and 

then iteratively solving the equation in terms of the 

parameters without computing the optical flow. Due to 

monocular vision, the method has some i nherent ambiguity. 

The constraint equation is equally satisfied by two planes 

with the same orientation but at different distances 

provided that the translational velocities are in the same 

proportion. In the following section, a method to resolve 

the ambiguity is presented by considering the binocular 

camera configuration. 

The right and left images of the object are obtained by 

using binocular 

length of unity. 

perspective projection assuming a 

The motion field is the vector 

focal 

field 

induced in the image plane by the relative motion of the 

camera. The ambiguity that was present in the monocular 
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case is absent here as the depth information is available 

and can be recovered by the binocular formulation. The 

brightness constraint equation is obtained by assuming that 

the brightness of a moving patch more or less remains 

constant. 

Given the image brightness of the patch at six pixels 

at different time instants one can recover motion and 

structure by solving the constraint equation. However two 

difficulties exist. The image brightness is distorted by 

sensor noise and quantization errors. Also it is close to 

impossible to match every point of the left and right 

image. The solution is to estimate the parameters by 

minimizing the error in the constraint equation over the 

entire image. Since we cannot minimize the error over the 

entire image due to difficulty in matching, instead we 

minimize the error only over matched contours in the right 

and left image plane. Proceeding in this fashion , for each 

matched contour we can obtain 9 scaler equation with the 

following properties.All the equations are linear in the 

three components of rotational velocity (w), and non-linear 

in the three components of surface normal (n) . The 

translation velocity (t) components appear in a linear 

fashion in the first six equations and non-linear in the 

remaining. An iterative scheme is formulated to solve 

these equations. We assume an initial value of the surface 

normal (n) and for this value of n, w and t are determined. 

Now, by using the calculated value of w and t, an improved 
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estimate of n is found. The iteration is continued until the 

solution converges. The initial value of the surface normal 

n is obtained by matching a few feature points on the 

right and left image sequences over two sample intervals. 

Unlike correspondence based methods, the matching operation 

is only performed at the initial stage and the initial guess 

of the parameter can be fairly rough. Currently work is 

being carried out to verify the performance of the 

algorithm. Initially the formulated algorithm is tested on 

simulated planar images. 

algorithm on real images. 

Later on,we plan to implement the 
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Summary 

This presentation deals with the problem of estimating object 

motion and structure parameters of a general surface with monocular 

camera configuration. The estimation problem is formulated as a 

tracking one, thus standard optimal tracking algorithms can be 

applied directly to obtain the solution. As in the case of planar 

surface, motion and surface parameters only along the image 

contours are estimated for the sake of robustness. Different cases 

as pure translation, pure rotation and general motion will be 

analyzed in detail. Pre- and post-processing are introduced to 

further reduce the effects of process and measurement noises. 

The fundamental equation of motion estimation is the 

brightness constraint, which relates the brightness function and 

the velocity at any point in the image, and expresses that the 

brightness of a particular moving point is constant in time. For 

rigid body motion and general surfaces, one can find that 3 
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components rotation, 2 components of translation, one equation of 

depth information. The approach to recover the 3-D motion and 

structure information from the sequence of monocular images can be 

decomposed into two steps: (1) compute optical flow from changes 

in image brightness values, (2) use optical flow to compute 3-D 

motion and structure parameters. 

In this presentation, We combined the two steps to obtain the 

solution for a general moving surface using monocular vision (1]. 

We determine the motion and structure of a general surface directly 

from the image brightness derivatives without the need to compute 

the optical flow as an intermediate step. We will first derive the 

image brightness constraint equations( Ex*u + Ey*v + Et =0) for the 

rigid body motion. The image brightness values are distorted with 

sensor noise and quantization error. We minimize the error along 

a given contour. 

In this work, there are three methods to recover the motion 

of an observer relative to the surface directly from the changing 

images. First, if the motion is purely rotational and not 

translational, problem can be formulated and solved by Least Square 

method [2] or by Levenberg-Marquatt method. Second, in the case of 

pure l y translational motion, problem can be formulated and solved 

by Optimal Tracking method [3]. Third, if both translational and 

rotational motions are present, an iterative method is used to 

solve the general motion problem. Here the rotation is initially 

assumed to be known and the translation normalized to depth is 

estimated using the known rotation; now the calculated value of the 

normalized translation is substituted back to improve the estimate 
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of rotation. The two steps are iterated until the solution is not 

improved. An important issue is that in the case of either pure 

rotation or pure translation, the algorithm is not iterative in 

nature. It is iterative only in the case of both rotation and 

translation. 
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Abstract 

This paper proposes an algorithn1 for segmenting an image into regions of differ

ent textural content, using a family of Gabor filters with different spatial orienta

tions. The filter spatial and spectral attributes are adapted to maximize resolution 

of the textural characterization process, using local first and second-order statistics 

of the textures. Characterization of the texture in each window of the image is 

followed by classification and labeling of each texture. A probabilistic relaxation al

gorithm is used for this purpose. The individual filter ol.Ltputs are subjected to the 

relaxation procedure, and the resulting family of label probabilities are combined 

in a weighted combination. 

1 Adaptive Segmentation Using Gabor Filters 

1.1 Introduction 

This paper proposes an algorithm for segmenting an 1m age into regions of different 

textural content. The characterization of textures is accornplished using a family of 

Gabor filters \vith different spatial orientations. The filters essentially detect lines in 

the spatial clon1etin. \vhile providing filtering \Vithin the bandpass of the spectral filter 
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attributes. Each filter provides a four-dimensional inforn1ation hyperspace whose axes 

are 2-D spatial and 2-D spectral. 

The filter spatial and spectral attributes are adapted to maximize resolution of the 

textural characterization process , using local first and second-order statistics of the 

textures. Characterization of the texture in each windo-vv of the irnage is followed by 

classification and labeling of each texture. A probabilistic relaxation algorithm is used 

for this purpose. 

The results of a simulation designed to test the convergence of the adaptive Gabor 

filters are also presented. The results of this simulation yielded unexpected results that, 

in hindsight, are the necessary results of a convergence process that is dependent on a 

joint process. The 12 Gabor filters each converge to a unique value; the joint result of 

the irnage filtering with each unique adapted filter, as -vvell as the cross-filter weighting 

scheme. The output of the characterization procedure for each windo-vv is a pattern 

composed of the 12 Gabor filter outputs, each converging to a equilibrium value. 

A simulation of the second part of the proposed segmentation algorithm produced a 

textural classification for every region of the image. Regions of distinct textural content 

were classified and labeled, producing a segmented image. 

1.2 Gabor Filters 

The proposed method consists of constructing 12 unique 2-D adaptive Gabor filters 

designed to detect image edge orientations occurring every 15° from 0 to 165° [2]. The 

filters each operate over a local area (a window) of a variable size determined adapti vely 

in an image resolution ranging system for recursion of the algorithm [11]. The local 

statistics of the neighborhood, the mean and variance, are used to set the attributes of 

the Gaussian function irnplicit in the Gabor filter [3]. For "optimal" detection Caelli 

and 1vioraglia suggest that the Gaussian profile be limited to two cycles [1]. 

A good explanation of the Gabor function attributes is provided by 1v1arcelja [7]. 

He explained that in the Gabor representation. any function can be expanded in terms 

of t·wo elen1entary signals, one syn1n1etrical and one anti-syn1metrical. Both signals are 
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functions of spatial distance centered at some point Xn, and frequency centered at some 

frequency fn· The symmetrical signal is merely the product of a Gaussian function, 

centered at Xm (the mean), and the cosine of the angular rate of change of .. Ym and 

fn· The asymmetrical signal is the product of the same Gaussian function, but with 

the product of the sine of the rate of change. The set of these two elementary signals 

summed over all n1 and n (distance and frequeucy) is the Gabor representation of that 

function, and are shown in Equation 1 and Equation 2. 

[
-(x-x )2

] Ss(x) == exp 
4

0"
2 

m cos [27r fn(x- Xm)] (1) 

[
-(x-x )2

] 
Sa(x) == exp 

4
()

2 
m sin[27rfn(x- Xm)] (2) 

Using complex notation, the normalized expansion can be vvritten as shown in Equa-

tion 3. 

vVhere Equation 4 relates 'ljJ and the elementary signals. 

(4) 

A.n arbitrary function can therefore be represented as a sum over the elementary signals 

as sho\vn in Equation 5. Here the Gmn are the Gabor coefficients which completely 

describe F(x). 

(5) 
m n 

Marcelja points out that the function being represented F(x), can be exactly represented 

as an integral over the elementary signals. The implication being that the Gabor 

expansion is not just an approximate representation of the original function. If the 

density of positions and frequencies is higher than that required by sampling theory, 

then the set of elen1entary signals is complete, yielding an exact expansion scheme. 

The Gabor expansions are called elementary signals because there is a exact cor-

respondence bet"\veen the area in the distance-frequency space and the information 

') 
•) 
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carrying capability of the function. Specifically, the product of the frequency spread 

and the distance spread equals 1/2. 

The Gabor coefficients can be precisely calculated by multiplying Equation 5 by 

Equation 3 and integrating over x. Denote this integral of the product g(xm, fn)· This 

provides a set of linear equations for Gmn in terms of g( Xm, fn)· lv1arcelja points out 

that, to a good approxin1ation, Gmn ~ g(xm, fn)· 

Turner[11] devised an easier methods of finding the Gabor coefficients of a 2-D 

Gabor function. The filter type for symrnetric and asymmetric elen1entary functions 

\vere represented -vvith one generic filter type, shown in Equation 6, but used in pairs 

differing only in phase. One of the pair had 0° phase and the other had 90°. The 

physiological basis for goo phase pairs -vvas discovered by Pollen and Ronner [8]. They 

shov.~ed that simple cells in the visual cortex are arranged in pairs, with the members 

of each pair having the same orientation and spatial frequency tuning, but with phase 

responses differing by about goo. 
If -vve call 8 the orientation angle of the filter, and w the radian frequency, Turner's 

first method convolves each filter in the o;goo phase pair with the local sample Z(x,y), 

shov:..rn in Equations 7 and 8. The outputs were combined, as shown in Equation g, as 

the square root of the sum-of-squares of the pair outputs. In the second method he 

summed the magnitude of each of the filter pair's outputs, rather than using sum-of-

squares (Equation 10). 

[
-(x- xo) 2 + (y- Yo) 2

] 
G( e, w, ¢, i, J) == exp 20"2 sin [27r fn( X cos e - y sin 8) + ¢] (6) 

V1(8, w, x, y) == L L G(B, w, ¢1, i,J)Z(x + i, y + J) (7) 
t j 

V2(8, ~·, x, y) == L L G(B, w, ¢2, i,j)Z(x + i, y + j) (8) 
t J 

(g) 

S(B,w,x,y) == !V1(B,w,x,y)! + !V2(B,w,x,y)! (10) 
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1.3 Extracting Local Statistics 

The local statistics of the neighborhood, the 1nean and variance, are used to set the 

attributes of the Gaussian function in1plicit in the Gabor filter [3). There are two 

reasons why different regions of the same image might have different statistics: the 

textural content of the real world model might be different, or the image projection 

n1ight n1ake the same texture appear to be different. 

The adaptive approach should make it possible for us to discriminate between the 

bvo cases by "zooming in" on an image. The increased resolution would provide us 

vvith new statistics to compare for textural classification. The degree to which we 

had to " zoom in" would be indicative of the relative orientation of different parts of 

a homogeneous textural region. Provided that the classification of regions was done 

in adequate partitions, and with enough feature discrimination , vve can achieve unique 

characterizations of each texture. The adaptive Gabor filter approach utilizes 12 dif-

ferent fixed orientations , a variable range of different center frequencies, and a variable 

range of spatial parameters. 

Assume that the image is a field of random variables with a Gaussian Distribution. 

The mean and variance of the gray level pixel values in each (2n+1) by (2m+1) window 

of the field are calculated as shown in Equation 11 and Equation 12 [5). 

1 n+i m+j 

mij .,-- (2n + 1)(2m + 1) kEn IJ-m Xk ,l 
(11) 

1 n+i m+j 

(
·I ...L 1)('~ ' 1) -I: 2:::= ( Xk,l - mi,j )2 
__ n ' --m 1 k=i-n l=j-m 

(12) 

1.4 Adaptation of the Gabor Filter 

The Gabor function spectral central frequency fn , and spatial attribute, window size 

R · R, are varied with the local variance O"J, in an attempt to get the best resolution of 

each textural region for characterization. The frequency response of any Gabor filter , 

Gp is shown in Equation 13 where fn = .ju; + v; [9). 

