


































































Ll't .r E kr•r .r n SO(".\!. Tlwn f (.r ) = 0 lwccllb(' .r E kr·:· f. hut .1" c S()(" .\1 f' (.r ) = 0. Hmn'WL 

kPr !' = { ()} .r = 0. Th!'rl'fOr<'. kl'l f r soc .\1 '-.-o { ()}. Sinn· "(){" .\/ i:< f 'S'i( ' !ll ial. I ktt illlpliP" that 

kN f - {0}. Tluts. f is an R- ttH>IIOIIJOrp!Ji,ttl. • 

l.Pt ( :-1. [] ) lw a svstr'llt in S (2 ) . not llf'CP,.,:<arily indr•r·o lltposahlP . \ \"r• studv f'tllh('ddillg, of 

indf'COil1jlOSahk IIJOdlllPs in ( .4 . 13 ). 

4. 3.1 T he module .\/.n : 

An df'lll< ' IIT 0 f I! rad A gin•,.; risP to an enthPdding ll ) as foll o\\'s: 

.r l .II 
l 

.l c 13 

A for C 'l'.jp2 by ,.r'
1
,, ,_ • a.1· 11 LPrf' 0 f- a E A >'llch that flU = b. is. 

pb = 0. ThPn dl'finP g - t o f. Sinct' flO f 0. f a11d .fJ an' lllOilic. 

4.3.2 T he modu le .\112 : 

A11 Pit' llt('llt 0 i- a "oc ..1 " rad [] gi1·0s rist' to an Ptnlwrldillg -'lu (A . !3 ) : 

llj p 
Jl ,, 

f - g l 

A c I3 

DPfillP .r: ?!.jp . A for [.tj r E Z/p by r.r:,, t--> (/.(' ;,uch that tlH'I'l' I! E I3 sudt that ph = nand 

flU = 0. 

The diagram contnlllll', for tltc t!t•finPd f a11d g because o = pb so o.r - ( jib ) .1· = b ( fl.l' J. 

Thr hotnotnorphism f is IIIO!lic lwcau"0 <.p f- 0: thus cp.r = 0 only \\'lll' ll .r = 0. Thrn hy our ir-lllllla 

g is IllOtiic. sitH'f' f. tltf' rpstrictioll of g to tlw sodP nf '£j p2 is nwnic. 



4 .3.3 The module .H1,2 : 

An PII'Jll(' llt () I (' E rad [) gi \ 'PS riS\' to Clll ('tlllH'ddin~ nf .\fiJ'2 in (A. n ) a~ f.lllrm~: 

() - > 2jp'2 

f t .II. 

c 13 

Dl'fiuP y: 2 j p'2 -+ 13 fo r [J· 'r' E Z/ f12 hy [.r ]
7
," ,___, lu fllr () I b ,u('li th<u c = pb 1- ll. 

\\' h <•n n'stri\'l('d to thP soc (2/ p'2) y is cl<•arl~· tllonic: titus g is tnon ic \\'hl'n unn•s t rict<·d and tlw 

eotuntutati\'ity of this diagrn111 nH'ans tltn t 0 --> Zlp2 is"" <'tllhcdding. 

4 .3 .4 The module .\1 1 1 : 

A tt Pl<'ul<'llt 0 I a E soc A gin·~ risP to an <' tn lJ<'ddi ng .\ I 1 1 --> (A . 13 ) i 11 t h<' follo"· i 11g ,,·m·: 

2/p 2/p 

.f l g j 

A c 13 

Dr•fi11P f: :;p -> A fo r [.r]p E Z / plJ\· [.r ]P ,_.._., o.r. 

Similarly. dditH' g : Z / p 

Tltis diagra m cnntniutPs. 

for [:r], E '2/p rither [.r ]
11 

is n un it or [.r]J' = [0]
71

: si tH'\' a.r = u \\' lH'n .r is a unit and a I () \\'(' ltm·r 

a:r- 0 only \YlH' JJ .r - 0. Thus f nnd 9 arP nionomorph isnts. 

4.3.5 The module .\1()1 

F inall _, .. for our las t ittd<•composahll' .. \!01 . \\'!' ha\'1' t ]:p follo\\'ing diagran t and tnorphisii iS g,i\·l'n by 

<Ill dPIII('Jit 0 _fi /J E: SOC [) 

() 2 / p 

J l fJ 

A c 13 
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DPfin<' q: Zi p -> B for '.r l 1.:/p ll\· l.r] ,___., b.r . . ' • J]> ' • p 

This diagram comtnut<'s. 

[() ] : sincr h.r 
I' 

b IYhPII .1· 1s a 11ni t and b I 0 11·r ha1-r• 

b.r =- () on]l' II'IIC'll .r n. TilliS 9 is a 11 1011 01l i Orphi~lll. 

4.4 The Result fo t· 11 = 2 

Dy L<•nttua oil a 1110l1L>!liurpllism f maps thP sock of thP S<JIIJT<' nwduk into the ,ocll' of th <· targN 

tttodttl<•. Thrrc>fon'. if thl' sodl' of thl' hOUJTl' nwduJP hi-ls dinH'JJsion Oil<' thrn llil' soc!<• of th<• imag<' 

of J has ditnrnsion on<'. Tl111s. as an rntbrdding. if din1 (soc ( It t! f)) = 1 t hrn 1 hr• ntult ipJicity off 

tnu"t \)('the dinJ<'nsion of 1 hP sodl' of tla• tell gN tnoduk. 

Th<' soc B = 5 1z:w, as shown a bon>, so dim (soc B ) = dilll ( 1) -r ditll (5:z ) + din1 (5:ll + dint (51)+ 

dilll (S;;) . Sinn• tllP sodt' of rach target nnH!ule itt t'aclt iJJd<' <'UlliJlO"ahk ha~ dimeusioll <•qual ro onP. 

II'<' claim that thf' llitlltipJieity of Pach PmhPdding of an indr'('(Jill]IO'-ahiP j,., rqual to till' dim<'nsion uf 

a spc•rifi!' ,.,uhspace. 

Theorem 4 2 F01· (A C B ) an object . 1101 nrr·rssaril!l illdccompo.-nhlr. 111 S (2) conside r lite .follou•-

i11.<J dill/( 118107!8: 

5nb.~por·c Dim1 11sio11 of t/11 5ubpar·r C'mn ·'JIOIIding ft/(lt cnmpo.,obli 

51 /12'2 J/22 

52 llt2 .\/ 12 

5 :! 11u2 .\lo2 

S't II J I _\fi t 

5:; 1101 .\Jot 

then 
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Pt·oof. Lrt T = {kl: 0 < k ::.:; l S 2. I f. 0}. L<'t Ar hf' th<' ~O li!T<' tn odulP and ll't B.,. lw ti H' targPt 

modulr iu a n ind<'<'OIItposabiP objrct in 8 (2 ). \\'c walll to silo\\· that ( ...\ - > 13 ) :::= ( · I-'T .·h · > : 11 1 JJ.,). 
T T 

In other 1nmb. \\"<' want to show that in tit<> folluwinf!, diagram f and y arf' i:-,omorphistn:-,: 

11 1 A ·r : 11 I 13 I 
.I r 

lr ! 'I 

A c 13 

Claim 1: g is a n JIIO!IOIIIOrphisnl. \\"t' coustruC't a hnsis of soc [3 by taking a basis of f'adJ 5, 

and t hrn taking r lw union of tIt<>;,<' fi1·r hasPs. L<'t { &/ . .... IJ,1, ,, ..... b( .... h/,,, } lw a basi:-, for soC' [3 

whrrP {b\ . .. . b;,,} i:-, a basi~ for S,. For Pach IJ;,, we drfin<>d a mo tJ OliJOrphi,;uJ froiiJ ll.,. to 13. \\·e 

