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With more and more focus on accountability, algebra achievement has become a 

major focus of math curriculum developers.  In many states, students are expected to pass 

standardized Algebra achievement tests in order to satisfy graduation requirements.  

The purpose of this study was to identify teacher qualities and teaching qualities 

linked to teacher effectiveness in 7th-grade Algebra I Honors. This study examined two 

aspects of teachers, teacher quality and teaching quality. Teacher quality refers to the 

characteristics that teachers possess and teaching quality refers to what teachers do in the 

classroom to foster student learning.  For this study, teacher quality included teacher 

professional preparation characteristics and teacher knowledge. Also, aspects of teaching 

quality that promote conceptual understanding in Algebra were examined. 
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In this mixed methods study, quantitative data were used to determine a 

relationship between teacher qualifications and student achievement.  Qualitative data 

were used to gain an in-depth understanding of the characteristics of teaching quality. 

Based on the findings of this study, in this group of teachers, there is a 

relationship between teacher quality and teaching effectiveness; however it is very 

limited and only based on participation in two specific workshops.  The difference 

between more and less effective teachers in this study lies in teaching quality, what 

teachers do in the classroom, as opposed to teacher quality, what those teachers bring 

with them to the classroom. 

The findings of this study indicate that elements of teaching quality are more 

indicative of teacher effectiveness than elements of teacher quality among teachers in the 

study. Although there was some evidence of a relationship between elements of teacher 

quality and teacher effectiveness, there were clear differences in teaching quality among 

more effective and less effective teachers in this study.  
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Chapter One - Introduction 

With more and more focus on accountability, algebra achievement has become a 

major focus of math curriculum developers.  In many states, students are expected to pass 

standardized Algebra achievement tests in order to satisfy graduation requirements.  

According to Erbas (2005) “Algebra is one of the areas in which students have major 

problems, and identifying student difficulties and measuring student achievement have 

gained importance as a focus of various research studies” (p. 26).  The need for this 

research is even greater due to the recent push to enroll students in algebra earlier and 

earlier.  Traditionally, algebra has been a 9th-grade course.  The current trend across the 

country is to have students finish algebra by the time they reach ninth grade.  There has 

been a large amount of research in the area of early acceleration of students into algebra. 

“Despite the recognition of the importance of formal algebra, when the most appropriate 

time is to encourage or even push students to consider taking formal algebra is a quite 

controversial policy and practice issue” (Ma, 2005, p. 441).    

Like many other school districts across the county, Sunshine County Public 

Schools (SCPS) subscribes to the idea that early acceleration into Algebra I is important, 

and has developed a program called Gifted and Talented Academy of Mathematics 

(GTAM) that allows students to take Algebra I Honors during middle school.  The 

GTAM Program is a middle school program designed to meet the needs of 

mathematically talented students in the SCPS System. Students are selected for this 
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program based on Florida Comprehensive Assessment Test (FCAT) scores.  A scale 

score of 380 or above on the mathematics section of the 5th-grade FCAT and a reading 

scale score of 300 or above allows a student entrance into the GTAM Program at the 6th-

grade level. The GTAM Program is designed to allow students to move faster than they 

would in a traditional middle school program and give them the opportunity to earn two 

high school math credits while in middle school.  

In sixth grade (GTAM-6), GTAM students take a Pre-Algebra course. The middle 

school math curriculum is compacted into this Pre-Algebra course and students learn all 

of the benchmarks included in the 6th-, 7th-, and 8th-grade Next Generation Sunshine 

State Standards (NGSSS).  The course is rigorous and fast-paced.  The curriculum is 

intended to prepare the students for Algebra I Honors in seventh grade and Geometry 

Honors in eighth grade. 

Students in seventh grade take Algebra I Honors.  Algebra I is considered a 

"gatekeeper course"; one has to go through it to reach the possibilities beyond. Algebra is 

the problem solving language of mathematics. It is an abstract language that uses letters 

to generalize mathematical operations. The purpose of the GTAM curriculum is not 

merely to create computationally efficient students, but to offer a learning environment 

where students are challenged and engaged in complex mathematics problems that can be 

directly applied to real world settings.  

Problem Statement 

There are several problems with the current GTAM program.  The first problem is 

lack of student preparation at the elementary level.  There is currently no District 

program or plan to prepare mathematically talented students for accelerated math classes 
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in middle school.  Many elementary school teachers may not have a deep understanding 

of higher-level mathematics or how to effectively teach mathematics.  Without this 

content and/or pedagogical knowledge, it may be difficult for them to develop the 

students’ mathematical skills enough in order to prepare them for the upcoming 

challenges of the GTAM program. Since preparation of mathematically talented students 

is being implemented individually and inconsistently by elementary schools, the 

soundness of the students’ mathematical foundation is different across the District. 

The second problem lies in the selection criteria.  In past years, there was an 

entrance exam that tested students’ Algebra readiness level.  In order to increase equity in 

these advanced classes, the District decided to eliminate the test and base entrance solely 

on FCAT scores.  The 5th-grade Math FCAT was not developed to test Algebra 

readiness.  It focuses largely on division, addition and subtraction of fractions and 

decimals, properties of 2- and 3-dimensional figures, finding area, surface area, and 

volume, measurement, and constructing graphs.  While mastery of these concepts is 

important, it is not effective in predicting readiness for the GTAM program.  A 5th-grade 

student scoring 380 out of a possible 500 does not necessarily indicate readiness for the 

rigor and intensity of the compacted Pre-Algebra curriculum, or the Algebra I Honors and 

Geometry Honors high school curricula, but this is the only criterion that is used to enter 

them into the GTAM program.  This problem has led to allowing students into the 

GTAM program who are not ready for it, resulting in almost half of the students in the 

program exiting before they enter high school.  An analysis of data about the 2006 

GTAM-6 cohort, retrieved from the data warehouse of the county being studied, shows 

that 25.83% of GTAM-6 students were not successful in the program and exited at the 
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end of sixth grade.  Approximately 46% of the same cohort exited the program by the end 

of middle school (see Table 1). 

Table 1 

Numbers of Students Progressing through GTAM Program and Dropout Rates 

Year Course Number of 
Students 

% Decrease from 
Previous Year 

% Decrease 
from GTAM-6 

2006 – 2007 GTAM-6 2,338   
2007 – 2008 GTAM-7 1,734 25.83% 25.83% 
2008 – 2009 GTAM-8 1,452 16.26% 37.90% 
2009 – 2010 Alg 2 Hon 1,265 12.88% 45.89% 
Note. Data retrieved from data warehouse of county being studied. 

Originally, the GTAM curriculum was prepared with several things in mind: 

yearly FCAT tests administered in middle school and preparation for Algebra II and Pre-

Calculus which require a very strong background in Algebra I and Geometry.  In the past, 

when students took Algebra I Honors and Geometry Honors in middle school, their 

grades earned did not count toward their high school GPA.  Two years ago his policy 

changed, and now, whatever grade the students earn in these courses counts toward their 

high school GPA.  This increases the stakes for the students in these classes.  It can have 

a detrimental effect on their acceptance into college in the future.  When the former 

policy existed, principals and teachers felt that simply exposing the students to high-level 

mathematics was enough of a benefit to the students.  They didn’t think mastery of the 

concepts was necessary and that they could make up for their lack of knowledge once 

they got to high school.  If a student earned a C or a D in the class, it would not affect 

their high school GPA.  That is no longer the case.  When this philosophy was being 

followed, students earning a C or D would be moved along to the next course without the 

solid foundation they need for higher-level mathematics. 
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Also, the State is now implementing required end-of-course exams for Algebra I 

and Geometry.  This means that a student will not receive credit for either of these 

courses if they don’t pass the respective end-of-course exam.  After examining data and 

observing classrooms, it has been found that not all GTAM teachers have been able to 

finish the curriculum in Algebra and Geometry.  For example, in some schools, a GTAM 

7th-grade Algebra I Honors teacher only completes Chapter 9 or 10 by the end of the 

school year.  The Algebra curriculum continues to Chapter 13.  If these last few chapters 

are omitted, students will not learn content that is critical for success in higher-level math 

courses, such as rational functions and radical functions. According to their transcripts, it 

seems as if students have successfully completed an Algebra I Honors course.  Those 

students are now passed onto the next course without the foundation they need.  The 

problem gets compounded because now they struggle in the next course, which causes 

the teacher to slow down, and they don’t complete the curriculum for the following 

course, Geometry Honors.  Again, their transcript shows successful completion.  Once 

the child arrives in a high school Algebra II Honors class, they cannot make it.  This is 

evidenced in data that were compiled on previous GTAM students.  If students follows 

the GTAM progression of classes for 6th-, 7th-, and 8th-grades, they should be enrolled 

in a Pre-Calculus or higher math class in 10th grade.  

Improper placement coupled with incomplete coverage of the curriculum has 

created a problem with placement for these students once they arrive in high school.  

Many students need to retake the Algebra I Honors and Geometry Honors in high school. 

There is a wide range of results in respect to this problem.  Data retrieved from the data 

warehouse of the county being studied show that some middle schools have as much as 



  

6 

 
 

 

94% of students completing GTAM and continuing on to proper math placement in high 

school, whereas some schools have a little as 11% of their GTAM graduates in the proper 

classes in 10th grade  (see Figure 1).  PreCalculus, Calculus, and Probability & Statistics 

are considered appropriate placement for GTAM students in their 10th grade year.   

This inconsistency of implementation must be addressed in order to create a 

strong GTAM program that is meeting the needs of all the students across the District. 

Additionally, there is no specialized certification process for middle school 

GTAM teachers.  The nature of GTAM teachers’ specialized content and pedagogical 

knowledge required to teach secondary mathematics effectively is not known.  The 

purpose of this study is to determine the nature of this knowledge required for effective 

teaching of Algebra.  

 

Figure 1. Math placement of former GTAM students in their 10th grade year. 

In summary, the current GTAM program has four main problems: preparation, 

placement, student performance, and teacher practices.  Students are not coming into the 

GTAM program from elementary school prepared for the rigor of the courses, nor are 

they leaving prepared for higher-level mathematics classes.  The selection criteria for 

placement in the GTAM program are not appropriate to predict success in or readiness 
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for the program.  The classroom practices and implementation of the curriculum are not 

consistent throughout the District.  In order to make this program effective for our most 

mathematically talented students, teacher practices should be analyzed to determine what 

works best to increase student understanding of the GTAM mathematics curriculum.  

Emphasis should be placed on what teacher characteristics are important in overcoming 

all the obstacles of the GTAM program and providing students with a solid mathematical 

foundation for higher-level mathematics. 

Purpose of the Study 

The purpose of this study was to identify teacher qualities and teaching qualities 

linked to teacher effectiveness in 7th-grade GTAM Algebra I Honors.  “Using the terms 

teacher quality and teaching quality separately, permits clearer discussion and purposeful 

action.  Teacher quality concerns the inputs that teachers bring to the school…teaching 

quality refers to what teacher do to promote student learning inside the classroom” 

(Kaplan & Owings, 2001, p. 64).  For the purposes of this study, teacher quality included 

teacher professional preparation characteristics and teacher knowledge.  Teacher 

qualifications include degree, major, number of graduate-level math classes, 

mathematical professional development in the past 3 years, area of certification, national 

board certification, teaching experience, and special endorsements.  Two forms of teacher 

knowledge were examined, subject matter knowledge and pedagogical content 

knowledge.  For this study, aspects of teaching quality that promote conceptual 

understanding in Algebra were examined. There are many facets to teacher effectiveness, 

but this study solely used student achievement on an end-of-course state assessment as 

evidence of teacher effectiveness.  Another purpose of this study was to examine the 
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relationship between the pedagogical content knowledge and instructional practices of the 

teachers in this study. This study looked at how the teachers perceive their own teaching 

strategies for conceptual understanding of mathematics.  

Research Questions 

1. Is there a relationship between teacher quality and teacher effectiveness in 7th-

grade GTAM Algebra I Honors, as evidenced by residual gains on the state end-

of-course Algebra I exam? 

a. Is there a relationship between teachers’ professional preparation 

characteristics and teacher effectiveness in 7th-grade GTAM Algebra I 

Honors? 

b. Is there a relationship between teachers’ subject matter knowledge and 

teacher effectiveness in 7th-grade GTAM Algebra I Honors?  

c. Is there a relationship between teachers’ pedagogical content knowledge 

and teacher effectiveness in 7th-grade GTAM Algebra I Honors? 

d. Is there interaction between teachers’ subject matter knowledge and 

teachers’ pedagogical content knowledge in predicting teacher 

effectiveness of 7th-grade GTAM Algebra I Honors teachers? 

2. What are the characteristics of teaching quality that promote conceptual 

understanding in 7th-grade GTAM Algebra I Honors? 

Hypotheses 

 Null Hypothesis 1: There is no relationship between teacher professional 

qualifications and teacher effectiveness for teachers in this study, as evidenced by their 

students’ residual gains on the state end-of-course Algebra I exam. 
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Null Hypothesis 2: There is no relationship between teachers’ subject matter 

knowledge and teacher effectiveness for teachers in this study, as evidenced by their 

students’ residual gains on the state end-of-course Algebra I exam. 

Null Hypothesis 3: There is no relationship between teachers’ pedagogical content 

knowledge for teaching and teacher effectiveness for teachers in this study, as evidenced 

by their students’ residual gains on the state end-of-course Algebra I exam. 

Null Hypothesis 4:  There is no interaction between teachers’ subject matter 

knowledge and teachers’ pedagogical content knowledge in predicting teacher 

effectiveness of 7th-grade GTAM Algebra I Honors teachers. 

Methodology 

This study was a mixed methods study that included both quantitative and 

qualitative data collection methods.  The quantitative data were used to determine a 

relationship between teacher qualifications and student achievement.  Also, the 

quantitative data were used to identify a sample of teachers for the qualitative part of the 

study.  These teachers were studied using qualitative methods to gain an in-depth 

understanding of the characteristics of teaching quality in the GTAM program.  This 

knowledge can be used to develop professional development for other teachers in the 

program to increase their effectiveness.  

A prediction model was generated by using 2010-2011 GTAM-7 students’ prior 

year 6th-grade math standardized test scores to predict achievement on the state Algebra I 

EOC (n=1,611).  The difference of a student’s actual score and the predicted score was 

the student’s residual score. The prediction model was used to generate the residual 
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scores of the 2011-2012 GTAM-7 students. The mean of all residual scores for a GTAM-

7 teacher (n=44) was computed.  This was considered the teacher’s effectiveness index. 

Two surveys were administered to the 44 GTAM-7 teachers. The first survey 

addressed issues of teacher qualifications (degree, major, number of graduate level math 

classes, professional development in the past three years, area of certification, national 

board certification, teaching experience, gifted endorsement), and their ranking of the 

importance of topics in Algebra I curriculum.  A correlation analysis was done to 

determine the relationship between teacher qualifications and teacher effectiveness.  

Also, a linear regression was done to determine if teacher professional qualifications 

could predict teacher effectiveness.   

The second survey assessed mathematical knowledge for teaching. A correlation 

analysis was done to determine the relationship between each type of teacher knowledge 

and teacher effectiveness, and a linear regression was done to determine if the types of 

teacher knowledge could predict teacher effectiveness.   

Three teachers were selected from among those in which the prediction model 

overestimated their effectiveness, and four teachers were selected from among those in 

which the prediction model underestimated their effectiveness. Each teacher was 

observed two times over a period of a week.  There was a post-observation interview 

after the second observation.  The data from the observations were collected using the 

GTAM Classroom Observation Instrument.  The interviews were semi-structured, using 

the Inside the Classroom Teacher Interview Protocol (Weiss, Pasley, Smith, Banilower, 

& Heck, 2003).  The data from the observations and interviews were coded using a priori 
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categories, related to instructional categories including, problem solving, multiple 

representations, use of technology, collaborative learning, and communication. 

Role of the Researcher 

The researcher in this study was a graduate student pursuing a doctorate in the 

field of curriculum and instruction.  The researcher has a graduate degree in math 

education and was a math teacher for 7 years in middle school and high school.  The 

researcher was a teacher in the GTAM program for 3 years. At the time of the study, the 

researcher was the coordinator of the GTAM program at the district level.  The job 

responsibilities for this position include supporting teachers in the GTAM program and 

providing them with professional development.  The researcher was very interested in 

finding out what effective teachers in this program do and what they know to help 

students master the curriculum.  This knowledge can be useful in designing professional 

development for teachers in the GTAM program.   

Because of the position of the researcher in the GTAM program, safeguards to 

protect against bias were used.  The researcher informed participants that the data will not 

be used for evaluative purposes and the data will not be shared with their school-level 

administrators.  Participants were assigned identification numbers so that the survey data 

did not include any identifying information, such as name, personnel number, and school.  

A table associating teacher names and identification numbers will be kept by the 

researcher in a secure location.  

Theoretical Framework 

This study is based on two major theoretical ideas.  The first idea focuses on the 

different types of knowledge that teachers use in their daily tasks.  The second idea 
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addresses teaching for conceptual understanding.  The theoretical framework informs the 

definitions for the present study. 

Knowledge for teaching.  Shulman (1986) discussed the “missing paradigm 

problem” in research of the study of teaching (p. 6).  He considered the role of teacher 

content knowledge as the dimension of teaching that is absent from the research.  

Shulman’s model of teacher knowledge includes three domains: subject matter content 

knowledge, pedagogical content knowledge, and curricular knowledge.  Teachers use all 

three domains of knowledge when trying to get their students to learn new concepts.  

Subject matter content knowledge refers to the facts and concepts of the subject, as well 

as “understanding the structures of the subject matter” (Shulman, 1986, p. 9).  This 

knowledge will help teachers explain why certain concepts are important in the content 

and how they relate to other concepts.  The teacher must go beyond the “what” of the 

subject matter and must really understand the “why” to make it relevant to the students.   

Pedagogical content knowledge is the “subject matter for teaching” (Shulman, 

1986, p. 9).  This knowledge includes how to represent concepts so that students will 

understand them, which concepts are easy for students and which ones present difficulties 

for students, and common misconceptions that students make in the subject area.  

Pedagogical content knowledge assists teachers in planning for instruction because they 

are able to anticipate student difficulties and they can select among multiple 

representations of concepts to use in instruction that will best suit their students’ needs. 

Curricular knowledge includes the “understandings about the curricular 

alternatives available for instruction” (Shulman, 1986, p. 10).  It also includes knowledge 

of the lateral and vertical curriculum.  Teachers should know how to relate the content to 
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other subject areas (lateral) as well as know how the current curriculum relates to topics 

taught in the same subject area in courses before or after the current one (vertical). 

Ball, Thames, and Phelps (2008) took it one step further by applying the ideas of 

Shulman specifically to mathematics teaching.  Ball has worked with other researchers 

for the past 15 years to develop a “practice-based theory of mathematical knowledge for 

teaching” (Ball et al., 2008, p. 395). Figure 2 illustrates the domains of knowledge 

defined by this theory. This theory states that math teacher knowledge is divided into two 

general categories: subject matter knowledge, and pedagogical content knowledge. 

Within each of these categories are domains.  Subject matter knowledge consists of 

common content knowledge, specialized content knowledge, and horizon content 

knowledge.  Common content knowledge is “the mathematical skill used in settings other 

than teaching” (Ball et al., 2008, p. 399). This means that the teachers must know the 

mathematics that they are teaching.  Specialized content knowledge is knowledge that is 

required for and unique to teaching.  Some examples of this are talking explicitly about 

how mathematical language is used, how to make mathematical representations, and how 

to justify ideas in mathematics (Ball et. al., 2008).  Horizon knowledge is similar to 

Shulman’s (1986) vertical curricular knowledge.  Horizon knowledge is “an awareness of 

how mathematical topics are related over the span of the mathematics included in the 

curriculum” (Ball et al., 2008, p. 403). 

In this theory, pedagogical content knowledge is broken down into three domains: 

knowledge of content and students, knowledge of content and teaching, and knowledge 

of content and curriculum (Ball et al., 2008).  Knowledge of content and students means 

knowing common student misconceptions and how to address them. Knowledge of 
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content and teaching includes knowing how to plan for effective instruction, how to 

sequence topics in the curriculum, which examples to use to illustrate the concepts, which 

representations will demonstrate the concept most appropriately.  Knowledge of content 

and curriculum is similar to Shulman’s (1986) curricular knowledge.   

 

Figure 2. Mathematical Knowledge for Teaching model (Ball et al., 2008). 

Jerome Bruner (1960b) also understood the importance of a teacher’s 

mathematical knowledge in the development of students’ mathematical thinking.  

According to Bruner, “Giving the material to them in terms they understand, interestingly 

enough, turns out to involve knowing the mathematics oneself, and the better one knows 

it, the better it can be taught” (p. 40).  Bruner also stated the importance of knowing what 

questions to ask students that would lead them through the stages of intellectual 

development and into a deeper understanding of mathematics.  This implies that 

professional development in mathematical content and pedagogy is important for teachers 

of mathematics. 
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The present study assessed teacher knowledge with the Knowledge for Teaching 

Algebra (KAT) Assessment (see Appendix B).  The KAT assesses teacher knowledge of 

school algebra, advanced knowledge of mathematics, and teaching knowledge. Figure 3 

outlines the different dimensions of teacher knowledge that the instrument assesses: 

knowledge of school algebra, advanced knowledge of mathematics, and teaching 

knowledge corresponding to subject matter knowledge, curricular knowledge/horizon 

knowledge, and pedagogical content knowledge, respectively (Ball et al., 2008; Shulman, 

1986). 

Teaching for conceptual understanding.  The National Council of Teachers of 

Mathematics (2000) emphasizes mathematics instruction for understanding.  This idea is 

not new in mathematics instruction.  Different theories of teaching for conceptual 

understanding in mathematics have influenced mathematics curriculum over the past 70 

years.   

William Brownell (1944) criticized the mathematical instruction that was taking 

place during the 1940s.  He identified four major problems with instruction: it was 

product focused, it was too fast, it provided the wrong kinds of practice, and it treated 

errors superficially. Brownell felt that mathematics instruction only focused on 

procedural efficiency and the students were not really learning the mathematics.  He 

developed his “meaning theory” to address these problems.  One major idea in his theory 

was to focus on the process of mathematics.  “The purpose of mathematics, whether in 

the elementary school or in the high school, goes far beyond the establishment of 

mechanical skills.  The ideas, principles, generalizations, and relationships which are 
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taught, as well as the skills, are intended for purposes outside themselves and four use in 

situations quite unlike those in which they are learned” (p. 151).  

Figure 3. Three dimensions of teachers’ mathematical knowledge for teaching. 

Knowledge of Algebra for Teaching Project, Michigan State University, NSF REC No. 

0337595 (2004 – 2008), http://www.educ.msu.edu/kat/ 

Three Dimensions of Teachers’ Mathematical Knowledge for Teaching 

Knowledge of School Algebra 

Knowledge of mathematics in the intended algebra curriculum for middle and high 

school.  This is the knowledge we expect students to learn in school algebra.  The algebra 

standard described in Principles and standards for school mathematics (NCTM, 2000) is an 

overview of the big ideas in middle and high school algebra curricula.  

Advanced Knowledge of Mathematics 

This category includes other mathematical knowledge, in particular college level 

mathematics, which gives a teacher perspective on the trajectory and growth of mathematical 

ideas beyond school algebra. Some general areas of mathematics that are presumed to provide 

breadth and depth of understanding of school algebra are calculus, linear algebra, number theory, 

abstract algebra, real and complex analysis, and mathematical modeling.  

Teaching Knowledge 

This includes mathematical knowledge specific to teaching algebra that may not be 

taught in advanced mathematics courses or known by some mathematicians. It includes such 

things as what makes a particular concept difficult to learn and what misconceptions lead to 

specific mathematical errors. It also includes mathematics needed to identify mathematical goals 

within and across lessons, to choose among algebraic tasks or texts, to select what to emphasize 

with curricular trajectories in mind, and to enact other tasks of teaching. The knowledge referred 

to here may fall into the category of pedagogical content knowledge or it may be pure 

mathematical content applied in teaching. 
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Another component of Brownell’s theory was the need to work at a slower pace.  

Instead of telling students what kind of responses we want, we need to give them time to 

work through the process and the stages of learning.  Without this, “at best, the result is 

pseudo-learning, memorization, and superficial, empty verbalization” (Brownell, 1944, p. 

150).  Brownell identified two kinds of practice: varied and repetitive.  He claimed that 

both had a place in instruction, but most teachers only gave repetitive practice.  His 

theory proposes that varied practice has to be given at the early stages of learning to 

allow students to discover how to apply the concepts.  Repetitive practice should be given 

after a student has full understanding of the concept.  The goal of repetitive practice is 

efficiency.  “If repetitive practice is introduced prematurely, the learner is “frozen” at his 

level of performance.  He steadily becomes more proficient at an undesirably low level of 

maturity” (p. 152).   

The final component of “meaning theory” deals with student errors.  Brownell 

stated that when students make errors, teachers must deal with this individually, 

depending on the student and not simply give more practice or more of the same type of 

instruction. The teacher should not simply show the student what to do, but guide them 

through the process of solving the problem using guiding questions.  The student should 

be the one using his knowledge to try to remedy the problem with the teacher’s help. 