(13 ) 

.) 
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To get better resolution of a coarse texture, we need a larger window and lower 

central frequency fn· The shift of the sinusoidally modulated Gaussian forming the 

Gabor bandpass filter should, at a lower central frequency fn, provide a better charac-

terization of a coarse texture. Finer textures require smaller windows and higher center 

frequency to obtain the same resolution in t extural characterization. The differences 

in adapted window size are stored as normalizing factors as a check on the textural 

classification process. 

The Gabor filter window size has a biological relation to the spectral attribute. 

Caelli and 1vioraglia [1] found that for the case where a unity aspect ratio was used , 

the opti1nal detection for sinusoidally modulated Gaussian windows was achieved vvhen 

the half-width of a window covered 1 1/2 cycles. A spatial channel can therefore 

be classified either in terms of center frequency or window size. The only reason for 

changing window size, as well as center frequency, would be to get better resolution of a 

finer or coarser texture, and storing a resolution scale indicator as textural classification 

information. 

Figure 1 illustrates a sinusoidally-modulated Gaussian function , the Gabor func

tion. The frequency of the sinusoid is the Gabor function center frequency. The filter 

spatial attribute can be optimally selected to mimic the biological function. Spatial and 

spectral attributes are related, and can be varied with the changes in local statistics, a 

function of the Gaussian waveforms standard deviation. The local variance and mean 

would be extracted from a local window, then a new window size and a ne-vv center 

frequency are calculated . . 

R=±(2·o-) and 
3 

fn==-
2·0" 

(14) 

The new attributes are used to adapt each Gabor filter in the next iteration at ·the 

current locat ion. The range of window sizes was arbitrarily limited to 128 · 128 pixels, 

and would have reached a 365 · 365 pixel window size. The lo,vest sizes that occurred 

vvere 24 · 24 \vindows. 

6 
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Figure 1: Sinusoidally-modulated Gaussian Function 

1.5 Combining Filter Outputs 

The 12 filters are adapted individually within each window. The process of combining 

the filter outputs to yield a textural classification could be simply done by summing the 

filter outputs. This approach was tested in a nonadaptive algorithm, and was found to 

provide marginal results at best (see Report 5). Caelli [2] suggested a dynamical update 

of the filter coupling and argued that it was unlikely that a stationary matrix could 

define the filter outputs for all parts of the image. His proposal was to dynamically 

update the filter coupling as a function of the filter output magnitude, as well as 

the cross-correlation with other filters, shown in Equation 15. Here rpq is the cross-

correlation of the pth filter output with the qth. 

G(k+l) = 1 [c(k) + ~ r(k)G(k)] 
p 1 + ~ 12 ( k) p ~ pq q 

L..,q=l T'pq q=l 

(15) 

For each kth iteration, this should result in a strengthening of the larger of the 12 filter 

outputs (within each window). 

The product of the cross-correlation of the kth state filter outputs, and the filter 

output, provides a (k+ 1 )th next-state filter output that would converge monotonically 
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if a re-filtering of the image was not done at each iteration. As the cross-correlation 

increases , the weight of the qth filter takes on a stronger influence in the value of G~k+I). 

The difference between Gp and Gq decreases for each p, therefore the sum of the p q 

differences in Equation 37 decreases , and eventually reaches a virtual zero. A proof of 

the n1onotonic change is provided in the Appendix. The achievement of an equilibrium 

for each filter within the current window serves as a cue that textural classification has 

been achieved in a particular window, and that that window no longer needs processing. 

1.6 Basic Method of Probabilistic Relaxation 

Rosenfeld et al. [10] are credited with having formulated the mathematical basis of the 

p rocedure of image object identification by probability relaxation. 

The goal of the method is to assign labels to image objects based on the calculated 

probability that an object has a particular label. To express that probability, first 

consider: 

a set of n object: A= {ai, ... , an} 

and a set of labels: A = { ..\1 , ... , Am} 

(16) 

(17) 

For each ith.object we can construct a vector Pi( .A), that is composed of the probabilities 

that the ith object has a label ..\. 

m 

for each i L Pi( Aj) = 1 
j=l 

(18) 

(19) 

A measure of 'neighborhood influence' is needed to gauge the the effect of the 

labeling of an image object relative to its neighbors. Rii'(..\ , ..\')measures how compatible 

label ,\' on point Pj is with label ,\ on point Pi. Rii'( ..\, ..\') should approach 1 when the 

tvvo labels are close together, and -1 when they are very different. Given a gray level 

range L, we can define the neighborhood influence as: 

{ 

1 - 21 '\-A' I if 0 ~ I/\ - .A'I ~ L 
Ri i I ( ). ' ,\I) = L 

-1 other-vvise 
(20) 

s \ 
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Rii' can have any value between 1 and -1 (inclusive), and the degree of compatibility is 

detern1ined by con1paring the labels,\ and..\'. Rosenfeld points out that such coefficients 

can be regarded as representing correlations rather than conditional probabilities. 

Probability relaxation labeling is an iterative procedure, and Rosenfeld et al. show 

that after a finite nu1nber of repetitions, the algorithm stops at the unique greatest 

consistent labeling. The number of repetitions required is at most mn (number of 

labels x number of objects). 

(21) 

(22) 
i' ,\' 

dii' ~ 0 and ~ dii' = 1 
i' 

The influence fron1 the neighborhood is weighted by dii', depending on object proximity 

to the ith object. Because Rii' can be negative, qf(..\) can be negative (or positive) 

thereby decreasing (or increasing) P/+ 1
, depending on the neighborhood influence. 

qf(..\) indicates if ai is coherent to the neighborhood with a value of 1, or a value of -1 

when contradictory to the neighborhood. The denominator serves to guarantee that 

the p 's continue to sum to 1. The sum of 1 + qi will ahvays be nonnegative. 

A n1ethod of constructing the dii' to consider the influence of the eight neighbors 

\vas proposed by Lev et al. [6]. 'vVe want weight coefficients showing the influence from 

eight neighbors about pixel (i,j). There are 12 possible ways that an edge or line can 

intersect the neighborhood. 
12 

D = ~widi (23) 
i=l 
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The coefficients Wi are measures of how closely neighborhood A matches one of the Ai: 

a a a 

A.1 = b b b 

b b b 

b b b 

A.s = b b b 

a a a 

b b b 

A.g = a a a 

b b b 

a a b 

A.2 = a b b 

b b b 

b b b 

b b a 

b b a 

A10 = b a b 

a b b 

The corresponding weighting Di are: 

0 0 0 

1 1 1 

1 1 1 

D5 = ~ 1 1 1 

0 0 0 

1 1 1 

Dg = ~ 0 0 0 

1 1 1 

0 0 1 

D2 = ~ 0 1 1 

1 1 1 

1 1 1 

D6 = ~ 1 0 0 

1 1 0 

1 1 0 

D10 = ~ 1 0 1 

0 1 1 

a b b 

A3 = a b b 

a b b 

b b a 

A,= b b a 

b b a 

b a b 

Au = b a b 

b a b 

0 1 1 

D') = 1 0 1 1 v 6 

0 1 1 

1 1 0 

D1 = 1 1 1 0 6 

1 1 0 

1 0 1 

Dn = ~ 1 0 1 

1 0 1 

b b b 

a a b 

b a a 

As= b b a 

b b b 

a b b 

A12 = b a b 

b b a 

(24) 

1 1 1 

D4 = ~ 0 1 1 

0 0 1 

1 0 0 

Ds = ~ 1 1 0 

1 1 1 

0 1 1 

D12 = ~ 1 0 1 

1 1 0 

(25) 

These give equal weight to neighbors that lie in the same region. Since A usually 

doesn ' t exactly match any one Ai , \Ve need to use the Wi coefficients. To calculate 

those coefficients; defineS, the sum of all of the gray levels in neighborhood A, and Sj , 

the sum of the gray levels where the a 's are located. A measure is constructed that is 

proportional to the difference between the average of the 'a' points, and the average of 

the rest of the neighborhood. 

ej = 3Sj - s (26 ) 

10 
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Gi(.A.) is large if the resemblance of A to A..i is high. The weighting coefficient is then: 

ei 
Wi = --~-

2:::: ej 
where: 

{ 
e. if ej > o ej = o J 

if ej < o 

(27) 

vVeights Wi is influenced only by those ei(Aj) for ·which Aj resembles Ai. If all the 

8i 's have equal magnitude, then we don't need to compute w/s, every neighbor of P 

is given equal \veight. 

2 Flow Charts of the Algorithm 

The tvvo parts of the algorithm consist of first characterizing the texture in each window, 

then classifying (labeling) each window. The overall proposed procedure for segmenting 

an image is sho\vn in t\vo parts in Figure 2. Figure 3 shows how the characterization 

of texture in each window is accomplished. An expanded flow chart of Part I is shovirn 

in Figure 4. Figure 5 shows how classification and labeling of windows is done. An 

expanded description of the Part II algorithm is illustrated in the flow chart of Figure 6. 

2.1 Part I of the Algorithm 

The first part begins by taking the inner product of the first window, with each of 12 

Gabor filters oriented at 15°. The cross-correlation of the 12 filter outputs is calculated, 

and a new output produced. The new filter output is the sum of the old filter output, 

and the correlated weighting of the other filter outputs. 

Recall, from the algorithm described in Report 8, that a single equilibrium filter 

output was the goal of a cross-correlated weighting scheme between filters. The use of 

a family of uniquely oriented filters hovvever, is incompatible with a single equilibrium 

output for all filters. The reason is that although the cross-correlation weighting tends 

to 1nove the filter outputs closer together: the re-filtering of the image during every 

11 
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iteration produces regenerated filter outputs, each reflecting the unique orientation of 

that filter. 

The adaptation of each filter works in the following manner. All filters operate 

about the same central point at an image location, but with different windo-vv sizes. 

The size of the filtering window and center frequency is adapted, based on the local 

statistics extracted from that window. The inner product of the image at the current 

location, and each of the adapted filters, is taken within the same window size. The 

projected filter output, Equation 28, shows the update of each filter's output. 

G(k+1) = 1 [c(k) + ~ r(k) G(k)] (28) 
p 1 + ~12 (k) p L...t pq q 

L..-q=1 Tpq q=1 

vVhere r~~J is the cross-correlation: 

1 k-1 

r~~J - k~ 2:)G~l- gp)(G~i)- g9 ) 

(]" p (]" q ]=0 

(29) 

The output of the inner product is modified by the addition of the difference term 

shown in E-quation 30, and scaled using a non-linear function to restrict filter ranges 

to gray level values. 

ADIFF = Gp(ITER)- Gp(ITER+ 1) (30) 

This term is the difference between the projected filter output prior to filtering (G), 

and the last filtering result. Figure 4 illustrates the procedure during each filtering 

iteration of the simulation program. 

The use of the local statistics provides a multi-resolution 'ranging' scheme involving 

t he spatial and spectral adaptation of the 12 Gabor filters of differing orientations. The 

object here is to get the best resolution of each textural region for characterization. 

The choice of the Gabor function as a feature extraction methodology, the measure 

construction to cover a windo\v of 1 1/2 cycles of the filter center frequency, as well as 

the choice of 15° increments all have a strong physiological basis (see report 5) [1), [2), 

[3], and [11]. 

A probabilistic relaxation algorithm is finally used to classify the different char

acterized textures into segmented textural regions corn posed of sin1ilar classifications. 

12 
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This method iteratively calculates a probability vector composed of the probabilities 

of a window have each possible textural classification. 

2.2 Part II of the Algorithm 

In Part I of the algorithm, a characterization of texture was accomplished that provided 

a set of 12 Gabor filter outputs. The filters, each tuned to a unique orientation, were 

individually adapted by varying their spatial and spectral attributes. It remains to use 

the textural characterizations of Part I, and classifies then1 into in1age texture regions 

(segmentation of the image). Part II of the algorithm, which performs this task, uses 

the 12 filter outputs, and the adapted window sizes from Part I, to segment the image. 

The heart of Part II is the probabilistic relaxation labeling method. The novelty of 

its application here is the use of the method to combine a pattern of 12 Gabor filter 

outputs. 

The classification of these vectors, because they provide a pattern for each window, 

tempts one to use a neural network approach. This approach was taken by Daugman 

[4]. Daugman implemented 2-D Gabor transforms in a three-layered neural network 

for the purpose of performing data compression on image data. 