!Jm·p HI I <' pi morphism from SOC" ( · / l"f flT) 10 SO(' 13 l>Pnl.ltSf' by tlW d< 'fi nition of thr maps frOill [3 J" 
T 

to [3 W< ' will hm·r a JIIappiug onro radt basis clrnH' nt of ~uc 13. thus a nwpping onto <'l"!'ry rh'lll<'lll 

of soc 13. Tlwrrfur<' . y fron1 »OC" ( r'JT13r) to soc [3 will hr an <>pimorphism . \\'0 ha1·r that y frnn1 

soc ( · '-'TJJ'I) to soc- /3 is a lso a Inono tnorpltism hy counting t h<' dinJ<'n»ious of soc ( · v1 Br) and 
"/ . T 

soc-13. The diitlf'JJsion of soc (;v1 13r) is rqual to T'JT = di ut(,..,oc13) by thr way ,,.c ddincd thr 

JJ laps. Thus. y is a n isomorphis111 1\' li<'II r<'~tr ictrd to thP :-,ock. I3y LetttnJa -11 \\'<' IJHI'(' that g i~ a 

InOJIOlliOr p!JisnJ frotll ( : I I r 13T) to 13. 
T 

C laim 2: !J is an i:-.onwrphisJtl. \ \"r II' ill show this isOinorph istn In· showing that t h<' l<•ngt h of 

13. ( (13 ) is <'qual to ti1 P kngth of ( •: 11'!"13T). ( ( · uT13r). L<'t 11~ look at an Pxalllpl<' of an arhi-
T T 

trary nhj<'ct . (A C 13 ) of S (2 ). L<'t C'ach u, rqm'S<'llt Ito\\· a g(' twra tor of A sit" in th <' t argt• t module' 13. 

ll'J. 11 :1 

I (I) I OJ 0 ,; 

Tlw le-ngth of 13 \\"ill lw <'qual to thC' ntunbf'r of boxes i11 this diagratll. ThP soclr• of 13 t'OJTPS J> Oittb 

t'> tli<' boxPs in tiH' botto ttl row. and tl lf' radica l •>f [3 ('OJI'C'»ponds to thr• box<'s in thC' l>ottom roll' 

r!tat ha1·p a box on top o f th<'ut in til<' top row. Th<>r<>for<'. ( (13 ) = di1n ("oc B ) dim (rad 13 ). \ \'p 

haH' thcsr dittl!'nsions alr<>ady c·Hk ulatPd . d illl (soc B )= '5:.i1T nud dint (rad13 ) = 11'2'2 + u 1'2 _J._ 1/o'!.· 
r 

lweaus<' rad ll = Su:l · Tht rl' fOI'<'. 

JO 



Each ind<'<·ompo;;.lbi<' in S (2) i~ of tit<' form .\h-1 and tltP kngtlt of <'H<"h B r is f'<pml to til<• S<'C'Ond 

inrl<•x. I. Th<'rt'for<' . 

Since g is tJ H!ll iC' and the kngt h of 1 he target lllodul<' i:-. <'<pta! to tlw lr·ugth of tiH' sol!!('<' rnodul<' \\'P 

hm·p that y is an i,.,ornorphism. 

Claim 3: .f is an isornorpltisnJ. 

. IIT AT -> ~ 11 ·1 Br 
T ., 

:! I 
.,q 

.4 c n 

Tit •<"allthat \\<' a r-r· \\'Ork in;.?, frou1 the ,\IHJY<' <"Oillllllltatin' diagram. \\'<• ha\'l' that y is an i,.,omorphism 

and the map fronr _ 11 ·1 AT to · ''rBr is a ntonontmpiii,tn: thu~. tlw <·omposition of th('s\' t\\'CJ rnRp'i 
1 r 

i,., il monornorph isn1. Si !lt'<' this d iagmn1 contmu It'S. f tnust IH' a nH>nomorphistn abt•. l'h<•refot <'. if 

( ( vrA·r) = ((rl) \\'!' \\'iii!HI\'<' au isonHllphism. Againlr•t u,.; rdPr to ou r <'xantplr• of an arbit ran· 
T 

obj<'ct of S (21. 

Tlw ]pugth of A is r·qual to th<' lli!Jlliwr of box<'s in th<• diagre~n1 con taining an n,: tltt'S<' hoxf's 

eorr<'spond to the su bspac<'s ~oc A allll rae! ,t The ~ock of , \ it> rPpl'(''-<'nt <'d hy all 1 h<' box<•s in tl1 0 

bottom 1'0\\' \\'ith ann, and thl' radical of A is n'preM'n t<•d by nil lht• boxt's in tlw i>utlOlll l'O\\' \\·ith 

an u, 111 the box a bon'. \ \'e havf' alrPady ddin<'d tI t<' dinH•nsions uf c•adt of 1 liPs<' spa<"<':-.: 

dint (soc A )= dint (51:!1) = /1:1'2 + 11r2- v11 

and 

dim (rad A )= dim (5 1) = 11'22· 

£(A) = 2v22 + 1112 + /lit · 
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Sincf' <'a<'h A, is th1• soutT<' ntodnk in a ,;y;.;tPlll of tlw fonn .\h1. tiH' l<'ttg It of each .-1. 1 i:-- !'qnal to 

t lw fir;.;t ind!'x. k. Tlwrdor!'. 

"Lk. 1/j,[ = '21''"2 _j_ /It ·· j /I t t = I (.4 ) . u - -

Thi:-- <'qualit.l· gi1 ·c~ u~ that f must h1• an isnmorphism. Jn conclusion \1"<' hm·1 · that 

and th is finisiH'" th(• proof of onr tnain tlt!•Or(•tn for th(• ntst' n = '2. • 

L(•t us nnw rN·all th (' cxantpks giH'Il in x2.3. 

ExantpiP 1'2: L(•t A ~ Z / p and B :2' Z/ p2 • Z / p tiH•n tlw in('lusion map takPs 'L / p 3 [:r ~ r >---> 

( ;Ju-1 
•" . ·,.r ' ) . i<'t rt IH' a g<'tH' tawr of A. Csing t h<• aho1·" lll<'ntiotH'd tn<'thocb \\"(' g( •t tlt<' followi ng ' · / .,. 

pict \lj"('; 

L"sing our tiH'Or<'Jtl. 1\"1' can adapt om diagram front k-1. to th <' folln11·ing: 

::• l •( p . J ) / 

SOC' A ~ 'l. j p (p. 1) 

() 

.0 

nt<lA = lJ 

. o 

S()(" A r rad IJ = () 
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rae! B = Z / p (p. 0 ) 
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Sill('(' s'2 and s.J an• Oil!' lliJJl-Z('I'() suhspHCI''>. l'<l('h of dillll 'll"ion 0111'. \\'(' ('<Ill dl'I'OilljHl"(' as follo\\'s: 

E'i:alllplP 13: Ll't A = Z j p2 a11d fJ = Z / 1''2 Zfp and l1·t rt be a ~<'ll<·ratnr of A. Our 111ap \\·ill 

takl' an <'l<' lll!'llt >·11,, E Z/ p2 to ('.rll',. [.t\ ). Tlll' pictuJ<' gl'll('rat l'd fllr this <"X<Ilnpk is: 

[;]__ 
rn 

For this t•x;unpl(' t }](' diagran1 IH'<'OllJ!'": 

0 

lu 

SO(' .4 :'1 rad lJ = !''£/ jJ'2 0 

o / ' .o 

o.<>(' A - JI"E j p2 - 0 rad B -" ]J?l j p2 : ll 

~ 0 · :C I' 

lta\'(' that 



5 Case 11 3 

5.1 The lndccomposables 

\ \'P co nsid1' r t he f!JIJo,Ying i nd j 't'!JIItpo~ab l !' !JhjPcts in S (;) ): wh!'n ' o <kno 1 s H g!'w' ra to r of t it !' souJ CP 

Jll <H ill if' . T!ti~ lis t has hP!' II gi\'!'11 i11 [! 111 \\·~ . 

O hjt'!' t o f S (3 ) DC'fin<' t he• .\l a p b~· : Pi!'t o rial l1 t' Jli'<'SPJttRtioll 

0 

3-1 



Ohjl'ct of S ( ~I ) 

.\Io2: 0 , Ijp2 

.\lot : 0 Z/p 

r. r l ~ [Jl.l' . 
. I' .p-

Pictorial n(•pr<':-.t•nt at ion 

B 
[] 

D 

Tlw finn IIIli!' out of t<'ll sp;tf"ms iu th<• aho\'<' li:-;t an• ind<·<·otttposahl<' in S (:.l ): thP proofs 

follO\\' front Corollary :.l3 in q( 3.2 ). Forth<' r<'maining syst<' nt in th<' list . .\!lug · \W han' to ,.;Ito\\' 

i ml<'< 'OIII pm-a hi] ty. 