Even though he developed his ideas in the 1940s, Brownell’s ideas are still relevant to 

mathematics teachers today.  The present study examined how effective Algebra I 

Honors teachers incorporate components from Brownell’s theory, such the way teachers 

handle student errors. 
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Jerome Bruner (1960a) focused on student discovery, intuition, and readiness. He 

was a constructivist.  He believed that learning is an active process in which students 

learn concepts based upon their current and past knowledge. The teacher’s role is to 

encourage students to discover principles themselves by translating information into a 

format appropriate to the learner's current state of understanding.  There should not be a 

premature use of formal mathematical language, which can impede mathematical 

understanding.  Bruner was against “the premature use of the language of mathematics, 

its end-product formalism that makes it seem that mathematics is something new rather 

than something the child already knows…we prevent the child from realizing that he has 

been thinking mathematics all along” (Bruner, 1960a, p. 614).  Early mathematics should 

develop a child’s mathematical intuition. Bruner (1960b) discussed a mathematics “pre-

curriculum” that could help develop this mathematical intuition.  He believed that any 

subject could be taught to students at any age if it is done in an honest way (Bruner, 

1960b). Instruction must be concerned with the experiences and contexts that make the 

student willing and able to learn. 

According to Bruner, curriculum should be organized in a spiral manner so that 

the student continually builds upon what they have. He believed that the ideas in the 

curriculum should be “returned to later with more precision and power, and further 

developed and expanded until, in the end, the student has a sense of mastery” (Bruner, 

1960a, p. 617).  Similarly, Hiebert and Carpenter (1992) developed a framework for 

understanding based on mental networks. It included external representations, such as 

communication about mathematics or a diagram, and internal representations, which is 

how students represent concepts in their head.  “Connections between internal 
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representations can be stimulated by building connections between corresponding 

external representations” (p. 66).  For example, teachers can use manipulatives, such as 

base-10 blocks, as an external representation.  The students who work with those blocks 

make internal representations about the value of numbers.  Once the internal 

representation is established, the blocks are no longer necessary.  The curriculum must 

introduce concepts to the students in a manner they are capable of understanding, using 

multiple representations to illustrate concepts.  This will allow the students to spiral back 

to those concepts in more depth, build on those existing frameworks, and build 

connections between the external and internal representations. 

Hiebert and Grouws (2007) identified two major features of teaching that promote 

conceptual understanding.  First, “students can acquire conceptual understanding of 

mathematics if teaching attends explicitly to concepts – to connections among 

mathematical facts, procedures, and ideas” (p. 383).  This can include strategies such as 

discussing procedures, comparing solution strategies, talking about relationships between 

ideas, and discussing how the current topic fits into the big scheme of the curriculum.  

The second feature of teaching that promotes conceptual understanding of 

mathematics is allowing students to struggle with the mathematical ideas.  The idea of 

struggling does not mean that teachers should allow the students to become frustrated 

with problems that they cannot solve.  “The struggle we have in mind comes from 

solving problems that are within reach and grappling with key mathematical ideas that 

are comprehendible but not yet well formed” (Hiebert & Grouws, 2007, p. 387).  The 

teacher’s role is to scaffold students while they make sense of the mathematics on their 

own and connect it to what they already know. 
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The types of knowledge that Shulman (1986) and Ball et al. (2008) defined are 

necessary to support the type of instruction that facilitates conceptual learning of 

mathematics.  In order to address student errors effectively the way Brownell (1944) 

described, a teacher must have pedagogical content knowledge, specifically, knowledge 

of content and students (Ball et al., 2008) to be aware of common misconceptions and 

know how to scaffold the student so they can make sense of the mathematics, building 

upon what they already know, yet struggling through the ideas to develop a deep 

conceptual understanding (Hiebert & Grouws, 2007).  If a student is struggling with a 

concept, the teacher must have the curricular knowledge that Shulman discussed to 

decide what kinds of materials and strategies can be used to give the students the varied 

practice that is necessary to help the student make meaning of the concepts (Brownell, 

1944).   

Teachers must have knowledge of the vertical curriculum, or horizon knowledge 

to make connections between concepts so that they build interconnections between topics 

to form strong knowledge base for students (Hiebert & Carpenter, 1992; Hiebert & 

Grouws, 2007).  The teacher’s ability to see how concepts relate to other concepts is 

crucial to facilitate understanding of the idea that all of mathematics is a related body of 

knowledge rather than a set of disconnected skills and ideas. 

Strong pedagogical content knowledge and subject matter knowledge (Ball et al., 

2008; Shulman, 1986,) will allow teachers to implement the spiral curriculum so that it 

facilitates conceptual development (Bruner, 1960b).  The teacher’s ability to represent 

concepts to students in a way that is appropriate to their current understanding is 

contingent on their knowledge of content and students (Ball et al., 2008).  As the 
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students’ mathematical maturity develops, the teacher must have solid pedagogical 

content knowledge to find ways to connect new knowledge to what the students already 

know to build a deeper understanding of the concept. For this, a teacher must know the 

prior knowledge and mathematical ability that the students have and know how to build 

on that knowledge. 

Each of the types of knowledge described by Shulman (1986) and Ball et al. 

(2008) are essential for building students’ conceptual understanding of mathematics. In 

order for a teacher to facilitate conceptual learning for students, they must possess 

knowledge in all of these knowledge areas: subject matter, pedagogical content, and 

curricular.  Each type of knowledge plays an important role individually and collectively 

in developing students’ knowledge.  The present study examined the types of knowledge 

that effect Algebra I Honors teachers have and investigated how it relates to student 

achievement in mathematics. 

Definitions 

Conceptual Understanding: “mental connections among mathematical facts, 

procedures, and ideas” (Hiebert & Grouws, 2007, p. 380).  Panasuk (2010) defines 

conceptual understanding in terms of its application to algebra: 

Conceptual understanding in algebra can be characterized as the ability to 

recognize functional relationships between known, and unknown, independent 

and dependent variables and to distinguish between and interpret different 

representations of the algebraic concepts.  It is manifested by competency in 

reading, writing, and manipulating both number symbols and algebraic symbols 

used in formulas, expressions, equations, and inequalities.  Fluency in the 
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language of algebra demonstrated by confident use of its vocabulary and 

meanings and flexible operation upon its grammar rules (i.e., mathematical 

properties and conventions) are indicative of conceptual understanding in algebra, 

as well. (p. 237) 

Curricular Knowledge: includes the “understandings about the curricular 

alternatives available for instruction” (Shulman, 1986, p. 10).  It also includes knowledge 

of the lateral and vertical curriculum. 

Mathematical Knowledge for Teaching: “the mathematical knowledge needed to 

carry out the work of teaching mathematics” (Ball et al., 2008, p. 395). 

Pedagogical Content Knowledge: knowledge is the “subject matter for teaching” 

(Shulman, 1986, p. 9).  This knowledge includes how to represent concepts so that 

students will understand them, which concepts are easy for students and which ones 

present difficulties for students, and common misconceptions that students make in the 

subject area. 

Subject Matter Content Knowledge: consists of common content knowledge, 

specialized content knowledge, and horizon content knowledge.  Common content 

knowledge is “the mathematical skill used in settings other than teaching” (Ball et al., 

2008, p. 399). 

Teacher Professional Preparation Qualifications: includes degree, major, number 

of graduate-level math classes, mathematical professional development in the past 3 

years, area of certification, national board certification, teaching experience, and special 

endorsements (Bond, Smith, Baker, & Hattie, 2000; Clotfelter, Ladd, & Vigdor, 2007; 
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Goldhaber & Brewer, 1996, 1997, 2000; Monk, 1994; Moyer-Packenham, Bolyard, 

Kitsantas, & Oh, 2008). 

Teacher Quality – “concerns the inputs that teachers bring to the school, including 

their demographics, aptitude, professional preparation, college majors, SAT and teacher 

examination scores, teacher licensure and certification, and prior professional work 

experiences” (Kaplan & Owings, 2001, p. 64). 

Teaching Quality is defined by Kaplan and Owings (2001) as: 

What teachers do to promote student learning inside the classroom.  Teaching 

quality includes creating a positive learning climate, selecting appropriate 

instructional goals and assessments, using the curriculum effectively, and 

employing varied instructional behaviors that help all students learn at higher 

levels (p. 64). 

Significance and Potential Contribution 

This research can contribute to the improvement of the GTAM program in order 

to increase the success rate in the District by identifying the qualifications and qualities of 

effective teachers of 7th-grade Algebra I Honors.  Once these characteristics are 

identified, they can be incorporated into professional development for GTAM teachers so 

that all GTAM students across the District can benefit from more effective teaching and 

increase their mathematical understanding. 

This research can also contribute to the body of knowledge about teacher 

effectiveness in mathematics.  In today’s high-stakes era of accountability, it is crucial to 

find ways to increase student achievement for all students.  This study investigated what 

characteristics, knowledge, and instructional practices of effective teachers’ contribute to 
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student achievement.  The findings of this study may be applied in developing teacher 

education programs and teacher professional development programs. 

Participating in this study can be beneficial for teachers because it will give them 

the opportunity to reflect on their own qualifications and qualities that enhance their 

teaching.  The findings may influence them to incorporate more of the strategies that are 

effective in developing conceptual understanding, and abandon those that are ineffective. 
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Chapter Two – Literature Review 

Introduction 

Teacher quality and identifying characteristics of highly qualified teachers has 

become an area of focus for policy makers, educators, and researchers since the inception 

of the No Child Left Behind Act of 2001 (Moyer-Packenham et al., 2008).  This 

legislation gives specific criteria for the definition of a “highly qualified” teacher (No 

Child Left Behind [NCLB], 2002).  There is extensive literature about teacher quality and 

what teacher characteristics are required to reflect quality (Darling-Hammond, 2000; 

Darling-Hammond & Youngs, 2002).  Identifying indicators of teacher quality in 

mathematics is critical due to the research indicating poor performance in international 

comparisons of student achievement in math and science (Hiebert et al., 2003).  Research 

investigating teacher quality in mathematics has identified several characteristics that are 

related to teacher quality, which are “teacher behaviors, practices, and beliefs; subject 

knowledge; pedagogical knowledge; experience; certification status; and general ability” 

(Moyer-Packenham et al., 2008, p. 564).   

“Using the terms teacher quality and teaching quality separately, permits clearer 

discussion and purposeful action.  Teacher quality concerns the inputs that teachers bring 

to the school…teaching quality refers to what teacher do to promote student learning 

inside the classroom” (Kaplan & Owings, 2001, p. 64).  The purpose of the present study 

was to identify elements of teacher quality, including teacher professional preparation 
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characteristics, subject matter knowledge, and pedagogical content knowledge, that are 

linked to teacher effectiveness in 7th-grade GTAM Algebra I Honors.  Additionally, the 

purpose of this study is to examine the characteristics of teaching quality of 7th-grade 

GTAM Algebra 1 Honors teachers.  These purposes will be achieved by assessing the 

characteristics having an impact on student achievement in mathematics and instructional 

practices that promote conceptual understanding in mathematics as identified in the 

literature.  The research questions of the present study were: 

1. Is there a relationship between teacher quality and teacher effectiveness in 7th-

grade GTAM Algebra I Honors, as evidenced by residual gains on the state end-

of-course Algebra I exam? 

a. Is there a relationship between teachers’ professional preparation 

characteristics and teacher effectiveness in 7th-grade GTAM Algebra I 

Honors? 

b. Is there a relationship between teachers’ subject matter knowledge and 

teacher effectiveness in 7th-grade GTAM Algebra I Honors?  

c. Is there a relationship between teachers’ pedagogical content knowledge 

and teacher effectiveness in 7th-grade GTAM Algebra I Honors? 

d. Is there interaction between teachers’ subject matter knowledge and 

teachers’ pedagogical content knowledge in predicting teacher 

effectiveness of 7th-grade GTAM Algebra I Honors teachers? 

2. What are the characteristics of teaching quality that promote conceptual 

understanding in 7th-grade GTAM Algebra I Honors? 
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The literature included in this section will be used to identify what recent research 

has revealed about the relationship between teacher characteristics and qualities and 

student achievement.  It will also identify what gaps in research still exist and require 

further investigation.  Specifically, the literature that informs aspects of teacher 

professional preparation characteristics, such as certification, degree level, and years of 

experience; teachers’ mathematical knowledge for teaching, including subject matter 

knowledge and pedagogical content knowledge; and instructional practices that promote 

conceptual understanding in mathematics will be reviewed to inform this study.  Only 

literature that specifically focused on teacher characteristics and qualities in mathematics 

are included in this review.   

Teacher Quality 

As a response to the public concern surrounding education, President Bush 

enacted NCLB (2002) to define requirements that are intended to ensure a quality 

education for all students.  One of the areas of legislation included in NCLB is aimed at 

teacher qualifications. NCLB requires all students to be taught by highly qualified 

teachers.  Under NCLB, highly qualified teachers are defined as having the following 

characteristics: (1) have at least a bachelor’s degree from an accredited institution of 

higher education, (2) hold full state certification, and (3) demonstrate subject-matter 

competence for each NCLB core academic subject they teach.  Many research studies 

investigate the effect of these variables on student achievement (Bond et al., 2000; 

Clotfelter et al., 2007; Goldhaber & Brewer, 1996, 1997, 2000; Monk, 1994). 

Research has shown that the teacher is the most important school-related variable 

in student achievement (Wright, Horn, & Sanders, 1997).  “The question of whether 
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teachers differ dramatically in their effectiveness in promoting their students’ academic 

achievement is fundamental to educational research” (Nye, Konstantopoulos, & Hedges, 

2004, p. 237).  Implications of this research are important for educational policy and 

practice.  It can inform what characteristics are necessary for training, certifying, and 

hiring effective teachers to have the greatest impact on student achievement. 

Although there is consensus that highly qualified teachers are essential among 

policy makers, educational leaders, and researchers, there is little consensus about what 

characteristics a highly qualified teacher possesses.  Many of the research studies about 

the effect of specific teacher qualifications provide inconclusive findings, “except in 

mathematics, where high school students clearly learn more from teachers with 

certification in mathematics, degrees related to mathematics, and coursework related to 

mathematics” (Wayne & Youngs, 2003, p. 107).   

The literature reviewed in the following sections examines the relationship 

between teacher characteristics and student achievement.  The sample of the present 

study was mathematics teachers; therefore, only studies that included qualifications of 

teachers of mathematics are included in the literature review.  The first section reviews 

studies that examine variables included in the definition of teacher professional 

preparation qualifications.  For the purposes of this study, teacher professional 

preparation qualifications includes degree, major, number of graduate-level math classes, 

mathematical professional development in the past 3 years, area of certification, national 

board certification, years of teaching experience, and special endorsements (Bond et al., 

2000; Clotfelter et al., 2007; Goldhaber & Brewer, 1996, 1997, 2000; Huffman, Thomas, 

& Lawrenz, 2003; Monk, 1994; Smith, Desimone, & Ueno, 2005).  
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Teacher professional preparation qualifications.  The results of the three 

studies summarized in Table 2 are similar in some instances, but are contradictory in 

others.  These three studies were conducted prior to the enactment of NCLB.  Before 

NCLB, there was less uniformity in the qualifications of teachers.  Since NCLB, teachers 

have had to comply with the requirements to be considered highly qualified.  This 

requires teachers to have certification and demonstrate knowledge of the subject they are 

teaching.  Often, that means passing a subject area certification test.  Because under 

NCLB, all teachers must be certified, it is not possible to look at the relationship between 

certification and student achievement.   However, similar to these studies, the present 

study examined subject matter-specific variables, such as number of mathematics 

graduate courses and degree majors in mathematics. 

Table 2 

Selected Research that Informs the Impact of Teacher Education and 

Experience on Student Achievement 

 Monk  (1994) Goldhaber & Brewer 
(1996) 

Goldhaber and Brewer  
(1997) 

Purpose To determine the 
relationship between 
subject matter preparation 
of high school 
mathematics and science 
teachers and student 
achievement. 

To determine the impact 
of teacher degrees on 
student performance in 
four subject areas. 

To estimate the impact 
of teacher 
qualifications on 
student outcomes. 
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Table 2 continued 

Selected Research that Informs the Impact of Teacher Education and 

Experience on Student Achievement 

 Monk  (1994) Goldhaber & Brewer 
(1996) 

Goldhaber and Brewer  
(1997) 

Literature 
review  

1.Emphasis on 
subject matter 
preparation of 
teachers. 
2.National Board for 
Professional 
Teaching Standards 
expects teachers to 
have mastery of the 
subject matter. 
3.Hanushek’s (1986) 
meta-analysis of 
production function 
studies looked at 
teacher quality. 
4.Ferguson (1991) 
and Hanushek, 
Gomes-Nieto and 
Harbison (1992) 
found positive effects 
of teacher knowledge 
on student 
achievement. 

1.Hanushek’s (1986) 
meta-analysis of 
production function 
studies about teacher 
qualifications showed 
that teacher experience 
and teacher degree 
level are not good 
predictors of increase in 
student achievement. 
2.Criticism of 
Hanushek (1986) 
includes crude 
measures of teacher 
quality (degree level 
alone without looking 
at when the degree was 
earned, what kind of 
college it came from, 
what the major was, 
etc.) 
3.Many studies looking 
at teacher quality 
aggregate data to the 
school-level.  Within 
schools, there may be 
large variability in 
teacher characteristics. 

 

1.The Coleman Report 
(1966) investigated 
the relationship 
between educational 
productivity and 
school expenditures. 
2.Hanushek (1986) 
showed inconsistent 
findings on the effect 
of specific school 
inputs on student 
achievement. 
3.Studies from the 
1970s lacked good 
methodology and 
available data. 
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Table 2 continued 

Selected Research that Informs the Impact of Teacher Education and 

Experience on Student Achievement 

 Monk  (1994) Goldhaber & Brewer 
(1996) 

Goldhaber and Brewer  
(1997) 

Independent 
Variables 

Mathematics courses 
taken, mathematics 
education courses 
taken, degree level, 
years of experience. 

Teacher degree, 
certification, years of 
experience 

Teacher characteristics 
(sex, race, years of 
experience, 
certification in 
mathematics, degree 
level, subject of 
degree), teacher 
behavior (class time 
for small groups and 
individual instruction, 
frequent oral 
questioning, emphasis 
of problem solving, 
percentage of time 
maintaining order and 
doing administrative 
tasks, control over 
curriculum content, 
disciplinary policy, 
feelings of 
preparedness) 
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Table 2 continued 

Selected Research that Informs the Impact of Teacher Education and 

Experience on Student Achievement 

 Monk  (1994) Goldhaber & Brewer 
(1996) 

Goldhaber and Brewer  
(1997) 

Methodology  1. Quantitative 
2. Data from 

Longitudinal 
Study of 
American Youth, 
which is a 
survey of middle 
and high school 
science and math 
education in 
America. 

3. Sample :2,829 
10th grade 
students from 51 
counties around 
the nation. 

4. Students, 
teachers, and 
parents 
completed 
survey 
instruments. 

5. Achievement 
tests were 
administered for 
3 consecutive 
years utilizing 
items from the 
National 
Assessment of 
Educational 
Progress. 

6. Teacher survey 
asked for 
background 
information 
including 
number of 
undergraduate 
and graduate 
courses in 
different areas of 
the curriculum. 

1. Quantitative 
2. Data from the 

National 
Educational 
Longitudinal Study 
of 1988 (NELS). 

3. NELS was a 
national survey of 
24,000 8th grade 
students.  About 
18,000 of these 
students were 
surveyed again in 
the 10th grade.  In 
addition to the 
survey, students 
also took subject 
matter tests in 
mathematics and 
other subjects. 

4. NELS data is non-
aggregate, it links 
students to specific 
teachers. 

5. The sample 
consisted of 5,113 
tenth-grade  
students in math. 

1. Quantitative 
2. Data from NELS 
3. Sample consisted 

of 5,149 tenth-
grade students 
from 638 schools 
with 2,245 
individual 
mathematics 
teachers. 

4. Added teacher 
behavior 
variables. 
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Table 2 continued 

Selected Research that Informs the Impact of Teacher Education and 

Experience on Student Achievement 

 Monk  (1994) Goldhaber & Brewer 
(1996) 

Goldhaber and Brewer  
(1997) 

Results  1.Positive 
relationships between 
number of undergrad 
math courses and 
student achievement. 
2.Increase in one 
math course for a 
teacher is associated 
with a 1.2% and 
.02% increase in 
students’ math score 
for juniors and 
sophomores, 
respectively. 
3.Curvilinear 
relationship between 
teachers’ undergrad 
math course work 
and student 
achievement.  There 
was a distinction 
between having 5 or 
fewer and more than 
5, after the 5th  the 
effect was smaller on 
student achievement. 
4.Undergrad math ed 
classes have positive 
relationship with 
student achievement, 
graduate courses 
have less of an effect. 
5.No relationship 
between teachers’ 
degree level and 
student achievement. 
6.Teacher experience 
was positively 
correlated with 
juniors’ achievement, 
no relationship with 
sophomores’ 
achievement. 

1.Relationship between 
% of teachers with a 
Master’s degree in the 
school with student 
achievement is not 
statistically significant.  
2.Relationship between 
years of teaching 
experience and student 
achievement in math is 
not statistically 
significant. 
3.The relationship 
between teacher 
certification and student 
achievement is not 
statistically significant. 
4.When adding subject 
matter specific 
variables to the 
analysis, the results 
showed relationships. 
5.A teacher with a 
degree, either 
Bachelors or Masters, 
has a positive impact on 
student achievement 
compared with teachers 
with no advanced 
degrees or non-
advanced degrees in 
subjects other than 
math. 
6.Teachers who are 
certified in mathematics 
are associated with 
higher student test 
scores in math. 

1.Using standard 
educational production 
functions: (1) students 
of teachers with more 
experience have 
higher test scores; (2) 
teachers with a 
Master’s degree are no 
more effective than 
teachers without; (3) 
teachers with 
certification in math 
are no more effective 
than teachers without; 
(4) teachers with a 
Master’s or Bachelor’s 
degree in math have a 
statistically significant 
positive effect on 
student achievement;  
(5) teachers with a 
non-math Master’s 
degree have no impact 
on student 
achievement in math. 
2.When the 
researchers regressed 
estimates of teacher 
fixed effects on set of 
teacher characteristics, 
teacher certification in 
math, teacher 
experience, and 
degrees in math have a 
statistically significant 
impact on student 
achievement.  
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Table 2 continued 

Selected Research that Informs the Impact of Teacher Education and 

Experience on Student Achievement 

 Monk  (1994) Goldhaber & Brewer 
(1996) 

Goldhaber and Brewer  
(1997) 

Conclusions  1. Teacher subject 
matter 
preparation is 
positively related 
to student 
achievement in 
mathematics. 

2. Courses in 
undergraduate 
math pedagogy 
contribute more 
to student 
achievement 
than graduate 
courses. 

3. Graduate 
degrees that are 
not in the subject 
area of 
mathematics do 
not have 
consistently 
positive effects 
on student 
achievement. 

4. Knowledge of 
“gross measures 
of teacher 
preparation” 
(degree level, 
years of 
experience) 
doesn’t 
accurately 
predict an 
increase in 
student 
achievement. 

1. Subject matter 
knowledge in math 
is an important 
determinant of 10th 
grade student 
achievement in 
mathematics. 

 

1. Student 
achievement 
models using 
crude variables, 
such as only 
having a Master’s 
degree or only 
having 
certification 
without 
specifying the 
subject, don’t do 
well in predicting 
student 
achievement. 

2. Adding in subject 
specific variables, 
such as holding a 
Master’s degree 
in mathematics or 
having 
certification in 
mathematics, 
shows a positive 
relationship with 
student 
achievement. 
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The three studies summarized in Table 2 focused on teacher characteristics as an 

input to affect student outcomes.  All three studies were based on longitudinal data and 

had large sample sizes, which provides a foundation for generalizability.  These three 

studies all examined similar variables; however, Goldhaber and Brewer (1997) were the 

only researchers to take teacher behavior into account.  All three studies have similar 

findings about the effect of mathematics course work on student achievement.  

Interestingly, the two studies done by the same researchers produced contradictory results 

for some findings.  For example, in one study, Goldhaber and Brewer (1996) found that 

the relationship between years of experience and student achievement was not 

statistically significant, and in another study, Goldhaber and Brewer (1997) found that 

students of teachers with more experience have higher test scores.  The present study 

looked at the relationship of similar variables to teacher effectiveness as determined by 

student achievement, but will also place emphasis on teacher behavior by examining 

instructional practices of Algebra I Honors teachers. 

In 2000, Goldhaber and Brewer conducted another study that examined the 

relationship between the type of certification (standard, probationary, emergency, private 

school, or none in the subject area taught) and student performance.  In this study, the 

researchers conducted two analyses related to certification.  First they looked at the type 

of teacher certification and correlated it with student test score gains.  Then they 

examined the importance of certification compare with other characteristics such as 

degree level and years of experience.  As in the previous two studies described by these 

researchers, they used data from the NELS.  The sample for this study included 3,786 

12th-grade students and 2,098 math teachers. 
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The findings of this study indicated that teachers with standard, probationary, or 

emergency certification had students who did better on their 12th-grade math test than 

teachers with private school certification or no certification in math.  Interestingly, 

students with teachers who had emergency certification did just as well as students with 

teachers who had standard certification.  The researchers proposed that a possible reason 

for this finding is that teachers with emergency certification may have been screened 

more carefully than teachers with standard certification.  The researchers also looked at 

the relationship among teacher variables and found that teachers with standard and 

private school certification had more years of experience teaching compared to teachers 

with emergency or probationary certification in mathematics.  The findings indicated that 

there was a positive relationship between holding a Master’s degree or Bachelor’s degree 

in mathematics with student achievement. This same relationship did not exist with 

teachers who have degrees in subjects other than mathematics.  The data indicated that 

math teachers holding a Bachelor’s degree in education have a statistically significant 

negative impact on students’ mathematics test scores. 