For clarity, the description provided is the procedure for a single window. The 

basic relaxation method is used individually for each filter output, within a window, 

to generate a probability vector. That vector is composed of the probabilities that the 

windo\:v has one of a set of texture labels, taking into consideration only a single filter 

o·utput of the 12 filters. The window label probabilities Pi( A) for each ith filter are 

multiplied by the magnitude of the corresponding filter output. The idea is to weight 

the probabilities ·with the strength of the filter indication. 

The probabilities for each filter Gi are summed up by label (A) as shown in Equa

tion 31 for a single vvindow, for each label A j. 

(31) 

The \vinclow label is J1f_.:LY[P(Aj ] from the set of all labels. That is , the label \vit.h 
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LABEL PROBABILITIES 

filter A1 A2 A3 A4 As 

oo 0.70 0.10 0.10 0.05 0.00 

15° 0.40 0.30 0.10 0.10 0.10 

30° 0.30 0.20 0.50 0.00 0.00 

Table 1: Windovv Label Probabilities for each Filter 

the greatest vveighted sum. This concept is illustrated vvith an example as shown in 

Table 1. Suppose that there are five possible labels A1 through As, and three filters, at 

orientations of 15°. For each label A1 , we sum: 

1 ~ 
P(A1) = 3 [Go· 0. t + G1s · 0.4 + G3o · 0.3] 

1 
P(A2) = -[Go· 0.1 + G1s · 0.3 + G3o · 0.2] 

3 
1 -P(A3) = -[Go· 0.1 + G1s · 0.1 + G3o · O.o] 
3 
1 

P(A4) = 3 [Go· 0.5 + G1s · 0.1 + G3o · 0.0) 

1 
P(As) = 3 [Go· 0.0 + G1s · 0.1 + G3o · 0.0) 

(32) 

(33) 

(34) 

(35) 

(36) 

vVe choose as the window label Aj with the largest P(Aj ). This average vveighted sum 

of probabilities is divided by the number of filters to average the probabilities (3 in this 

case). 

A Appendix 

A.l Monotonic Change in Update Equation 

The task of achieving an equilibriun1 of the 12 filters operating within each window 

was to be accomplished using the cross-correlation of the different filters. The cross

correlation was used in an iterative weighting scheme to force a consensus of textural 

classification unique to each window. In Report 6, Equation 37 was proposed as the 

rule for coupling the filters. Here rpq is the cross-correlation of the pth filter output 

14 
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I Characterize texture in each window 

II Cluster the textures and label them 

Figure 2: Overview of the Procedure 

with the qth. 
12 

G~k+1 )(xo,Yo) = L L G~k)(i,j)(1- r~~)) + r~~)G~k)(xo,Yo) (37) 
q=1qf;p (i,j) 

A.fter evaluating the convergence properties, it became apparent that Equation 37 Vv·as 

inadequate in two respects. First, the magnitude of G~k+1 ) increases with every iter

ation because the single complement of the cross-correlation coefficient is inadequate 

to normalize the equation (1 - rpq)· Second, the complement term of the correlation 

would not provide a monotonic move in the direction of an equilibrium. At best there 

would be a damped sinusoid, if it converged at all. Caelli [2] proposed a normalizing 

performed by calculating the sum of the correlatiop coefficients for all 11 ( 12 - 1) qth 

filters , sho\vn in Equation 38. 

c<k+1) = 1 [G'(k) + ~ r(k) c<k)] 
p 1 "\' 12 ( k) T p ~ pq q + L_..q=1 Tpq q=1 

(38) 

\A/here r~~J is the cross-correlation: 

1 k-1 
r(k) = ~(G(j) - g- )(G(j) - g- ) 

p ,q - 1~ ~ ~ p p . q q 
ft .. v apaq ]=0 

(39) 

15 
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Figure 3: Characterization of texture 
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Get a from current position 
for each filter's window, 

adapt R and f for each filter 

Take Inner Product of Each 
Filter ( vvithin its vVindow) from 

Current Image Position 

Modify Filter Based on 
Cross-Correlation Weighting Result 

Gp(I) = Gp(I) + ADIF F 

Calculate Cross-Correlation 
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Vector for 
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Figure 4: Characterization of Texture - Single Image Location 
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Calculate a 
robability vector 
for each window 

Calculate window 
roximity weights 

dii' for each 

Select max{Pi(.Am) 
for each window 

Figure 5: Clustering and Labeling of Windovvs 
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Start: from part I we have 
12 filter outputs for each 

window, and adapted window 
size for each window 

l 
For each filter in a Vv~indow: 
calculate label probabilities 

l 
Sum up weighted label 

probabilities for each window: 

Vj: P(Aj) = ii EPi(Aj)Gi 

l 
vVindow label = MAX(P( Aj )] 

l 
If all windows done, 

check that windows with 
different resolution 

dont have the same label 

Figure 6: Textural Region Labeling 
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Rearranging Equation 38: 

12 12 
G(k+1) + G(k+1) ~ 1 (k) == G(k) + 

p p ~ p,q p I: 1 (k) G(k) 
p,q q ( 40) 

q=1,q::f:p q=1,q::f:p 

12 12 
G(k+1) _ G(k) == ~ 1 (k) G(k) _ G(k+1) ~ 1 (k) 

p p ~ p,q q p ~ p,q ( 41) 
q=1,q::f:p q=l,q::f:p 

12 

G~k+1) _ G~k) == 2: ~~~j ( G~k) _ G~k+1)) ( 42) 
q=1,q::f:p 

\Ale need to show that the left side of Equation 42 decreases monotonically. We substi-

tute Equation 38 into Equation 42: 

G(k+1) _ G(k) == 
p p 

~ 1 (k) G(k) _ 1 [G(k) + ~ 1 (k) G(k)] }'> ( 12 ) 
~ p,q q 12 {k) P ~ p,m m 

q=1,q::f:p 1 + l:s=1,s::f:p lp,s m=1,m::f:p 

( 43) 

G(k+1) _ G(k) == 
p p 

12 ( Q(k) '"'12 .,.(k) Q(k)) 
~ 

1
(k) Q(k) _ 7 p _ 0m=1,m::f:p p,m m 

~ p,q q 12 (k) 12 (k) 
q=l,q::f:p 1 + l:s=1,s::f:p lp,s 1 + l:s=1,s::f:p lp,s 

(44) 

Q(k+1) - Q(k) == 
p p 

12 ( (k) Q(k) (k) '"'12 (k) Q(k)) ~ .,.(k) Q(k) - r p,q p - r p,q 0m=l,m::f:p r p,m m 

~ p,q q 12 (k) 12 (k) 
q=1,q::f:p 1 + l:s=1,s::f:p lp ,s 1 + l:s=1,s::f:p lp,s 

( 45) 

G(k+l) _ G(k) == 
p p 

~ n=1 p,n q p ,q p p ,q m=1 ,m::f:p p,m m 
12 ( ( 1 + 2:::12 1 (k) G(k) _ 1 (k) G(k) _ 1 (k) 2:::12 1 (k) G(k)) 

~ '"'12 (k) 
q=1,q::f:p 1 + 0s=1,s::f:p lp,s 

( 46) 

G(k+1) - G(k) == ___ 1 __ ~ 
p p '"'12 (k) • 

1 + 0s=1,s::f:p lp,s 

~ 1 (k)G(k) + (~ 1 (k)) 1 (k)G(k) _ 1 (k) G(k) _ 
~ p,q q ~ p,n p,q q p,q p 

q=l,q::f:p n=1 

(k) ( (k.·) G(k) + (k) G(k) + + (k) G(k)) 
rp ,q rp.2 2 rp ,3 3 · • • rp.12 12 ( 47) 

~0 
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G(k+1) - G(k) = 1 
p p "12 (k) 

1 + L....s=1,s:;fp Tp,s 
• 

12 
""""' (r(k) G(k) + r(k) r(k) G(k) + r(k) r(k) G(k) + ... + r(k) r(k) G(k) 
D p,q q p,q p,2 q p,q p,3 q p,q p,12 q 

q=1,q:;fp 

(k) G(k) (k) (k) G(k) (k) (k) G(k) (k) (k) G(k)) 
-r p,q P - r p,q r p,2 2 - r p,q r p,3 3 - · · · - r p,q r p,12 12 (48) 

G(k+1) - G(k) = 1 • 
p p "12 (k) 

1 + L....s=1,s:;fp Tp,s 

( 
(k) G(k) + (k) (k) G(k) + (k) (k) G(k) + + (k) (k) G(k) _ 

r p,2 2 r p,2 r p ,2 2 r p,2 r p,3 2 · · · r p,2 r p,12 2 

(k)G(k) (k) (k)G(k) (k) (k)G(k) (k) (k) G(k) + 
rp,2 p - rp,2rp,2 7 2 - rp,2rp,3 3 - · · ·- rp,2rp,12 12 

(k)G(k) + (k) (k)G(k) + (k) (k)G(k) + ..L (k) (k) G(k) _ 
rp,3 3 rp,3rp,2 3 rp,3rp,3 3 · • · • rp,3rp,12 3 

(k)G(k) (k) (k)G(k) (k) (k)G(k) (k) (k) G(k) 
rp,3 p - rp,3rp,2 2 - rp,3rp,3 3 - · · ·- rp,3rp ,12 7 12 

+ ... + 

(k) G(k) (k) (k) G(k) (k) (k) G(k) (k) (k) G(k)) 
-r p,12 p - r p,12T p,2 2 - r p,12r p,3 3 - · · · - r p,12r p,12 12 ( 49) 

Subtraction of the r(k) r(k)G · '+'and'-' terms above leaves only: p,m p,n J 

1 12 
Q(k+1) - G(k) = """' r(k)(G(k) - G(k)) (51) 

P P "12 (k) D p,q q P 
1 + L....s=1,s:;fp Tp,s q=1,q:;fp 

Recall that the cross-correlation r~~J between the q and pth filter output is: 

(52) 

By examining Equation 51, we can see that as the normalized cross-correlation in

creases, the difference G(k) - G(k) gets smaller resultinO" in a smaller G(k+1 ) - G(k) 
q p ' 0 p p 

(which is the error). 

21 
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Computing the Hough Transform on 
a Switched-Based MIMD Machine 

INTRODUCTION 

The Hough transform and its derivatives have been used extensively in 
computer vision. With a 25 year history, there have been numerous writings 
dealing with the Hough transform. The interested reader may find comprehensive 
and historical detail in Kittler [ 4] and Wahl [9] . 

The Hough transform identifies parameterized geometric shapes within an 
edge detected image by incrementing an accumulator structure whose dimensions 
correspond to the parameters of the geometric shape of interest. Minimally, 
excluding the trivial case of a single point, this would be a two dimensional 
accumulator array for the detection of straight lines. Using the straight line as the 
feature of interest, a polar parameterization (S,p) with an angular resolution of 1°, 
and a nominal image size of 51~ x 512 containing 30% edge pixels, the potential 
exists for slightly more than 14 million compound calculations in performing the 
Hough transform. Each of the compound calculations consists of two multiplication 
operations and an add. It may be seen from this that the Hough transform is a 
computationally expensive operation--even for the detection of relatively simple 
shapes such as a straight line. 

Within the past several years a number of multiple instruction, multiple data 
path (MIMD) parallel computers have become co1nmercially available. There are 
three common architectures employed in constructing such machines: bus-based, 
switched-based and hypercube-based [8]. Switch-based lY1Th1D machines are felt by 
some to hold the greatest promise as cost efficient platforms for the solution of 
computationally intensive operations such as the Hough transform. The reasoning for 
this choice is three fold: 

1) switch-based machines have the capacity to handle hundreds to 
thousands of processors. 

2) MIMD machines can keep many processors busy since each executes 
its own set of instructions. 

3) switch-based MIMD machines have a global shared memory, making 
them more flexible to program than, for example, a MIMD hypercube. 

While other studies of MIMD machines exist [3,5 ,6], it is the goal of this 
project to explore parallel forms of the Hough transform on switched-based MIMD 
machines. We hope to provide data upon which researchers can form realistic 
expectations as to the performance of intermediate computer vision processing on 
such machines. We also wish to impart an understanding of the character of the 
various tradeoffs involved in a practical implementation for switched-based MIMD 
architectures. 

2 



277 

THE HOUGH TRANSFORM 

y 

512 

The general sequence of steps involved in applying the Hough transform is: 

1) process the original image to obtain a binary image where each pixel 
is marked edge or not edge, 

2) compute the transform itself: for each edge pixel, increment a set of 
accumulator bins in Hough space which correspond to possible 
parameterizations of a shape (canonically, straight lines) on which the 
edge pixel would be found, 

3) select local maxima in Hough space, which should correspond to 
instances of the parameterized shape which actually appear in the 
Image. 