Propos ition 43 (1.jp2 

Tlwn.' \\'ill lw S<'\'C'ral st<•ps to th<' pw,·ing this claittl. First\\'<' d<>snih<' tlw t•udunwrphistn ring 

End (Z/p2 Z/p:j · Z/p) . tiH•n \\'<' prm·<' that this ring i:-; lo('n]. In ordC'r to pron• locality\\'<' must 

sho\\' that th<"rP C'xi,.,b a uniqu!' nmxi11tal idPal. so \l'l' ddi w a subgroup 1 and tllf"n pro\'(' that it is 

a11 idC'al. and t !tat it i!:>.lllaximal and nniquc. One<'\\'(' ltm'<' this ,,., , can nmclnd<'. 11:-.ing Tlt<'Or<'nt 31. 

that our proposition j,., true' . 

First r<'call that <'<-H'h <'ndomorphisllt of ( A C I3 ) is gi n•n by an !'IHIOII!Orphi:,;m f of I3;. ~uch that 

j(A ) c A: 
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:'\px . 1n' drsniiH' th<' ring :<lru<"tur" of End (n ;_) . Herr' 1 a nd 1. dt 'notr hP indw-dun map 

<ntd t!H' pmj< '('\i \'l' tlt<l.p 

TIH' Il. 

Hnm (Z/p:1 
,_ 7lj p. 7lj ,? '· '1../ p) 

{ 

(: ; ) n E Hum(Z/ p'. Z/p') . } 

.-3 E Hmn (7l j p. 7ljp:1) · IE Htltn ("£ jp:1.7l/p) .15 C Hont (7l j p. 7lj p) 

{ v, ',') u EZJP'""dbcd EZjp} 

This last i:<lllnorphism holds lwntu~!' \I'C' ha \'l' 1 II<' folloll'ing: 

\\' ]]('r!' p2 "£j p3 and 1 his is IH'n'ssary IH'cnu"<' in a !J,llltOntorphic.ttJ 0 0. 

-1. HmntZ/ p. Z/p) = 'l/ p. 

1 o r.: '2/p:! -. 7lj/? Jttaps [.r ]P, >----> ~p2 .r ] r ' . 

rr o 1 : ?!.jp - • 7lj p maps [.r]P >------> t0'1, .. 

T!Jl' ll \I 'C' <"Hil dditH' nntlt tplicativn of 1\\'0 maps in thC' End (Z/p:! Zj p) In· tlt1' follm1·ing. \\'IH'r<' 
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a . o' C llj p:1 and b. c. d. b'. c'. d' E Z/ p: 

(
a ''') ( u' til ) 

ii(' d T.(,l d' (

1111
1 + i o To ( lw' ) 

IT C0
1 

1 hdf~1 

tllb
1 

_j_ tbd' ) 

-. o 1 (cb' ) ~ dtl' 

( 

I 'I I 
<W + p-lw 

To (cu' r de' ) 

1 (a// J.. IHI' )) 

dd' 

.\' o tP that tll<'n ' are 116 pussihk Pndomorphi~nt~ in this nng . p :! po~,.:ihlf' choicPs for a. and 71 

possihl r dwicPs for b. c. anJ d. .\'o\\' \\'<' df'tPrminc t hm;<' cndOJllorphisllls of B:: \\'hich pr<'Sl'f\'P 

thl' suh!!I'OUJl A. J1 Pcall. Z/1/ ~ z;,,:l .· Z/JI is ddinPd h\' t •tkin o r 1'
1 

" - 0 ' ,.., l ' lp " IZ/ p'2 and S!'nding 

\\'p nPPd this last rnatrix to lw of tlw form ( [/1JJ]1,• ) for sumP :yJ
11

, E: Z/p:1. Sine<' it i,.: ,.:ttrficiPnt to 

• [Y]r 
dPscribP a ruap by \\'her<' it S<'Jtds a generator. IN .r = l. Thl'n 
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TllU» for tlw subgroup to lw pr<':--<'n·<'d w<· nrust mak<' tiH' only condition hf' on th<' choic<' of rl and 

t k\t condition i:-. d = a -t- Jib l!lod p =o} d ~ a nrod Jl. Tlr<'rdor<' t h<'r<' arc p·' possihlf' \'ndomorphisnJs 

TIH· suh!llodulf' soc2 fl is til<' Sf't of <'~< ' nt<'nt~. b of n. such that ]1
2 11 - U: IN JJ ~ = soc2 fl. Drfill<' 

I {f E End (ll j p'2 

{f E End ('"L// 

Z/p:' Z/J1): .r (n+) c n- } 

'l..j p :l 'Z/p) : cl - 0}. 

in otlwr \Yonts a is a mull ipk of 71. Th<'n' ar<' p2 possihlf' choic<·s for a. and p c-lroitt'S f<lr band c 

thus t h<' ordf'r of l is p 1 . 

Lemm a 44 I i::; /h( 111a.rimal ui<al of End (ZI112 

P roof. C la in1 1: I is a two-s idc:d idf'al. Tlr<' suhlllodnl<' fl "'" is ail inn\ri;trJt subspac<'. 1H'<"<Ut1'c 

fl + {.r E B: 1h· 0} and p2 · .f (.r ) = f (p".r) = J (0 ) = 0 tluts f (.r ) c n+ Similarl_, .. sinn' 

fl - (soc A n rnd JJ ) Hnd !oOC' A is an itl\"ariant subS] ><! ("('. hy a sil!lilaJ a rgunwnt to thi'lt Wil'd for 

B .J..: thus fl - is also Hll inn\riant suhsp<H'('. Lf' t i . i' I: then (i + i' ) ( JJ '"") = i (B +) T i' (B "'") : sine<' 

i (B+ ) c fl - and i' ( fl +) c n- . and fl - is c-losf'd und<'r addition :-,ill("(' it is a \"('('101" spa<'<'.\\'(' Iran' 

that i ( fl l-) + i'(lJ I-) C n- : rlwn' fore. i + i' E / . L<'t i E I c\lld f E End (Zip2 

Th<' JL i 0 f (fl '"") c n- lwc-aUS<' f I !3 """) c n-r and i (fl .,.) c JJ - :-inc<' i E /. :'\ow. I 0 i (B+ ) c n-
lwcausf' i ( []+) c n- i\Jid f ( fl -) c B - . tIt us f 0 i E I. Clf'arly. tIt<' Zf'l"O fullct ion is C"O!ltainf'd in I. 

Claim 2: I is Jllaxinrat. Looking at I End (Z/ p2 c Zl ,? - Zip) I I f = Jl~ IP1 = p \\"(' S<'(' that 

Eltd (Z/712 c lliJI:! . Zj p) I J is a fi<'ld ])('('HilS(' it !11\l. "t ("O!I tains thf' idf'ntitv !llap. and thus hf'ca\lS(' 

it has ord<'r Jl \\"(' can cor 1st met an i>.ornurphisrn h<'t\\'1'('11 it and 71,/ fl. This also lllP<1ns that I is a 

propN itkaL thus W<' bm·c' that T is !llaximal[.m. Prop G.i]. 

C lai m 3: { 1 = 0: th11s I is nilpot<'llt. Let 

Lc·t 

. ( fL]J I !J) z= E I 
T.C 0 

J ' 



ThP!l 

(

Ojl 

/.(' 

Cast' i: .1" rJ n + it is d!'ar that jl~ ·I (.r)- 0. tllllS I (.r) E SIJ(' :! n. 

I (.r) B . 

C'<l»<' iii: :r E n - . ThPn '.r, , \ l. p2 ;f, j p:1 and 1.r:l1 = 0 suI (.r ) = 0. . p . · }J 

ThnPfOr!'. it i~ ('l('<ll' that for any l' i<'lll<'llt in Z/p:l ,, z;,, and an\' tltn'l' morphisnrs. (\. .J'and ;. in l 

\\'<' lr:wl' that the' Pl<'lll<'llt \\'ill lw rnrtppPd to z<•ro by n o 3 o ~. Thrts t 1 = 0. 