Bond et al. (2000) did a study that examined the features of teacher expertise.  

The researchers developed 13 prototypical features of expertise, which included better 

use of knowledge, extensive pedagogical content knowledge, better problem-solving 

strategies, better differentiation of goals for diverse learners, better decision making, 

more challenging objectives, better classroom climate, better ability to read cues from 

students, greater sensitivity to context, better monitoring and feedback practices, more 

frequent testing of hypotheses, greater respect for students, and more passion for 

teaching.  The sample of the study included 31 teachers who achieved National Board 
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Certification (NBCTs) and 34 teachers who attempted, but were not successful in 

achieving National Board Certification (non-NBCTs).   Both groups had comparable 

experience. 

The findings indicated that the evidence of the 13 prototypical features of 

expertise was significantly greater in NBCTs.  Specifically, the NBCTs scored 8 to 37 

percentile points higher than the non-NBCTs on use of knowledge, depth of 

representations of knowledge, expressed passion, and problem-solving skills.  The 

features with the greatest difference among NBCTs and non-NBCTs were the degree of 

challenge of the curriculum, the teachers’ ability for deep representations of content, and 

the ability to monitor and provide feedback to students.  When looking at student 

achievement, the mean scores for the two groups did not differ significantly.  Student 

work was analyzed and it was found that students of NBCTs showed deeper 

understanding of the content.  The present study investigated National Board 

Certification as one of the independent variables related to student achievement. 

Professional development is another variable of teacher professional preparation 

qualifications that has been examined in research.  Huffman et al., (2003) conducted a 

quantitative study to examine the relationship between different types of professional 

development, teachers’ instructional practices, and student achievement in science and 

mathematics.  The study looked at five types of professional development: immersion 

strategies, curriculum implementation, curriculum development, examining practice, and 

collaborative work (Loucks-Horsley, Hewson, Love, & Stiles, 1998).  Immersion 

strategies have teachers actually do the work as they would have their students do it.  

Curriculum implementation involves having teachers use and refine existing instructional 
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materials.  Curriculum development has teachers create new instructional materials.  

Examining practice involves discussion of classroom scenarios and examining actual 

instruction.  Collaborative work includes study groups, mentoring, and classroom 

observation and feedback.   

The sample for this study included 104 mathematics teachers in 46 schools 

(Huffman et al., 2003).  The state where the data were collected had large numbers of 

teachers who teach out-of-field or do not have strong math backgrounds.  The data were 

collected using a survey with questions about teachers’ views of the extent to which they 

used specific instructional methods.  Scores from state achievement tests were used to 

measure student achievement.  Surveys were also used to gather data on type and 

duration of professional development of sample teachers.  Two separate linear 

regressions were done.  Both used the five types of professional development as the 

independent variable.  The dependent for the first linear regression was teachers’ scores 

on instructional practices scale.  For the second linear regression, the dependent variable 

was student achievement.   

The findings of the study indicated that curriculum development was positively 

correlated with standards-based instruction.  For math teachers, the only type of 

professional development that was related to student achievement was curriculum 

development, and this was a negative relationship.  The researchers of this study tried to 

explain this finding by suggesting the teachers who participate in curriculum 

development may have lower achieving students who need alternative curriculum 

because they do not respond to the traditional curriculum.  Also, they offered a possible 

explanation for lack of professional development in teachers of high-achieving students.  
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They may not participate in as much professional development because they have 

students who are already being successful with the curriculum.  The present study 

examined the relationship of amount and type of professional development with student 

achievement.   

Another study that investigated the relationship between professional 

development, among other variables, and teaching practices was done by Smith et al. 

(2005).   Similar to the study done by Huffman et al. (2003), this study examined 

teaching practices.  The purpose of this study was to examine the relationship between 

characteristics required by NCLB under the definition of “highly qualified”, teachers’ 

learning goal emphasis, and use of standards-based instructional practices.  The 

standards-based practices were (1) emphasis on conceptual learning goals, (2) decrease 

procedural learning goals, (3) increase opportunities for students to use what they learn in 

discussion and writing and understanding of the role of mathematics in everyday life. 

This study explored how degree, certification, and years of experience related to 

use of conceptual goals and conceptual teaching strategies.  Also, this study examined 

how preparedness to teach mathematics content and participation in professional 

development mediate the relationships between teacher characteristics and conceptual 

goals and strategies.  The researchers investigated how teacher characteristics predict 

preparedness to teach mathematics.   

The data for the study were compiled from the teacher questionnaire portion of 

the 2000 National Assessment of Educational Progress (NAEP).  The sample consisted of 

approximately 16,000 8th-graders and their math teachers at 558 schools.  It consisted of 

2,761 classrooms with 1,226 teachers.  To measure instructional goals and strategies, the 
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researchers looked at 11 class-level questions that were tied to three different dimensions 

of instruction (procedural and conceptual goals, and conceptual strategies).  The NAEP 

questionnaire includes questions about teacher certification, degree, majors, number of 

college courses taken in the past two years in mathematics and mathematics education, 

and the number of hours taken in professional development.  Also, the NAEP asked 

teachers how prepared they were to teach seven specific content areas in math. 

The findings of this study indicated that increased years of teaching experience 

and having a major or minor in mathematics were both positively related to an increased 

emphasis on conceptual learning goals.  Certification status was not related to emphasis 

on conceptual learning goals.  Teachers with 3 to 5 years of experience and more than 10 

years of experience were more likely to emphasize conceptual learning goals than were 

new teachers or teachers with 6 to 10 years of experience.  Years of experience, 

certification status, or having a degree in mathematics had no significant effect on using 

conceptual teaching strategies, however, when the separate variables for math education 

or math minor, math major undergraduate, or math major graduate were combined, it did 

indicate there was a relationship between having a degree in mathematics and use of 

conceptual teaching strategies.  Teachers with similar experience, degrees, and 

preparedness to teach, who participated in more content-focused professional 

development, were more likely to emphasize conceptual goals.  The results indicated that 

it would take more than 40 hours of participation in professional development or three 

graduate courses to have a similar emphasis on conceptual learning goals as those 

teachers who hold a degree with a major in mathematics. Similarly, each hour of 

participation in mathematics professional development resulted in a 1.6% of a standard 
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deviation increase in use of conceptual learning strategies.  Variables that were positively 

related to preparedness to teach math were having a major or minor in mathematics or 

mathematics education, either graduate or undergraduate.  Having a degree in education 

was not associated with preparedness to teach mathematics.  This study is related to the 

present study in its examination of teaching for conceptual understanding. 

Research has shown that teacher experience is a variable that is positively related 

to teacher effectiveness.  In a study conducted by Clotfelter et al. (2007), the researchers 

used longitudinal data of all North Carolina students in grades 3, 4, and 5 from the years 

of 1995-2004 for whom their math teacher is identifiable.  Teacher data came from a 

state-maintained archival of personnel records.  The teacher characteristics used were 

type of license, licensure test scores, undergraduate college attended, advanced degrees, 

national board certification, and number of years of teaching experience.  The study is 

based on a value-added approach, where student achievement in the current year is 

estimated based on student achievement in the previous year.  The dependent variable is 

the student score or learning-gain on the state standardized test in mathematics.   

The findings of this study indicated that teachers with more experience were more 

effective than teachers with less experience.  This is not a linear relationship and more 

than half of the gain occurred during the first few years of teaching.  Teachers with a 

lateral entry license had a statistically significant negative effect on student achievement.  

Holding a graduate degree showed no relationship with student achievement, however the 

study did not look at major as the previous studies did.   National Board Certified 

teachers had positive effects on student achievement.  Teachers with higher licensure test 

scores had a statistically significant positive effect on student achievement.  When a 
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comparison of reading and math was done, having a teacher with weak credentials had 

larger adverse effects on math achievement.   

Conclusions regarding research regarding teacher professional preparation 

qualifications.  The findings of these studies indicated that specific teacher qualifications 

are important for student achievement.  Three of the four studies that examined teaching 

experience indicated that years of teaching experience has a positive impact on student 

achievement.  Although teacher certification and advanced degrees in general did not 

have a positive impact on student achievement, the studies reviewed indicated that 

teacher certification in mathematics and advanced degrees in mathematics did have a 

positive relationship with student achievement. 

The literature in this section spans from 1994 to 2007, and it shows that there is a 

shift in the focus of the research from simply examining the qualifications a teacher 

possesses and student achievement without any emphasis on what happens inside the 

classroom.  Some of the studies that took place after the enactment of NCLB examine 

teacher characteristics and their effect on instructional practices (Huffman et al., 2003; 

Smith et al., 2005).  The change in focus of the research implies that teacher 

characteristics alone do not paint the full picture of how teachers impact student learning.   

In more recent years, the research focus has shifted toward explicitly examining 

teacher knowledge as a variable in teacher effectiveness.  Shulman (1986) developed a 

theory of teacher knowledge and Ball et al. (2008) extended that theory specifically to 

teachers of mathematics.  These theories prompted researchers to take a closer look at 

teacher knowledge.  Previously, research on teacher knowledge was conducted by 

looking at proxy variables, such as certification type, degree, or courses taken as an 
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indicator of teacher knowledge (Baumert et al., 2010; Hill, 2007; Hill et al., 2008; 

Shechtman, Roschelle, Haertel, & Knudsen, 2010; Tchoshanov, 2011).  With the 

inception of these knowledge theories, new research began on how to test this knowledge 

and how it related to student achievement.  The following section reviews the literature 

on mathematical knowledge for teaching and its various components.  The present study 

is using Ball et al.’s (2008) definition of mathematical knowledge for teaching, which is 

“the mathematical knowledge needed to carry out the work of teaching mathematics” (p. 

395). 

Mathematical knowledge for teaching.  Hill, Schilling and Loewenberg Ball 

(2004) conducted a study to develop an assessment to test teachers’ mathematical 

knowledge for teaching (MKT).  Their research aimed to determine if there was a single 

construct that defined mathematical knowledge for teaching that would explain teachers’ 

responses, and if so, to construct an assessment that would measure this knowledge 

reliably.  These researchers recognized the need for such an assessment due to 

development of teacher knowledge theories, such as those of Shulman (1986) and Ball et 

al. (2008), that make a distinction between teachers’ content knowledge, teachers’ 

pedagogical content knowledge, and teachers’ knowledge of curriculum. 

 The researchers wrote and pilot-tested an assessment including multiple-choice 

items to represent mathematical knowledge for teaching elementary mathematics.  The 

items on the assessment focused on knowledge of content and knowledge of content and 

students.  Three forms of the assessment were developed and piloted in California’s 

Mathematics Professional Development Institutes (MPDIs).  The MPDIs were intended 

to boost California’s teachers’ subject matter knowledge in mathematics.  The teachers 
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included in the pilot testing of this instrument were elementary teachers that attended 

number and operations institutes between 1 and 3 weeks.  The researchers collected 640 

tests of form A, 535 tests of form B, and 377 tests of form C from the participants in the 

institute. 

 The researchers performed factor analysis on the assessments, which revealed that 

knowledge of content and knowledge of content and students were distinguishable 

factors.  Their analyses suggest that “common and specialized mathematical knowledge 

are related yet are not completely equivalent; the possibility exists that individuals might 

have well-developed common knowledge yet lack the specific kinds of knowledge 

needed to teach” (Hill et al., 2004, p. 24).  The pre/post-assessments also showed that this 

specialized mathematical knowledge for teaching can be developed, for example, by 

professional development.  The findings of this research support teacher knowledge 

theories that organize different types of knowledge teachers possess.  The researchers in 

this study indicated that to investigate validity of these assessments, a study should be 

done to compare teachers’ scores on the assessment with use of mathematics content 

during teaching.  The present study investigated the relationship between these two 

variables. 

 Hill (2007) conducted a quantitative study to determine the relationship between 

teachers MKT and certification and experience.  In contrast to the previous study, this 

study focused on the knowledge of middle school teachers.  The assessment used in this 

study tested teachers’ common content knowledge (CCK) and specialized content 

knowledge (SCK).  CCK “represents knowledge that one expects mathematically literate 

nonteaching adults to hold and also represents the content traditionally taught to middle 
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school students” (p. 98).  SCK is “the mathematical knowledge that lies beyond that held 

by the average well-educated adult” (p. 24).  SCK includes things like mathematical 

explanations for certain procedures and multiple representations of mathematical 

concepts.  Both CCK and SCK are forms of mathematical knowledge and do not require 

any knowledge of students or instructional methods.  The theories of teacher knowledge 

view these forms of knowledge in the realm of subject matter knowledge, and not 

pedagogical content knowledge (Ball et al., 2008; Shulman 1986). 

 The sample was selected from the National Center for Education Statistics 

Common Core Database (CCD).  The CCD is a national database that is updated annually 

by public schools.  The researchers used data from the 2002-2003 CCD Preliminary 

School Universe File, and selected 1,202 middle schools in a stratified sample.  Out of 

the 1,202 schools, 1,000 were selected for the study, and one teacher from each school 

was surveyed.  The response rate was 64%.  The survey contained assessment items for 

teacher knowledge, as well as, information about current teaching assignment, 

professional development, and educational history. 

 The results indicated that middle school teachers in this study had a strong grasp 

on CCK, but were weaker in the area of SCK.  The findings show that teachers who 

scored higher on the knowledge assessment had taken more courses in mathematics and 

had math-specific credentials.  Having experience teaching in high school or being high 

school credentialed is positively related to teacher performance on the knowledge 

assessment.  The teachers with elementary school experience scored a quarter to a third 

of a standard deviation lower on the knowledge assessment than teachers without 

elementary school experience.  Results of this study indicated that years of experience, 
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holding a mathematics teaching certification, and the number of methods and 

mathematics courses taken were predictors of higher levels of mathematical knowledge 

for teaching.  The present study also investigated the relationships of these variables with 

mathematical knowledge for teaching in middle school teachers. 

 With more focus on the importance of mathematical knowledge for teaching 

(MKT) in educational research, Bair and Rich (2011) conducted a grounded theory study 

to develop a framework of MKT in order to show how teachers develop MKT over time, 

specifically specialized content knowledge (SCK).  They conducted the study at a large 

university with over 5,000 teacher education students.  The university offers a 

specialization in K-8 mathematics for K-8 teachers and offers special mathematics 

courses for this specialization.  The sample included students that were enrolled in 

Algebraic Reasoning or Number Theory courses for K-8 teachers.  The sample consisted 

of 325 teacher education students with varying mathematical background.  The study 

lasted for 3 years.   

 The researchers taught the courses to the participants.  The data collected included 

classroom tasks, student written work for the tasks, teachers’ field notes, and information 

from tutoring sessions with teacher education students.  The researchers met weekly to 

review data and then again at the end of each semester.  As they reviewed the data, they 

built their SCK framework.  The four components of deep and connected mathematical 

knowledge for teaching included in their framework were: ability to correctly solve a 

task, explain their work, justify their reasoning, and make connections; ability to use 

multiple representation; ability to recognize, use, and generalize relationships among 

conceptually similar problems; and ability to pose problems.  Within each component, 
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there were five levels: entry, emerging, developing, maturing, and deep and connected 

MKT.   

 The findings of the study indicated that movement within the framework was not 

linear, and students regressed levels within the same component as content progressed to 

more abstract content.  Also, students frequently oscillated between levels before moving 

consistently to a higher level.  The researchers found an “anchoring” effect, which meant 

that if one component area did not progress, it held progression in other components as 

well.  The results showed that most undergraduate students did not reach the fourth level, 

maturing, during the study.  Most teacher education students remained at level 2, 

emerging.  This indicates that teachers continue to learn and develop specialized content 

knowledge with teaching experience. 

 In their conclusion, the researchers connected their framework about SCK with 

CCK.  The data showed that teacher education students who lacked CCK to solve 

problems showed growth in SCK involving the same content.  They concluded that 

teacher education students could develop lower levels of SCK while developing CCK, 

however, they could only move to higher levels of SCK when they acquired the 

necessary CCK.  They also connected PCK to SCK.  As their students progressed in the 

framework in SCK, there were more connections with PCK.  They concluded that subject 

matter knowledge and PCK are interconnected, and as students develop SCK, students 

can draw on that for their PCK. 

 In another study to examine the relationship between content knowledge and 

PCK, Baumert et al. (2010) assessed teachers’ content knowledge (CK) and PCK directly 

to determine their relationship with instructional practices and student achievement.  This 
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study evolved from the COACTIV study conducted in Berlin.  COACTIV studies the 

professional knowledge of secondary mathematics teachers, and measures CK and PCK 

separately.  The dimensions of high-quality instruction identified by COACTIV were 

level of cognitive challenge, individual learning support provided by the teacher, and 

classroom management.  

 This study took place in Germany, which has two distinct teacher education 

programs that correspond to the students’ tracks in school.  Students in grade 4 are 

assigned to different tracks, either academic or nonacademic.  Teacher education 

programs prepare teachers differently based on the track that they will teach.  If teachers 

want to teach the academic track (Certification Type 1), they must take one third more 

content classes than those for teaching the nonacademic tracks (Certification Type 2).  

Both types of certifications require the same amount of methods courses.  Math teacher 

candidates acquiring Certification Type 1 attend the same courses as students majoring in 

mathematics.  Math teacher candidates acquiring Certification Type 2 attend mathematics 

courses taught by math education professors.  There was also a third group of teachers 

who were certified in the former German Democratic Republic (Certification Type 3).  

These teachers attended both subject matter and methods courses, and it was impossible 

to distinguish how much time was devoted to each. 

 The sample of this study included 181 teachers with 194 classes and 4,353 grade 

9 students in Germany.  The teachers in the sample held all three types of certification.  

Data were collected from teachers by administering a test to assess CK and PCK.  PCK 

was broken down into tasks dimension, students dimension, and instruction dimension.  

All questions on the assessment were open-ended.  Teachers were asked to submit tests 
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and samples of homework assignments to examine the level of cognitive challenge in 

instruction.   Data about individual learning support in instruction and effective 

classroom management were collected by student rating scales.  Effective classroom 

management was also examined using teacher perceptions.  Students’ scores were 

collected for end of grade tests in grade 10 and the PISA literacy tests in grade 9. 

 The data were analyzed to determine the extent to which PCK and CK influence 

instructional quality and affect student learning gains.  The results of the study indicated 

that teachers’ PCK and CK were highly dependent on the certification type.  Teachers 

with Certification Type 1 had significantly higher scores on both CK and PCK than 

teachers with Certification Type 2 or Certification Type 3.  Teachers with Certification 

Type 2 and Certification Type 3 did not differ significantly in their level of CK.  The 

difference in PCK among the different groups of teachers was smaller than the 

differences in CK.  The finding that Certification Type 1 and Certification Type 2 

teachers differ in their level of PCK is interesting, because they both took the same 

number of methods courses.  The researchers concluded that teacher education programs 

that do not develop subject matter understanding may have detrimental effects on PCK 

and ultimately, instructional quality. 

 The findings indicated that the relationship between pedagogical content 

knowledge and student achievement was positive and linear.  Pedagogical content 

knowledge accounted for 39% of the variance in student achievement.  Also, pedagogical 

content knowledge was positively correlated with individual learning support.  However, 

individual learning support was not related with mathematics achievement. Data analysis 

showed that pedagogical content knowledge had a greater effect on student achievement 
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than content knowledge.  Content knowledge did not have a relationship with cognitive 

level of tasks and individual learning support.  However, content knowledge did have a 

relationship with curricular alignment of tasks.  

 Similarly, Shechtman et al. (2010) also conducted a study to examine the 

relationship between teachers’ mathematical knowledge, teachers’ classroom decision 

making, and student achievement.  The researchers use data from the Scaling Up 

SimCalc study to determine the range of MKT across the sample, determine the 

relationships of teachers’ MKT and student achievement, and determine the relationship 

between teachers’ MKT and instructional decisions.  

 The Scaling Up SimCalc study consisted of three studies.  The broad research 

question for these studies was, “Can a wide variety of teachers use an integration of 

technology, curriculum, and professional development to increase student learning in 

complex and conceptually difficult mathematics?” (Roschelle et al., 2010).  Scaling Up 

SimCalc took place in Texas between 2005 and 2007.  It consisted of two large-scale 

randomized experiments and one embedded quasi-experiment.  The Seventh-Grade 

Experiment began in summer of 2005.  The Eighth-Grade Experiment began in summer 

of 2006, and was intended to extend the findings of the Seventh-Grade Experiment.  

Teachers were randomly assigned to the control or experimental group at the beginning 

of the study.  Treatment teachers attended SimCalc professional development and control 

group teachers attended professional development of similar quality with a different 

focus.  Both groups taught the same content.  The SimCalc group used the SimCalc 

software and the control group used their usual teaching strategies.  The Seventh-Grade 
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Experiment was extended for a second year and the first year control teachers were 

provided with the SimCalc training and taught the concepts using SimCalc software. 

 Student achievement was measured using a pretest and a posttest at the beginning 

and end of each unit.  Teacher MKT was measured for both control teachers and SimCalc 

teachers at the beginning of the study, after the professional development, and at the end 

of the study.  Data were also collected on teacher background and attitudes with a survey 

instrument administered at the beginning of the study.  Data about school context were 

collected from a public database maintained by the Texas Education Agency.  Classroom 

implementation data were collected with daily logs maintained by teachers that included 

information about topics covered, cognitive complexity, and use of technology. 

 The findings indicated that at the beginning of the study, the mathematical 

knowledge for teaching did not differ between the control group and the SimCalc group.  

The data showed modest growth in mathematical knowledge for teaching from pretest to 

post-teaching in both the Seventh- and Eighth-Grade groups.  Mathematical knowledge 

for teaching only predicted student learning gains in the first year of the Seventh-Grade 

study.  The researchers also found that mathematical knowledge for teaching did not 

correlate with any of the three areas of instructional decision making.  The researchers 

concluded that investigation of how mathematical knowledge for teaching influences 

student learning within the context of the classroom may provide more insight than 

looking at the direct relationship between mathematical knowledge for teaching and 

student achievement.  The present study included classroom observations that will allow 

the researcher to determine how the mathematical knowledge for teaching is used in the 

context of the classroom. 
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 Tchoshavov (2011) conducted another study that investigated the relationship 

between teacher knowledge, teaching practice, and student achievement.  Unlike the 

previous studies described that looked at content knowledge and pedagogical content 

knowledge, this study focused on the cognitive type of knowledge.  The researcher 

described three cognitive types of knowledge.  Type 1 refers to knowledge of facts and 

procedures.  Type 2 refers to knowledge concepts and connections, and Type 3 includes 

knowledge of models and/or generalizations.  To relate these types of knowledge to the 

previous studies, Type 1 is similar to common content knowledge and Type 2 and Type 3 

are similar to specialized content knowledge.  

 This was a mixed methods study that consisted of three sub-studies.  Sub-study 1 

was a quantitative study of 102 middle grades mathematics teachers from 12 schools that 

investigated the relationship between cognitive type of teacher content knowledge and 

student achievement.  Sub-study 2 was a mixed methods study with a subset of 10 

participants from Sub-study 1 that examined the cognitive type of teacher content 

knowledge and lesson quality.   

 Teacher knowledge was assessed in Sub-study 1 with a survey designed by the 

researcher to measure the three cognitive types of content knowledge. The teachers in the 

sample were divided into three categories according to the state accountability system 

based on student achievement: unacceptable (student passing rate below 44%), 

acceptable (student passing rate between 45% and 75%), and recognized (student passing 

rate 75% or above).  The study also included about 2,400 students of the participating 

teachers, for which student achievement data on a state-standardized assessment was 

collected.  A correlation analysis was done to determine the relationship between teacher 



  

53 

 
 

 

knowledge and teacher rating and to determine the relationship between knowledge and 

student achievement.   

The findings indicated that there was little difference of Type 1 and Type 3 

knowledge between the teachers in different rating categories.  The variation in Type 2 

knowledge was significant.  Teachers with unacceptable, acceptable, and recognized 

ratings scored a mean of 42%, 46%, and 60%, respectively, on Type 2 knowledge of 

concepts and connections.  Similarly, the findings indicated that the relationship between 

students’ passing rate and Types 1 and 3 of teacher knowledge was not significant.  The 

correlation between students’ passing rate and Type 2 knowledge of concepts and 

connections was significant.  The researcher concluded that there were not enough items 

of Type 3 on the survey to determine a relationship. 

The data for Sub-study 2 were collected using classroom observation and a 

protocol that was designed to measure lesson quality.  The findings indicated that 

teachers with high Type 2 and Type 3 scores design their lessons better than teachers 

with high Type 1 scores.  Teachers with high Type 2 scores outperformed teachers with 

high Type 1 and Type 3 scores on the Lesson Implementation, Lesson Content, and 

Classroom Culture indicators.  The observations showed that teachers with high Type 2 

and Type 3 scores were able to use instructional strategies that were relevant to students’ 

prior knowledge and to implement higher-order questioning strategies to enhance 

conceptual learning.  The researcher concluded that the higher the teacher’s conceptual 

knowledge, the higher the quality of instruction will be.  The present study also examined 

instructional strategies that promote conceptual understanding and examining their 

relationship with teacher knowledge. 
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Hill et al. (2008) conducted a study to examine the relationship between teachers’ 

MKT and the mathematical quality of their instruction (MQI).  For the purposes of Hill’s 

study MQI is “a composite of several dimensions that characterize the rigor and richness 

of the mathematics of the lesson, including the presence or absence of mathematical 

errors, mathematical explanation and justification, mathematical representation, and 

related observables” (p. 431). 