Image Space 
------------, 

I 
I 

p 
Hough Space 

180 ··········································································~ 

Yo ····························· I 
I 
I 
I 

R ········································+1 

B 

L 

1 . 

e 
a 

1237 

Figure 1 Computation of Hough Transform- As each edge pixel is 
encountered, the value p is calculated for values of 8 from 0° to 180°. Hough 
space is incremented for each of these 8 values and its corresponding p value. 

Since the number of possible instances of a shape which could give rise to 
the observed edge pixel is typically large, the computation of the transform itself 
(Step 2), is generally much more expensive than the other two steps. Consequently, 
researchers have generally concentrated on this step when considering possible 
parallel implementations of the Hough transform. We will do the same, but it 
should be kept in mind that this is just one of a sequence of steps and that the 
(parallel) implementation of one step must be compatible with the implementation of 
the others [3]. 
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The two maJor data structures involved 1n cornputing the Hough transform 
are: 

1) the binary image of edge pixels and 

2) the Hough space. 

Computing the transform can be viewed as a (possibly interleaved) two-stage 
process . First, the binary image is scanned for edge pixels. Second, for each edge 
pixel, the appropriate locations in Hough space are incremented. 

As a concrete example, consider the Hough transform for lines as defined in 
the first DARPA Image Understanding Architectures (IUA) benchmark. In this 
benchmark, a 512 x 512 binary image is assumed as input, with the origin assumed 
to lie in the lower left corner. The "votes" contributed by each edge point are 
accumulated into a two-dimensional "p, 8" Hough space. For each edge point, a 
value of p is computed for each value of 8 in the range of 0 to 179, where p is 
the distance along a line at angle e from the ongin to a perpendicular line which 
passes through the edge point. Each such p, e location in Hough space IS 

incremented[K&L]. (See Figure 1.) 
There are three major factors which contribute to determining the time 

required to compute the Hough transform. The first is the size, M x N, of the 
binary image. The second is the fraction, F, of the pixels in the image which are 
edge pixels. The third is the number of "votes" to Hough space, V, generated by 
each edge pixel. As a first approximation, the total time required for the 
computation is as follows: 

Total = M · N · Tl + M · N · F · V · T2 
= M · N (T~ + F · V · T2 ), 

where Tl is the time to examine one pixel of the binary image and T2 is the time to 
accumulate one vote to Hough space. 

A SWITCHED-BASED MIMD ARCHITECTURE: THE BBN BUTTERFLY 

All computers execute instructions on data. An algorithm--a stream of 
instructions--directs the actions of the computer on a step by step basis. These 
actions deal with and affect the input to the algorithm--a stream of data. Depending 
on the number of instruction and data streams we can define four types of 
computers[ 1]: 

1. Single Instruction Stream, Single Data Stream (SISD) 
(This description would apply to the familiar sequential 
computer.) 

2. Multiple Instruction Stream, Single Data Stream (MISD) 
3. Single Instruction Stream, Multiple Data Stream (SIMD) 

(Machines such as ILLIAC IV, Goodyear's MPP, and ICL's DAP.) 
4. Multiple Instruction Stream, Multiple Data Stream (Mil\11D) 

(Machines such as Encore Multimax, N-Cube, and BBN Butterfly.) 

4 
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With MHviD computers there can be N processors, N streams of instructions 
and N streams of data, as seen in Figure 2. MIMD machines may be characterized 
as multiprocessors or as multicomputers. Multiprocessors have a shared memory. 
Each processor in a multicomputer has its own private memory and all 
communications must take place via messages. The multiprocessors may be further 
subdivided by their interconnection schemes[?]: 

1) Tightly Coupled Multiprocessors- The simplest scheme has 
all processors operating through a central switching 
mechanism to access a single shared memory. Memory access 
times are uniform across the address space. 

2) Loosely Coupled Multiprocessors- These machines also have 
a shared memory; however, this shared memory is made up 
of the local memories of its processors, or a portion of 
it. Local memory access is faster than shared access. 

INSTR 

SHARED 1vfE1viORY 
OR 

INTERCONNECTION NETWORK 

DATA 
STREAM 

1 • 

PROCESSOR 

1 

UCTION INSTR 
STREAM 

1 

CONTROL 
1 

u 
s 

PROCESSOR 

2 

CTION •:..· 

TREAM 
2 

CONTROL 
2 

• • • 

INSTR 

• • • 

DATAl 
STR~AM 

PROCESSOR 

N 

UCTION 
STREAM 

N 

CONTROL 
N 

Figure 2 General MIMD Architecture 

In either case there are three means by which a particular processor accesses 
the shared memory space: The mechanisms are a common bus, a crossbar switch, or 
a packet-switched network. 
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The common bus architecture limits the number of processors that may be 
practically used. As the processors are added, the bus quickly becomes saturated. 
In the case of crossbar switch, the cost of the switch becomes the limiting factor on 
the number of processors that can be added [7]. By contrast, machines which utilize 
packet-switched networks may contain many processors. 

The BBN ButterflyTM is a packet-switch based, loosely coupled 
multiprocessor. The GP-1000 and the TC-2000, recent models of this computer, 
consist of up to 256 nodes. Each node, as seen in Figure 3 page, is made up of 
the following components: 

• a Motorola 68020/88000 processor, 
• a Motorola 68882 coprocessor, 
• 1 to 4 megabytes of memory, 
• special memory management 

hardware, and 
• a custom switch interface. 

The nodes are connected through The 
Butterfly Switch, which is a series decision 
network that has multiple, parallel paths. 
Figure 4 is a representation of the Butterfly 
split down the middle of 64 nodes. Each 
switch unit in the lower most row connects to 
the memory connection of the switch interface 
of 4 nodes. Likewise, each on the upper row 

Men~ory 

1-4 MByte 

connects to the processor connection of the Figure 3 Processor Node of the 
switch interface of the same 4 nodes. As can BBN Butterfly GP-1000. 
be seen, redundant paths are possible; this 
lessens the possibility of contention across the 
switch [1]. 

The number of processors available to the user is ultimately restrained by the 
number of processors on the machine. However, several of these processors will be 
used for I/0 and/or system use and are not available for user program execution. As 
examples, the GP-1000 at Duke University has 41 nodes, 37 of which are available 
for user programs and the TC-2000 at Argonne National Laboratories has 45 nodes, 
38 of which are available to user programs. The number of processors to be used 
for any one invocation of a program is set at run time by the operating system call, 
cluster. The usage of cluster is cluster n program _name, where n is the number 
of processors to be used. 

The operating system for the GP-1000 is Mach 1000 developed at Carnegie
Mellon. Mach 1000 is fully UNIXTM4.3BSD compatible and provides many of the 
same utilities and programs. But, it has a new kernel which provides support for 
parallel processing. Running under Mach 1000 is a collection of subroutines know 
as the Uniform System. The Uniform System subroutines that are available to both 
C and Fortran programs provide three very important services to parallel programs: 