C laim 4: I i,., t lw uniquP tnaxintal idc·al. Th<' .],l('ohsort radi ('al. .] ( R ). ts ddin<'d til lw tlw 

int!'rs<'ction of ,\11 tlH' !llaxilllal ldt idP;-ds in a ring li'. [Jfl. p . .:i l-t l. thus /.being a rnaxitnal idPal. 

contains tlr<' .Ja('ohso n radi('al: i.P .. .] (]?) C !. It also holds that <'H' tY nilpot<'nt id<'al is <·orrtairll'd 

in tlr<• Ja('obson radical. [.!fl. Cor tl.33]. and sill('<' l is nilpotl'lll that ll l< '<lltS it is <·<mtain<'d irr tlw 

.Ja('ohson radical: that is. I C .J (R). (.!.h·ing us that l is thP .Jacobson radi('al. Sim·p I is thP Jaf'ohson 

radi('al. it is contained in Pn'r_,. tnaxirnal idPal. SirrcP J is nraxinral it»<'if it nrust lw that J is the 

uniqu<' rnaxirnal idPal in fl. • 

Lemma 4 5 End (Z/ p2 • Z'./7? ::- Z/ p) is a /o('al rm.c;. 

P roof. \\'<'haY<' that if tlw .Ja('o],~on radical i,., a nwxir11al ld't id0al tlr<'ll our ring is lo('al. [A F. P rop 

15.15 ~ . rhis gi1·<'s us th!' dPsin·d <·ondusion that Cnd ('Z / p1 'Z,jp:1 " Z/ p) is a local ring . • 

:\m1· by TltPon'nt 31 ,,.<' ha1·0 tltat (Z 1p2 ~ Z/ p:1 • 7'../p) is an ind0conrposahk in S (:$). 

5.2 T he Subspaccs 

!1Pcall that ,,-p utm· 1nite any 2/J?-mo<llrk as t lr<' din ·ct sunr of cydi(' groups of prim<' powPr orcl<'r. 
q 

Thus. for a Z/p:1-u rodul<'. TJ. \I'<' tuay ll'rit<' lJ ~ E9 Z/p:1 ,_ , 
! II I' 

,. b 

EB Z/p2 EB Z/ p and for A C B as 
,1 = 1 j=l 

a ;.uhntodulC'. A ~ E9 Z/p:1 E9 Z/p2 
· E9 Z/ p suclr that () :::; t < q. 0 :::; t _J_ ll :::; £/ - 1· . and 

.) =l ]~l 

0 ~ t - n + 1' :::; 11 + ,. + .~ . In tiJP ea~<' 11 = 2. II'<' d('('(ll!Jpos<'d th(' sorJJ. hml'<' l'l'r in this <·asC' it is 
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Jl('('PS,.;rtry to \H)l'k Ill H diffl' r<' III span•, \\ ·, . h('gin In· :< ·callillg I IH ' ""''Jll(Jdllk!'> of IJ . I3 and n-. 
\\' lwrP 

w· = { b E I3 : pb E ~o<· A} 

n- = (,;or A r rad !J ) . 

TIH' ll ,,.<' ddiu<' t hn'C' suhmodules of [J+ : t hc>s<' ,,·ill I>P: 

} ·, = SO(' /3: 

}2 = rad J3 r n +: 

) :j = A n D ~ . 

\\'P <i<·fitt(' the map l'r: J3 > n () hp lllllltiplicaticllt by p. Ti nts . thf'sl' thll'f' :-.ul llllOdt t! c:-. (()ITPSj>Oilll 

to tlw itllil)4<' of 1',·· tit<• k<'nH'l of 111' rtlld tit<' <'tllh!'dding of .4. a suh11wduk of £3. ilito IJ. r<':ipPC'i Y<'!Y. 

:'\ c>x t \\'!' ttPcd I <> df'fill<' a tuap ,,.<'call l', This 11 .ap i~ tltc> l'Hilunical !llap llllHlulo IJ frollt IJ'"' t o 

[] ~; B- . In tlt f' IIC'Xt knlllta \\"(' sho\\' tha t 1J - rad IJ+ : tll\t» it fo]]m,·s t!tat n- / l3 is a \'( '(' lOr 

,pac<>. 

Lemma 46 £3 - = rad D ~ 

Proof.[] -'-- {b E D : ]JU E soc-A} = I';' (soc A ): that i,. tltc> ill\'PI"S<' itnag<' of soc A 1111d<•r the> 111ap 

/lp: D , \. Tlwn rad 1J+ = l'p 'n '"' = l' p (l'p I SO(' A ). f or H hotllOillOrplt i:' Ill. f . <\ lid ll tOdu]PS .\I . . \' 

a nd a suhtnodule X c .\ '.\\'(' kilO\\' that f u - l (X )) = .\ 0 1111 }':tints l' p (Jlp IS<)(' A ) = S()( ' A0 IIIIJII" 

TlH' illlag<'. lliii'p = {Ji,, (b) : b E IJ } = {pb: b E B} = ri-\d JJ. Tint,.: rad n~ = 1'1' (J' p I SOC' A) = 

SOC' A n rad IJ = n- . • 
Tlti~ \\'ill h<' rl1c> ,-~<·tor spac<' \\'<'us<' in om Jecomp< •sit ion of an a rbi trary ol>jt•(·t of S (:.l ) . Csing 

tlw tnap l' am! our thrl'C' ,;uh111odulPs of IJ+. } -,. \\'l' d<'fiiiP tlw tltn'P suhspac<·s of B 1'/ B . 

\\'P may d din<' our sul>spa('P;, as follo\\'s: 
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l' 
____. Ct = (s<w IJ ) / I3 -

L' 
-> c1 = nul ( n In-),.... SO( ' ( !J In-) 

= {L - b + u- : ::: r·: " --= p<· &.: ''" E:: IJ- } 

L":1 = soc( A/ n- l 

= {71 E ..! / [] - : pfi = 0} 

Th<'sP 1 hn'P subspa<T'S \\'ill C'llahl<' 11s to pick compl<'lli"Itb I'OIT('~p<Jilding tot l10 dc•<·nmpo~it ion of 1 hP 

<ll bit ra ry \'<'<· tor spacP. \ ·. tha t ,,·as dPconip0S<'d ir1 ~J. llo\\'P\'\'1'. t hos0 cornpl<•nwrttary subspace's 

only acl'ount forth<' <'rnbPdding uf tl out of th<' 10 indC'r·nntposablPs of S (3) . It is tlH'n'fOr<' IIP<'<'ssar.\' 

n•sp<'l'lin•ly. Again using 'l' \\'<'can ddi1H' suhspH<"<'S of fl "'/ 13 - a,; th1' follo\\'ing: 

= {71 E A j [] - : 3711 E: .4 / n- : u = J17il} 

Lc m m a 4 7 } '1 r } 2 r } ~ = I3 . 

Proof. } .I n } ;, n } :1 - SO('[] rl rad I3 r B "' n A. = S()(' [] rl .·\ r rad I3 r IJ+ = SO('.-\ r rad f3 n JJ + 
- ~ '---v--" 

~()(_ . \ fj 

.t l 



\\'ith tltr>,.;p j suhspacr>s Hnd L<'mma -fi wP nta~· ntodify diagratn (2 ) in ~3 .1.2 \Yhich d<'cutnpos<'d au 

arl11itar1y ,.<'ctor «pacP. t() sho\1· tlw d<'<'()tnposition of our n·ctnr spacP V = D t- ;n - . 

() 

/ "-. 

C12 l-'2:\ 

! 

Ut n u2 l .1 r L":l l/ '2 " l.":t 

"'-. / 

\ ·-

\ ' .._ 

/ "'-. < 

L't + C2 l-'t t· L':\ u:1 + c·., 

"'-. l / 

L't + C'2+ L':l 

\ ' 

( j l 

C l '"l2 . 
12 • 

that j,_ l.: l n c2 is the> din•ct Slllll of a ('0111pi<'JIIrnt of() in [ :1'2 and H CO!IIplf'nH'nt of L' t:! in Lit n U'2. 