The sample of this study includes ten teachers who were participating in 

professional development workshops.  The participants of the study taught various grades 

between second and sixth.  Data were collected using an MKT assessment, videotapes of 

classroom practice, post-observation debriefings, and interviews.  The teachers completed 

the MKT assessment at the beginning of the study.  Teachers were videotaped three times 

prior to the week-long professional development in spring of 2003, three times after the 

professional development in fall of 2004, and three times in spring of 2004.  After each 

videotaped lesson, teachers were interviewed about the purposes of the lesson, how they 

felt the lesson went, and whether they struggled with any of the content of the lesson.  

Curriculum materials for the lessons were also collected.  Interviews lasting 1-2 hours 

were also conducted with each of the participating teachers about their professional 

development, their views of mathematics, and knowledge of mathematical topics.  During 

the interview, the teachers were asked to solve 18 MKT questions.   

The teacher scores on the MKT assessment were scored with a larger data set of 

636 participants and they were percentile ranked.  The videotapes were broken into 5-

minute segments and coded.  Each lesson was scored as low, medium, or high for MQI 

based on the other codes in each of its segments. 
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The researchers chose to examine the results of five teacher participants that could 

answer their research questions.  They chose teachers that ranged in scores on the MKT 

assessment.  They chose two cases whose scores converged on the MKT assessment and 

MQI video scores, one with high-MKT/high-MQI, and one with low-MKT/low-MQI.  

They chose two cases whose scores diverged on the MKT assessment and MQI video 

scores, one with high-MKT/low-MQI, and one with low-MKT/high-MQI.  They selected 

a fifth case whose scores are both convergent (average-MKT/high-MQI in language, 

opportunities for rich mathematics, and supporting students’ thinking about mathematics) 

and divergent (average-MKT/low-MQI in purpose and synthesis). 

The findings indicated that the convergent cases show that there was a substantial 

link between strong mathematical knowledge for teaching and high mathematical quality 

of instruction.  These teachers avoided mathematical errors, used their mathematical 

knowledge for teaching to provide rigorous explanations and reasoning, and analyzed and 

use students’ mathematical ideas better.  Lack of mathematical knowledge for teaching 

prevented teachers from including necessary elements of basic instruction, or allowing 

them to use alternative teaching strategies to help students understand when there were 

misconceptions.  The low-MKT teacher missed teaching opportunities that presented 

themselves during instruction. 

The divergent cases identified other factors that play a role in the relationship 

between mathematical knowledge for teaching and mathematical quality of instruction.  

The teachers observed in these cases regularly used supplemental materials in their 

lessons.  One teacher believed that math should be fun, interesting, and concrete for her 

students, which caused her to look for other activities that would keep their interest.  
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These supplemental materials either did not include substantial mathematical activities or 

the teacher did not help the students connect the activities to the concepts being learned.  

In these cases, beliefs and use of supplemental activities mediated the relationship 

between mathematical knowledge for teaching and mathematical quality of instruction 

The researchers concluded that strong mathematical knowledge for teaching may not be 

sufficient to support teachers as curriculum developers.  

The researchers found that mathematical errors were most closely correlated with 

low-MKT than any other factors.  Richness of mathematics, classroom work being 

connected to mathematics, and responding to students appropriately had a moderate 

correlation with mathematical quality of instruction. They concluded that these 

components of instruction were much more likely mediated by additional variables than 

mathematical errors.  The effect of professional development was mixed.  In some cases, 

it improved mathematical knowledge for teaching and mathematical quality of 

instruction, and in other cases it lowered mathematical quality of instruction.  This was 

the case if the activities gained from professional development were implemented 

without meaning and purpose.  The researchers concluded that teachers’ knowledge of 

curriculum, a component of Shulman’s (1986) theory of knowledge, is an important 

component of teacher knowledge that needs to be explored further. 

She, Lan, and Wilhelm (2011) conducted a study to examine the characteristics of 

content knowledge and teaching strategies as two components of PCK of U.S. and 

Chinese middle grades teachers.  The sample was comprised of four teachers from Texas 

and four teachers from one school in a large city in China.  All teachers in the sample 

taught the same level and subject area in mathematics in schools with similar enrollment. 
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Data were collected in an interview with participating teachers.  The interview 

protocol contained eight algebraic word problems that teachers had to solve during the 

interview.  Teachers were encouraged to think aloud during the problem-solving phase 

and elaborate on the teaching strategies that they would use to teach these questions to 

their students.  Each interview was videotaped and transcribed.   

The findings indicated that both U.S. and Chinese teachers had extensive content 

knowledge with the topics in the questions.  However, there were differences in the 

content knowledge and teaching strategies described by both groups of teachers.  Four 

themes were identified in the differences in pedagogical content knowledge: concrete 

models and simple steps, practical and theoretical approaches, application of cross-

multiplication, and generalization of problem and solution types.  U.S. teachers used 

graphical representations more than Chinese teachers.  Chinese teachers felt they were 

too time consuming and distracting for students.  U.S. teachers were more likely to use 

concrete models to assist students in visualizing relationships.  The U.S. teachers took a 

practical and specific approach to solve problems, whereas the Chinese teachers took a 

more theoretical approach.  The Chinese teachers indicated they use this approach to 

broaden students’ mathematical knowledge.  This implied that U.S. teachers may not 

have the conceptual knowledge necessary to use the theoretical approach.  When solving 

proportions, Chinese teachers used cross-multiplication and view this method as both a 

procedure and a concept.  They value both conceptual understanding and procedural 

fluency.  Fewer U.S. teachers indicated that using procedures and rules were effective in 

building mathematical understanding than Chinese teachers.  Chinese teachers were more 

likely to generalize problems in order to allow students to connect new knowledge to 
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prior knowledge while testing various solutions.  U.S. teachers were more likely to use 

one method in solving problems without relating it to other situations. 

The researchers concluded that Chinese teachers valued accuracy and efficiency 

and the U.S. teachers only valued accuracy.  Chinese teachers related new concepts to 

previous knowledge more than U.S. teachers.  U.S. teachers used practical approaches 

and multiple representations to teach concepts.  Chinese teachers viewed procedural 

fluency as important as conceptual understanding.  U.S. teachers did not express that they 

valued procedural fluency.  The present study examined teaching strategies such as 

linking new topics to prior knowledge, use of multiple representations, and teaching 

procedures. 

Zazkis and Leiken (2010) examined another component of mathematical 

knowledge for teaching, specifically advanced mathematical knowledge (AMK).  The 

researchers defined AMK as “knowledge of the subject matter acquired in mathematics 

taken as part of a degree from a university or college” (p. 264).  The present study 

assessed this component of knowledge.  The purpose of Zazkis and Leiken’s study was to 

explore teachers’ conceptions and roles of AMK in their teaching practice.  The sample 

of this study was comprised of 52 secondary mathematics teachers in grades 8-12.  The 

participants were enrolled in professional development at the time of the study or recently 

completed professional development.  The educational background of the participants 

ranged from participants holding a Bachelor’s degree in Mathematics, to a Master’s 

Degree in Mathematics Education, to holding degrees in Science or Engineering.  The 

data were collected though a written questionnaire asking teachers to provide examples of 

how they use AMK in their instruction.   
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The researchers used a priori themes identified in a previous study.  These themes 

were connection to the history of mathematics, meta-mathematical issues (cross-subject 

themes, such as definition, proof, example, counterexample, language, etc.), and 

mathematical content. Also, they added other themes as they analyzed the data including 

pedagogy, teachers’ confidence, and connections within and beyond the curriculum. 

The findings of this study were clustered into three categories.  First, they 

reported on frequency of usage of advanced mathematical knowledge.  Teachers who 

claimed that used advanced mathematical knowledge was not essential for their teaching 

usually added a “however” to their answer and then described how they used advanced 

mathematical knowledge indirectly.  The themes identified in these cases were advanced 

mathematical knowledge was used for a deeper understanding and improved teaching, 

problem solving ability, and preparation of students for subsequent courses.  Some 

teachers replied that the usage of advanced mathematical knowledge depends on the 

specific content.  In these cases, most teachers teaching senior level courses, especially 

Calculus, said they used advanced mathematical knowledge.  Seven teachers in the 

sample said they used advanced mathematical knowledge frequently, but they did not 

give specific examples.  Second, the researchers reported on the ways of usage of 

advanced mathematical knowledge.  Most teachers responded that they used it to teach 

Calculus.  The second most frequent answer was in Probability and Statistics.  The 

researchers conclude that this response occurred because topics in Probability and 

Statistics are relatively new in the curriculum and most teachers may not have 

experienced them until college.  Other topics mentioned were Linear Algebra, Number 

Theory, Combinatorics, and extra curricular enrichment.  Teachers responded that they 
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could use advanced mathematical knowledge to quickly check students’ answers and 

generate tasks for students.  Some of the meta-mathematical uses teachers saw for AMK 

were proof, language, precision and aesthetics, and connection to history.  Third, the 

researchers discussed the advantages of advanced mathematical knowledge reported by 

the teachers.  The most frequent answer was that it helped them handle mathematics or 

that is was a way of thinking.  Other responses included that it allowed them to make 

connections within and beyond the curriculum, it allowed them to see the “big picture” of 

the subject, it helped them consider different alternative solutions, alternative strategies, 

and alternative methods of explaining material, it allowed them to relate school 

mathematics to real-life situations for their students, it increased their comfort and 

confidence with mathematics, it allowed them to respond to students’ questions, it helped 

them provide advice to students about their future career, it gave them a depth of 

understanding, and it gave them the ability to engage their students.  

Conclusions regarding research regarding mathematical knowledge for 

teaching.  The research in this section is very recent, spanning from 2004 to 2011, 

because of the introduction of knowledge theories specifically for teachers of 

mathematics, such as the Mathematical Knowledge for Teaching theory (Ball et. al, 

2008).  The knowledge that math teachers need is very complex and has several 

components.  The studies that related components of teacher knowledge to student 

achievement showed positive results.   

The research illustrates that teacher knowledge, specifically, mathematical 

knowledge for teaching is an important variable in the quality of teaching and its effect 

on student learning.  The research indicates that having strong content knowledge, or 
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CCK, is necessary, but not sufficient, for effectively teaching mathematics.  Other types 

of knowledge, such as SCK and PCK also play an important role in teacher effectiveness.  

The research also suggests that having the knowledge can be effected by other variables, 

such as curriculum development and resources available.  The present study assessed 

teacher knowledge, as well as instructional strategies, to determine what other variables 

may mediate the effect of MKT on student achievement. 

Teaching for Conceptual Understanding in Mathematics 

Flexer (1984) investigated the value of 7th-grade mathematics performance, 

general intelligence, mathematics achievement test scores, and algebra aptitude test 

scores for predicting success in eighth-grade algebra.  In the study, achievement in 

algebra was defined by two measures: algebra course grades and scores on a standardized 

algebra test.  Interestingly, the findings of Flexer’s study show that course grade and 

algebra achievement score was only moderately correlated.  The standardized test focuses 

on higher-level problem-solving skills and the teacher-generated tests assess lower 

complexity items (Flexer, 1984). According to study conducted by Carlson, Oerhrtman, 

and Engelke (2010) student performance on the Pre-calculus Concept Assessment (PCA) 

instrument showed that most students are procedurally focused rather than conceptually 

focused.   These findings indicated that curriculum and instruction in mathematics has an 

emphasis on procedural understanding.  In order to align with national standards, 

curriculum and instruction should reflect an emphasis on conceptual knowledge over 

procedural knowledge (NCTM, 2000). 

Carraher, Schileman, Brizuela, and Earnest (2006) found that if students are given 

the proper experiences, young children can learn fundamental algebraic concepts even 
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though the common belief is that they are incapable of it at such a young age.  

Computational fluency is not enough for success in algebra.  Students must be able to 

recognize patterns that underlie arithmetic operations and relationships in order to master 

algebraic concepts.  The findings of this study indicated that curriculum needs to go 

beyond simple computations and rote procedures and delve deeper into conceptual 

understanding. 

The main purpose for accelerating the mathematics curriculum is to allow 

students a greater opportunity to reach higher-level mathematics courses such as AP 

Calculus.  The curriculum must be designed in such a way that the students who are 

taking these accelerated courses gain mastery of the conceptual knowledge necessary to 

build the foundation for future high-level mathematics courses.  The curriculum should 

not only focus on procedural knowledge and rote skills, but should allow students to 

develop deep understanding of algebra.   

The National Council of Teachers of Mathematics (NCTM) (2000) Principles and 

Standards stress the importance of problem solving, communication, representation and 

the use of technology to deepen understanding in mathematics.  Haas (2005) did a meta-

analysis of studies conducted between the years of 1980 and 2002 that reviewed studies 

that examined the effects of specific instructional practices on student achievement in 

Algebra I.  The findings of this meta-analysis identified six instructional categories that 

showed positive effects on student achievement.  These are cooperative learning; 

communication and study skills; technology-aided instruction; manipulatives, models, 

and multiple representations; problem-based learning; and direct-instruction. Five out of 

the six categories Haas identified, cooperative learning; communication and study skills; 
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technology-aided instruction; manipulatives, models, multiple representations, and 

problem-based learning are concordant with the principles that the NCTM emphasizes in 

mathematics instruction for understanding.  The following sections review the literature 

about these instructional strategies as they specifically relate to conceptual understanding 

in mathematics.      

Multiple representations.  The use of multiple representations in mathematics 

instruction can be defined as using different “structurally equivalent presentation through 

pictures, symbols and signs (notation)” (Panasuk & Beyranevand, 2010, p. 4).  Bruner 

(1966) proposed three modes of mental representation: sensory-motor (physical), iconic 

(images), and symbolic (mathematical symbols).  Multiple representations consist of 

using models and manipulatives, as well as representing the same problem using words, 

diagrams, and symbols.  Specifically in algebra, multiple representations can be 

characterized as using models, tables, graphs, and symbols to represent concepts related 

to functions.  In its Principles and Standards, the NCTM (2000) specifies that students 

should be able to “create and use representations to organize, record, and communicate 

mathematical ideas; select apply and translate among mathematical representations to 

solve problems; and use representations to model and interpret physical, social, and 

mathematical phenomena.” 

The ability of students to identify and flexibly shift between different 

representations of the same structural relationship in algebra is an indication that they 

have conceptual understanding of that concept (Panasuk & Beyranevand, 2010). 

“Conceptual understanding in algebra can be characterized as the ability to recognize 

functional relationships between known, and unknown, independent and dependent 
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variables and to distinguish between and interpret different representations of the 

algebraic concepts” (Panasuk, 2010, p. 237).  In a meta-analysis, Haas (2005) found that 

the use of multiple representations in algebra courses had a 0.46 effect size on student 

achievement. Marzano, Pickering, and Pollack (2001) found that use of nonlinguistic 

representations in instruction yielded a 0.75 effect size on student achievement.   

Strickland and Maccini (2010) reviewed the research on the use of graduated 

instructional sequence in algebra.  This model uses a three-stage process where students 

move from concrete to semi-concrete or representational to abstract, similar to Bruner’s 

idea of moving from sensory-motor, to iconic, to symbolic.  Physical manipulatives are 

used at the concrete stage and drawings, diagrams, and virtual manipulatives are used at 

the representational stage.  Finally, symbolic notation is used at the abstract stage.  A 

specific example of this approach is the Concrete-Representational-Abstract model 

(CRA).  As cited in Strickland and Maccini, Wetzel et al. (2003) found that the CRA 

model was more effective on student achievement in solving multistep linear equations 

than traditional instruction. 

Brenner et al. (1997) did a study to determine if pre-algebra students could learn 

to be more effective in the ways that they use symbols, words, and pictures to represent 

mathematical problems involving functional relations.  They used a quasi-experimental 

design with 128 7th- and 8th-grade pre-algebra students.  The students received 20 days 

of instruction.  The students in the treatment group received instruction using a multiple 

representation approach and the comparison group received instruction using a traditional 

approach.  Brenner et al. found that the treatment group scored higher on problem solving 

and problem representation.  They also found that solving a problem and making an 
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appropriate representation were related.  In their study, students with a correct answer 

were significantly more likely to use a representation than students with incorrect 

answers.  The students in the treatment group were more likely to use correct 

representations.  Their research indicated that problem representation skills can be taught.  

The present study investigated the extent to which effective teachers of Algebra I Honors 

use representations in their instruction and specifically teach these skills to their students. 

Interestingly, the comparison group scored higher on solving equations.   

Although the traditional instruction increased the students’ ability to solve equations 

because the unit of instruction explicitly focused on solving equations, the instruction in 

the treatment group did not focus on using representations to solve equations.  This may 

have affected this finding of the study.  The findings of this study indicated that 

instruction using a representation approach increases students’ understanding of 

functional relationships, an indication of conceptual understanding. 

Moseley and Brenner (2008) did a study to examine the effect of standards-based 

instruction on ability to use variables to represent perimeter and area problems and the 

ability to represent a word problem with a variable equation.  The theoretical framework 

of this study included Mayer and Hagerty’s (1996) work on problem-solving 

components: problem-representation and problem-solution.  In this study, standards-

based curriculum was defined as a constructivist-based approach using multiple 

representations as a defining element of teaching practice.  It emphasized the problem-

representation component.  The traditional approach to instruction was characterized by 

explicitness in solving problems with specific strategies to be taught.  
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The population for the study was four junior high school pre-algebra classes who 

received a standards-based curriculum and three junior high school pre-algebra classes 

who received an explicitly taught curriculum.  Four participants from each class were 

selected for the sample.  Similar to Moseley and Brenner’s (2008) study, the students 

received 20 days of instruction emphasizing problem solving.  Both groups were exposed 

to similar content using different instructional strategies.  The standards-based curriculum 

focused on using multiple representations such as words, tables, expression, and graphs.  

The control classes learned about problem solving using an explicit five-step procedure, 

solving equations with inverse operations, and finding perimeter and area.  All students 

took a pretest before the instruction and a posttest afterward, which included problems 

about expressing perimeter and area of irregular figures with algebraic expressions and 

write equations about word problems.  Students in the experimental group demonstrated 

integration of variables in their representations for both perimeter and area, whereas the 

students in the control group significantly increased their integration of variable for the 

simpler perimeter problem, but not the more complex area problem.  The researchers 

defined integration as “being able to successfully write algebraic notation so that it 

models the mathematical relation presented in a pictorial form of a problem”  (Moseley & 

Brenner, 2008, p. 7).   The experimental group showed substantial changes from pretest 

to posttest on solving one and two-step problems.  The control group showed minimal 

improvement on word problems and showed more of an arithmetic focus on the posttest.  

The experimental group showed more accurate modeling of problems’ structure and 

improved use of algebraic notation.   
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An additional finding of this study was that students in the control group were 

more focused on solving the word problems even though they were explicitly asked to 

only represent the problem with an equation.  The students in both groups “were working 

from different conceptual perspectives” (p. 16).  The students receiving the standards-

based curriculum were integrating their arithmetic knowledge with the new concept of a 

variable more than the students receiving the traditional instruction. 

Panasuk (2010) conducted a qualitative multi-year study to determine the role of 

multiple representations in probing understandings of mathematics learning.  The study 

lasted for 4 consecutive years in 11 schools in 6 school districts.  A four-part survey was 

given to students.  The surveys consisted of a questionnaire and a set of problems about 

solving linear equations.  The problems were presented in words, symbols, and diagrams.  

The surveys were analyzed and compared and students were placed in phase 0, phase 1, 

or phase 2 of the ranking framework developed by the researcher.  Phase 0 students were 

characterized by being able to solve problems in symbols or words, but not images.  

Phase 1 students could verbalize the steps they used to solve problems but were lacking 

true understanding.  Students categorized in Phase 1 verbalized their answers by using 

fixed rules, for example, when asked how to solve an equation, their response would 

indicate to use an inverse operation or isolate the variable. Phase 2 students could 

recognize and explain the three different modes that were presented and how they 

represented structurally the same relationship.  They could also make connections 

between the representations and translate among the representations.  Eight students from 

each group (Phase 0, Phase 1, Phase 2) were interviewed to reflect on their survey data 

and then solve problems. 
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The findings of the study indicated that a mathematical relationship presented in 

words or symbols is more obvious than the same relationship shown in a picture.  The 

most significant indicator of conceptual understanding is the ability to recognize the same 

relationship presented in different modalities and the ability to provide an explicit 

explanation of that relationship.  Students who do not have a conceptual understanding 

“may not have been exposed to the ‘culture’ of multiple representations” (Panasuk, 2010, 

p. 252).  It is unlikely that students can develop conceptual understanding without “being 

systematically encouraged to observe all aspects, meanings and subtleties of the concepts, 

principles and ideas and without being stimulated to recognize and use multiple 

representations of the same concept” (p. 252). 

Panasuk and Beyranevand (2010) did a study to examine whether there is a 

relationship between student achievement, ability to recognize structurally the same 

relationship using different representations, and ability to solve problems involving linear 

relationships posed using different representations.  This was a mixed methods study with 

443 7th- and 8th-grade students.  The students received instruction using the Connected 

Mathematics Program.  This program promoted multiple representations, critical 

thinking, and problem solving.  The survey focused on linear relationships with one 

unknown variable.  The data on the survey were correlated with students’ achievement 

level on a state standardized test.  The students were grouped into categories. After the 

data analysis, nine students were interviewed.  During the interview students solved 

problems posed in different representations, were asked to verbalize the relationship of 

each of the problems, were asked to draw a diagram from words and symbols, and to 

write an equation from words and diagrams.  
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Based on the data, students were grouped into categories 0, 1, 2, and 3.  Students 

in category 0 stated that the problems did not represent the same relationship.  Categories 

1 and 2 were similar, so they grouped them together for the analysis.  Students in these 

two categories made an attempt to describe the relationship, but used vague and 

nonspecific language.  Students in category 3 clearly identified the relationship and were 

able to explain that all three problems represent structurally the same relationship.  The 

researchers found that there was a positive correlation between the ability to recognize 

the multiple representations and student achievement level.  All category 0 students were 

from the lower tier of the standardized test.  The students who were able to solve the 

problems posed in the three different representations were significantly more likely form 

the upper tier of the standardized test scores.  Some students in the lower tier were able to 

solve the equations in words and symbols by manipulating numbers or algebraic symbols.  

Many of the students in the upper tier had the ability to make connections between 

representations, however, some responses from this group revealed that they were using 

well-trained procedural skills to solve problems and had little flexibility in thinking.  

One-fourth of the students formed category 3, but only 10% of the upper tier students 

were in category 3.  The upper tier students who were not in category 3 may rely on 

procedural skills and may have had little exposure to multiple representations. This 

indicates that achievement level on a standardized test does not indicate conceptual 

understanding. In order for students to move to category 3, they need to have instruction 

using multiple representations.  Instruction must be “explicitly presented to the students 

in multiple ways in order for them to build up a variety of thinking methods and 
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techniques and to enhance their cognitive structures” (Panasuk & Beyranevand, 2010, p. 

17). 

Huang and Cai (2011) did a cross-cultural study to determine how representation 

is used in Chinese and U.S. classrooms to teach linear relations, and to examine the role 

of representation in mathematics classes.  This was a mixed methods study in which two 

schools were selected from the Learner’s Perspective Study (LPS). The LPS examined 

8th-grade competently taught math classes in 16 countries.  Data collection for this study 

consisted of 10 consecutive videotaped lessons, interviews with teachers, focus groups 

with students, and student benchmark tests.  The reason the two classes were selected for 

the study was the similarity of the content in the lessons.  The researchers identified five 

categories of pedagogical representations: algebraic/symbolic, numerical, tabular, graphic 

and verbal/literal.  Two researchers coded each lesson, and one lesson from each country 

was selected for an in-depth qualitative analysis.  The data showed that Chinese 

classrooms use fewer representations for individual tasks, in the majority of cases; the 

teacher only used one or two.  In contrast, the U.S. teacher used three or more 

representations simultaneously about half of the time.  The level of cognitive demand of 

the task is positively related to the number of representations used to demonstrate it.  The 

Chinese method of using minimal representations works well for well-structured routine 

problems.  The U.S. method of multiple representations works well with non-structured, 

non-routine problems.  The finding show that the U.S. teachers’ use of multiple 

representations facilitated the ability to describe and predict solutions, even though 

students may not have been able to set up the equations.  Although the researchers stated 
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that benchmark tests were used as data, there was no discussion of student achievement 

as it related to the use of multiple representations.   

Suh and Moyer (2007) conducted a mixed methods study to determine the 

relationship between the use of virtual and physical manipulatives and student 

achievement and to examine the solution strategies of students as they used the virtual 

and physical manipulatives.  The sample for this study was two groups of 3rd-grade 

students studying linear equations.  One group used a physical balance scale manipulative 

and the other group used a virtual balance scale to solve linear equations.  The students 

were given a pretest and posttest with pictorial, numeric, and word problems.  The 

findings indicated that students using both type of manipulatives showed significant gains 

between pretest and posttest.  The researchers found that each type of manipulative has 

distinct features.  The physical manipulative had tactile features, allowed more 

opportunities for invented strategies, and fostered more mental math.  The virtual 

manipulative linked visual and symbolic modes by displaying the equation with the 

pictorial representation, provided step-by-step support, and gave immediate feedback.  