1) Processor management 
2) Memory management 
3) Performance measurement 

6 
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Processor connections of each node~s S\Vitch interface 
~~~~~~~~~~~Y~~~~~i~~~~r~~r~,~'~ 1 

ivfemory· connections of each node's s-witch interface 

Figure 4 Representation of The Butterfly switch for 64 nodes. 

Additionally, the Uniform System offers an array of atomic operations to provide 
mutual exclusion for shared variables. 

The first Uniform System subroutine used in any program is InitalizeUs(); . 
As the name implies, this routine initializes the Uniform System. This initialization 
includes staning a Uniform System process on all available processors. Globally 
shared memory is set up at this time, and the Uniform System allocator is 
initialized. The parent process' memory space, including any previously declared and 
initialized variables, is also copied to the other processes at the time InitalizeUs() is 
called. 

Several routines are present that can inform a process of important 
configuration information. As mentioned earlier, the nodes on a particular cluster are 
numbered O .. n-1 . The node number that any particular process is running on may 
be obtained with the UsProc Node() function. A process is informed of the total 
number of processors running by the function TotalProcsA vailable(). 

Memory management routines are provided for the two classes of memory 
available: process private memory and globally shared memory. These are logical 
classes of memory built by the system on top of the physical memory. Process 
private memory may be allocated with normal allocators, such as malloc. Another 
group of allocators is used for the allocation of globally shared memory. The ones 
used in this study are: 

UsAIIoc(nbytes)- Allocates nbytes of globally shared memory and returns a 
pointer to that block. 
UsAilocLocal(nbytes) - Allocates nbytes of globally shared memory on 
the calling processor and returns a pointer to it. 
UsAllocScatterMatrix(rows, cols, nbytes)- Allocates a rows x cols matrix 
whose rows are scattered over the memories of the machine. A vector of 
pointers which points to each row is returned. 

7 
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Several procedures are provided for the copying of process private data. It is 
often advantageous for each processor to have a copy of frequently accessed data. 
The Share family of routines provides this and similar functions. 

Share(longptr)- Places a 4-byte object pointed to by longptr in shared 
memory and then provides each processor with a pointer to it. 
SharePtrAndBik(blkptradr, nbytes)- Copies nbytes of data to the 
local, shared memory of each processor and then provides a copy of the 
pointer to it, whose address is given by blkptradr, within private memory. 
ShareScatterMatrix(smptr, nrows)- Places a pointer in private memory 
to a vector of pointers (smptr) in local shared memory. Smptr points to 
nrows of data allocated by UsAIIocScatterMatrix. 

The actual allocation and copying done by these calls is not performed at the 
time of the call. The data structures are marked for sharing, and at the time the 
next task generator is invoked, the actual sharing is done. A description of task 
generators follows. 

Processor management is accomplished using task generators. A task is the 
basic unit of parallel computation: an appropriately parallelized subroutine. Although 
the programmer must provide both the task and the generator, the small number of 
both synchronous and asynchronous task generators will cover most applications. 
Added flexibility is provided by the ability to nest generators. The Uniform System 
matches available processors to the generated tasks and keeps track of them. 

The most general task generator ''is GenTaskForEachProc(Task,arg). It 
generates one task on every available processor. If the Task/subroutine is well 
written for parallel processing, this generator is sufficient for many applications, and 
it is the one employed by our algorithms. There are other generators provided by /
the Uniform System; however, they are not used here [2]. 

ALTERNATIVE FORMULATIONS FOR A PARALLEL COMPUTATION 

To efficiently parallelize the Hough transform we must consider the desired 
· end result. We need a Hough space data structure from which we may extract local 
maxima corresponding to instances of the feature sought in the image. With this in 
rnind, it is desirable that Hough space be complete at the end of the parallel 
computations. To achieve this, each parallel process will consider the edge pixels 
from the entire image and cast its votes to a contiguous Hough sub-space. Had 
each process examined a ponion of the image space and voted to all of Hough 
space, several incomplete versions of Hough space would have to be summed 
together to provide a complete structure. This would have introduced additional 
computational expense. This expense can be avoided by having each processor vote 
to a single shared Hough space; however, the potential of contention over memory 
locations would be introduced. Communications costs would also be incurred as the 
various processes came into contention for switch paths to Hough space. This 
communication expense could be lessened by scattering Hough space across the 
shared memory of the processes, but total costs would ·remain greater than voting to 
a local sub-space. 

8 
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The size of each contiguous Hough sub-space is determined by the number 
of processes--this may be interpreted as the number of processors--involved in the 
transform. The processors of the BBN Butterfly computer are identified as 
processor 0 through processor n-1. Therefore, we n1ay instruct each processor 
involved with the transform to vote to a sub-space whose lower bound is defined 
by: 

L 180(processor #)/n + 0.5 J, 

and whose upper bound is defined by: 

L [180(processor # + 1)/n + 0.5]-1 J. 

It has been an underlying paradigm in the modeling of these algorithms that 
we simulate, as close as possible, the conditions under which the Hough transform 
would be used in a vision system. To achieve this requires that the tin1ed portion of 
the algorithm be that which would be performed on each of a succession of images. 
This restriction justifies sharing repetitively used data structures such as Hough 
space and trigonometric look-up tables and assuring that they are paged in prior to 
the timing event. It also requires that Hough space be reinitalized and, more 
importantly, that the binary edge image be distributed to the processors within the 
timing. 

The foregoing discussion then leaves as the crux of the efficiency problem 
the gains in subdividing the transform problem and computing each division in 
parallel versus the cost incurred in propagating the image to each process. The B BN 
Butterfly is somewhat unique in . providing several ways in which to accomplish the 
provision of the ability of each processor to access the entire image array. 

We plan to run 2 configurations, resulting in 3 variants, of the algorithm 
described earlier to test various data structure and sharing schemes as provided by 
the Uniform System: 

1) A complete copy of the edge image will reside on each 
node. 

2) A single edge image is evenly (or as evenly as possible) 

MODEL 1 

distributed across the nodes. Nodes will access the image by simple 
access to those addresses. 

a) The image data will be transferred to the distributed data structure 
element-by-element. 

b) The image data will be transferred to the distributed data structure 
by block transfer. 

To implement the first model of the algorithm, the parent process utilizes the 
UsAIIocLocal call to allocate data structures for Hough space, trigonometric look-up 
tables, and the binary edge image. After reading in the image, the trig tables are 
calculated and stored. The Hough space and tables are then marked to be shared 
using the SharePtrandBik call. A GenTaskForEachProc call is then made for 
two purposes: First, the space for the data structures is allocated on all participating 

9 
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processors and copies of the respective values are written to that space. Secondly, 
since the BBN Butterfly is a demand paged, virtual memory system, each element 
of the memory space is accessed, thereby, insuring that the data is paged in to main 
memory. The image array is then tagged for share by the SharePtrandBlk call. 
Thus, at this point each processor has all data structures other than the image in its 
local memory. 

The routine getrtc is called to read the real time clock provided by the 
system. GenTaskForEachProc is then invoked with a routine that intializes Hough 
space to all zeros and then performs the transform over a range of angles as 
previously described. Immediately following the completion of the child processes 
created by the task generator, the system clock is again queried. The difference 
between this time and the former is then recorded as the time to con1pute the 
transform. As a means of error checking in all n1odels of the algorithm, the 
maximum accumulator value and the parameters of that value are then determined 
for each subspace of Hough space. Finally, the maximum for the whole of Hough 
space is determined and reported. 

A number of benchmark runs were made, varying both the number of 
processors and the workload (the fraction of edge pixels in the image). It was our 
expectation that this model of the algorithm, when given a low work load, would 
experience rapidly degrading efficiency gains as the overhead of image propagation 
outstripped the gains obtained by further subdivision of the computation with the 
addition of available processors. As ·work load is allowed to increase, we expected 
that gains would continue over a larger number of processors. But, even with an 
increased work load, the time to perform the transform would reach a minimum and 
then increase. 

MODEL 2 

The implementation of the second model utilizes the same methods for 
allocating and initializing Hough space and the trigonometric look-up tables as was 
utilized in the first model. The image structure, however, is allocated using the 
UsAilocScatterMatrix call and is marked for sharing by the ShareScatterMatrix 
routine. In order to maintain realism, it is assumed that the vision system has 
provided the Hough module with a contiguous image data block. After the clock is 
read, the image data is transferred from the contiguous structure to the scattered 
structure using one of two methods: a) element-by-element (Model 2a), and b) block 
transfer on a row by row basis (Model 2). Pointers to the scattered image structure 
are propagated across the memories of the participating processors during the 
GenTaskForEachProc activation, with the Hough transform :routine as its argument. 
The sequence in which each row of the image array is accessed is provided with a 
staggered starting location across the processors in this version of the transform 
routine to reduce contention for the same row of data between various processes. 
Again, the clock is read, the timing calculated, and the maximum value reported. 

Again, workload and the number of processors used were varied on multiple 
benchmark runs. This model of the algorithm was expected to continue to provide 
gains in speed-up through a greater numbers of processors than the first model. The 
continued speed-up was expected due to slower increase in the cost of image 
distribution as the number of processors increased. 

10 
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BENCHMARK RESULTS 

Below are the data graphs from the first model for the Hough transform on 
the BBN Butterfly GP-1000. As can be seen, when the image contained 1000 or 
less edge pixels the work load of performing the transform was outweighed by the 
overhead of sharing the data structures across the processors used. It was not until 
the number of edge pixels reached 30k that the time to run on 2 processors was 
faster than that on a single processor. While the time to run the transfonn did 
decrease with the addition of processors in most cases, it can be seen in Figure 5 
that the times tail-up from a minimum for each workload set as the number of 
processors is increased. This tail-up is seen to be less marked in the series with the 
higher workloads provided by images with 30k and lOOk edge pixels. 
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Figure 5 
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The speed-up graph for model 1 on the GP-1000 in Figure 6 reflects the fact 
that when supplied with an insufficient workload the expense of data propagation 
yields a speed-up of less than 1: it actually takes longer to run this algorithm in 
parallel than it would on a sequential machine if the workload is not high enough. 
It can be seen that speed-up in all cases is less than ideal. This is not surprising, 
but the only areas in which it even approaches the ideal are in the stair stepped 
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Figure 6 

areas of the 1 OOk pixel line. This stair stepping is assumed to be an idiosyncratic 
affect of the communication scheme used across the interconnection switch of the 
Butterfly, as it appeared in all models of the algorithm when speed-up was obtained 
and on both machines. 

The times for running the Hough transform with algorithm model 2a on the 
GP-1 000 are shown in Figure 7 on the next page. These graphs indicate that this 
algorithm distributes the edge image more efficiently in that, except for the 100 and 
1K pixel images, they are more asymptotic to a minimum. This is contrasted to the 
first model which saw an increase in times after a minimum had been reached. As 
will be shown later, model 2a is faster than model 1 in all cases as well. 

The speed-up graphs for model 2a, Figure 8, show the same poor speed-up 
for low workloads as did model 1. When sufficient work load is supplied, model 
2a does show better speed up gains than did the first algorithm model. 

12 
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The times and speed-up for algorithm model 2b on the GP-1000, Figures 9 
and 10, are nearly identical to those of model 2a. However, the times are slightly 
faster for this model in which the image is transferred to the scattered matrix by 
block transfer of rows rather than element-by-element. As a result, Model 2a was 
not included in the testing done on the TC-2000. 

Times for Algorithm Model 2 
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Figure 9 

Algorithm model 1, when run on the TC-2000, resulted in the same increase 
of run time from one processor to two, as may be seen in Figure 11. However, the 
raw speed of the RISC processors moderated the point at which the times began to 
tail-up, and the tail-up is seen to be missing on the lOOk pixel line. 

Figure 13 shows a graphing of the speed of algorithm model 2 on the TC-
2000 that qualitatively looks nearly identical to the graphs for the same algorithm 
on the GP-1 000. The times, however, are much faster than the latter's. 

The times for running algorithm model 1 and model 2 on the TC-2000 
Butterfly show up to nearly a four fold increase in speed. This is admirable, but the 
interesting data is seen in the speed-up graphs of Figures 12 and 14, which show 
very poor values. It is apparent that when these extremely fast RISC processors are 
used, the communication overhead becomes the dominant factor. Therefore even 
when given heavy workloads the speed gained by the addition of processors is 
overshadowed by the increased cost of communication across the switch. 

Figures 15 through 19 show comparisons of the algorithms and the two 
machines they were run on for each of the five data images used. Also included in 
these graphs is the time it took to run an optimized version of the Hough transform 
on a Sun Workstation. 
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SUMMARY-

Camera fixation is defined as actively controlling the camera motion so that a 