Sitnilatly. Uoz n L":! = Cd:l . CJ:~:l_ Thi:; gi,·r,.; us t }Jp following df'CO!llpo:;it ion of our \'<'Ctor spac!': F = 

('<~ '2 . . C/i2 
'-----v------' 

I. ' nc .! 

Cd:1 - C]:~:l 
'-----v------' 

c,nt·, 

\ ' 

\ '. 

5.3 The Embeddings 

crl:l 
~ 
t• n t ·, 

In onlf'r to IliOn' cl<•arly d<'fill<' t he• 1110rphisms it is ach-antngPous to ust' t IH• suhtnoduh•s } ~ dditwd 

in q;J.2. {", jug th<'S<'. \\'<' CC\ll ddim• th<• morphisms that \\·ill he usPd to dc•cotnpu:<<' au arhritart .\' 
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elr•n1ent o f S (3 ). ReJueJullC'r. 11·e ll"<ll1t an cn dwddiu g of l'Rc!J of tiH' indl'('Oll!posahle PiPIIJPIIts. thus 

II'L' nrcd a n isomorphism hPtii'!'Pll thr dirrct "tun of copil'~ of su hquot ir•nts oft lw iHdrcOJnposabiPs 

and th r B + I B - . Therrfo rP. hdorp 1\'l' get to th!' nJorrhisms. II'(' II'Ol dd like lO t a lk ahc,u t SOni C 

conditions nredPd for this final isonwrphisltl. 

5 .3 .1 The Layering Functors 

GiY<'n t11·o objects ,\I = (A c B ) and .\/ ' = (A' c B' ) o f S ( 11) II'P ddine o t o IH• the rair (Jf 

m o rphisms (f. g ) 11·here f : ...1' ~ A and g : B' ~ B . 

111 ' = .-1' 13' 

Q == lJ 

.\! = A --> 

Tlwn \\'!' cau defi11e functors L, from S (n ) to modZ/ p" . An object of S (11 ) . .\I. is sent to a 

module o1·f' r Z j p" . L ; (.\!) = 13, C B. in other 11·o rds th osP functors an' rest rictioJJS of .fJ to thPS(' 

su hn wd ulos B,: that is. L , ( r,~) = .IJ !Il.· Tho funct or L , s!'nds tho 111 ap 0 to a m a p L , (o ) tiJat will 

IJ!ap L, (.\/' ) t o L, ( .\!) . 

L; (.4' c B' ) = B; c B' 

L , (n) : L ; (.\/' ) _, L; (.U) : tha t is. n: ~ B , 

\\'p call th oso tho Layf' ri11g Functors. tH'causc thesr• fu11 ctu rs break t he pitt lirPs o f our moduil's int o 

lawrs. For I'Xa mpk. takl• the fol l o11· in ~ picturf' of a moduh• m·er Z / p:1: call it 13. Let a ; E A lw a 

ge iwrator of A. a subnwdul!' o f B. 

- --
/., 

- -
0.4 

/...,'2 

I OJ (/2 (1 2 I n:l !. , 

/#u 

-

Fir~t (\(>fin!' Lo (M ) t o be the intNS<'Ction racl B n SOC' A. Thon \\'(' df' fine L, (.\/) = p - i (Lo (.\ /)) : 

that is L, (.\/ ) is th!' Sf't o f PieiJIOIIts tl1at 11·hen multiplied by p' gf't seur to Lo (.\1). 1\'IJf'n ' p' is the 



s!llalll'st powl'r of p ncl'rl0d to Sl ' ttd L, (.H ) into l 0 ( .11 ). 

In tiH' cas<' n = 0 IY<' can us<' the a h oYc pict urc to 1·isualizl' o ur ddinc•d n·nor space awl its 

subspace,.; and IY!ti ch layl ' I'S thl'y ('OITI'S pond to . Fo r ('X<-ll llj)i <' . L t (.'\!) = n+ = {b E I3: pb E soc .4 } 

and Lo (JJ) = n- = soc A n rae! IJ. Rl'call that \\'(' ddincd our \'('C'lO!' spacP. \t'. t o IJp IJ+ In- . this 

11·ould hP l 1 (.\!) l l u (.\!) . The suhspac0 [ ' 1 is thr' (socD )/ D - = (sociJ \IL o (JI) : in om diagrant 

thC' sociP com, i,.,t s of cac·h bot t ont box of a col utntt: tints. L' 1 is n 'pn'scntl'd by thosP hox0s in L t (ell ) 

that do not haYc a box hPim1· tltr'ttt. \\ 'p dcfill(•d C-2 = md (IJI IJ -)r. soc( D I IJ -) . this r·mTc's pon ds 

to L 2 (.H ) I L 1 (!II): in the diagnun aboYC'. this space is indicated by tiH' h oxl's in the third !'011' from 

th0 botton t. This dl·sniption of the• pictur0 ca n lw rC'pPa tcd for 0ach sttl>spacr': in the nl'xt st•ction 

1\'l' 11·ill no t lll'C'd all o f th<' suiJspacl's ch •fi ncd in s uclt a 1\'c\\' : thus 1\'l' 11·ill conclude by looking a t O!lt' 

last s uhspacl' . u1'2· \\'c dl'fincd Ut2 to hl' the rad 2 ( D I D -) : in o ur pi c turr' this 1\"0U ld h l' the boxes in 

th<' wry top !'011'. th<' spacP corrl'sponding to L:1 (.II) I L2 (.\!). In addi ti on to kn o11·ing boll' ntrious 

subspaces sit in ou r picturl's. 1\'l' a lso ll'ant t o knOIY hu11· thPs<' lay1•rs are afh•('tt•d by thc ntorph isnts 

II'<' will definl' fo r e ntlw dding ench indeco!llposabll'. 

\\'e may dt•fine a functor I: I (.\!) = L 1 (.II) I L a (.U ) and 

I ( n ) : L 1 ( .\1' ) I L o ( .\1' ) ---> L 1 ( .H ) I Lu ( .11) : 

1 hnt is . till' lllct!J front IJ'+ I IJ' - to IJ+ In- . \\'e \l'ili \IS(' that if .II ' E {-\ht : ~ - -::; I -::; 3 : l i= 0} nne! 

I (r,'> ) is no t th<' zpro tn a p then I (r:>) is a m ott o rno rphis nt. Ilt'lll('!llbl'r that .\ht is a n indl'com posab iP o f 

S ( 11 ) of th e form Zl p'" ........ 21 p'. so fo r S ( 0) 11·c nre talking about ali t h0 i ndPcotn posa hl Ps PXc<'pt .Ub ,g . 

\\ '<' ha i'P this monotnorphis m lH'causc .1h1 is onc-dinH'nsiona l. and the kc•rnel o f I (n ) . hl'ing a suh­

modul<'. has to l><' o f dinwnsion 1 o r 0: if I ( r'>) is not 1 h<' zero map. t hPtt k< •r I (I'') <;; L 1 (M' ) I La ( .\1' ): 

t hus k(•r I (r:>) = 0. This gin•s us that for 0ach m orphism (>: .\ht --> .H 11·e only li('C'd to< hPck th a t 

l nt L 1 (r'> )% L o (.\1) t o knoll' that II'<' haw a tno notttorpltism lro111 L 1 (,II' ) I L o (.II ' ) t o 

L 1 (.\!) I L 0 (.11 ). In thf' final st'c tion II'<' 11·ill usc this fa n to d dinl' an m ·prali isomorphism fmtn .U 

to tlt<' din•c t sulll of copies of thP indc•c·outposabks. For .\h ,u · IH' 11·ili sel' that th<' ll'ay f a n d g are 

ddiu C'd ll'f' ah,·ays hai'P a rnououtorphis111. thus ahn1ys an l'l11hf'ddiug . 

\\'0 nOll' fix a sys tl'm !I[ = (A C I3 ) ll'ltich is not ll<'cessaril.' · iud<'('Omposable and shall' that 

1·arious ei<' tn l'nts of .4 or IJ gi\·l' risP to tt1 aps o : .\ / ' ---> .\1 ,,·It e r<' :\1' is onl' of our indecom po::.al> l<'S . 
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5. 3.2 The module Jfm : 

., I ·; p- 7!. )!' and Lo ( .\fu:ll 0. An d<'ment 

h E } '12 gi1·0s risr to R 111appi11g :\ 1m --+ .If ns fulln\\'s: 

() '£/7,1 

f .~ .<! 1 

_- \ c B 

lwcausc> .r a11d b1.r arc both Hllllillilatt'd hy 113 and thc> diagram conimutc>s . 