Although the researchers found that both the physical and virtual manipulatives had 

positive impacts on students’ ability to translate from one representation to another, there 

was no control group to compare teaching the same concepts without either type of 

manipulative.  This left a question as to the necessity of these manipulatives to increase 

student understanding of this concept. 

The NCTM (2000) emphasizes the use of multiple representations and the 

students’ ability to translate among multiple representations for problem solving.  The 

ability to translate among these multiple representations indicates conceptual 
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understanding.  It is important for students to learn how to use multiple representations in 

algebra.   Developing the flexibility to select appropriate representations and the ability to 

recognize structurally the same concept is of equal importance (Huang and Cai, 2011).  

The research indicates that instruction in algebra must include the use of multiple 

representations so that students can gain experience in working with them.  “Students 

would highly benefit from systematic and consistent learning how to recognize the same 

relationship and solve problems posed in different representational modes” (Panasuk & 

Beyranevand, 2010, p. 17).  The present study investigated how multiple representations 

are used to develop conceptual understanding in Algebra I Honors’ students. 

The research studies described support the theoretical ideas of Bruner (1966) 

related to the three modes of representation: sensory-motor, iconic, and symbolic.  

Panasuk (2010) created a three-phase ranking system to classify which of these three 

modes represent students’ level of abstraction.  Similarly, Panasuk and Beyranevand 

(2010) found four categories of student ability in using representations, but in describing 

their results, they combined categories 1 and 2, thus again creating a model with three 

distinct levels of representation ability.  Huang and Cai (2011) identified five types of 

representations: algebraic/symbolic, numerical, tabular, graphic, and verbal/literal.  This 

is applicable to algebra curriculum, but these categories could easily be condensed into 

three by combining algebraic/symbolic with verbal/literal to represent Bruner’s symbolic 

mode, and combining tabular and numerical because these are both concrete 

representations.  Strickland and Maccini (2010) discuss the CRA model.  The three 

elements that define the model (concrete, representational, and abstract) directly correlate 

to Bruner’s three modes of representation. 



  

73 

 
 

 

Problem-based learning.  Problem-based learning is an instructional strategy in 

a lesson based around a problem or question.  This problem is the focal point for students 

to investigate and design solutions (Eggen & Kauchak, 2006).  Some of the main 

elements of problem-based learning are self-directed learning, cooperative learning, and 

thoughtful and consistent communication among students, and between student and 

teacher (Eggen & Kauchak, 2006; Ridlon, 2009).  Problem-based learning is grounded in 

theory.  Dewey (1916) emphasized learning through experience.  This is the foundation 

of problem-based learning.  Dewey proposed that instruction should include real world 

contexts in which students encounter a problem.  As they solve the problem, the students 

gather information, propose solutions, and test the solutions.  This process leads to the 

creation of new knowledge. Dewey felt that rote learning was ineffective and believed 

that educators needed to engage students in meaningful and relevant activities that allow 

them to actively apply the concepts that they are trying to learn.  This is similar to 

Bruner’s (1960b) cognitive development theory emphasizes the student’s role in the 

learning process.  The learner formulates hypotheses, constructs new ideas, and selects 

information that is integrated with existing knowledge.   

 “Problem solving is an integral part of all mathematics learning, and so it should 

not be an isolated part of the mathematics program” (NCTM, 2000, Problem Solving 

Standard – Pre-K through Grade 12 section, para. 3).  If the goal is to foster problem 

solving ability in students, then this should be modeled and incorporated into instruction.  

“If we want our students to be sensitive to problems, to take them as challenges and be 

equipped for tracking and solving them, problem-based learning should play an important 

role in their education.  We have to recognize a simple fact:  what is lacking from the 
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process cannot be present in the result” (Cotic & Zuljan, 2009, p. 297).  If teachers do not 

use problem solving in instruction, then it will not be possible to attain the outcome of the 

students becoming proficient problem-solvers. “Teaching problem solving requires even 

more of teachers, since they must be able to foster such knowledge and attitudes in their 

students” (NCTM, 2000). 

 Research indicates that problem-based learning is an effective instructional 

method for teaching mathematics.  In a meta-analysis done by Haas (2005), the mean 

effect size for problem-based learning was 0.52, with a percentile gain of 20% in student 

achievement.   Marzano et al. (2001) found a 0.61 effect size with a percentile gain of 

23% in student achievement for the category of generating and testing hypotheses 

indicating this is an integral component of problem-based learning. 

The purpose of the quantitative study conducted by Cotic and Zuljan (2009) was 

to determine if students receiving problem-based instruction were more successful at 

solving mathematical problems than students taught using a conventional approach to 

teaching.  The study also examined the differences in students’ attitudes toward 

mathematics. The causal-experimental study included 179 nine year-old students.  The 

experimental group consisted of 89 students and the control group consisted of 90 

students.  The independent variable was the method of instruction, and the dependent 

variables were students’ achievement scores in three areas: vocabulary, simple problem 

solving, and complex problem solving, and affective variables such as self-efficacy and 

enjoyment of mathematics.  Data collection included a pretest and posttest administered 

at the beginning and end of the school year and questionnaires.  
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The experimental group received instruction using a problem-based learning 

approach and the control group received instruction using a conventional approach.  The 

researchers did not clearly explain exactly how the instruction was delivered in each 

group or the time frame of instruction.  However, they did note that the pretest was given 

at the beginning of the school year and the posttest was given at the end of the school 

year.  It is unclear if the two groups received instruction using these methods for the 

entire school year. 

Results indicated that there were not statistically significant differences in 

mastering computations, solving simple problems and affective variables in both groups.  

The experimental group was more successful in solving complex problems than the 

control group.  The questionnaire data revealed differences in teaching approaches.  The 

control group teachers show how to solve problems in almost every class, whereas in the 

problem-based learning class, this happened only occasionally. The problem-based 

learning instruction was presented to students in a problem situation, not just as an 

exercise.  There were differences in how homework was checked.  In the control group, 

students checked the homework themselves, and in the experimental group, homework 

was checked by the teacher.  This may have been because the control group worked on 

convergent problems and there was not ambiguity in the result.  The experimental group 

worked on divergent problems; therefore, the homework had to be discussed and checked 

by the teacher because there was no single correct answer and multiple solutions were 

encouraged. The emphasis in this group was the discussion that resulted from solving the 

problem in multiple ways.   
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Xiaogang, Chuanhan, Bingyi, and Yunming (2007) did a study to analyze the 

unbalanced instructional components of problem posing and problem solving in math 

education in Chinese primary and secondary schools.  They specifically investigated a 

model called Situation Creation and Problem-Based Instruction (SCPBI).  The purpose of 

the study was to examine the effect of SCPBI on math achievement, problem posing 

activity, and attitude toward math. The SCPBI model has four major components, which 

include creating situations, posing problems, solving problems, and applying math.  The 

teacher’s role is to set up the situation, lead the students to problem posing, facilitate 

student cooperation in discussion and problem solving, reviewing, summarizing, and 

developing students’ metacognitive abilities.  In SCPBI, students’ role is to observe, 

extract information from the situation, question, pose problems, work collaboratively 

with other students, discuss and exchange ideas, and solve math problems.   

The sample for this comparative study was 327 students from three junior high 

schools.  There were 101 students in the experimental group and 226 students in the 

control group.  One data collection instrument was a test of students’ ability to pose 

problems in two different areas (algebra and geometry).  The students were given a 

situation and were asked to pose as many problems from that situation that they could 

think of.  Data analysis showed that there were three types of problems, differing in 

complexity, posed by students: unsolvable or general statements (type 1), simple 

problems (type 2), and development or inquiring problems (type 3).  The researchers 

categorized the students into one of five levels based on the amount of each type of 

problem they posed. Level I is the most complex, with students posing at least six 

problems in which at least two were type 3. The levels decrease in complexity; for 
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example, Level III students posed more than four problems, with at least two being type 

2, and Level V students posed no problems at all. The results show that significantly 

more students receiving SCPBI were categorized as Level I, with 74% and 68% of 

students in the two experimental groups and only 56% of the control group fitting into 

this category.  Data were also collected using a standards-based test created by the 

researchers.  Results indicated that 62% of the experimental group passed this test and 

only 56% of the control group passed.  Most scores in the experimental group ranged 

from 70% to 80%, whereas most scores in the control group ranged from 60% to 70%.  

Eighteen percent of the experimental group students’ scores were classified as 

outstanding, and only 14% of the control group students’ scores were in the outstanding 

category.   A questionnaire was administered to the students to gauge their interest in 

math.  The results showed that SCPBI had a statistically significant effect on students’ 

interest in learning math, with 84% of the experimental class indicating an interest in 

math and only 60% of the control class indicating an interest in math.  These findings 

show that SCPBI has the potential to statistically significantly affect students’ ability to 

pose problems, mathematical ability, and interest in mathematics. 

Clarke, Breed, and Fraser (2004) conducted a study to examine the effect of the 

Interactive Mathematics Project (IMP) curriculum on student achievement in 

mathematics and student beliefs about mathematics.  The goals of IMP were to increase 

math achievement in underrepresented groups, to expand the math that was currently 

being taught to emphasize problem solving and communication, to shift the role of 

students to active participants and the role of teachers to that of a facilitator and model 

learner, to emphasize student interaction, and to facilitate use of mathematical knowledge 
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to solve complex problems.  The units of instruction were theme based, using history, 

literature, and science to explore mathematics.  The instruction in IMP incorporates 

concepts and skills, as well as problem solving in a context.  This gives students a 

rationale for learning the new skills and gives them a means to integrate the new 

knowledge with their existing schema.  The IMP curriculum was field tested for three 

years prior to the study. 

The experimental group consisted of 182 students in three California high 

schools.  There were matching data collected from 72 Algebra 2 students and 143 

Algebra 4 students at the same school and 52 Algebra 2 students at another high school.  

The Algebra 2 students made up the control group for comparison because they were 

most similar to the IMP students.  Students received instruction for 5 weeks.  After the 5 

weeks, data were collected using two questionnaires.  The Mathematics Belief 

questionnaire examined affective variables, such as math self-efficacy.  The Mathematics 

World questionnaire asked students about the extent to which everyday activities were 

mathematical.  Student SAT scores from the following fall were used as a third source of 

data. 

The findings showed that the mean SAT scores for the IMP students were higher 

than the algebra students within the same school.  The IMP students had more self-

confidence and felt they were more capable of doing math tasks than the Algebra 2 

students.  The IMP students were more likely than the Algebra 2 students to agree that 

mathematical ideas could be clearly explained using everyday terminology and less likely 

to view math as only being able to be explained using numbers and symbols.  IMP 

students were more likely to feel that math was developed in response to human need, but 
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the Algebra 2 students were more likely to report that math was invented only by 

mathematicians.  The IMP students were more likely to value writing and talking to other 

students in helping them understand math.  They were less likely than the Algebra 2 

students to see drill and practice as the best way to learn math.  The results showed that 

the IMP students placed more value on working with teachers and the Algebra 2 students 

placed more value on listening to the teachers’ explanations.  An interesting finding 

related to gender differences in affective variables.  Girls in both groups were less likely 

than boys to rate themselves as highly competent in mathematics, but this was only 

statistically significant in the Algebra 2 classes.  Both boys and girls had a similar 

positive attitude toward mathematics in the IMP group, and both boys and girls had a 

negative attitude toward math in the Algebra 2 group.  The boys were less negative than 

the girls in the Algebra 2 group.   

The findings of this study suggest that IMP students were more likely to hold a 

socially oriented view of mathematics, including its origins.  The problem-based IMP 

approach improved attitudes toward math and increased student achievement.  It was of 

particular value for female students in the area of math self-efficacy.  Even though the 

girls still were less likely than boys to rate themselves as competent, the gap between 

girls and boys self-efficacy was smaller in the IMP group.  The findings show that 

problem-based instructional models are capable of developing traditional skills as 

successfully as traditional instruction, and they have the benefit of developing 

nontraditional skills such as communication and developing different beliefs in students. 

The present study examined how teachers use problem-based instruction to promote 

conceptual understanding in Algebra I Honors’ students. 
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Ridlon (2009) did a mixed methods study to determine the relationship between 

problem-centered learning (PCL) and student achievement and students’ attitudes toward 

mathematics.  PCL is an instructional strategy that incorporated the five NCTM Process 

Standards of problem solving, communication, reasoning and proof, connections, and 

representations with content.  The instructional sequence in a PCL classroom starts with 

the teacher or a student posing a problem.  Then the class is organized into small groups 

of two or three students with similar ability.  Students work collaboratively for about 25 

minutes on the tasks posed.  The whole class then reconvenes to present and discusses the 

solutions.  The teacher is non-judgmental and the solutions are judged by the class. 

This was a 2-year study.  The sample from year 1 was low-achieving students and 

the sample from year 2 was mixed ability students.  The experimental groups received 

PCL instruction and the control group received an instructional strategy called Explain-

Practice (EP).  This method was characterized by the teacher providing clear step-by-step 

demonstrations of procedures, incremental exposure to concepts, and weekly 

assessments.  The textbook was the primary resource for instruction, and manipulatives 

and calculators were rarely used.  The sample from year 1 was made up of 52 6th-grade 

low-achieving students.  The control group for year 1 was made up of 26 students spread 

out in four different classrooms with four different teachers.  The experimental group was 

made up of 26 students taught by the researcher using the PCL method.  In year 2, the 

control group had 26 6th-grade mixed ability students in one class and the experimental 

group had 27 6th-grade mixed ability students in one class.  The control group and the 

experimental group were co-taught by the researcher and a teacher in year 2. The 

district’s textbook was the primary instructional resource for all groups, but the PCL 
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teacher had to adapt the curriculum so that it was problem-based in meaningful contexts. 

Each group received instruction for 9 weeks. 

The quantitative data were collected using a pretest and posttest.  Students in the 

PCL group had no direct experience with the types of problems on both tests.  The EP 

group experienced similar type problems and homework and assessments.  Qualitative 

data were collected using surveys, interviews, observations, and student journals. The 

surveys asked questions about attitudes and opinions of students and parents.  This was 

administered at the end of the 9 weeks.  The interviews were done by an outside 

evaluator at the end of the 9 weeks.  In year 1, three students from the PCL group were 

interviewed: one low-, one middle-, and one high-achiever.  The parents of these students 

were interviewed separately.  In year 2, five students were interviewed with their families 

at the end of the 9 weeks of instruction.  The observations were both formal and informal.  

In year 1, an outside evaluator did four formal observations over the 9 weeks.  In year 2, 

the 6th-grade teacher did informal interviews and the researcher kept anecdotal records.  

Students responded to open-ended questions in reflective journals once per week for 10 

minutes in class. 

The results showed that in both years, there were no significant differences in the 

experimental and control groups in both years on the pretest.  This indicates that both 

groups had similar mathematical ability at the beginning of the 9 weeks.  In both years, 

the difference in the gain from pretest to posttest between the control group and the 

experimental group was statistically significant.  The increase in score in the 

experimental group was statistically significant.  The qualitative data produced some 

positive and some negative themes.  The positive themes included perception of student 
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grades improved in the experimental group, students were more interested and eager to 

do work, students and parents saw the benefit of working in collaborative groups, 

students enjoyed math because they felt empowered.  The negative themes included that 

the work improved, but still could be better, working in groups was slower, and not all 

students participated equally in group work.  The PCL instructional method appeared to 

significantly improve students’ attitude toward mathematics.  PCL appeared to be 

curriculum independent.  It worked well with third graders in a previous study and 

worked well with these two samples of sixth graders, including both low-ability and 

mixed-ability groups.  This approach is promising for issues of equity because the low-

ability students gained the most.  Since this approach is communication intensive, it has 

the potential to provide a rich conversational environment for those students who are 

lacking this at home, such as low-SES students.  For the ELL students in the sample, the 

emphasis on communication did not hinder student achievement, but appeared to increase 

their achievement as well as their attitude toward math. 

Problem-based learning has shown positive effects for students in mathematics.  It 

builds on constructivism by providing a context for situating the learning so that it is 

based in students’ experiences.  This gives them a way to integrate the new knowledge 

with existing schema in order to make sense of the information to construct new 

knowledge.  All of the studies discussed also focused on students’ attitudes toward 

mathematics as well as student achievement.  This is an important aspect because 

students’ beliefs about mathematics and their ability in mathematics will have an effect 

on their participation, their learning, and their attitude about the importance of 

mathematics in their everyday lives.  However, looking at students’ beliefs and attitudes 
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about mathematics is not a component of the present study.  The present study was 

focused specifically on teacher characteristics and qualities that are related to student 

achievement and promote conceptual understanding of mathematics.   

Cooperative learning.  Cooperative learning is “a group of teaching models that 

provide structured roles for students while emphasizing social interaction” (Eggen & 

Kauchak, 2006, p. 90).  Research shows that cooperative learning has been used to 

improve student achievement, motivation, social skills, and relationships between diverse 

groups of students (Emmer & Gerwels, 1998).   

 Research indicates that cooperative learning can be an effective instructional 

method for teaching mathematics.  In a meta-analysis done by Haas (2005), the mean 

effect size for cooperative learning was 0.34 with a percentile gain of 13% in student 

achievement.   Marzano et al. (2001) found a 0.73 effect size for collaborative learning.   

Tarim and Akdeniz (2008) did a study to compare the effects of two methods of 

cooperative learning on students’ academic achievement and attitudes toward 

mathematics.  The two methods of cooperative learning were Teams Assisted 

Individualization (TAI) and Student Teams Achievement Divisions (STAD).  This 

quantitative study included seven classes of fourth-grade students in Turkey.  There were 

two TAI groups with 73 total students, two STAD groups with 71 total students, and 

three control groups with 104 total students.  All of the students took a pretest and an 

attitudinal survey at the beginning of the study.  All of the teachers in the study had more 

than 5 years of experience. The teachers attended one day of training in TAI and STAD.  

The students in the experimental groups were grouped into heterogeneous groups of four 
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consisting of high-, average-, and low-achieving students.  The teams re-formed every 

two to three weeks.  The study lasted for 14 weeks and covered five lessons. 

In this study, the TAI instructional sequence began with teacher instruction to the 

whole class.  Then students work on a section of a worksheet independently and 

compared their answers with their team members before moving onto the next section of 

questions. After comparing their answers within the team, the students checked their 

answers with a key.  Once the worksheet was complete, the students’ completed a 

checkout, or a test.  The test was done individually, and it was checked by the team.  The 

team made the decision to certify when an individual student was ready to take the final 

test.  The STAD instructional sequence was similar.  The teacher conducted a whole class 

lesson.  The students worked on worksheets in pairs.  One student solved the problem, 

and the other gave support.  For the next problem, the students switched roles.  After all 

of the questions were complete, the team of four students exchanged their two worksheets 

to check their answers.  If they didn’t agree, the team would discuss, and if they still 

couldn’t agree, they asked the teacher to help them settle the dispute.  Then the teacher 

gave the second part of the lesson and the cycle continued again.  After the second 

worksheet process, students took a final test.  Students in both TAI and STAD groups 

were evaluated as a group.  The groups’ scores were calculated by combining individual 

team member scores based on improvement over the last test grade.  The control group 

received traditional whole class instruction using an explain-practice-memorize method.  

The control students were quizzed every two weeks.  They were evaluated individually.  

All three groups used the same objectives and textbook as a resource for the lessons. 

After the 14 weeks of instruction, students took the attitudinal survey again. 



  

85 

 
 

 

An analysis of the pretest data showed that there were no significant differences 

between groups related to achievement and attitudes before the treatment.  The academic 

achievement of the TAI and STAD groups was significantly higher than the control 

group after the treatment.  The academic achievement of the TAI group was significantly 

higher than the STAD group.  The survey data showed no treatment effects for attitude 

toward mathematics.  This research suggests that both methods for cooperative learning 

were more effective in terms of student achievement.  The TAI method may have had 

greater impact because it ties cooperative learning with individualized instruction.  It 

considers the team achievement as well as the individuals’ work.  The STAD method 

only focused on the groups work, as students never worked individually during the 

worksheet phase.  Research indicates that cooperative learning that focuses on both the 

groups achievement collectively and the individual’s achievement can make students take 

accountability for their own learning, as well as take responsibility for the learning of 

their group mates (Slavin, 1990). 

Whicker, Bol, & Nunnery (1997) also conducted a study to investigate the effects 

of cooperative learning on students’ achievement and attitudes toward mathematics.  This 

study incorporated using the STAD method on 11th and 12th grade pre calculus students.  

This mixed methods study had a quasi-experimental design with a control group of 15 

students and an experimental group of 16 students.  The study lasted for 6 weeks and 

covered the content of three chapters.  The data collection instruments included a pretest, 

three chapter tests, and a researcher-developed questionnaire to assess students’ attitudes 

about collaborative learning.  
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The STAD groups consisted of five students, one from the top fourth of the class, 

three from the middle half, and one from the bottom fourth.  First, the students were 

instructed on the rules for the group work, including the instruction to explain their 

solutions to each other.  They were instructed that the group was not finished until they 

felt that each member of the team could earn 100% on the test.  The instructional 

sequence for both groups began with the teacher instructing the whole class for five to 

eight days.  The study segment lasted for two days.  The control group studied 

individually and the experimental group studied together.  Both groups studied using 

teacher-made review sheets.  After the two review days, students were tested.  The group 

earned pointes based on how many points each team member exceeded their previous test 

average.  They received four points if they earned up to ten points over their average, and 

they earned six points if their test score was over ten points above their average. The 

comparison group was treated exactly the same, except they had no team recognition for 

scores. 

The data analysis showed there were no significant differences between the 

groups on the pretest.  The time X group interaction effect was significant, meaning that 

the difference in achievement scores of the two groups increased over time in favor of the 

STAD group.  The data from the questionnaire indicated that 38% of the students liked 

receiving help from others and 29% of the students could find nothing they disliked about 

the cooperative learning format.  The majority of students (73%) felt that complex 

concepts and difficult problems were easier to understand in groups and 33% of the 

students felt that content that required memorization was easier to do alone. These results 

indicated that cooperative learning is also effective in increasing student achievement in 
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secondary students.  The significant time X group interaction effect indicates that 

cooperative learning takes time for students to benefit.  The students’ achievement scores 

did not differ significantly until the third test, which took place six weeks after the study 

began.  The findings of this study indicated that cooperative learning works well for 

students to process information that has already been taught by teachers, but it differs 

from problem-based learning in that students are not experiencing new material on their 

own. 

Similarly, Kramarski and Mevarech (2003) conducted a study to investigate the 

effects of cooperative learning and metacognitive knowledge on student achievement.  

This quantitative study included 384 8th-grade students in 12 classes from four different 

schools in the same school district. The sample was broken into four groups: cooperative 

learning with metacognitive training (COOP+META); individualized learning with 

metacognitive training (IND+META); cooperative learning without metacognitive 

training (COOP); and individual learning without metacognitive training (IND). The unit 

of study was linear graphs and it was taught 5 days a week for 2 weeks in all groups.  All 

groups used the same textbook and solved the same kinds of exercises.  The lesson 

format included ten minutes of teacher introduction of the content to the class, 30 minutes 

of cooperative or individual work, and 5 minutes of teacher review.  In the 

COOP+META and the COOP groups, the groups were mixed-ability consisting of four 

students, one high-, one low-, and two average-achieving students.  Two sets of 

instruction materials were created, one with metacognitive training and one without.  The 

groups with the metacognitive training used worksheets with three types of question on 

the top: comprehension; strategic; and connection.  The comprehension questions had 
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students reflect on the problem before solving it, the strategic questions asked students to 

think of strategies that were appropriate for solving the problem, and the connection 

questions asked students to identify similarities and differences between this problem and 

others they have seen.  The cooperative learning groups worked together to solve the 

problems, and the individual groups worked alone to solve the problems. 

Data were collected using a graph interpretation test, a graph construction test, 

and a metacognitive questionnaire.  The graph interpretation test tested fluency and 

flexibility.  Fluency refers to the number correct, and flexibility refers to the number of 

ways a student solved the problem.  The different ways students’ justified their answers 

were using logical-formal arguments, numerical-computational arguments, visually, and 

drawing.  The graph construction test had students apply the new knowledge to a novel 

situation, given this skill wasn’t directly taught.  All assessments were administered 

before and after the treatment. 

The results of the study show that the COOP+META group significantly 

outperformed the IND+META group, which significantly outperformed the COOP and 

IND groups in graph interpretation.  There were no significant differences between the 

COOP and IND groups on this test.  Most students (60%) used numerical-computation 

arguments for justifying their solutions, but the individual groups (IND+META and IND) 

used this strategy more than the cooperative groups.  The next most frequently used 

method was logical-formal arguments.  This method was used significantly by a 

significantly larger percentage of the COOP+META students.  The COOP+META 

showed more flexibility than other groups with 27% of these students using more than 

one strategy to solve problems.  The META+IND, COOP, and IND students showed less 
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flexibility, with only 12%, 6%, and 4%, respectively, using more than one solution 

strategy.  There were significant differences in the achievement level on the graph 

construction test between metacognitive groups and non-metacognitive groups, but there 

were not significant differences between the two metacognitive groups or the two non-

metacognitive groups.    These findings indicated that it is not enough to simply group 

students together, but the metacognitive element helps promote the conceptual 

understanding.  The COOP+META may have outperformed the IND+META because the 

metacognitive questions may be more appropriate for discussion.  This is in line with 

results from cognitive research that shows that learning occurs when the learner uses 

elaboration (Wittrock, 1986), in this case, explaining their metacognitive strategies within 

the group. 