given visible point in 3-D space (a fixated point) is constantly imaged to the same 

point in the image plane. There are several advantages offered by fixation: 

1. Determination of relative range. Because the imaged position of the 3-D point 

remains constant, the point results in zero optical flow. The optical flow arising 

from static points in a 3-D neighborhood of the fixation point can be used to 

easily determine whether these points are in front of or behind the fixation point 

2. Verifying range. If the range of a static object is hypothesized using some 

methods, then this range can be verified by pointing the camera optical axis at the 

object and then fixating on the object at the given range. 

3. Detailed analysis of objects. If a moving camera is fixated on an object of 

interest, then this object will be kept in the camera field of view for a long period 

of time, thus allowing detailed analysis of the object's properties. 

4. Increasing resolution. If a moving camera is fixated on a region of interest, then 

the camera field of view can be quite narrow. This results in high resolution 

Imagery. 

5. Motion compensation. By fixating the camera at a very distant point, the camera 

will have no rotation in an inertial coordinate systen1. 
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6. Analysis of panially hidden surfaces. If an object of interest is panially 

occluded, it is possible to get a more complete view of the object by fixating the 

camera at a point on this surface. 

In this presentation we quantitatively analyze the case where a camera fixates on 

a point in 3-D space. The presentation begins by describing the coordinate systems that 

are used, followed by deriving expressions for the optical flow in spherical coordinates 

for six-degree-of-freedom camera motion. These equations are solved to find sets of 

points in 3-D space that result in equal flow values (and in particular zero flow) for 

instantaneous camera motion. In the case where the rotation axis is perpendicular to 

the translation vector, the equal flow points form circles and lines at each instant of 

time. If the camera motion is further restricted to continuously fixate on a point, we 

·show how the equal-flow circles can be used to quantitatively analyze the space and in 

particular the neighborhood of the fixation point. 

This analysis complements the qualitative understanding of fixation: It shows that 

a point that is not the fixation point may change its optical flow sign, and is not res

tricted to "moving to the right (or to the left)" as has commonly been assumed. 

In this presentation we emphasize camera fixation without mentioning eye 

fixation. However, the theory that has been developed is independent of the visual 

sensing device, and thus it is suitable for eye fixation as welL The EFCs can be 

thought as properties of space rather than properties of points in the image domain. 

Previous work in the area of camera fixation has been mainly in the following 

categories: (1) fixation for qualitative depth estimation [ 4], (2) fixating on a moving 

target for tracking applications [2], and (3) stereo fixation for vergence control [4],[6]. 

Surprisingly, little previous work that leads to a quantitative analysis of single camera 

fixation has been done [1],[7]. Cutting [7] did an analysis of camera fixation. We use 

a different analysis approach than he used, and our results are an extension and ela

boration of the results he obtained. 

In a set of simulation as well as real-data experiments we show how the concept 

of the Equal Flow Circle (EFC) and Zero Flow Circle (ZFC) can be used to explain 
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the optical flow produced by points near the fixation point, how the optical flow of 

points on a ZFC disappear at a time instant, and how EFCs and ZFCs can be used to 

explicitly map the space while fixating. 

A videotape shows this experiment continuously. 
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Summery 

A very fast camera calibration technique for high accuracy 3D 

measurement with unknown camera specifications is reported in this paper. 

The definition of camera calibration, given by Tsai [ 1], is as follows: 

Compute the camera intrinsic and extrinsic parameters based on a number of 

points whose object coordinates in the world coordinate frame are known, and 

whose image coordinates are measured. 

Camera calibration has received wide attention in the field of photo

grammetry, computer vision and robotics since stereo cameras were 

introduced to perform 3-D measurements with advantages of 

non-invasiveness, fully automated operation, modest accuracy and low cost. 

Among various camera calibration techniques , the two-stage calibration 

method proposed 1n [1] has been recognized as an excellent method for its use 

of off-the-shelf TV cameras and lenses, compensation of lens distortion, its 

capability of high accuracy and high speed. While implementing this 

method, the authors have tasted its versatility and efficiency. The method 

however needs a priori knowledge of camera specifications, which is 

inconvenient in many applications. This prerequisite can be removed 

without increasing the complexity of the algorithm. 

This paper addresses three issues . First, a straightforward extension of 

the two-stage technique to the case of unknown camera specifications is 

given. Second, the method 1s extended to the planar case, in which further 

simplifications are made with the aid of a particular measurement set-up . 

Finally, a method of estimating image centers is discussed. 

The modified two-stage calibration method is also composed of two stages. 
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In the first stage, all but one extrinsic camera parameters are estimated us1ng 

a seven-variable linear least-squares algorithm with the help of the 

parallelism constraint developed in [ 1 ]. In the second stage, all of the camera 

intrinsic and modified extrinsic parameters are found with a three-variable 

linear least-squares algorithm. The reason why the method works even if the 

specifications of the cameras are unknown is that only the ratio of the 

camera scaling factors, and not the scaling factors themselves , needs to be 

found. The "good news" is that this ratio can be estimated in the first 

calibration stage. 

A very fast two-stage camera calibration algorithm for the coplanar case 

is also presented in this paper. The idea is that by restricting camera 

calibration points to lie on the x and y axes of the world coordinate system, the 

pin hole model of the camera can be simplified. Thus instead of using a linear 

le ast-squares algorithm to estimate five variables in Stage one and three 

variables in Stage two, as was done in [ 1], two-variable least-squares 

estimations are repeated three times in the new method. Thus the 

computation cost of the new algorithm is further reduced. To apply this 

method, it is required that the ratio of camera scaling factors be given. As 

emphasized in [ 1], these scaling factors are unchanged for a particular 

camera-vision system. Therefore their ratio needs to be identified only once 

as long as the same camera-vision system is used. Even in the case where the 

specifications of the cameras are unknown, this ratio can be obtained using 

the non- coplanar method. This value should be kept for the two-stage 

camera calibration method in the coplanar case. 

The modified two-stage method assumes that the image coordinates { C x• 

C y} for the origin in the image plane are given since the exact values of { C x• 

C y} are immaterial as long as the cameras can still do a very accurate 3D 

measurement [ 1]. The paper also gives an iterative algorithm for estimating 

the values of { C x• C y} as these affect the measurement accuracy in some 

applications. 
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Summary 

The design and calibration of a 3D tracking measurement system using a 

stereo camera-vision sub-system and a tracking mechanism is reported in 

this paper. 

The primary measurement required for robot calibration and con trol is 

the precise pose and speed of the robot's end-effector in the world coordinate 

frame. To be able to devise a measurement system with good performance, the 

following are required: 

1. System accuracy. Obviously, the accuracy of the measurement system 

should be much higher than that of the robot. Ideally, it is preferred that 

the measurement accuracy be better than the repeatability of the robot. 

2. Field of view. The measurement system should be capable of covering a 

large portion of the robot working volume for the robot to be tested over 

a wide range of configurations. 

3. Measurement rate. The time required for the measurement system to take 

a reading should be compatible with the time that is takes the robot to 

4 . 

change its 

Automation. 

configuration. 

The measurements should be taken by the system without 

human intervention while the robot changes its configurations. 

5. User-friendliness. The measurement system should be easy to calibrate, 

easy to implement, portable and easy to maintain. 

6. Orientation measurement capability. The orientational errors of the 

robot should be estimated from the data collected by the measurement 

system if the task requires it. 



302 

7. Non-invasiveness. It should be feasible to implement the measurement 

system in industrial environment. Preferably the system could also be 

used for tasks oth er than robot calibration. 

8. Cost. The cost of the measurement system should be attractive to potential 

robot users. 

Some of the available 3D measurement systems for robot testing were 

reviewed in [1-3]. These include theodolites, laser tracking systems, 

optocamera system, proximity measuring systems , coordinate measuring 

machines and ball-bar reference systems. It is generally agreed that among 

all methods listed above camera systems have the potential for fast , automated, 

non-invasive operations in addition to being user-friendly and relatively 

inexpensive. In certain applications these can also be used for purposes 

other than robot calibration and control. However the low accuracy and 

small field-of-view of camera systems have prevent them from being widely 

accepted as major measurement tools for robot calibration and control. 

Sklar [3] compared some of these systems in terms of accuracy, field of 

view, measurement rate, orientation capability and cost and then suggested 

an automated high r·esolution stereo vision system as a measurement system. 

The camera system provides a maximum of 1 024x 1024 pixels in an image 

frame. It is therefore more accurate than conventional solid-state cameras 

with 512x480 pixels in an image frame. However the system resolution is still 

limited by the working space of the robot to be covered. Furthermore, 

although the cost of the system is lower than laser tracking system it is much 

higher than conventional solid-state cameras since a high resolution image 

processing system is required. 

The problem of low accuracy and small field-of-view existing in current 

stereo camera measurement systems can be removed by allowing the camera 

coordinate frame to be movable. This is a major difference between the 

technique presented In this paper and the conventional stereo camera 

measurement system. 

The camera tracking system IS composed of a camera-image sub-system 

and a tracking mechanism. A pair of cameras are mounted on a multi-axes 

tracker [4]. The multi-axes tracker could be another calibrated robot or simply 

a dual-axis gimbal with angle encoders. In the case of using another robot as 

the tracker, the calibrated robot should have a higher accuracy than the 
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robot being calibrated. Also the calibrated robot better to have a simpler 

structure. Here the dual-axis tracker is used as an ·example. The two encoder 

readings provide the information necessary for extracting the 

transformation from the moving camera fr~nne to the world frame, while the 

camera system provides the coordinate measurements of target points 1n the 

moving camera frame. Thus the 3D measurements of the target points 1n the 

world frame can be obtained. The measurement system can work either in an 

open-loop mode or a closed-loop mode. In the open-loop mode, the robot and 

the camera tracking system are preprogrammed so that end-effector of the 

robot is in the field-of-view of the camera system. In this way the pose of the 

robot can be measured without operator's intervention. In the closed-loop 

mode, the image processing system provides necessary feedback signals to 

actuate the dual-axis tracker. 

To enlarge the field of view of the camera tracking system, more degrees 

of freedom can be added to the tracking mechanism. Also the focal length of 

the cameras can be changed according to the depth of objects. Camera 

calibration may be done by applyint: a modified two-stage camera calibration 

technique which is also reported in this conference [5]. Effective algorithms 

developed in the active vision field [ 4] may be used to estimate the focal 

length of the cameras. The kinematics of the tracking mechanism can be 

identified using the moving camera coordinates technique. This will be 

addressed in more detail in the presentation. 

The proposed camera tracking measurement system can be used not only 

for robot calibration and control, but also for other vision based tasks, such as 

navigation, active vision and space and marine applications. 
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Abstract 

During the manufacture of industrial robot differences between 

actual and nominal link lengths and orientations (actual and 

nominal parameter model) occur. Thus, when a robotic system 

attempts to perform a desired task using nominal parameter model 

planning schemes, it usually performs that quite different from 

desired. A procedure for determining the differences between 

nominal and actual parameter models (calibration), namely closed-

loop approach, is presented in this paper. In this approach, a 

robot with open-chain geometry and a sensing device are combined to 

form a closed-loop system. This closed-loop approach renders easy 

implementation of the calibration process. The mixed choices of 

kinematic model for coordinate system representation is examined. 

Two cases simulation are presented and the results are discussed. 

1 
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1 Introduction 

It is well known that most industrial robots have inadequate 

positioning accuracy, especially for those tasks that require high 

precision. The reason for this is that, errors in link length and 

misalignment of axes can not be avoided during robot manufacture. 

Although new developments in technology increase manufacturing 

accuracy, differences between actual and nominal joint parameters 

always exist. Even though we can achieve very good repeatability 

in robot systems, calibration is necessary in order to improve 

their accuracy. 

During the last decade, a wide range of research has been 

reported in the literature on the topic of kinematic calibration 

for mechanical manipulators. Kinematic calibration is a process in 

which the "actual" parameters of the manipulator kinematic model 

are identified, whereby improving the manipulator positioning 

accuracy. Hollerbach [1] presented a detailed survey of kinematic 

calibration in his paper. Ziegert and Datseris [2] gave a special 

overview on different selections of the kinematic models. 

Recently, Bennett and Hollerbach [3] proposed an approach to 

investigate the kinematic calibration of a manipulator which forms 

closed-loop. They showed that such manipulators could be 

calibrated without the need of endpoint sensing. They also 

presented a new approach to identify the kinematic calibration 