If iJ =/= 0. that is b E L1 (.\Jo:J) \ Lo (.\ fo:J ). tlwn for [p".r]P, E L1 (.\fo:l l. y ([p2rL,, ) = f 1
2

b1.t = IJ.1· ¢ 

L 0 (.\/ ): t hrrl'for<' . t hr induc('d 111ap L 1 (.Uo:;) I L!J ( .\/0:1) --+ L 1 ( M ) I Lo ( M ) is a J11ono1nnrphism. 

5. 3.3 The rnodule .\ / o2 : 

For til<' llf'Xt illdrcOIII[)OSah!P. -'lo2· L l (.\ lm ) = ?.lp2 and Lo (.1/m l = 0. For ally e!Pllll'llt iJ E }'I n }2. 

siiiC<' iJ E rad B. tlll'n' is a r: E B for \\'hich pc = b. a11d \\'<' 111<1.\' cl r fiiiP a morphis1H frmn .\ /m to.\/. 

Ek 
0 --+ Z/J/ 

f l .IJl 

A c B 
L1 1 

Drfinr g: Zlp2 --+ B by Zl p2 3 [.T]P" >----> r:.T . Thi;; diag ran1 is COIII!llutat in' . 

Forb =/= 0 \\'P !J::~,·c that r: =/= 0. nnd so for J' E L 1 ( .\!02 ) \ Lo (.U u2 l 11·r hm·c that .T do<·;; llllt 111ap to 

Lo (J/ ). 

5.3.4 The module 11/:1:1 : 

-'h :1 is t ill' H<'xt illcl<'coJIIposahlr that '"r look at : 11·r haYr that L 1 (.\I;u ) = y/Zip3 and Lo (J l :n l 

p2'£/J/. Hrrr nwps frolll Jl;J:l to !\ ! arr gh·rn hy rlt• JnrHts a E ):23. as fo!lo\\'s: 



~ 
Z/71:1 

f l 

A 
' 

c B 

CO!I11!1UIC'S. 

If a r/:. soc· (Z j ,? ). tll('n a r/:. Lo ( M:~:J ) and thu~ g (lvr1P.) = po 1 J· = a.r r/:. Lu (.\ f). ThC'r<'fc•rC'. if 

a E }2:1· but 11 r/:. }.1 ,,.C' !Ja,·C' a 111 ononwrphisn1 fro111 L1 (Jf:l:d/Lo (J/:I:Il to L1 (Jf) / Lo (.\1) . 

5.3.5 Th e module -'hl : 

a E } 2 n } ;l g iws rise to a 1110rphisn1 from .U 2:1 to .U. 

f l 

A c B 

DC'fillP f : Z/p2 
--> A by Z/]12 3 [.T]p" >----+ O.l'. Since a E }2 n rl \\'l' ha\'(' t h at a E A ~Ucl1 that 

pa E soc .4. Th0n d0fine y : Z/1i --. B by Z j p3 3 [:r]p' >----+ b:r " ·h0re 0 -=f. b E B such tlmt a = pb 

and p2b E soc A . so p:1b = 0. SiucP a = bp \\'C' can SC'C' that tl1is diagram commutes . 

If a -=f. 0 then bp -=f. 0: thus y ( [p:r]P,) = pb.1· rf:. soc A n rad B = n - for [p:r]p ' E L 1 ( .\ln ). 

5.3.6 The module .\/11 : 

For the indC'COlllposab!C' ]If] 1· L1 (;\111 ) = Z/ p and Lo (J/11) = 0. Any gin~n e!Pment 0 E y1 n } 3 

giws rise to a 111ap frou1 .\!11 to ,\1. 

Z/7) 1 Z j p --> 

GE f 1 f) 1 

A c B 
Lc• 
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0 Pfilll' f: Z/p rl by Z/p ::l [.r]P >-----> aJ·. TIH' Il define !J = f: 1 his diagnuu con1n1utes and y takes 

an ele1llt'nt of Z/71 to B - only 1\'h<'n that el<'111l'llt is zero: siuct' a =/= 0. L 1 (J ! 11 ) "·ill not Illap iuto 

5. 3 .7 The m o dule .\!," 9 : 

Z / p" 
,, 

'il/ p:l : Z/p --> 

L, f 1 g [ 
(I (J 

A ~ B '-
t o 

Define h : IZ/ 11'2--> 'il/ p3 '..:' 'l!../ p by '2./p~ 3 [ .T ] P~ ,___.. ( fp.r]v'. [.r]1,). 

Odin<' .f: 'il/ p2 __, A by Z/7/ ::J [:rL,c ,___.. aJ· and g: 'il/ p:1 ,:. Z/p __, JJ by 'il/ p 1 
:· Z/11 3 (.r. y ) .___. 

(',[' + by. \\'h en• (l E r!· b E ) .I a nd (' E B such that pc E } ~ . FmthPl'IIIOI'C' . a = jiC + b. Thus. 

p\· = 0 and 71b = 0. and sine<' a = pc + b \\'<' kno\\' this diagram con1111Utl's. 

\\'p have that f is a 1110nomorphis111 s ill<"l' soc Z./ p2 = pZ/J/and so a11 f'lf'mcut of 1 he so<"lc of A. 

[p.r]p" . is S<'111 to ]Ja.T =/= 0 uulrss .r = 0. by defiuition of a. That is. \\'hen rPst ricted to till" socle. f is 

a II!Onomorphis lll: then>fore . by Le111111R ..J I 11·e hm·e that f is a 111 o noinorphi sm. 

Si1niiRrly. 1\'\' nHl.)' look Rt the sol'k of 'il/Ji1 ":..- Z/ p. t hRt is p2Z/p:; : Zjp. Rnd an elen1e11t ( [p~.1· L,• . [y]P ) 

of it . l: udN g this t'IPnwnt got's t o p2r·.1: + by: sincf' by d('finitio11 p-ee =/= 0 and b =I= 0. p2c:r + by = 0 

ouiY if .r = () = y. Thus. again by Lem!llfl -+1 ,,.(' ha\'C' that g is a !ll01101110rphislll. 

Since f a nd g are Inonomorphisms lYe han' defined an l' lllllC'ddillg of .lfh,g into 1\! . 

.\l ore SjWcifiC"ally. for ea<"h C.,. tah• a bas is {u;
11

.1L'?,,.u/,}: tlll ' ll ,·ia .p lift eRch of thPse e iPments to 

an l'len1ent o f } ·,. } 2 and } 3 rf'spPct i,·ely. TRke y,1n E .p- 1 ( { ~~ ~~~}) and and y;,, E .p- 1 ( { v?,,}) and let 

.IJ)n = Y}n + y~,. 1\'IWi"<' Y;n E .p- 1 
( { n;,}) E ) 3 C rl. Sincl' y~, E rad B = } 2 tlJ(' r<' is a c E B such 

thRt y;,, = ])('. Tll<'n take y},. = bandy.~, = a, from t l10 pre1·ious definitions off and g . Thf'n. 1\'f' 

ha1·0 lkfinf'd an <'JJthedding of .'IJ1,;9 for eRcli C, in thP df'C0111positio11 of our Y<'Ct.or spa('f' V. 

5.3.8 The module !t/22 : 

a mr~p fro Ill .U 22 to .\ I . 



f l 

A c B 

Ddi J}(' f : 7l / p2 ~ A ll\· 7l / p2 3 r.r1 ' >----> u :r. Od in <' y = f: tll<'n this diagralll conJIIIIJt('S. 
L " L . p-

lf u E };l \ B - then t!J(' iJJduc('rl IJ! a p L 1 (.'tf..n) / Lo (.lin ) --+ L 1 (.\1) / Lo (.II) is a Juonon1or phisn1 

b<'cau~e .r; (.r ) = o.r t/:. Lo (.\ !). 

5.3.9 T he module .lh1 : 

For .'\!13· L1 (.\!11) = p7l/7J:l and La (.\!1:1) = 1/'ll j p:1. For !'ach /1 E } ~ m' rn ay dl'fiil<' a morphism 

frorn Jlhl to !If . 