Diezmann & Watters (2001) conducted a qualitative case study to explore the 

relationship between the difficulty of mathematical problem-solving tasks and students’ 

preferred method of learning.  The sample included six “mathematically gifted” 11-12 

year old students.  Students were classified as mathematically gifted by researcher-made 

tests, teacher recommendation, and peer recommendation. These students were from 

different classes and had not worked together before.  First, the teacher led an oral 

question and answer session about time to give the students a chance to work together.  

Then, the students were presented with four different problems about time with a varying 

level of difficulty.  Question 1 and 2 were on-grade level.  Questions 3 and 4 were above 

grade level.  The room was split into four zones: the quiet zone for independent work; the 

work zone for partner work; the chat zone for discussion, argumentation, and articulation 

of ideas; and the teacher zone for getting teachers assistance and access to resources such 
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as calculators.  Students were allowed to select which zone they wanted to work in for 

each task.  They had 30 minutes to complete the four tasks.  After the 30 minutes, the 

group came together to discuss solutions, reconcile differences, and discuss difficulty.  

The data collected were the student task sheets, which also had questions about how the 

students felt about the difficulty level of the problems.  Also, the students were 

videotaped while they solved the four problems.  Task performance was also analyzed 

from the student task sheets. 

The results showed that student preferred the most difficult problems (3 and 4).  

The students’ preferred zone varied depending on the task.  They preferred to work on the 

easier problems in the quiet zone or the work zone, and there was little discussion about 

these problems after the students’ came back together to discuss.  Problems 3 and 4 took 

the students longer to complete and they preferred working in the chat zone and the 

teacher zone.  There was more discussion about these two problems when the students 

came together as a whole group.  These results indicated that when the tasks were 

challenging, collaboration provided benefits to the students.  These results show that 

simply grouping students together is not enough for them to benefit; the tasks have to be 

challenging and appropriate to the level of the students.  “Students need to work with 

mathematical tasks that are worthwhile topics of discussion. Procedural tasks for which 

students are expected to have well-developed algorithmic approaches are usually not 

good candidates for such discourse” (NCTM, 2000, Communication Standard – Pre-K 

through Grade 12 section, para. 3)  Additionally, according to Diezmann & Watters 

(2001),  
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Requiring students to interact on unchallenging tasks is a contrived, rather than 

authentic, learning experience, and as such, supports socialization rather than 

high-level cognitive engagement.  However, on challenging tasks, students sought 

interaction with peers or the teacher, and the majority of students require some 

form of support to complete these tasks successfully. (pp. 25-24) 

This research supports Bruner’s (1960b) idea of scaffolding.  Throughout the 

problem-solving session, students changed roles of receiver of scaffolding and provider 

to scaffolding.   The teacher supported students with scaffolding questions in the teacher 

zone, and by each other in the chat zone.  This need for scaffolding also illustrates the 

importance of teachers’ knowledge of students and curriculum (Ball et al., 2008). 

According to Diezmann and Watters (2001) 

 As the degree of difficulty of tasks is relative to the capability of an individual, 

teachers need to establish the threshold capability of gifted students.  This extends 

beyond knowing what students can do to knowing what students cannot do in 

order to establish worthwhile learning goals for individuals and to select 

appropriately challenging tasks. (p. 26) 

This research on collaborative learning supports the theoretical framework of the 

present study, which included the theory of Hiebert and Grouws (2007), that says 

allowing students to struggle with the mathematical ideas promotes conceptual 

understanding.  The appropriate tasks need to be selected for collaborative learning so as 

to avoid students becoming frustrated with problems they cannot solve.  The teacher’s 

role in collaborative learning is to scaffold students while they work together.  Students 

can also scaffold each other during cooperative learning.  Selecting appropriate tasks for 
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collaborative work and knowing how to support the students throughout the process calls 

for teachers to have a strong pedagogical content knowledge (Ball et al., 2008; Shulman, 

1986).  The present study examined how collaborative learning is used by effective 

Algebra I Honors teachers to promote conceptual understanding in mathematics. 

Communication.  “There should be substantial growth in the students’ ability to 

structure logical chains of thought, express themselves coherently and clearly, listen to 

the ideas of others, and think about their audience when they write or speak” (NCTM, 

2000, Communication Standard for Grades 9-12 section, para. 3).  Teachers of 

mathematics should keep this in mind so they can incorporate using communication 

throughout their instruction.  “The algebra teacher’s role in developing communication 

skills is largely that of providing students with opportunities to read, write, and talk about 

mathematics in a nonthreatening environment” (Haas, 2005, p. 35).  In a meta-analysis 

done by Haas (2005), incorporating communication into algebra instruction had a .07 

effect size on student achievement.  Although this seems small, research has shown that 

communication can lead to conceptual understanding in mathematics. 

Kazemi (1998) conducted a mixed methods study to assess the extent to which 

teachers supported learning and understanding during whole-class and small group 

discourse.  The study emphasized “level of press” in discourse.  Level of press was 

defined in this study as the degree to which teachers made their students think 

conceptually about mathematics.  It required them to provide reasoning to justify 

solutions rather than simply stating mathematical procedures.  The press for learning was 

measured by how much the teachers emphasized student effort, emphasized student 

understanding, supported students’ autonomy, and focused on reasoning and justification 
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rather than correct answers.  The quantitative part of the study included 23 upper 

elementary teachers’ classes, and the qualitative part included a subset of two classes of 

the original sample. During the study, students worked in groups, and teachers circulated 

among groups.  After the group activity, students were asked to share their work and 

explain their solutions to the class.  The researchers did not specify the length of the 

study or the data collection methods. 

The findings for this study were organized into four groups: explaining strategies, 

handling of errors, comparing strategies, and accountability and consensus.  In the high-

press classroom, the explanations were not procedural in nature, they included reasons, 

and the teacher probed the students to elaborate.  In the low-press class, the students only 

discussed procedural steps in solving problems.  The teacher did not ask students to 

elaborate and asked the students to raise their hands if they agreed or disagreed with the 

answer.   In handling errors, the teacher in the high-press class did not tell students when 

they were wrong, but instead asked students to prove their answers, asked other students 

to respond to incorrect solutions, and engaged the entire class in thinking about the 

solution instead of only addressing the students who offered their solution.  When 

students made errors, the teacher in the low-press class told the students what their 

misconceptions were and did not give them an opportunity to think about it themselves.  

In the high-press class, the teacher encouraged the students to think about the similarities 

and differences between the solution strategies offered by the students.  In the low-press 

class, the teacher simply noted the strategies that the students used, but did not have the 

students discuss or reflect on their similarities and differences.  The teacher in the high-

press class required each student in the group to contribute to and understand the 
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solution.  If there was disagreement, the teacher encouraged the students to prove their 

answers and discuss until the group reached consensus.  The teacher in the low-press 

class only gave general directives such as “work with a partner”, or “remember to work 

together.”  There was no individual accountability enforced by the teacher and group 

consensus was not discussed.  The observations showed that generally one person would 

be in control of the group activity at any given time. 

Socio-mathematical norms guide the quality of the mathematical discourse 

(Yackel and Cobb, 1996).  They identify what kind of discourse is valued, what counts as 

a mathematical explanation, and what counts as a different mathematical strategy 

(Kazemi, 1998). The researcher concluded that there are four socio-mathematical norms 

that guided students’ mathematical activity and contribute to conceptual thinking in the 

high-press class: explanations must consist of mathematical arguments, not just 

procedural steps; errors allow students to look at a problem in a different light and look 

for alternative strategies to solve the problem; and collaborative work must have 

individual accountability and coming to group consensus through mathematical 

discourse. 

This study is similar to the present study in that it is investigating instructional 

strategies that are used in high achieving classrooms.  Many of the other studies in this 

area look at a specific strategy and then measure student achievement as a result of the 

strategy. This study started with student achievement, and then used qualitative methods 

to investigate what the teacher is doing in the classroom that may explain that 

achievement. 
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 To study a different form of communication used in mathematical instruction, 

Cross (2009) did a study to examine the effects of mathematical argumentation and 

writing on mathematical achievement.  For the purposes of the study, argumentation was 

defined as sharing, explaining, and justifying mathematical ideas.  The study was a mixed 

methods quasi-experimental design.  The sample included 211 9th-grade Algebra I 

students.  There were three treatment groups and a control group.  The treatment options 

were argumentation (A), writing (W), and both argumentation and writing (AW).  Two 

groups of four students were randomly selected from the A and AW groups to be 

videotaped for qualitative analysis.  The study lasted for ten weeks.  The quantitative data 

were collected by a pre- and posttest.  The instructional sequence included the teacher 

instructing on the topic, the students were assessed, and the next day, the students 

engaged in argumentation and writing activities.  The treatment groups answered two 

questions that focused on the big ideas of the content taught.  Each treatment group 

engaged in the questions differently.  The argumentation group read the questions 

individually and each member stated their response and supported it with reasons of why 

it is valid.  They also defended their answers in response to other student answers.  After 

the activity, the teacher facilitated a whole-class discussion about the questions.  The 

writing group read and answered the questions individually explaining their solutions and 

why they believed their answer was correct.  The teacher walked around and read their 

statements, and provided them with initial feedback.  The argumentation and writing 

group first engaged in argumentation for the first question then wrote their responses and 

explanations.  They only engaged in the writing routine for the second question.  The 

control group followed their normal instructional practices, which included teacher-
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centered lectures.  Observations were done of all four groups two times per week.  The 

student responses in the writing group were analyzed to evaluate their thinking. 

 The results showed that the order of the groups from highest to lowest learning 

gains were AW, W, A, and control.  This suggests that engaging students in activities 

where they have the opportunity for communication is beneficial for students’ 

understanding, and giving them the opportunity to communicate using multiple 

modalities has the greatest effect on learning gains.  The W and AW students had 

significantly greater learning gains than the students in the control group.  This result 

indicated that writing is a tool that increases mathematical understanding. The student 

learning gains in the W and AW group did not differ significantly.  The student learning 

gains in the A and control groups did not differ significantly.  The students in the AW 

group had significantly greater learning gains that the students in the A group.  The 

pretest data showed that the students in the A group lacked prior knowledge.  The 

observations showed that this group lacked classroom social norms for discourse, and 

their conversations lacked mathematical rigor. These factors may have contributed to 

their lower learning gains.   

 Teacher questioning is another form of communication that can lead to conceptual 

understanding in mathematics. The present study examined the type of teacher 

questioning used by effective Algebra I Honors teachers. Piccolo, Harbaugh, Carter, 

Capraro, and Capraro (2008) did a grounded theory study to examine the nature of the 

discourse in a mathematics classroom and to develop a theory explaining teacher and 

student questioning.  This study lasted for 3 years.  The sample included 48 teachers who 

were videotaped three to four times per year, resulting in 183 videotapes.  The lessons 
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were selected because they had the same lesson objectives.  The students in the classes 

were in grades 6-8 in five different districts.  The participant teachers had one week of 

training in the discourse strategies involved in the study, including probing questions and 

guiding questions. Five researchers analyzed each interaction to assign a path of where 

the communication started, how it progressed, and how it ended.  It was then analyzed to 

see if it produced rich meaningful discourse.  For this study, this was defined as 

“interactive and sustained discourse of a dialogic nature between teachers and students 

aligned to the content of the lesson that address specific learning issues” (p. 378). 

 This study resulted in the Dynamic Student-Teacher Communications Pathway 

map that illustrated different discourse paths between teacher and student.  It shows that 

rich meaningful discourse can be initiated by the teacher or the student and was not 

limited to higher order question prompts.  The results show that only cloze-type questions 

that include fill-in-the-blank, or yes/no type answers never led to rich discussion.  These 

questions often began with the word “what,” and the teacher frequently called on one 

student after another until the predetermined answer was stated.  Teachers who used 

open-ended probing or guiding questions were able to engage students in discourse that 

allowed students to deepen their understanding.  Teachers who used cloze-type questions 

in conjunction with probing and guiding questions promoted understanding.  When 

procedural questions were asked, the teachers response of “how” or “why” was important 

in encouraging rich questions.  Persistent questioning led to a deeper conceptual level of 

discourse and required students to provide more in-depth responses and more detailed 

explanations.  The researchers concluded that a teacher should aim at probing, guiding, 
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and interactive dialogue with students to engage in rich mathematical discourse and 

promote conceptual understanding in mathematics. 

 The research indicates that different forms of communication in mathematics 

instruction can increase student understanding.   “It is through being encouraged to 

elaborate one’s thinking that thoughts become more refined and synthesized, thereby 

leading to deeper conceptual understanding” (Cross, 2009, p. 924).  Writing is a tool that 

teachers can use to provide students the opportunity to organize and synthesize ideas.   

Unlike discourse that is a cooperative activity, writing forces students to draw from their 

own cognitive resources to synthesize and generate information (Cross, 2009).  Discourse 

is also a powerful tool for increasing student understanding in mathematics.  It is 

important that the conversation is guided by the teacher by first establishing socio-

mathematical norms in the classroom (Yackel and Cobb, 1996), and by ensuring that 

students include mechanisms that promote understanding in group discussions, which are 

asking questions, conjecturing, formulating ideas together, and explaining (Rivard and 

Straw, 2000).  The teacher must have the pedagogical content knowledge described by 

Shulman (1986) and Ball et al. (2008) to know when communication is appropriate as a 

tool for increasing conceptual understanding.  Communication about mathematical ideas 

can build the link between the internal and external representation of mathematical that 

Hiebert and Carpenter (1992) described in their framework of conceptual understanding. 

Communication in the mathematics classroom incorporates allowing students to struggle 

with the mathematics.  According to Hiebert and Grouws (2007), this is a feature of 

teaching that promotes conceptual understanding of mathematics. The present study 
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investigated how effective Algebra I Honors teachers use different modalities of 

communication in their instruction. 

Technology.  According to the NCTM (2000) “electronic technologies – 

calculators and computers – are essential tools for teaching, learning, and doing 

mathematics.  They furnish visual images of mathematical ideas, they facilitate 

organizing and analyzing data, and they compute efficiently and accurately.”  This 

viewpoint supports the notion of Bruner’s (1966) framework of three modes of mental 

representation: sensory-motor, iconic, and symbolic.  Using technology in mathematics 

allows students to see alternate representations of mathematical concepts. 

In a meta-analysis by Rakes, Valentine, McGatha, and Ronau (2010), five 

categories were identified that “captured the breadth of interventions used to improve 

student achievement in algebra” (p. 387).  Two of these intervention categories included 

technology: technology-based curricula and technology tools.  The effect size for 

technology tools was 0.165 and the effect size for technology-based curricula was 0.151.  

In a meta-analysis, Haas (2005) found that the use technology-aided instruction in 

algebra courses had a 0.07 effect size on student achievement. Haas defined technology-

aided instruction as using software applications or calculators during instruction.  The 

meta-analysis showed that using technology with high-ability students showed the largest 

effect size of 0.40. Ellington (2003) did a meta-analysis on the effects of calculators on 

student achievement in mathematics.  The findings indicated that students gained the 

most benefit when calculators had a pedagogical role in the curriculum, rather than only 

being used as a computational tool.   
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Graham and Thomas (2000) did a study to investigate the effects of teaching the 

concept of a variable using a graphing calculator.  The researchers used an experimental 

design over a 3-week period.  The sample consisted of 9-10 year-old students from two 

New Zealand schools.  The experimental group contained 147 students and the control 

group contained 42 students.  In the experimental group, first, the teacher presented 

instruction to students.  Then the students worked in pairs on modules of graphing 

calculator exercises.  None of the students had any experience with using graphing 

calculators.  The modules began with an introduction to storing variables and using 

variables on the graphing calculator.  Then the module proceeded to screensnaps.  These 

were activities where students were given a screen shot of the graphing calculator, and 

they had to reproduce it on their calculator.  The students attempted to reproduce the 

screen by assigning various values to the values.  They were not experienced enough to 

use algebraic procedures to recreate the screens.  After the students completed the 

modules, they took a posttest.  The teacher in the control group taught the concepts using 

whole-class skills-based instruction.   

 Analysis of pretest data showed that there were no significant differences between 

the experimental group and the control group on the pretest on their knowledge of the 

concept of a variable.  The findings of the study indicated that the students who used the 

graphing calculators scored significantly higher on the posttest than the students in the 

control group.  The researchers also analyzed the higher-order questions separately and 

found that students in the experimental group scored higher on those questions than 

students in the control group.  They also analyzed whether the use of calculators hindered 

computational skills.  The students in the experimental group did as well on operational 



  

101 

 
 

 

questions as students in the control group.  This shows that use of a calculator does not 

diminish lower-level computational skills of students.  The results of the study show that 

allowing students to physically enter different values for the variable and allowing them 

to predict and test outcomes of changing values helped them construct an understanding 

of the concept of a variable. 

 To investigate the use of a different form of technology in mathematics 

instruction, Cavanaugh, Gillan, Bosnick, Hess, and Scott (2008) conducted a quasi-

experimental study to examine the relationship between the use of interactive tools for 

learning graphing linear equations and student performance in an online algebra course.  

The sample for the study included the participants of an online algebra class in a virtual 

school.  Students enrolled in the course were assigned to either the control group or the 

experimental group based on which month they enrolled in the course.  There were 14 

students in the control group and 33 students in the experimental group.  The students 

were in the classes of eight different teachers.  Although the course was online, and all 

students used technology, this study looked at the use of an interactive toolbox 

specifically designed for this class as the independent variable.  The toolbox contained 

three tools.  Tool 1 allowed students to enter the coordinates of two points.  The tool 

graphed the line through those two points and indicated the slope of the line.  Questions 

were embedded in the tool to encourage conceptual understanding of slope.  Students had 

an unlimited number of opportunities to use this tool.  Tool 2 was a transition tool 

between Tool 1 and Tool 3.  It took students through a series of screens to show 

connections between equations of lines, solution sets of equations, and graphs of lines.  

Tool 3 allowed students to enter the values for slope (m) and the y-intercept (b) of a 



  

102 

 
 

 

linear equation in slope intercept form (y = mx + b) and the values for the variables a, b, 

and the constant c in the standard form of a linear equation (ax + by = c).  The students 

were able to change the form of the equation from slope-intercept to standard form.  

Students in the control group did not have access to the toolbox.  Students in both groups 

were given a pretest and posttest on graphing linear equations and gains scores were 

computed. 

 The results showed that gains were positive for both groups.  The mean increase 

for the control group was 1.71, and the mean increase for the experimental group was 

3.07.  Although there was no statistically significant difference between the groups, the 

students with access to the online toolbox had a greater mean gain than the students 

without access.  These findings indicated that interactive dynamic tools provide 

experiences to help students predict, test, discover, and verify relationships among 

variables and graphical representations of linear equations.  

 Scheiter, Gerjets, and Schuh (2009) did a study to determine the relationship of  

hybrid animations with problem-solving performance in mathematics.  For the purposes 

of this study, hybrid animations start with a realistic representation of the problem.  “The 

concrete objects are continuously morphed into more abstract graphical symbols, thereby 

excluding irrelevant surface features from the representation and highlighting the 

problem’s structural features at the same time” (p. 492).  The sample for the study was 

composed of 32 9th-grade students from a German high school that attended a one day 

workshop on learning with new media.  The study included a pretest, learning phase, and 

test phase.  The total instructional sequence lasted for 2 hours.  During the learning phase, 

students read three textbook chapters in different subjects: biology, chemistry, and 
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politics.  Three algebraic worked-out examples were embedded within each chapter for a 

total of nine examples.  The worked-out examples contained the formula used to solve 

the problem and step-by-step instructions of how to solve it.  The control group only had 

access to the text, and the experimental group had access to the text plus a hybrid 

animation for the problem and solution. The students in the experimental group could 

watch the animations as many times as they wanted.   

The posttest consisted of four types of questions: equivalent, isomorphic, similar, 

and unrelated.  Equivalent questions had surface and structural features that were the 

same as the worked-out examples.  Isomorphic questions had the same structural features 

as the worked-out examples, but different surface features.  Equivalent and isomorphic 

questions were considered near transfer questions since they shared features with the 

worked-out examples that the students encountered in the learning phase.  Similar 

questions shared structural features with the worked-out examples and used the same 

formulas that were used in the worked-out examples.  Unrelated questions did not share 

surface or structural features with the worked-out examples nor did they use the same 

formulas as the worked-out examples.  Similar and unrelated questions were considered 

far transfer questions. 

Results of the pretest showed that there were no significant differences in 

prerequisite knowledge of both groups.  Researchers analyzed the percent correct of each 

type of question.  The results showed that there were significant differences between 

groups on problem-solving performance in favor of the experimental group.  This 

difference increased with increasing transfer distance.  The hybrid animations allowed 

students to transition from a concrete representation to an abstract representation.  This 
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facilitated the construction of a problem model that allowed students to answer questions 

that did not share features with the original worked-out examples. 

The research on using technology in mathematics education supports Bruner’s 

framework for modes of representation.  Technology allows students to construct 

knowledge of mathematical concepts as they move from iconic to symbolic 

representation.  If technology is used pedagogically, rather than for simple computations, 

it can give students the opportunity to make conjectures, discover properties, and verify 

relationships.  According to the NCTM (2000), “students can examine more examples or 

representations forms than are feasible by hand, so they can make and explore 

conjectures easily.”  The use of technology supports Hiebert and Carpenter’s (1992) 

framework for understanding that describes the need to use external representations of 

mathematical concepts to construct internal representations into existing schema. 

According to Hiebert and Grouws (2007), exploring connections in mathematics is one of 

the major features that promotes conceptual understanding.  The dynamic feature of 

technology provides students with the ability to explore connections between 

mathematical ideas, for example to see how a graph, a table of values, and an equation 

represent the same concept, and how changes in one representation affect the other 

representations.  Teachers must have and use curricular knowledge to choose the 

appropriate technology activities that are appropriate to facilitate conceptual 

understanding in their students (Ball et al., 2008; Shulman, 1986).  The present study 

examined how effective Algebra I Honors teachers use technology to facilitate 

conceptual understanding of mathematics. 
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Conclusions regarding research regarding teaching for conceptual 

understanding in mathematics.  The five instructional strategies discussed in this 

section are ways that Algebra teachers can promote conceptual understanding of 

mathematics among their students.  These strategies are not exclusive of each other and 

one lesson may include several of them.  For example, a teacher can use the problem-

based learning instructional strategy for a lesson on learning slope.  This lesson may also 

include the other strategies such as communication, cooperative learning, multiple 

representations and use of technology. The researcher of the present study looked for 

evidence of these strategies in classrooms with high-achieving students to determine how 

the effective teachers of Algebra I Honors are using them to deepen student 

understanding.   

Conclusion 

         Teacher quality is a complex concept that is difficult to measure, in part because 

there is no consensus among policy makers, educators, and researchers of what it means 

(Darling-Hammond, 2000).  The research indicates that there are two major categories 

that characterize the work in teacher quality, teacher characteristics and classroom 

effectiveness (Heck, 2007).  How these categories are related to each other has not been 

widely researched.  The research that has been done has indicated that instructional 

practices are influenced by the depth and breadth of the teachers’ conceptual 

understanding of mathematics (Baumert et al., 2010).  When teachers have a deeper 

understanding of the mathematics they are teaching, that gives them access to a broad 

repertoire of pedagogical strategies to use with their students (Ma, 1999). 
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 Teacher characteristics and mathematical knowledge for teaching may influence 

the type of instruction that teachers are equipped to deliver to their students. However, 

“the lack of specifics regarding how knowledge affects instruction leaves critical gaps in 

our theoretical knowledge, and significant holes in recommendations for both policy and 

teacher education” (Hill et al., 2008, p. 431).  The present study attempted to explain the 

relationship between teacher professional preparation characteristics, mathematical 

knowledge for teaching, and instructional practices of effective 7th-grade Algebra I 

Honors teachers. 

 The present study investigated how all three components of teacher quality: 

professional preparation characteristics; teachers’ mathematical knowledge for teaching; 

and instructional practices play a dynamic role in effective teaching and student 

achievement.  There is a need for this kind of study that accounts for multiple aspects of 

teacher quality.  “Few empirical studies to date have assessed the various components of 

teachers’ knowledge directly and used them to predict instructional quality and 

outcomes” (Baumert et. al, 2010, p. 135).                       

 Additionally, the National Mathematics Advisory Panel (2008) has made the 

following statement that reiterates the need for the present study to examine both proxy 

and direct variables of teacher knowledge and instructional practices: 

Because most studies have relied on proxies for teachers’ mathematical 

knowledge (such as teacher certification or courses taken), existing research does 

not reveal the specific mathematical knowledge and instructional skill needed for 

effective teaching, especially at the elementary and middle school level.  Direct 

assessment of teachers’ actual mathematical knowledge provides the strongest 
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indication of a relation between teachers’ content knowledge and their students’ 

achievement.  More precise measures are need to specify in greater detail the 

relationship among elementary and middle school teachers’ mathematical 

knowledge, their instructional skill, and students’ learning (p. xxi).          