models of an open-chain industrial robot by using a closed-loop 

method 

In 

obtain 

degrees 

degrees 

[ 4] • 

this 

the 

of 

of 

paper we propose a modified closed-loop method to 

positioning accuracy of industrial robots. A six 

freedom ( 6 d. o. f.) manipulator attached by a three 

freedom (3 d.o.f.) sensor device will be illustrated 

We will show that the use of a "mixed kinematic 

parameter model" selection is necessary in solving the closure 

equations. Finally, we will give two cases of simulation studies 

and discussion of the results. 

(Figure 1) • 

2 
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2.1 System Configuration 
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The robot manipulator proposed here is an open kinematic chain 

with one end (the base) usually fixed on a work station and the 

other end (end effector) free to move to any position within the 

work space. The approach incorporates the use of an instrumented 

device with a serial, open-chain geometry. This device is 

configured such that one of its end is connected to the manipulator 

endpoint whereas the other is fixed to any convenient location on 

the work station. Hence, the manipulator and the sensing device 

combined forms a closed-loop system. 

Let us consider a 6 d.o.f. robot and a 3 d.o.f. sensor system 

as shown in (Figure 1) : 

Figure 1: Closed-loop, manipulator/sensor system configuration. 

Let us assume that the endpoints of the 6 d.o.f. manipulator 

and 3 d.o.f. device are attached together. Base reference frames 

{A0 } & {B0 } are located on the first joints of manipulator and 

sensor device respectively as shown. Homogeneous transformations 

between the two consecutive joints are A
1
,A

2
, ••• A

6 
for manipulator 

and B1 ,B2 ,B3 for sensor device. Let global reference frame be {BO}. 

3 
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Let T
0 

be the transformation from {B0 } to {Ao}· Then the endpoint 

position of the manipulator can be computed as 

TA = TOA1A2A3A4ASA6 

TB = B,B2B3 

( 1) 

( 2) 

The closed-loop configuration in Figure 1 is different from 

that proposed by Bennett and Hollerbach [4]. In their approach, 

the closed-loop is formed by connecting the endpoint of manipulator 

directly to a ball joint fixed to the ground. Although the system 

is mobile, the ability to move freely from one configuration to 

another is very limited. As a result, manual operation under 

manipulator "free mode" is required during calibration. This 

constraint is relieved in the proposed method with the use of an 

articulated sensing linkage. Since the joints of the articulated 

linkage are passive or free, the manipulator can be moved in the 

usual ways, e.g. by using a teach pendant. 

2.2 Transformation Selected 

Transformations between joints depend on the choice of the 

kinematic model. For calibration purpose, the model used must 

reflect every effect which can influence the pose of the end 

effector. In addition to the conventional, four-parameter model 

given by Denavit-Hartenberg[6], various alternatives have been 

proposed. 

Hayati [5] modified the representation of Denavit-Hartenberg to 

avoid singularities when neighboring joint axes are nearly 

parallel. Hsu & Everett [ 7] proposed a five-parameter repre

sentation in their research. A six-parameter representation was 

used inS-Model by Stone [8] and the C-Model by Chen and Chao [9]. 

In this paper, we use a mixed selection of kinematic models in 

formulating the transformations in Eqn. (1) and (2). 

For T0 , the transformation between base frames of the 

manipulator and the sensor, we use the ZYX Euler-Angles 

representation : 

4 
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T0 = Trans(X,DX)Trans(Y,DY)Trans(Z,DZ) 

Rot(X,a)Rot(Y,B)Rot(Z,r) (3) 

There are six parameters in this transformation. Three of them 

are displacements (x,y,z), the other three are rotations (a,B,r). 
For joints which are nearly parallel to each other, for 

example, joints 2 and 3 in the case of a PUMA 560, we adopt a five

parameter model suggested by Veitschegger and Wu (10] 

2T3 = Rot (Z 2 , 8 1) Trans (Z 2 , d) Trans (X2 , a) 

Rot(X3 ,a)Rot(Y3 ,B) (4) 

The transformation is obtained from post-multiplying the 

standard D-H model by the rotation term Rot(Y,B). This model is 

able to represent small geometric changes in nearly parallel axes 

by small changes in the model parameter. 

For other transformation we use the conventional D-H 

representation, as shown in Eqn. (5) 

i- 1T1 = Rot(Z 1_1 ,8
1
)Trans(Z 1_1 ,d1) 

Trans (X1_1 , a 1) Rot (X;, a 1) 

2.3 Formulation of Error Equation 

(5) 

The goal of kinematic calibration is to identify errors in 

robot kinematic parameters based on the robot positioning 

deviations (measured). It is necessary to formulate the 

mathematical relationship which relates the parameter errors to the 

endpoint position errors. Several existing formulations are 

available to formulate the error equation, namely, differential 

transformation, direct differentiation and vector cross product. 

The vector cross product method is the simplest method, both 

conceptually and computationally. In this method the effect of the 

parameter variations on the endpoint deviation is interpreted as 

the velocity change at the endpoint due to the sum of partial 

5 
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velocity changes from each of the contributing elements. 

Let v. be the endpoint displacement vector due to the i th 
1 

parameter error, then the endpoint deviation, dP, can be expressed 

as : 

(6) 

Assuming that the errors are small and of first order, Eqn. (6) 

can be alternatively written as 

Where 

dP = Jd~ 

d~ is a vector of parameter errors (nxl), n being 

the number of kinematic parameters; 

J is the Jacobian (3xn) of the kinematic system. 

(7) 

Based on the vector cross product method, each column of J 

represents a partial velocity (differential) vector of the 

manipulator endpoint due to the deviation in each parameter. The 

reader is referred to [3,4] for details of this formulation. 

3 simulation 

Refer to the system configuration in Figure 1. There are two 

approaches to formulate the calibration problem. One approach is 

to treat the robot and the sensing linkage as being separate 

systems, whereas another approach is to treat them as an integrated 

s ystem. We will refer the former as pseudo-closed-loop approach 

and the latter as closed-loop approach. 

3.1 The Pseudo-Closed-Loop Approach 

In this approach we treat sensor device as a measurement 

system, from which the 'precise' endpoint position of manipulator 

can be obtained (computed from Eqn. (2) ) . A simulation diagram 

for calibration based on this Pseudo-closed-loop approach is shown 

in the following Figure : 

6 
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r----------------------------------------------------~ 
I 
I 
I 
I 
I 
I 
\ 
I robot 

nominal 
forward 

·-----------------1 

robot 
actual 

forward 

X a 

I 
I 
r 

sensor : e si 
actua 1 I 

inverse 1 .__ ____ _,.J-, 
I 
I 

sensor 
nominal 
forward 

update para. 
(8 1offset) 

_, 
Jacobian 1 

------------------------------------1 
Figure 2: Pseudo-closed-loop simulation diagram 

The simulation works as follows. First, the robot joint 

position readings 8 1 are assumed in computing Xq, the computed 

position of endpoint. The actual endpoint position Xa is also 

computed. A inverse kinematics procedure based on the sensor 

actual model is then employed to obtain measured sensor readings, 

esi. These esi are used to obtain Xa I I the computed endpoint 

position using the sensor nominal forward model. Xq and xa• are 

compared to obtain 11 dP 11
, the position error of endpoint. Using 

11 Jacobian- 111
, which comes from Eqn. (7), we obtain "d4> 11

, the 

parameter errors. By means of a least squares method, the robot 

nominal model is updated iteratively until dP is brought within the 

desired convergence criterion (dP<€). 

The geometry of a PUMA 560 robot is adopted in the study. 

Simulation results of two cases examined are presented in the 

following. In case 1 of this study, we assume that the sensor 

device contains "relatively large errors 11 in its model. Conversely, 

in case 2 small errors are assumed in the sensor model. 

Definition (Refer to Figure 2) 

REAL ERROR = MAXIXa-Xql 

7 
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SENSOR ERROR= MAXIxa•-xal 

ERROR = MAXIXa'-Xql 

case 1. Sensor device nominal model contain large errors. 

Iteration times 1 2 3 4 

REAL ERROR 1.168743 1.317430 1.281470 1.284248 

SENSOR ERROR 1.316805 1.316805 1.316805 1.316805 

ERROR 6.5531 0.7130 0.5655 0.5663 

Table 1: Pseudo-closed-loop iteration results 
(sensor system contain large errors) 

From this case, iteration can not converge (as shown in above 

Table). This indicates that if sensor parameters contain large 

errors, calibration of the robot will fail. 

Case 2. Sensor device nominal model contain small errors. 

Iteration times 1 2 3 

REAL ERROR 6.437056 0.110425 0.000427 

SENSOR ERROR 0.000430 0.000430 0.000430 

ERROR 6.4372 0.1105 0.0007 

Table 2: Pseudo-closed-loop iteration results 
(sensor system contain small errors) 

For case 2, we use a convergence criterion of 0. 0 01. The 

parameter errors were obtained after 3 iterations. The error of 

endpoint position is only o. 000427mm, which means by using the 

newly identified parameters the robot can achieve an accuracy of 

0.000427mm. 

It is seen that, as expected, the robot calibration accuracy 

depends on sensor device accuracy. Calibration using the pseudo

closed-loop approached requires that the sensor device be 

calibration first. 

8 
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3.2 The Closed-Loop Approach 

In this approach, the manipulator and sensor linkage are 

considered as an integrated closed-chain system as shown in Figure 

3 : 

Zn ZO 

Z2 

Figure 3: An integrated manipulator-sensor closed-chain 

The global reference frame is selected at the endpoint of 

sensor device {Z0 }. One can imagine the resulting kinematic chain 

as having 10 local coordinate frames (6 in manipulator + 3 in 

sensor device+ T0). 

Now, the robot endpoint is computed as 

(8) 

where T0 , TA and T8 are transformations as given in Eqn. (1), (2) and 

(3), respectively. 

Or equivalently, 

(9) 

where ci is the transformation from frame { zi-1} to { zi} I Tc the 

transformation from {Z0 } to {Zn}· By moving the robot endpoint, 

relating to {Z 8 }, the whole manipulator-sensor chain gets moved. 

However, endpoint actual position is kept always at {O,O,O}r. 

The problem of the calibration can be treated as that of 

calibrating a 10 d.o.f. manipulator. Using a similar method as 

that proposed by Bennett & Holerbach [3], the whole manipulator-

9 
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Figure 4: Illustration of deviation in the computed and actual 

closure position of the manipulator-sensor chain 

sensor chain can be calibrated. If there is no error in the 

kinematic of parameters of the 10 d.o.f. kinematic chain, the 

computed endpoint position (Pc) should be : 

(10) 

Because errors exist, there is difference in the computed 

position and the actual one at the point of closure. This is 

illustrated in Figure 4, from which we obtain in reality 

PC = dP ( 11) 

dP is a vector from {O,O,O}T to Pc. Assuming, again, that the 

errors in the parameters are small and of first order, we can 

express : 

(12) 

where J* is now the Jacobian for the combined manipulator

sensor system and d~* is the vector of parameter errors including 

those associated with the sensor. 

In order to 

simulation study 

verify the feasibility of this approach, a 

was performed using the same manipulator and 

10 
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sensor configurations as in the previous example. The simulation 

diagram is shown in Figure 5. 

r-----------------------------------------------------
I 
I 
I 
I 
I 
I 
I 
I 

,, 
10 d.o.f. 

----or----lr-------t:~ nomina 1 
I forward 
I 
I ~~ 
I f)si 

update para. .-
~---------------------~ ( e i offset) --

-----------------------------. Jacob ian - 1 

... -

--

rooot. 
actual 

forward 

robot 
nominal 
forward 

X a --
X a 

sensor 
aclua 1 
inverse 

... 

I 
I 
I 
I 
\ 
I 
I 
I 
I 
I 

0 

------------------~--

Figure 5: Closed-loop simulation diagram 

Here, the nominal forward kinematic model of the combined 10 

d. o. f. system is used to get Xq (or P c>, the computed endpoint 

position. The 8
1 

and 8
51 

are joint angles which, in practice, are 

read from the robot and sensor device respectively. The error 

between the actual and the expected of Xq, namely, dP, is used as 

the input of iteration, as we have used in the previous simulation 

examples. During simulation, however, 851 are obtained from 

computing the actual manipulator endpoint position, Xa, then 

followed by an inverse kinematics analysis based on the actual 

sensor model. 

It appears at first that the combined manipulator-sensor 

approach would allow both the manipulator and the sensor linkage to 

be calibrated simultaneously. This is obviously very appealing 

from both efficiency and convenience viewpoint. However, 

11 
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simulation results (Table 3) indicate that this approach is 

infeasible. As can be seen from the results, while error of the 

combined manipulator-sensor chain (Combined Error) does converge 

(0.0057mm), the calibrated manipulator error does not (36.859mm). 

A further study showed that the reason is due to the coupling 

effect between parameters of the manipulator and the sensor, when 

each is considered as part of a combined closed chain. 

In the present example, we found specifically two parameters 

which are unidentifiable due to the coupling effect. One is the 

displacement error of T0 in x direction (DX) , the other is error in 

the D-H parameter of the sensor device (a53 ) in the third link of 

the sensor device. In fact we found that, if these two parameters 

are excluded from the iteration process, it is possible to achieve 

simultaneous calibration of both the manipulator and the sensor. 

That is, errors in both the manipulator and the sensor can be 

reduced simultaneously, as shown in Table 4. This, however, is not 

practical in the real calibration process. 

Iteration times 1 2 3 

REAL ERROR - - 36.859 

ERROR 2.0225 0.0292 0.0057 

Table 3: Closed-loop simulation results 
(some errors in DX and a 5 3 ) 

Iteration times 1 2 3 

REAL ERROR - - 0.0006 

SENSOR ERROR 3.6553 0.0172 0.0002 

ERROR 1.5927 0.0217 0.0006 

Table 4: Closed-loop simulation results 
(no errors in DX and a 5 3 ) 

12 
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Definition (refer to Figure 5, using in Table 3 and Table 4): 

4 Conclusion 

REAL ERROR =MAXjXa'-Xal 

ERROR =MAXjXqj 

SENSOR ERROR =MAXIsensor nominal forward -

sensor actual forward! 

In this paper, we have studied a closed-loop approach for 

industrial robot kinematic calibration. As we discussed above, a 

3 d.o.f. sensor device was attached with the robot forming a closed 

manipulator/sensor chain. Simulation results based on using PU¥~ 

560 Robot indicate that, by using pseudo-closed-loop approach 

(treat the robot and sensor device as being separate systems), the 

kinematic calibration is feasible. The calibration accuracy is 

dependent on the accuracy of the sensor device system. On the 

other hand, treating the robot and se~sor linkage as an integrated 

chain, the coupling effect between parameters of the robot 

manipulator and the sensor linkage is found during the iterative 

parameter identification process, and the kinematic calibration 

failed. The advantage of this approach is reduction of the 

complexity of the procedure in industrial robot calibration 

practice. 
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RELATIONSIDP BETWEEN MANUFACTURING TOLERANCE AND ROBOT 