§; 
'll / p 

f l 

A 
' 

.rd 

c D 

Dcfin<' f : 7l / p --+ A hy 'll / p 3 [Y]r >----> a:z: 1d1!'n' a = pb E soc A. Since b E } 2 II'C also haw 

H c E B such that b = pc E rad B , th<'ll 7}/i = ]J:3r = 0. So 11·<' tlwn ddinc g : Z / p:l --+ D by 

7l/7J:l 3 [.r]p' >----> C.1'. Sine(' u = pb = ]J2 c this diagra n1 CO illiJJUtl'S . 

For any 11 # 0 a nd el<'nl<'llt [p1·]P, E L 1 (;\f:?:l) 11·<' sec t hHt y ( [JJ.1·]7',) 

fJ/J = n # 0: th<'n' fon ' g (IJJ.r:]r,) t/:. Ln (.II). 

5.3.10 The module .\ lo1 : 

pc.r b.1· tf_ soc A sine<' 

L 1 (.\Jo 1) = 'll / p and L n (.\Jo1) = 0. Each l'i<'lll<'Itt b E }'1 cl<'fiiif'S a n10rphisn1 from .\!01 to .\1. 

Lo 
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0 --+ 'll / p 

f l 

A c 

g l 

B 



Drfinr g: Zi p ____, B by Zip 3 [:r]P ,____. lxr: sincr b E } '1. we han· pb = 0. Thi:; diRgraru COI!lllllltl'S. 

Taking <-1 b =/= 0 wr src that b.T = 0 only if .1· = 0. thus for .r E L 1 (.Hill ) \ Ln (Jfo1 ). 9 (.T ) f/:_ Lo ( i\1 ). 

5.3.11 T h e m o dule .\! 12 : 

.U . 

Zi p 

I l 

A 

J1 , , ____, 

c B 

Dc•finf' f : ZIJ! ____, A by Zi p 3 [.r], >------> u:c and define !J : Z/7/· -> B by ZIJ12 3 [.r], , >------> b.1· for b E B 

such that fib = a. Then hy the , ·cry drfinitions off and 9 tl1i~ dingran1 conJ!l1 tlt('s. 

If u =/= 0 t lwn fo r an <'lrnll' llt of [.r],, E L 1 (Jf1:z ) \ Lo ( .\11 ~ ) , g ( [.1']
1
,, ) = b.r tJ soc A sin('P p/1 = 11 =/= 0. 

thus _q (l.r]P,) 1:, Lo (JJJ:! )-

5.4 The Result for 11 = 3 

\ \ '(' 110\\' "·ant to tiP togl't her tl1(' clc•composit ion of ~ - gi\'('11 in ~5 . 2 Hml t l1e rnorpltisnJs fron1 ~5.3 . 

LPI .U = (A C B ) he an arbitrary oh.i<'Ct of S (3 ) : rr('a ll th Rt ''"<' cif'fined om ,-r·ctor span• to be 

1/ = n+ In- . Recall that \\'(' d('COI!tposed F in lj3 in till' follo\\·ing \\'ay: \1 = 

\ ' 

U, +Uc+U, 
\ ' 

\ VP d a i!ll that fro!ll this decmnposition of\/. \\'e can c:onstrll('t a systent of modulrs on•r Z/7i1 from 

copies of the imlPCO inposahles that is isomorphic to .U: "·e cknotP t !t is Ill' \\' syst<'IIJ hy ( ur ,\ 1-r. "·hc•re 
r 

t/ ·r is a cardinal nuntlwr and .\f.r E {.\h t : k :S I :S n} U {Jh;9 } . For an arbitrary !\! "·e do this by 

taking v = n+ In- for tltr giwn JJ and th('n decomposing it HS shown in§5.2 . .'\Pxt \\'t' take a I,asis 



fron1 Pad! of thP suhspacPs in the' dir<'ct sum and dwn t akt' th0 union of all thesC' hasP.s: this union 

g iws us a basis for v. :\f'xt. \\'e tak<' f'ach basis t'l('nl!'Jit or v = n-1 n- and lift it to an clf'nlf'nt of 

n+ Tliat is. for h, an dement of H basi~ for OJJ(' of tile suhspaces of v in the decOJnpos itio n : Lf't 

c; E t ·-
1 ({ b,}) : tlwn \\'(''han' tlw set {c1.c2 .... J ,} \\'hf'rf' 1 :S i :S dim V. For tlw c,·s \\'hich arc in 

tlw prt'-illlagf' of a basis f'il'lllf'llt of a Cm· it \\'ill takf' m·o c, ·s to defi itf' a Inorphislll front .1h,9 to :\1. 

E\·Pry otlwr r:, dPfiii<'S a Inorphi>'nl from an indPcom po:·mhiP .\lu to'\ /. \\'p claim t !tat \\'f' \\·ill han• a 

copy of a particular ·' hi <'ndwdrkd into 111. thP diniCnsion of n CPrtain stJb:o<pacP timf's. For <'xnmple 

if din1 (Cl\~) = cl in the <kcol!lposition of V. tltf'll \\'('\\·il l han' -l copif's <J f J / 0:1 that Pl1!lwd into JJ 

ami for f'a<'lt C111 \\'('will ha\·C' .\Jiii!J C!lllH'ddPd into .U O!!Cf' . .:\ol\', \\'C gi\'C' tiH' fonna) statf'li!Cnt of 

o ur final n'sult. 

Theorem 4 8 Fo1· (.rl C fl ) an object i11 S (3 ) co11 sid11 thr fol/oU'i11.1J lablr : 

SubspacE Di1111 n.,ion of thr Subsparr Cor!'( spondi11 g hulccmnpo.-<oblc 

C'2 
() voJ Jlo3 

c' n~ 
12 VQ2 .l/o2 

Cd3 VJ:l .'\I:n 

c:zn :l 
2:! l/2:! Jh:J 

cJ n3 
() J/1 1 .\JJ I 

( I ) ( 21/blg) t r:_ Cm .1/t,q 
1rl ==] 

1+2+3 
c,+2 vn .\h2 

1+2+ :! 
cl+:l /) 13 .U, :~ 

cl +2+:J 
~+:3 1/Ql .lfo 1 

C/+2+:! VJ2 .1!12 

t 1/b;g= t 

thw (A C fl ) = 

This isontorphi sm shm,·s that the Jist 111 §i:i.l is <'OIIlpletc : th<'rC' a rf' f'xactly tf'n inckcomposablc 
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ohjt•cts inS (3 ). Tlw nllilllH'rs in t!tf' :;f't {11r} wh ere T E {kl : () :S /; :S l :S 3: I f= 0} U {biy} fonns a 

full set of rl'latin• im·ari a ut s fron1 au f'lll lll'dding ( .4 C I3 ). T his aiJSII·Pr~ BirkhoH"s quPstiou in tlif' 

ca,;r of fin it f' 71:1- boundf'd a lwl ian groups . In t lw proof of t I 1i!' thc'urelii \\'f' will <'Xplici t h· co ibt ruct tIt is 

isomorp liiSIII. Bdon• procPrding ,,·it h t Jw proof tlf TIH•on•m -4~. !f't us s tate and pron' thr following 

kmma: ,,·!J ich ,,·ill Jw usf'd in t!tr proof. 

Lernn1a 49 Lrt f: .U ____. .\' ben module ho71w7no7phi.' 1ll brtwrru wodulrs orn· n ~<on i-locol rin.rJ fl. 

D([1.11r 7 : .\I I rad .\I ----> .YI rad .Y by 7 ( 111 rad .U ) = f ( 117 ) + rad .Y . Iff is un 1 pimmph ism tfu 11 

so is f. 

Proof. By tlir \Yay t!lil.t 7 is dclint•J thE' folluwing diagran1 conlnnttPs: 

.\! J .\ · ..... 

r.:,\ 1 
T. ·' 

l 

.Hi rad .U 
7 .\'I rad .Y 

Si iWt' 7 is Oil to . llll 7 = .VI rad .\'. 