The present study not only investigated the relationship among teachers’ 

mathematical knowledge and their instructional skill, but it attempted to differentiate how 

the different components of mathematical knowledge affect instructional practices.  The 

present research also examined the proxy variables, such as degree, certification, and 

years of experience, to determine the relationship between teachers’ subject matter 

knowledge, pedagogical content knowledge, and instructional practices that promote 

conceptual understanding.                                                                                                           
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Chapter Three – Methodology 

This was a mixed methods study.  The research had three distinct phases.  During 

Phase One, a prediction model was constructed to assign each teacher an effectiveness 

index.  In Phase Two, quantitative data regarding teacher quality were collected.  The 

data were examined to determine if any relationship exists between teacher quality and 

teacher effectiveness.  Phase three focused on a sub-sample of the teachers from Phase 

Two.  Phase Three investigated the teaching quality in 7th-grade GTAM Algebra I 

Honors related to students’ conceptual understanding. 

Context and Participants 

The study took place in a large school district in south Florida. There are 256,872 

students in all: 105,809 elementary students, 52,369 middle school students, and 69,516 

high school students.  The district serves a diverse student population.  There are students 

from 173 different countries speaking 53 different languages.  The student demographics 

include 51.41% white, 39.06% black, 28.32% Hispanic, 3.58% Asian, 2.20% Native 

American/Native Alaskan, 0.11% Native Hawaiian/Pacific Islander, and 3.65% Multi-

racial.  There are over 40,000 exceptional student education children, which consist of 

approximately 30,000 with special needs and 10,000 gifted students. 

The participants of the study were 7th-grade SCPS GTAM Algebra I Honors 

teachers.  Currently, there are 44 teachers in 42 middle schools.  Collectively they teach 
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1,602 students in GTAM 7 Algebra I Honors.  The population of GTAM 7 students 

consists of 38.0% gifted and 1.8% other ESE. Economically disadvantaged (ED) students 

make up 29.9% of the GTAM 7 student population.  The demographic characteristics of 

the GTAM 7 students include 40.5% White, 27.0% Hispanic, 18.3% Black, 10.4% Asian, 

3.3% Multi-racial, and 0.5% Native American.  The gender distribution of the GTAM 7 

students is 51.6% male and 48.4% female.  English language learners (ELL) make up 

29.9% of the student population in GTAM 7. 

Procedures 

Phase One.  During Phase One, a prediction model was constructed that was used 

to generate an effectiveness index for each 7th-grade SCPS GTAM Algebra I Honors 

teacher.  A regression analysis used 6th-grade FCAT scores to predict Algebra I End-of 

Course Exam (EOC) scores. The model was generated by using the 6th-grade FCAT 

scores of the 2010-2011 GTAM 7th-grade students as a predictor of their 2011 Algebra I 

EOC scores.  This model was used to predict the Algebra I EOC scores of the 2011-2012 

GTAM 7th-grade students.  A residual score was calculated for each student by finding 

the difference of the actual score and the student’s predicted score, based on the model.   

For each teacher, the residual scores were averaged.  This average was considered the 

effectiveness index for each teacher. 

Phase Two.  During Phase Two, 7th-grade SCPS GTAM Algebra I Honors 

teachers were surveyed using the GTAM Teacher Background Survey (see Appendix A) 

and the Knowledge for Teaching Algebra (KAT) Assessment (see Appendix B).  The 

KAT assesses teacher knowledge of school algebra, advanced knowledge of 
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mathematics, and teaching knowledge.  The sample included all forty-four 7th-grade 

SCPS GTAM Algebra I Honors teachers in 42 middle schools.  The GTAM Teacher 

Background Survey was sent out first.  The KAT Assessment was sent approximately 

two-weeks later. 

A correlation analysis of each teacher qualification variable was done to 

determine the relationship between each of the teacher qualification variables and 

effectiveness index.  Also, several multiple linear regressions were done to determine if 

teacher qualifications could predict teacher effectiveness.  A correlation analysis was 

done to determine the relationship between each component of teacher knowledge and 

teacher effectiveness, and a linear regression was done to determine if teacher knowledge 

could predict teacher effectiveness.   

Phase Three.  Seven teachers were selected for Phase Three, based on their 

teacher effectiveness index computed in Phase One. Three teachers for which the 

prediction model overestimated effectiveness and four teachers for which the prediction 

model underestimated effectiveness were selected for the study in order to observe 

differences in teaching strategies that may contribute to increased student learning in 

mathematics. 

Each of the seven teachers was observed two times within a week.  This allowed 

the researcher to observe evidence of teaching for conceptual development. The 

researcher took detailed field notes during the observations, using the GTAM Classroom 

Observation Protocol (see Appendix C). Particular attention was paid to certain aspects of 

the instruction. The selected focus areas included the following instructional strategies: 

direct instruction, problem solving, multiple representations, technology, communication, 



  

111 

 
 

 

and collaborative learning.  These strategies have been shown to increase student 

achievement in Algebra (Haas, 2005; Rakes et al., 2010).  

After the second observation, at a time convenient to the teacher, such as a 

planning period or immediately after school, the researcher interviewed the teacher about 

the lesson using a semi-structured interview protocol (see Appendix D) called Inside the 

Classroom Teacher Interview Protocol. With the approval of the teacher, the interview 

was recorded for later transcription. The researcher asked questions in response to teacher 

answers during the interview that were not included on the protocol.  The GTAM 

Classroom Observation Protocol and the Inside the Classroom Teacher Interview 

Protocol were piloted with 2 SCPS 8th-grade Algebra I Honors teachers to determine 

validity and reliability.  

Field notes from observation protocols and transcriptions of teacher interviews 

were used to look for common strategies that promote conceptual understanding of the 

mathematical content and common teacher perceptions of issues related to students and 

the GTAM program. A holistic analysis of all data was done to determine themes 

(Creswell, 2007).  Observation field notes were initially read and coded using a priori 

categories related to instructional categories, including direct instruction, problem 

solving, multiple representations, technology, collaborative learning, and communication.  

Additionally, new categories were developed based on teacher responses to the interview 

questions and observation field notes. The data were clustered according to instructional 

categories and the clusters will be counted for frequency. The findings were developed 

primarily by looking at patterns in the data clusters.  The data from the observation 
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guides were compiled into a matrix (see Figure 4).  The matrix was used to evidence 

patterns in teaching strategies used by the teachers in the study.   

The transcripts of the interviews were read for a first pass.  Categories were 

developed based on teacher responses.  The data were placed in a matrix (see Figure 5) 

and themes were developed based on the categories. 

Validity was established by triangulation between interview and observation data 

and member checking of interviews. Member checking was accomplished by sending the 

transcripts of the interviews to the teachers via email to check if the transcript accurately 

reflects what the teacher said during the interview.  Any additional comments made by 

the teacher were added to the original transcript. 

 Multiple 
Representations 

Problem-
based 

Learning 

Cooperative 
Learning 

Communi
cation Technology 

 Teacher #1      

Teacher #2      

Teacher #3      

Teacher #4      

Teacher #5      

Teacher #6      

Teacher #7      
Figure 4.  Sample data matrix for observation data.   

 Category 1 Category 2 Category 3 Category 4 
Teacher #1     
Teacher #2     
Teacher #3     
Teacher #4     
Teacher #5     
Teacher #6     
Teacher #7     
Figure 5.  Sample data matrix for interview data.   
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Instruments 

The GTAM Teacher Background Survey (see Appendix A) was developed by the 

researcher.  Research investigating teacher quality in mathematics was used to determine 

the characteristics included on the survey (Bond et al., 2000; Clotfelter et al., 2007; 

Goldhaber & Brewer, 1996, 1997, 2000; Monk, 1994; Moyer-Packenham et al., 2008). 

The survey included items about teacher qualifications (degree, major, number of 

graduate level math classes, professional development in the past 3 years, area of 

certification, national board certification, teaching experience, and special endorsements.  

The survey asked the teachers to rank the importance of topics in Algebra I curriculum 

and to explain their rationale for this ranking.  This provided insight into the vertical and 

horizontal curricular knowledge of the teachers.  These forms of knowledge were not 

assessed on the KAT.  The survey was piloted with 30 SCPS 8th-grade Algebra I Honors 

teachers to determine its validity and reliability.   

The KAT Assessment (see Appendix B) was developed by researchers at the 

University of Michigan.  The KAT assessment was designed to assess three dimensions 

of teachers’ knowledge for teaching secondary school algebra: knowledge of school 

algebra, advanced knowledge of mathematics, and teaching knowledge.  Figure 3 outlines 

the different dimensions of teacher knowledge that the instrument assesses.  It was 

chosen for this study because it closely matches the theoretical framework about different 

types of teacher knowledge necessary for effective teaching (Ball et al., 2008; Shulman, 

1986).  Shulman’s model includes three domains of knowledge: subject matter content 

knowledge, pedagogical content knowledge, and curricular knowledge.  Similarly, the 

model developed by Ball et al. divides teacher knowledge into two categories: subject 



  

114 

 
 

 

matter knowledge and pedagogical content knowledge.  Subject matter content 

knowledge matches the dimensions of knowledge of school algebra and advanced 

knowledge of mathematics tested by the KAT.  The KAT’s counterpart to pedagogical 

content knowledge is teaching knowledge.  

Items for the KAT were selected from a pool of items that were taken from other 

assessment tools or written by mathematicians and math educators.  The items were 

piloted and revised based on pilot testing. Two forms were created from this item pool.  

A validation study used responses from 1,170 pre service and in service mathematics 

teachers from colleges, high schools, and middle schools to gather evidence about 

construct validity.  There are two forms of the KAT.  Each form of the assessment 

contains 20 items: 17 multiple choice and three open-ended questions. In the validity 

study, both forms had reliability (Cronbach alpha) of .84.  

IRT analysis was used to create a basis for computing scale scores for overall test 

performance and for performance on each of three dimensions:  knowledge of school 

algebra, advanced knowledge of mathematics, and teaching knowledge.  Tables 3 and 4 

compare the same samples, disaggregated by career stage (pre service or in service and 

by college major, respectively.  

The GTAM Classroom Observation Protocol (see Appendix C) was developed by 

the researcher based on the instructional strategies that promote conceptual understanding 

as identified in the literature (Haas, 2005; Huang & Cai, 2011; Marzano et al., 2001; 

NCTM, 2000; Panasuk & Beyranevand, 2010; Rakes et al., 2010; Strickland & Maccini, 

2010). The selected focus areas of the instrument include the instructional strategies that 

have been shown to increase student achievement in Algebra (Haas, 2005; Rakes et al., 
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2010).  These are problem solving, multiple representations, technology, communication, 

and collaborative learning.  

Table 3  

Means and standard deviations of the scaled scores for KAT by teaching service  

  KAT 
Cluster Service Cases Mean Std. Deviation 

Teaching Knowledge In-service 681 48.6 10.0 
Pre-service 409 50.9 9.5 

School Knowledge In-service 681 48.7 10.1 
Pre-service 409 50.8 9.4 

Advanced Knowledge In-service 681 49.4 10.7 
Pre-service 409 50.4 9.1 

Total Score In-service 681 48.7 9.4 
Pre-service 409 50.8 10.2 

 

Table 4  

Means and standard deviations of the scaled scores for KAT by college major 

  KAT 
Cluster Service Cases Mean Std. Deviation 

Teaching Knowledge Math 714 53.0 9.0 
Non-Math 428 44.8 9.3 

School Knowledge Math 714 52.8 9.4 

Non-Math 428 45.1 9.0 

Advanced Knowledge Math 714 52.3 8.8 

Non-Math 428 46.2 10.6 

Total Score Math 714 52.5 9.6 

Non-Math 428 45.7 9.2 
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 The Inside the Classroom Teacher Interview Protocol (see Appendix D) was 

developed by Horizon Research (Weiss et al., 2003).  This instrument was selected 

because the research questions of their study “Looking Inside the Classroom” closely 

matched the purposes of this study.  The research questions of their study were:  

1. Are students actively engaged in pursuing questions of interest to them, or 

simply "going through the motions," whether they are doing individual 

"seatwork" or working in groups? 

2. Is teacher-presented information accurate? Do teachers display an 

understanding of mathematics/science concepts in their dialogue with 

students? 

3. When teachers ask questions, are they posed in a way that is likely to 

enhance the development of student conceptual understanding? 

The research questions of their study closely match the questions of this study that 

relate to teacher quality, specifically questions 1b, 1c, 1d, and 2.  They are: 

1. Is there a relationship between teacher quality and teacher effectiveness in 7th-

grade GTAM Algebra I Honors, as evidenced by residual gains on the state end-

of-course Algebra I exam? 

a. Is there a relationship between teachers’ professional preparation 

characteristics and teacher effectiveness in 7th-grade GTAM Algebra I 

Honors? 
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b. Is there a relationship between teachers’ subject matter knowledge and 

teacher effectiveness in 7th-grade GTAM Algebra I Honors?  

c. Is there a relationship between teachers’ pedagogical content knowledge 

and teacher effectiveness in 7th-grade GTAM Algebra I Honors? 

d. Is there interaction between teachers’ subject matter knowledge and 

teachers’ pedagogical content knowledge in predicting teacher 

effectiveness of 7th-grade GTAM Algebra I Honors teachers? 

2. What are the characteristics of teaching quality that promote conceptual 

understanding in 7th-grade GTAM Algebra I Honors? 

 This interview protocol addresses learning goals of the lesson, the characteristics 

of the students in the class, and the instructional materials that were used in the lesson. It 

also includes questions about how well prepared the teacher feels to teach the topic and to 

use the particular instructional strategies employed in the lesson.  

 Figure 6 shows the correlation between data collection instruments and research 

questions. 

Limitations 

The participation in this study was voluntary.  This may have limited the 

responses on the surveys to a small number because teachers may not have felt 

comfortable taking a survey about their mathematical knowledge.   

The researcher holds an administrative position in the program, which may have 

affected the responses of the teachers due to a possible misconception of being evaluated 

based on their responses.  To counteract this, the researcher assured the participants that 
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all information will remain confidential and would not be linked to their evaluation or 

their job conditions.  They were informed that this study was not being used to assess 

their teaching and no data will be shown to administrators 

Delimitations 

This study included teachers of 7th-grade GTAM Algebra I Honors in one county 

in Florida.  The study was contained at the middle school level to look at early 

acceleration into Algebra I.  For this reason, only 7th-grade teachers were studied since 

the GTAM program curriculum covers Algebra I Honors in this grade level.  

Another delimitation of this study was the small sample size.  The study is limited 

to the GTAM program, which had only 44 teachers of 7th-grade Algebra I Honors.  This 

limited the generalizability of the findings.  

  Instruments/Methods 

Research Question Observation Interview Survey KAT 
Assessment 

1.Is there a relationship between teacher quality and 
teacher effectiveness in 7th-grade GTAM Algebra I 
Honors, as evidenced by residual gains on the state 
end-of-course Algebra I exam? 

 

a. Is there a relationship between teachers’ 
professional preparation characteristics and teacher 
effectiveness in 7th-grade GTAM Algebra I Honors? 

  X  

b. Is there a relationship between teachers’ subject 
matter knowledge and teacher effectiveness in 7th-
grade GTAM Algebra I Honors?    

X X 

c. Is there a relationship between teachers’ 
pedagogical content knowledge and teacher 
effectiveness in 7th-grade GTAM Algebra I Honors?   

X X 

d. Is there interaction between teachers’ subject 
matter knowledge and teachers’ pedagogical content 
knowledge in predicting teacher effectiveness of 7th-
grade GTAM Algebra I Honors teachers? 

 

   X 

2. What are the characteristics of teaching quality 
that promote conceptual understanding in 7th-grade 
GTAM Algebra I Honors? 

X X 
  

Figure 6. Matrix to correlate data collection instruments/methods to research questions
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Chapter Four – Findings 

Phase One 

During Phase One, a prediction model was constructed to generate an 

effectiveness index for each 7th-grade SCPS GTAM Algebra I Honors teacher for the 

2011-2012 school year.  A regression analysis was done using 6th-grade FCAT scores in 

mathematics and reading to predict Algebra I EOC scores for students in GTAM Algebra 

I Honors during the 2010-2011 school year.  There were 1,633 students’ scores included 

in the analysis.  Simple correlations between the dependent variable (Total _Correct) and 

each of the predictors (SSS Mathematics, SSS Reading) were each significant (p<.05) 

(see Table 5). Correlations among predictors were also significant (p <.05). 

The total model predicted 30.2% of the variation in Total_Correct, which was 

significant (p < .001).  The adjusted R squared (.301) showed little shrinkage upon 

generalization to the population.  

Table 5  

Correlations Between Dependent and Independent Variables in Prediction Model 

 Total Correct SSS Mathematics SSS Reading 

Total Correct 1.00 .509 .384 
SSS Mathematics .509 1.00 .378 

SSS Reading .384 .378 1.00 
Note. All correlations were significant, p < .001 
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Using the criterion of variance inflation factors (VIFs) less than 10, there appears 

to be no collinearity difficulties, as all VIFs were less than 2 (see Table 6).   

Table 6  

Prediction Model 

 Unstandardized 
Coefficients 

Standardized 
Coefficients 

  Collinearity 
Statistics 

 Beta Std. 
Error 

Beta t p VIF 

 Constant -16.917 2.037  -8.304 .000   
SSS Math .089 .005 .425 18.993 .000 1.166 

1.166 
SSS Reading .043 .004 .223 9.989 .000 1.166 

1.166 
 

The variables SSS MATH and SSS READING contributed significantly (p < .05) 

to the model (see Table 6). This model was used to predict the Algebra I EOC scores of 

the 2011-2012 GTAM 7th-grade students.  A residual score was calculated for each 

student by finding the difference of the actual score and the student’s predicted score, 

based on the model.  The residual scores were averaged for each teacher.  This was 

considered the effectiveness index for each teacher (see Table 7). 

Eight teachers were selected for Phase Three of the study based on their teacher 

effectiveness index computed with this model. Four teachers for which the prediction 

model overestimated effectiveness and four teachers for which the prediction model 

underestimated effectiveness were to be selected for the study in order to observe 

differences in teaching strategies that may contribute to increased student learning in 

mathematics.   

Only four of the six teachers for whom the model overestimated effectiveness 

were still teaching GTAM Algebra I Honors.  Only three of those teachers agreed to 
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participate in the study; therefore only seven total participants were selected from this 

prediction model for Phase Three of the study. 

Table 7 

2011-2012 GTAM Algebra I Honors Teachers’ Residual Scores 

 
Teacher 

Code 
Effectiveness 

Index 
Number of 
Students 

Teacher 
Code 

Effectiveness 
Index 

Number of 
Students 

40 -3.2524667 15 8 6.6208333 36 
5 -1.7042353 17 7 7.1126842 19 

42 -1.0040233 43 39 7.1889216 51 
36 -0.6739767 43 37 7.2728095 21 
29 -0.6601200 25 30 7.3861111 9 
19 -0.2029375 16 15 7.4909167 24 
43 0.2165000 13 44 7.5213000 20 
4 1.5911875 16 32 7.6162157 51 

28 1.8659714 70 33 8.1234074 27 
26 2.5584545 22 6 8.5185909 44 
35 3.1957377 61 21 8.6274615 13 
25 3.6314211 19 18 8.7338000 15 
11 4.3362353 34 20 8.7728125 32 
3 4.6473889 18 12 9.1618462 13 

31 4.7828750 24 24 9.2956250 40 
22 5.0526190 20 23 9.3714821 56 
16 5.4201429 7 38 10.0854737 19 
9 5.5921607 57 13 10.4082273 22 

14 5.9804737 19 2 10.7215057 87 
10 6.0007692 13 41 10.8463333 48 
17 6.4668387 31 27 11.6827407 27 
1 6.5057568 37 34 12.6260645 31 

 

Phase Two 

The data collected during Phase Two were used to answer the first research 

question in the study: 

1. Is there a relationship between teacher quality and teacher effectiveness in 

7th-grade GTAM Algebra I Honors, as evidenced by residual gains on the 

state end-of-course Algebra I exam? 
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a. Is there a relationship between teachers’ professional preparation 

characteristics and teacher effectiveness in 7th-grade GTAM 

Algebra I Honors? 

b. Is there a relationship between teachers’ subject matter knowledge 

and teacher effectiveness in 7th-grade GTAM Algebra I Honors?  

c. Is there a relationship between teachers’ pedagogical content 

knowledge and teacher effectiveness in 7th-grade GTAM Algebra 

I Honors? 

d. Is there interaction between teachers’ subject matter knowledge 

and teachers’ pedagogical content knowledge in predicting teacher 

effectiveness of 7th-grade GTAM Algebra I Honors teachers? 

During Phase Two, 7th-grade SCPS GTAM Algebra I Honors teachers were 

surveyed using the GTAM Teacher Background Survey (see Appendix A) and the 

Knowledge for Teaching Algebra (KAT) Assessment (see Appendix B). 

Teachers’ professional preparation characteristics.  The GTAM Teacher 

Background Survey addressed research question 1a.  This survey was used to collect data 

for several categories of teacher background characteristics (experience, types of 

workshops attended, types of professional development, education, and certification).  

These data were used to investigate the validity of Null Hypothesis 1: There is no 

relationship between teacher professional qualifications and teacher effectiveness for 

teachers in this study, as evidenced by their students’ residual gains on the state end-of-

course Algebra I exam.  The survey was sent to all 44 GTAM Algebra I Honors teachers.  

It was returned by 23 teachers. 
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Experience.  The first category of teacher background characteristics examined 

was experience.  The variables included are Teaching_Experience (the number of years 

of teaching experience), Taught_GTAM6 (taught the GTAM course that is taken prior to 

GTAM-7), Taught_GTAM8 (taught the GTAM course that is taken after GTAM-7), 

Taught_8th_Algebra (taught Algebra to 8th grade students), Num_Yrs_Exp_Algebra (the 

number of years of teaching experience in Algebra), and Variety_Courses_Taught (the 

number of different courses taught over the career of the teacher).  Table 8 describes the 

means and standard deviations of each of these variables. 

Table 8 

Descriptive Statistics of Experience Variables 
 Mean Std. Deviation N 

Effectiveness Index 6.11 3.642 23 
Teaching_Experience 13.09 9.030 23 
Taught_GTAM6 .26 .449 23 
Taught_GTAM8 .57 .507 23 
Taught_8th_Algebra .13 .344 23 
Num_Yrs_Exp_Algebra 7.17 8.600 23 
Variety_Courses_Taught .957 .82453 23 

 

Table 9 summarizes the results of the correlational analysis to evaluate the 

relationship between teaching experience and teacher effectiveness.  None of the 

correlations between any of the experience variables and Effectiveness Index were 

statistically significant.  

A linear regression was done to determine if teacher experience could predict 

teacher effectiveness (R = .41, R2 = .17, F (5,17) = .69, p > .05).  This analysis showed 

that the relationship between teacher experience and teacher effectiveness is not 

significant. 
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Table 9 

Correlations Between Teaching Experience and Teacher Effectiveness 
 Effecti

veness 
Index 

Teachi
ng_Ex
perienc

e 

Taught
_GTA

M6 

Taught
_GTA

M8 

Taught
_8th_A
lgebra 

Num_
Yrs_E
xp_Alg

ebra 

Variety_
Courses
_Taught 

Pearson 
Correlation 

Effectiveness Index 1.000 .141* -.246* -.244* .082* .082* -.362* 
Teaching_Experience .141* 1.000 .073* -.091* .568** .568** .062* 
Taught_GTAM6 -.246* .073* 1.000 .321* -.224* -.224* .769** 
Taught_GTAM8 -.244* -.091* .321* 1.000 .060* .060** .714** 
Taught_8th_Algebra -.185* .186* .064* -.181* .084* .084* .341* 
Num_Yrs_Exp_Algeb
ra 

.082* .568** -.224* .060* 1.000 1.000 -.050* 
Variety_Courses_Taug
ht 

-.362* .062* .769** .714** -.050* -.050* 1.000 
Note.  *p > .05, **p < .05 

 

Workshops attended.  Another category of teacher background characteristics 

examined was workshops attended in the past three years.  The variables included are 

WS_GTAM_6 (attended GTAM-6 Content Workshop), WS_GTAM_7 (attended 

GTAM-7 Content Workshop), WS_GTAM_8 (attended GTAM-8 Content Workshop), 

WS_EOC_Algebra (attended Algebra I End-of-Course Exam Workshop), 

WS_EOC_Geometry (attended Geometry End-of-Course Exam Workshop), WS_Algebra 

(attended Algebra Content Workshop), WS_Geometry (attended Geometry Content 

Workshop), WS_Technology (attended workshop that taught how to use technology in 

math instruction), WS_Pedagogy (attended workshop that focused on pedagogy of 

teaching mathematics), and Num_Math_WS_3_Years (the number of workshops 

attended in the past three years).  All of these variables were dichotomous and coded with 

a 0 for non-attendance and a 1 for attendance.  Table 10 describes the means and standard 

deviations of each of these variables. 
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Table 10 

Descriptive Statistics of Workshop Variables 

 Mean Std. Deviation N 

Effectiveness Index 6.11 3.642 23 
WS_GTAM_6 .17 .388 23 

WS_GTAM_7 .78 .422 23 

WS_GTAM_8 .35 .487 23 

WS_EOC_Algebra .30 .470 23 

WS_EOC_Geometry .13 .344 23 

WS_Algebra .22 .422 23 

WS_Geometry .09 .288 23 

WS_Technology .22 .422 23 

WS_MS_Math .43 .507 23 

WS_Pedagogy .35 .487 23 

Num_Math_WS_3_Years 4.22 3.411 23 

Tables 11 and 12 summarize the results of the correlational analysis to evaluate 

the relationship between teaching experience and teacher effectiveness. Pearson's 

correlation showed that there were two statistically significant correlations between 

workshops attended and teacher effectiveness.  A moderate negative linear relationship 

exists between WS_GTAM_6 and Effectiveness Index variables, r(21) = -.483, p = .02, 

2-tailed.  Since attendance for this workshop was coded with a number that was larger 

than non-attendance, then this relationship would suggest that attendance was negatively 

related to effectiveness.  A moderate positive linear relationship exists between 

WS_MS_Math and Effectiveness Index variables, r(21) = .510, p = .01, 2-tailed.  Since 

attendance for this workshop was coded with a number that was larger than non-

attendance, then this relationship would suggest that attendance was positively related to 
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effectiveness.  Pearson's correlation showed weak linear relationships between 

WS_GTAM_8, WS_EOC_Algebra, and WS_EOC_Geometry, but none were statistically 

significant.  The correlation showed there was no linear relationship between all other 

variables and Effectiveness Index.  