KINEMATIC PARAMETERS 

1. INTRODUCTION 

by 

Arun Kumar and Oren Masory 

Robotics Center 

Florida Atlantic University 

Manufacturing tolerances effect the positioning accuracy of any kinematic 

system such as robots or machine tools, by direct influence on the kinematic 

parameters of the system. Therefore, the selection of manufacturing tolerance is 

essential for satisfaction of positioning accuracy specification. This paper represents 

a systematic method by which the relationship between manufacturing tolerances 

and kinematic pameters can be determined and their effect on positioning accuracy 

can be evaluated. 

2. APPROACH 

Robots are usually composed of two "Standard Elements " (SE) : 

1. Link - A link is defined as a mechanical member which connects two joints. 

2. Joint - A joint is a member which provides relative motion between the two 

links connected to it, and can be revolute or prismatic. 

The approach taken in this paper is to specify the tolerances on each basic 

element, and by assembling the required configuration of the robot, the effect of the 

specified tolerances on positioning accuracy can automatically determined. 

I 
...:.. 
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2.1 MANUFACTURING TOLERANCE SPECIFICATIONS 

Specification of tolerances for a mechanical element depends on many factors. 

The major factors are: 1) manufacturing process limitations; 2) cost feasibility; and 

3) accuracy needed on the finish ed product. Hence it is essential to identify the 

different tolerances and their effect · on the final product. The most frequently 

specified tolerances for the above basic elements are: Length, Straightness, Flatness, 

Parallelism, Roundness, and Perpendicularity. 

The specification of above tolerances on the basic "Standard Elements" (SE) 

will have effect on t he kinematic parameters of the assembled robot. This in turn 

will affect the positioning accuracy of the end-effector. The relationship between 

kinematic parameters and tolerances are defined in the following section, and will be 

demonstarted in detail for a Link. 

3. THE EFFECT OF TOLERANCES ON KINEMATIC PARAMETERS 

3.1 LINK 

The tolerances specified for a link are for its length and straightness as shown 

below 

(a) Length (b) Straightness 
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3 

LENGTH TOLERANCE SPECIFICATION : 

For a link of length 'L' the transformation between coordinate system 1 and 

2 is given by 

T12 = 
[

100Ll 0 1 0 0 
0 0 1 0 
0 0 0 1 

Because of the length tolerance specified for the link, the value of length '1' 

changes to 'L + .6.L', where '.6.1' varies between upper and lower limit values 

specified in manufacturing tolerance. This '.6.1' will contribute some error to link 

length. According to D-H convention this error will affect the 'a' kinematic 

parameters. This can be expressed in an error matrix as follows, 

[ 

1 0 0 .6.1] 0 1 0 0 
Tel= 0 0 1 0 

0 0 0 1 

Therefore the new transformation will be 

STRAIGHTNESS SPECIFICATION : 

The straightness of the link has to be specified in two planes, X-Y and X-Z 

planes. Due to deviation from the perfect straight line the position and orientation 

of the 2nd system changes. The straightness tolerance is usually specified with a 

upper and lower limit values within which the straightness can deviate. 

Z2 

X2 

General Transformation 
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The general form of a transformation from system 1 to system 2 is given by: 

[ cosacos/3 cos osi n,Bsin {-S i n acos 1 cos as i n,8cos1+s i nosin 1 

~ l T = s i~as in.B s i nosin,Bsin !+cos acos1 s in as i n{3cos ")'-COs osin 1 
-s 1 n.B cos,8sin1 cos ,Bcos 1 

0 0 0 

However since the angles a,(J and 1 are very small we can make small angle 

approximation and the transformation reduces to 

[ 

1 -a (3 a l T _ a 1 -1 b 
- -(3 1 1 c 

0 0 0 1 

For the case where /:1z is the straightness tolerance in X-Z plane (as shown in the 

figure below) the rotation is about Y axis and therefore the kinematic parameters 

'o:' and 'd' are affected and the error matrix is given by: 

T e2 = [ 6 ~ ~~a ~ ] 
0 ~a 1 ~z 
0 0 0 1 

where ~a is given by : 

~a= tan-1{ (UL-LL)/21} 

where UL is the upper limit value of the straightness tolerance and LL is its lower 

limit. 

z UL: 

~~--~-----------------~~~~~z-----~~x 
LL 

Straightness Tolerance in X-Z plane 

~-.:::>o.-...;;:--------l T -. 
!:1Z 

_L 
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For straightness specification in X-Y plane the rotation is about the Z-axis 

and it affects B, and causes translation in Y direction. Hence the error matrix is 

given by: 

Te3 = 
[ 

1 -!:::. B 0 0 l l:::.B 1 0 L:::.y 
0 0 1 0 
0 0 0 1 

where 

~B =tan - 1{(UL- LL )/21} 

If the effect of other tolerance specifications are neglected, then, the total 

error matrix for the link due to manufacturing tolerances is given by: 

and the total transformation from face 1 to face 2 for the link including the errors is 

defined by : 

[

1001] 0 1 0 0 
T 12 = 0 0 1 0 [ T e ] 

0 0 0 1 

If other tolerance specifications such as parallelism, flatness etc. are not 

neglected then a similar type of results can be obtained. 

3.2 ROTATIONAL JOINT 

A rotational joint is considered to be comprised of two basic mechanical 

elements as shown in the following figures . 

Rotat ional Joint and Parts 
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The manufacturing tolerance are specified for each of the above mechanical 

elements seperately. The possible types of manufacturing tolerance specifications 

and their effect.on kinematic parameters of these elements ary tabulated below : 

Kinematic a d Q 8 
par arneters 

Length y N N N 

Straightness X-Z N y y N 

Straightness X-Y y N N y 

Flatness N y y N 

Parallelism N N N N 

Roundness N N N y 

. Perpendicularity y N y N 

To find out the overall error matrix for the joint the t~o elements have to be 

assembled. The assembly p: ocess is defined by : 

where 

T c1 First element error matrix from face 1 to center of the joint. 

Tc2 Second element error matrix from the center of the joint to face 2. 

3.3 PRISMATIC JOINT 
Z1' Z1 

MOVING FRATv,E 

y 

FlXED FRAME 

Straichtness Error In Prismeitic Jc int 
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In case of prismatic joint the errors due to the manufacturing tolerance are 

function of the displacement, X, of its moving frame . As a result the kinematic 

errors will be a function of X. (Te = Te(X)). 

A similar type of tabulation, as in the case of rotational joints, was obtained 

for a prismati~ joint, and it is shown below : 

Kinematic a d Q e 
parameters 

Length y N N N 

Straightness X-Z N y y N 

Straightness X-Y y N N y 

Flatness N y y N 

Parallelism N N N N 

Perpendicularity y N y N 

4. THE ASSEMBLY PROCESS 

The assembly is the process of joining the "Standard Elements" in a 

sequencial order, to form the required robot configuration. To assemble the SE at 

the required location (position/orientation) it is necessary to define the location of · 

the SE to be assembled. ~The position/orientation of the SE s are generally refered 

with respect to a global frame as show:t:l in the following figure. 

Z4 

X location of S Es 
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However, the actual location of SE is somewhat different from the desired 

location due to the manufacturing errors. In the figure shown below points 1, 2 & 3 

shows the desired locations and 1 ', 2' & 3' shows the actual locations. 

3 

A correction matrix is used to transform the desired location of the SE to the 

actual location, in order to be able to perform the assembly. In the present paper 

the correction matrix is refered to as [T]correction· 

In the assembly process of two SEs it is necessary to have surface contact 

between the connecting faces. However because of manufacturing tolerances such as 

flatness and parallelism, additional errors are being introduced. These errors are not 

included while computing the error matrix for the SE. The flatness and parallelism 

specification of the connecting faces will affect all kinematic parameters. Hence an 

interface error matrix is used to accommodate these errors. The following figure 

demonstrate the interface error due to flatness tolerance 

I 
I 

----------------------------~~C----------~ 

Interface Error Due Flatness Tolerance 
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The following steps are adopted for each SE to be assembled in the assembly 

process : 

1. The position/orientation of the SE is defined with respect to global frame. 

2. A correction matrix is used to transform the defined position/orientation of the 

SE to the computed position/orientation. 

3. The interface error between SE is incorporated. 

4. The new position/orientation is achieved by including the present SE errors. 

The above steps can be expressed by the following relationship. 
i i -1 

[T] 1 = [ T ]2 [T]correction [T] interface 
i i i i 

[T] 2 = [T] 1 [T] [T]e 

where ' i 'represents the ith SE and 1 & 2 represent face 1 and 2 respectively. 

4.3 ASSEMBLY EXAMPLE 

,..._ SE#S 

Assembly Example 

S.E 1 : Rotational joint which rotates about its axis 
1 1 1 1 

[T] 2 = [T] 1 [T) [T]e 

S.E 2: Link 
2 1 

[T] 1 = [ T ]2 [T]correction [T] interface 
2 2 2 2 

[T)2 = [T] 1 [T] (T]e 



10 

328 

S.E 3 : Rotational joint which rotates perpendicular to its axis 
3 2 

[T] 1 = [ T ]2 [T]correction [T]interface 
3 3 3 3 

[T)2 = [T] 1 [T] [T]e 

S.E 4: Link 

[TJ1 = [ T ]~ [T]correction [T]interface 
4 4 4 4 

[T] 2 = [T] 1 [T] [T]e 

S.E 5 : Rotational joint which rotates perpendicular to its axis 
5 4 

[T]I = [ T ]2 [T]correction [T]interface 
5 5 5 5 

[T]2 = [T] 1 [T] [T]e 

5. PROBABILITY DISTRIBUTION IN RELATION TO MANUFACTURING 

TOLERANCES 

Manufacturing tolerances are usually specified by upper and lower limits. 

The estimation of exact dimensions is not practical, and therefore the probability 

that a certain dimension will fall within a specified range can be determined by 

using standard distribution functions. Most commonly used probability density 

function for manufacturing processes is 'Normal Distribution' given by : 

-(x-JJt) 
1 2 (J f(x) = 

I 2 IT 
------e 

where 

J.L and CJ are the mean and the standard deviation respectively. 

The standard deviation, CJ, depends on the manufacturing process by which 

the SE was fabricated. Thus, the probability density function changes according to 

the selected process. Once the manufacturing process has been selected, the 

standard deviation can be determined, and for a particular tolerance value the 

. probability of occurrence can be determined. Also, the effect of this tolerance value 

on the kinematic parameters can be computed. 
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6. APPLICATIONS 

Tbis model can be used for the following purposes : 

1. To find the "Tolerance Volume" [2] at the robot end-€ffector for the given robot 

configuration and manufacturing tolerances. 

2. To find the probability of robot end-€ffector reaching the desired location for the 

given configuration and manufacturing tolerances. 

3. To estimate the manufacturing cost for the desired accuracy. 

7. CONCLUSION 

A simple model is developed which relates kinematic errors manufacturing 

tolerances using "Standard Element". The manufacturing tolerances are expressed 

in terms of probability functions which can be used to estimate the "Tolerance 

Volume" at the robot end-€ffector, and manufacturing costs. 
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Dynamic Parameter Identification of Robot 
Manipulator 

Abstract: 

Hua Xu, Zvi Roth and Ali Zilouchian 
FAU Robotics Center 

Robot dynamic equations derived from Lagrangian or 
Newton-Euler formulation are highly nonlinear. Linear 
parametrization of those equations can provide an effective 
first step towards adaptive control of the robot [Siotine and 
Li, 1986]. Such parameters identification can be obtained 
using traditional least squares method. However due to 
noisy measurements of robot torque as well as joint 
position and velocity, estimate values may no longer be 
consistent and unbiased. In this paper, a method based on 
state augmentation and the use of total least squares is 
proposed to provide a more accurate estimation result with 
respect to previous works. 

Problem Statement and Approac h 

Robot dynamic equations may be written in a linear 
parameterized form [ Ha, Ko, and Kwon, 1987 ] as follows: 

(1) 

where Y is the vector of joint torques. X is the vector of 
unknown dynamic parameters which are combinations of 
geometrical and inertial parameters, and H(.) depends on 
measured joint positions, velocities and accelerations. 
Estimation of X requires moving the robot at a sufficiently . .. 
exciting trajectory while measuring Y, q, q, and q at 
sufficiently many points. 

A state space representation of the measurement 
procedure can be written as follows [ Slotine and Ll, 1987 ] : 

(2) 

1 
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where X is a mx1 state vector, Y is nx1 measurement vector, 
and H has the proper dimension. And V can be assumed to be 
a white noise sequence with zero mean and variance R. 
Standard least squares yield: 

where 

By recursive least squares method: 

If the measurement · of {q, q, q} are noise free, the 
estimates are unbiased and consistent. That is, 

A 

E(Xk) = E(X) = XO' 

However from practical view point this is not always the 
case. So let: 

A 

Hk = Hk + L\Hk 

2 

(3) 

(4) 
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where the term on the left is the measurement data with 
the dimension of nxm and the first term on the right is the 
true data with the same dimension, while the second term 
on the right is a white noise matrix. 

The estimate of X is in general biased. However it can 
be shown that such bias can be eliminated by using the total 
least squares method [Golub and Loan, 1980]. The total least 
squares method performs: 

min IJ(H + L1H)X- 'fil 

rather than 
min IIHX- Y11 

It can be shown that the estimation solution of X will yield: 

1\ 

where X TTL is the total least square estimate of X 
The block diagram representation of (5) is given as follows: 

H 

- v12 

where SVD[H Y]= UDV represents standard Singular Value 
Decomposition, and: 

V = ~11 V12 
~21 V22 

where V11 is mxm, V12 is mxN, V21 is Nxm, V22 is NxN 
submatrices, and N is the number of measurement points. 

If the deviation in H is nonzero mean, the total least 
squares still gives a biased estimate. Let 

3 

.... 
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xk+ 1 = xk 
T T 

y k = HkXk + Xk(E(~Hk)) 
J T T T 

= HkXk + Xk(E(~H)) + Xk(~H k) + V k 

- A where ~H k is the zero mean part of ~H k and ~H k = H k - H k 

Let 

Then, 

Yk = Hk\ + wk 

where f(.) is defined by equation (6). 

Simulation Result: 

Let the four parameters in the two link robot given in 
Fig. 1 be 

X1=29.4, X2=4.2, X3=10.0, X4=17.5 
and the measured data be: 

A 

Hk = Hk + ~Hk 

(6) 

(7) 

where Hk is the true value. ~Hkis a white noise with zero mean and 

variance 1. 

Fig. 2 and Fig. 3 are the estimates obtained using least 
squares and total least squares method respectively. 

When the second term in the above equation is a normal 
distribute noise with mean 0.1 and variance 1, Fig. 4 gives 
the augmented states estimates. 

4 
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Fig. 1 A two link planar robot 

Conclusion: 
Least squares method will get biased estimates when 

measurement of angle, velocity and acceleration 
contaminated with noises. Total least squares and method 
based on estimate the mean of noise in data will provide a 
unbiased and much better result. 

References: 
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Fig. 2 Least Squares Estimates 

Fig. 3 Total Least Squares Estimates 
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Fig.4 Augmentated States Estimates 
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