Claim: T!J r n1 a p f is onto. LN 11 E .\'. thi ' Il IT = 7i.\· (11 ) E lill f. SiiJCl' 7 is a n c•pili!Orph ism . 

tlwre i::; a n ill E .HI rad .\I such that 7 (ITT ) = IT. Let 111 E JJ such that 7i .\/ (m ) = m. Since the 

Ji:1gram comntutrs. 7rs o .f (711 ) = 7 o 7i.\f (111 ) = 7 (m ) = IT = <.s (n ). T!Jerl'fon•. rrs o f (111 ) = rrs (n ) 

which means that 7i s o .f ( m )- 7r s ( 1l ) = 0: t !Ja t is. Ti s (f ( 111 ) - 'II ) = 0: t !n ts .f ( 7/l )- 11 E ker Ti .\'. The 

krrnd kn 7r s = rad .V, r !Jus f ( m )- n E rmLV C I m .f + rad }\ ·. t herd'ore 11 E lm f + rad .\'. Thrrdorc• . 

.\' C llll f + rad .V. hut Pquality holds since li n f C .V and rad .\' C .\i. Tluis. _\' = l lll f + raJ .\'. Since 

rad .Y is small in .\' it follows that lm f = .\'. Tha t is. for any subspacP L C .V wi t h L + rad JY = .Y 

\\'t' lim·<' that L = .Y. TIH•rd'orl'. ,,.l' Jta,·c that .f is onto. • 

Proof of Theorerri 48 . \Ye sltO\\Td that l'ach of t h<' 11 r has is f'IPilll'nts in thP correspondii1g 

subspacp of \/ g iY<'S rise to a monon1orphism froin L 1 ( .\J.r) I Lo (.\J.r) to L 1 (.\!) I Lo (.H ). :\ow. ,,.c 

niust shm,· th<1t fort he sulll of sl'Y<'ral copics of Yarious JJ.r·s t!H• nJOJJO II JOrphism still ho lds : ill fact. 

\ \'P want to s how tl1at \YC' han ' a n isomorphism . \\'c hf'gin by ddining Inaps h . h'. a nd/?. Fnr each 

type T f= big Wl' pick a basis o f the corrPspondin g YPCt or spacl'. giwn iii Thl'Ofl'll l -!8 . Sucl1 a basis 
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map !If r ---> JJ a s in ~~.j.J. Let II IH' t h0 Jirl'ct stttll oft hPsC' tnaps. 

h : -~ ur.\h ---> .11 
T 

TIH' II ddi11e h' as t]J(' foll<m·ill)!;: 

Last !Y. 71' is t IH' 111ap 

II': Lt ( ·-:. u·r.IJ.,) / Lo ( : u.,-.\f,) ---> Lt (;\! ) / Lu (.\! ) . 
1· I 

C laim 1: h': Lt (·:·uTJir) / Lo ( ·~ u.,.\I,.) 
T T 

L 1 (;11) / Lo (.\f) it> a11 isomorphisttJ. Si11n' L 1 

cl!1d Lo arc aclditi,·e fttllctors. \ \'!' !J<t\'0 that 

,,, 
(Lt (Jf-r )) 

i = l 

a11d 

" ' - r:: r: (Lo (.ll r )) . 
; ;_ I 

and so 

\\"0 ca11 s00 that 71' is ()Jlto. since \\'C hi t each basis 0knt0nt rr; by const r uction of h. 

T!tP JiiiH'IIsion. dim (L 1 (.\h1)/L0 (Mk1) ) = 1: if w0 arc dmling \\'ith .\fu,9 . ir corrl'sponds to t\\'O 

bnsis clt•u tPnts of L 1 (llf) / Lo (J\1) and t he ditllf'llsioll of this quotic11t is t\\'0. As state<..! lwforc. each 

Jh, c:orr0sponds to a basis cl0tllf'nt of L 1 (.\1) / Lo ( .U ) . Sinrc each IJT is th0 dinwnsion of a subspace 

in the cleco111positioll of n+ ; n - = L1 (!II) / Lo (.\!)and Pac:h ur detcn11in0s th<' multiplicity of each 

(L 1 (Jf-r) / Lo ( M ·r) ) i11 the tlte source of h'. \\·c haYc that 

Silll·<' h' ts o nto a11d tht• clillt<'llsions of the source a11< l ra rg<'t Rrf' Pcpml. \\'!' lmn• that h' i~ an 



i~omorplli:-lll. 

Claim 2: The• :-oun·c• 111odul<' Hlld til<' t:ug<•t lltmluh- of II ' ha1·<' t lw salllf' 1<-ugt h. Sin<'<' Lo (.\! ) and 

L 1 ( .11 ) I L0 ( .\1 ) ar<' both ,-p<·tor ~pacPs. \\'!' mm· calnllat<' diiiJP!lsions: I!UI\TY<' r. \\'<' du not kno\\' that 

L 1 ( .\11 ) is a \ 'N't or spac(': t lnt~ 1\'!' ntust !lO\\' sp<'a k of t he• 1<-ngr It of L 1 i nstPad < ,f t lw d i JJJ('!l:-iou. The• 

]('ugth of L 1 (.1! ) ll'i!l <'qua l tlH• length of (L 1 (.U ) I L0 I .\! )) plus t]J(' ]('ngth of Lo Uf). \\',· a]r('acly 

lwn• :--<'<'11 that 

d in1 ( L 1 (; i't·Ht) ILo c '' t-\h)) = dim (LI (J!) ILo (.\ / )) . 

:-,() 1101\' \\'(' 11111;.1 ,.,]JO\\' t !tnt 

dim (Ln (.\/ ))= dim ( Lo (:J 1/'f'-'h)). 

Ou<·r II'<' !tal'<' this. thrn II'<' ll'il! ha1·r an isou1orphi~111 froni L 1 ( ~ 1/'f'.\lt) to L 1 (.\]). 
T 

Odin<' l'p: L 1 (.\/ ) --> Lo ( .\!) by taking .r E L 1 (.\!)and :-f"ndim~ it to p.r. Sin<·<· 

L I (.\!) = { b E B : ]tb E SO(' A} . 

\\']](')'(' .\/ = ( .4 c B ) and Lo (.H ) = SO(' A n rad n. fl .!' E Lo (.\!) and thi~ lllap f/ 1' i~ ddinPtl. \'t•xt. 

d<'fin<' f'p: L 1 (.\/ )I L0 (,\/ ) • L 0 (.\!)by .r + £ 0 (.\! ) ,__, 1',, (.1' )- Jl.r. Th<'n. ,,·r nut find th<' k<'m<'l 

of /1;: that is 

k<' r"ii"';. = {.r + Lo (1·) : .r E L 1 ( .\1 ) ,\: p.r = 0} = ,.,o<· (LJ (.\/ ))I Lu ( .\! ) . 

Claim 2a: so(' ( LJ.( .\f)) I L0 (.\! )-= (socB )/B - = l.'1. Sitt!'<' L 1 ( .\!) C B. hydl'fiuitioJJ, ,,.<'!taw 

t liM soc L I ( .\/) c SO(' n. \\ 'p also ha\'P that SO(' n c L I ( .\! ). h<'niUS(' L I ( .\!) is t h<' Sl't of d<'lll('JttS 

of n that map to tht• SO('](' of A uudrr lllUltiplicatioll by Jl. that is ]J - J (B ). and by d<'finition 

tlw sod<' of B contains only Pl<'llH'Ilts that do just that. Tilt' sock is a S<'llli-,.,itupl<' submodul<': 

i11 fa!'t it is thr larg<'st sl'Jni-~iutplr ;-;uhmodul<•. So. ,,.<' !Ja l·<· that ;-;oc B C L 1 (.\!) . as ' ''<'II as 

,.;oc ( L l (.\I) ) c L I ( .\!). hot !J of' \\'hi('h a:·p t }](• ];~ rgt•:-;t ~('JlJi-si Il l p iP Stl hmod ulc·s of L I ( .\1 ). n ('('a] I t Ita t 

\\'(' abo kilO\\' so<: L l ( .\! ) c S()(' B: thus it must lw till' ('<I~(' that SO(' n = ,.;oc L I (.\!'- . 13y ddinit ion. 

Lo (.U ) = B - : tliNPf'orP \\'('han' the• d<'sin·d f"<jttalit\' , SO(' ( L J (.\!) )I Lo (.\!) =( SO(' 13 ) I B - = L.' J. 
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