Table 11 

Correlations Between Workshops and Teacher Effectiveness – Part I 

 
Effecti
veness 
Index 

WS_
GTA

_6 

WS_
GTA
M_7 

WS_GT
AM_8 

WS_E
OC_Al
gebra 

WS_
EOC_
Geom
etry 

WS_Al
gebra 

Pearson 
Correlation 

Effectiveness Index 1.000 -.483 .052 -.341** .208 .078 .046 
WS_GTAM_6 -.483* 1.000 .242 .628 -.054 .163 .036 
WS_GTAM_7 .052 .242 1.00

0 
.164 .120 -.109 .022 

WS_GTAM_8 -.341 .628*
* 

.164 1.000 -.086 .259 -.164 
WS_EOC_Algebra .208 -.054 .120 -.086 1.000 .586*

* 
-.120 

WS_EOC_Geometry .078 .163* -.109 .259 .586** 1.000 .109 
WS_Algebra .046 .036 .022 -.164 -.120 .109 1.000 
WS_Geometry .011 .673 .163 .423* .131 .339 .211 
WS_Technology .033 .036 .022 .058 .110 -.204 -.022 
WS_MS_Math .510* -.171 .037 .096 .373 .181 -.037 
WS_Pedagogy .068 .147 -.058 .233 .311 .259 .058 
Num_Math_WS_3_
Years 

-.076 .452* .319 .308 .184 .168 .503* 

Note.  *p < .05, **p < .01, all other p > .05 

 

A linear regression with all of the workshop variables was done to determine if 

workshops attended could predict teacher effectiveness (R = .82, R2 = .66, F (11,11) = 

1.97, p > .05).  This analysis showed that the relationship between all types of workshops 

attended and teacher effectiveness was not significant. 
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Table 12 

Correlations Between Workshops and Teacher Effectiveness – Part II 

 
WS_Geo

metry 
WS_Tec
hnology 

WS_MS
_Math 

WS_Pe
dagogy 

Num_
Math_
WS_3_
Years 

Pearson 
Correlation 

Effectiveness Index .011 .033 .510* .068 -.076 

WS_GTAM_6 .673** .036 -.171 .147 .452* 

WS_GTAM_7 .163 .022 .037 -.058 .319 

WS_GTAM_8 .423* .058 .096 .233 .308 

WS_EOC_Algebra .131 .110 .373 .311 .184 

WS_EOC_Geometry .339 -.204 .181 .259 .168 

WS_Algebra .211 -.022 -.037 .058 .503* 

WS_Geometry 1.000 -.163 .041 .099 .350 

WS_Technology -.163 1.000 .176 .500* .376 

WS_MS_Math .041 .176 1.000 .280 .258 

WS_Pedagogy .099 .500* .280 1.000 .609** 

Num_Math_WS_3_Years .350 .376 .258 .609** 1.000 

Note.  *p < .05, **p < .01, all other p > .05 

A second linear regression with workshop variables was done to determine if the 

variables that showed statistically significant correlations (WS_GTAM_6 and 

WS_MS_Math) with teacher effectiveness workshops attended could predict teacher 

effectiveness (R = .65, R2 = .42, F (2,20) = 7.29, p = .004).  The variables WS_GTAM_6 

and WS_MS_Math contributed significantly (p < .05) to the model (see Table 13).  Using 

the criterion of variance inflation factors (VIFs) less than 10, there appears to be no 

collinearity difficulties, as all VIFs were less than 2 (see Table 13).   
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Table 13 

Coefficientsa (Model of Workshops to Predict Teacher Effectiveness) 

Model 

Unstandardized 
Coefficients 

Standar
dized 

Coeffic
ients t p 

Collinearity 
Statistics 

B 
Std. 

Error Beta           VIF 

1 (Constant) 5.403 .888  6.083 .000   

WS_GTAM_6 -3.832 1.622 -.408 -2.363 .028  1.030 

WS_MS_Math 3.164 1.240 .440 2.552 .019  1.030 

a. Dependent Variable: Effectiveness Index 

Types of professional development.  The relationship between types of 

professional development that the teacher engaged in and teacher effectiveness was 

investigated by the variables listed in Table 14.  Table 15 describes the means and 

standard deviations of each of these variables. 

Tables 16 and 17 summarize the results of the correlational analysis to evaluate 

the relationship between each type of professional development and teacher 

effectiveness. Pearson's correlation showed none of the variables had a statistically 

significant relationship with teacher effectiveness. 
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Table 14 

Types of Professional Development Variables 

Variable Description Unit of Measure 

PD_College_Courses College courses taken 

 

Number of Courses 

 
PD_Workshop Workshops attended 

 

Number of 
Workshops 

 PD_Conference Conference or professional association meeting attended Number Attended 

 

PD_Observation Observational visit to another school 

 

Number of Hours 

 

PD_Mentoring Mentoring or peer observation within own school 

 

Number of Hours 

 

PD_Committee Member of committee focusing on curriculum, 
instruction, or student assessment 

 

Number of Courses 

 

PD_Discussion_ 
Group 

Member of regularly scheduled discussion group 

 

Number of Hours 
Per Month 

 PD_Collaborative_N
etwork 

Member of a teacher network organized by an outside 
agency or online 

 

Number of Hours 

 

PD_Research Conduct individual or collaborative research 

 

Number of Hours 

 

PD_Ind_Reading Independent reading related to teaching mathematics on 
a regular basis 

 

Number of Hours 
Per Month 

 PD_Math_Curr_Spec Consultation with a mathematics curriculum specialist 

 

Number of Hours 
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Table 15 

Descriptive Statistics of Professional Development Variables 

 Mean Std. Deviation N 

Effectiveness Index 6.11 3.642 23 

PD_College_Courses 1.26 1.738 23 

PD_Workshop 2.48 1.534 23 

PD_Conference .48 .994 23 

PD_Observation .30 1.259 23 

PD_Mentoring 11.70 32.557 23 

PD_Committee .30 .703 23 

PD_Discussion_Group 1.61 1.994 23 

PD_Collaborative_Network .30 1.020 23 

PD_Research 1.57 6.266 23 

PD_Ind_Reading 1.48 2.502 23 

PD_Math_Curr_Spec .57 2.150 23 
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Table 16 

Correlations Between Types of Professional Development and Teacher 

Effectiveness – Part I 

 Effecti
veness 
Index 

PD_C
ollege
_Cour

ses 

PD_
Work
shop 

PD_C
onfer
ence 

PD_O
bserv
ation 

PD_
Men
torin

g 

PD_C
ommi
ttee 

PD_D
iscuss
ion_G
roup 

PD_C
ollabor
ative_
Netwo

rk 

Pear
son 
Corr
elati
on 

Effectiveness 
Index 

1.000 -.053 -.053 -.272 .058 .054 -.191 -.115 -.168 

PD_College_ 
Courses 

-.053 1.000 .105 .372 -.059 .002 .193 .333 .184 

PD_Workshop -.053 .105 1.000 .290 .180 -.085 .196 .436* .310 

PD_Conference -.272 .372 .290 1.000 .351 .109 .693* .282 .478* 

PD_Observation .058 -.059 .180 .351 1.000 -.038 .610* .231 .774* 

PD_Mentoring .054 .002 -.085 .109 -.038 1.00 -.111 -.253 -.068 

PD_Committee -.191 .193 .196 .693* .610* -.111 1.000 .089 .753* 

PD_Discussion_ 
Group 

-.115 .333 .436* .282 .231 -.253 .089 1.000 .173 

PD_ 
Collaborative_ 
Network 

-.168 .184 .310 .478* .774* -.068 .753* .173 1.000 

PD_Research -.069 -.189 .174 -.111 -.052 -.094 -.072 -.211 -.078 

PD_Ind_Readin
g 

-.011 .472* .198 .434 .154 -.097 .353 .549* .190 

PD_Math_Curr
_ Spec 

.292 -.163 -.279 -.005 .236 -.083 .061 -.095 .167 

Note.  *p < .05, all other p > .05	  

 



  

132 

 
 

 

Table 17 

Correlations Between Types of Professional Development and Teacher 

Effectiveness – Part II 

 
PD_Research 

PD_Ind_Readi
ng 

PD_Math_Cur
r_Spec 

Pearson 
Correlatio
n 

Effectiveness Index -.069 -.011 .292 

PD_College_Courses -.189 .472* -.163 

PD_Workshop .174 .198 -.279 

PD_Conference -.111 .434* -.005 

PD_Observation -.052 .154 .236 

PD_Mentoring -.094 -.097 -.083 

PD_Committee -.072 .353 .061 

PD_Discussion_Group -.211 .549* -.095 

PD_Collaborative_  
Network 

-.078 .190 .167 

PD_Research 1.000 -.137 -.069 
PD_Ind_Reading -.137 1.000 -.086 
PD_Math_Curr_Spec -.069 -.086 1.000 

Note.  *p < .05,  all other p > .05 

.377 

.481 

.088 

 

A linear regression with all of the professional development variables was done to 

determine if types of professional development that a teacher engages in could predict 

teacher effectiveness (R = .63, R2 = .40, F (11,11) = .66, p > .05).  This analysis showed 

that the relationship between the types of professional development that a teacher 

engages in and teacher effectiveness was not significant. 

Education.  Another category of teacher background characteristics examined 

was teacher education.  The analysis included looking at the relationship between having 
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a bachelor’s degree in math or math education (Bachelors_Math) with teacher 

effectiveness (Effectiveness Index),  as well as of having a masters degree in math 

education (M_Math_Ed) with teacher effectiveness. Also, an analysis of the relationship 

of having a master’s degree in any field (Has_Masters) with teacher effectiveness was 

conducted.  The final component of teacher education that was analyzed was the number 

of graduate level math courses taken (Num_MathEd_Courses) and the number of 

graduate level math courses taken (Num_Math_Courses). Table 18 describes the means 

and standard deviations of each of these variables.  Table 19 shows the correlation of 

each variable with Effectiveness Index.  Pearson's correlation showed no linear 

relationship between any of the teacher education variables with Effectiveness Index. 

A linear regression was done to determine if having a bachelors degree in math 

plus taking graduate level math education or graduate level math courses could predict 

teacher effectiveness (R = .15, R2 = .03, F (3,19) = .18, p > .05).  This analysis showed 

that the relationship between having a bachelor’s degree in math plus taking graduate 

level math education or graduate level math courses and teacher effectiveness is not 

significant. 

Table 18 

Descriptive Statistics for Teacher Education Variables 

 Mean Std. Deviation N 
Effectiveness Index 6.11 3.642 23 
Bachelors_Math .09 .288 23 
M_Math_Ed .17 .388 23 
Has_Masters .52 .511 23 
Num_MathEd_Courses 1.43 .992 23 
Num_Math_Courses 2.17 1.825 23 
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Table 19 

Correlations Between Teacher Education Variables and Teacher Effectiveness 

 
Effectiv

eness 
Index 

Bache
lors_
Math 

M_M
ath_E

d 

Has_Mas
ters 

Num_Ma
thEd_Co

urses 

Num_Ma
th_Cours

es 
Pearso
n 
Correla
tion 

Effectiveness Index 1.000 .152 .024 .043 .037 .160 
Bachelors_Math .152 1.000 -.142 -.322 .339 .748* 
M_Math_Ed .024 -.142 1.000 .439* .267 -.173 
Has_Masters .043 -.322 .439* 1.000 -.020 -.199 
Num_MathEd_Courses .037 .339 .267 -.020 1.000 .157 
Num_Math_Courses .160 .748* -.173 -.199 .157 1.000 

Note.  *p < .05,  all other p > .05 

  

A linear regression was done to determine if teacher effectiveness could be 

predicted by the number of graduate courses in math and the number of graduate courses 

in math education taken (R = .16, R2 = .03, F (2,20) = .26, p > .05).  This analysis showed 

that the relationship between having the number of graduate courses in math and the 

number of graduate courses in math education taken and teacher effectiveness is not 

significant. 

Certification.  Another category of teacher background characteristics examined 

was certification.  The analysis included looking at the relationship of the type of 

certification (Certification) with teacher effectiveness (Effectiveness Index).  

Certification was a dichotomous variable with a value of 0 for middle school certification 

and a value of 1 for high school math certification. All teachers in the sample held one of 

the two types of certification.  Table 20 shows the mean and standard deviation for this 

variable.  Pearson's correlation showed no linear relationship between Certification and 

Effectiveness Index (see Table 21). 
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Table 20 

Descriptive Statistics for Certification 

 Mean Std. Deviation N 

Effectiveness Index 6.11 3.642 23 

Certification .26 .449 23 

 

Table 21 

Correlations Between Certification and Teacher Effectiveness 

 Effectiveness 
Index Certification 

Pearson Correlation Effectiveness Index 1.000 .020 

Certification .020 1.000 

p (2-tailed) Effectiveness Index . .928 

Certification .928 . 

 

 A correlational analysis was done to determine the relationship between 

holding multiple certifications and teacher effectiveness.  The three areas where teachers 

in the study held multiple certification were math and elementary 

(Mult_Cert_Math_Elem), two math certifications, middle and high (Mult_Cert_59_612), 

and math and science (Mult_Cert_Math_Sci).  Table 22 shows the mean and standard 

deviation for these variables.  Pearson's correlation showed no linear relationship 

between holding multiple certifications and Effectiveness Index (see Table 23). 
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A linear regression was done to determine if teacher effectiveness can be 

predicted by holding multiple certifications (R = .09, R2 = .01, F (3,19) = .06, p > .05).  

This analysis showed that the relationship between having the number of graduate 

courses in math and the number of graduate courses in math education taken and teacher 

effectiveness was not significant. 

Table 22 

Descriptive Statistics for Multiple Certifications 
 Mean Std. Deviation N 

Effectiveness Index 6.11 3.642 23 
Mult_Cert_Math_Elem .3043 .47047 23 
Mult_Cert_59_612 .1739 .38755 23 
Mult_Cert_Math_Sci .0870 .28810 23 

 

Table 23 

Correlations Between Multiple Certifications and Teacher Effectiveness 

 
Effectiveness Index 

Mult_Cert
_Math_El

em 

Mult_Cert_
59_612 

Mult_Cert
_Math_Sci 

Pearson 
Correlation 

Effectiveness Index 1.000 .048 -.074 .049 
Mult_Cert_Math_Elem .048 1.000 -.303 -.204 
Mult_Cert_59_612 -.074 -.303 1.000 -.142 
Mult_Cert_Math_Sci .049 -.204 -.142 1.000 

Note. All p > .05 

 
Table 24 shows the mean and standard deviation for the variable indicating a 

teacher holding national board certification.  A correlational analysis was done to 

determine the relationship between holding national board certification and teacher 
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effectiveness, r(23) = .286, p = .372, 2-tailed.  Pearson's correlation showed no linear 

relationship between holding national board and Effectiveness Index.  

Table 24 

Descriptive Statistics for National Board Certification 

 Mean Std. Deviation N 

Average Residual 6.11 3.642 23 
National_Board .09 .288 23 

 

Summary.  The analysis of  teacher background characteristics data showed that 

the only variables that had statistically significant correlations to teacher effectiveness 

were types of workshops (WS_GTAM_6  and WS_MS_Math). Since these variables 

contributed to a statistically significant linear model that could predict teacher 

effectiveness, Null Hypothesis 1 can be rejected, therefore there a relationship between 

teacher professional qualifications and teacher effectiveness for teachers in this study, as 

evidenced by their students’ residual gains on the state end-of-course Algebra I exam.  

Teacher knowledge.  The KAT assesses teacher knowledge of school algebra 

(Sscore), advanced knowledge (Ascore) of mathematics, and teaching knowledge 

(Tscore).  The survey was sent to all 44 GTAM Algebra I Honors teachers.  It was 

returned by 20 teachers. The mean effectiveness index was 6.479 with a standard 

deviation of 3.597.  The mean Sscore, Ascore, and Tscore were 47.733 (S = 8.334), 

42.420 (S = 7.304), and 45.623 (S = 6.459) respectively. 

Subject matter knowledge.  A correlation was done to evaluate the relationship 

between subject matter knowledge and teacher effectiveness (see Table 25). This analysis 
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was used to address research question 1b.  For this analysis, the two variables Sscore and 

Ascore were used to represent subject matter knowledge.  The results support Null 

Hypothesis 2: There is no relationship between teachers’ subject matter knowledge and 

teacher effectiveness for teachers in this study, as evidenced by their students’ residual 

gains on the state end-of-course Algebra I exam. Pearson's correlation showed no 

statistically significant relationship with either of the subject matter knowledge variables 

and teacher effectiveness. 

Table 25  

Correlations Between Subject Matter Knowledge and Teacher Effectiveness 

 Effectiveness 
Index Sscore Ascore 

Pearson Correlation Effectiveness Index 1.000 .035 -.237 

Sscore .035 1.000 .435 

Ascore -.237 .435 1.000 

Note. All p > .05 

 A linear regression was done to determine if teacher subject matter knowledge 

could predict teacher effectiveness (R = .28, R2 = .08, F (2,17) = .74, p > .05).  This 

analysis showed that the relationship subject matter knowledge and teacher effectiveness 

is not significant.  Based on the results of the correlation and multiple regression 

analyses, Null Hypothesis 2 cannot be rejected. 

Pedagogical content knowledge.  A correlation was done to evaluate the 

relationship between pedagogical content knowledge and teacher effectiveness, r(20) =    

-.291, p = .212, 2-tailed. This analysis was used to address research question 1c.  For this 
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analysis, the variable Tscore was used to represent pedagogical content knowledge. 

Pearson's correlation showed no statistically significant relationship between pedagogical 

content knowledge and teacher effectiveness. The results support Null Hypothesis 3: 

There is no relationship between teachers’ pedagogical content knowledge for teaching 

and teacher effectiveness for teachers in this study, as evidenced by their students’ 

residual gains on the state end-of-course Algebra I exam.  Based on the results of the 

correlation, Null Hypothesis 3 cannot be rejected. 

Interaction between subject matter knowledge and pedagogical content 

knowledge.  Research question 1d refers to the interaction between subject matter 

knowledge and pedagogical content knowledge as a predictor of teacher effectiveness.   

The variables Ascore, Sscore, and Tscore were centered (AscoreC, SscoreC, TscoreC) 

and interaction variables between pairs of these variables (ScAc, ScTc, TcAc) were 

computed.  An interaction variable between AscoreC, SscoreC, and TscoreC was also 

computed (TcScAc).  A linear regression was conducted to determine if the interaction of 

teacher subject matter knowledge and pedagogical content knowledge could predict 

teacher effectiveness (R = .65, R2 = .43, F (7,12) = 1.28, p > .05).  This analysis showed 

that the relationship the interaction of subject matter knowledge with pedagogical content 

knowledge and teacher effectiveness is not significant.  Based on the results of the 

multiple regression analyses, Null Hypothesis 4: There is no interaction between 

teachers’ subject matter knowledge and teachers’ pedagogical content knowledge in 

predicting teacher effectiveness of 7th-grade GTAM Algebra I Honors teachers, cannot 

be rejected. 
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Phase Three 

The data collected during Phase Three were used to answer the second research 

question in the study.  

2. What are the characteristics of teaching quality that promote conceptual 

understanding in 7th-grade GTAM Algebra I Honors? 

The teachers were selected for Phase Three based on the effectiveness scores in 

Table 8. Two groups of teachers were chosen.  The teachers in Group 1 had a negative 

effectiveness index.  A negative effectiveness index indicated that the prediction model 

overestimated effectiveness.  There were six teachers in the district who had a negative 

effectiveness index.  Out of those six teachers, only four were teaching GTAM-7 in the 

2011-2012 school year.  Three out of four of the remaining teachers agreed to participate 

in phase three (see Table 26).  Teachers in Group 2 had an effectiveness index in the top 

25th percentile of the sample. Four participants from this group were selected for Phase 

Three (see Table 26).   

Each of the seven teachers was observed two times within a week.  The researcher 

also interviewed each teacher about the lesson using a semi-structured interview protocol 

(see Appendix D).  

Field notes from observation protocols and transcriptions of teacher interviews 

were used to look for common strategies that promote conceptual understanding of the 

mathematical content and common teacher perceptions of issues related to students and 

the GTAM program. A holistic analysis of all data was done to determine themes 

(Creswell, 2007).  Observation field notes and interview transcripts were read for a first 

pass using a priori categories related to instructional strategies, including multiple 
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representations, collaborative learning, communication, problem-based learning, and 

technology.  Additionally, new categories were developed based on teacher responses to 

the interview questions and observation field notes. The data were clustered according to 

categories and themes were developed. The findings that follow will describe the themes 

in the data clusters.  

Table 26  

Phase Three Participants 

Teacher 
Name 

Effectiveness 
Index 

Group 
Number of Years 

of Teaching 
Experience 

Number of 
Years of 
GTAM-7 
Teaching 

Experience 
Mr. Tate -3.2524667 1 6 3 
Ms. Olsen -1.7042353 1 2 2 
Ms. Bentley -1.0040233 1 3 2 
Ms. Hyde 8.7338000 2 8 2 
Ms. Miranda 8.7728125 2 7 6 
Ms. Cline 10.0854737 2 11 5 
Ms. Tyler 10.8463333 2 15 10 
 

Theme 1: instructional strategies.  Several categories of instructional strategies 

were identified in the data.  They include use of multiple representations, collaborative 

learning, communication, problem-based learning, and technology. 

Multiple representations.  During classroom observations, teachers in both 

Groups 1 and 2 used multiple representations during the lesson.  It was much more 

prevalent in the Group 2 teachers’ classes.  During the interview, each teacher was asked 

about the extent to which they use multiple representations in their GTAM-7 classes.   
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Group 1.  During the observations, only one out of the three teachers in Group 1 

used any type of multiple representations.  Ms. Olsen used dynamic geometry software 

called GeoGebra to show students graphs of linear equations.  She mentioned this 

software during her interview and felt it was important to use when teaching students 

graphing. 

During her interview, Ms. Olsen talked about the importance of allowing the 

students to “see” the math concepts.  She stated, “I'll try to use physical manipulatives 

whether it's counting blocks or algebra tiles.  We do that for factoring so that we can 

actually see it.” 

Mr. Tate felt that he didn’t use multiple representations enough.  He said, “I try to 

do a lot of drawings.  I use manipulatives if I am able to, but in Algebra I don't really feel 

that there's that many.  As far as manipulatives and hands-on group work, not as much.” 

Group 2.  During the interview, three out of the four teachers in Group 2 replied 

that they use some form of multiple representations.  Ms. Miranda said, “I try and use 

them (manipulatives) for algebra and I'll use them throughout the year.  Periodically, I 

use them a fair amount.” She gave examples of what she considered multiple 

representations: Algebra tiles, graphing calculators, and counters.  The teacher was only 

thinking of multiple representations as manipulatives, so the researcher used a probe to 

ask her about other types of multiple representations such as models, drawings, etc.  She 

replied, "I always make them use a table to graph whatever and we'll compare.  We use a 

graphing calculator to compare and contrast.”   

During her observation, Ms. Miranda was teaching the students about square 

roots.  She asked the students to approximate the square root of 32.  Initially, the students 
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did not know how to approach this problem.  Ms. Miranda modeled her thinking.  She 

said, “Go through your list of squares, one squared is one, two squared is four…five 

squared is 25, six squared is 36.  So we know the square root of 32 is between five and 

six.” She then used a visual representation of a number line with the integers on the 

bottom and the squares on the top (see Figure 7).  She asked the students, “What would 

be the best approximation, 5 or 6?  Why?  How many units away from 36 is 32?  How 

many units away from 25 is 32?”, to help guide them in making an approximation. 

 

Figure 7. Number line used as a multiple representation. 

 During the interview, Ms. Hyde revealed that she had an elementary background 

that influenced her philosophy on the use of multiple representations.   

She said,  

I have an elementary background, so I still feel that kids need to do things 

manipulatively.  I think they need to have the ability to move around and 

talk about what they do as opposed to just sitting there listening. 

During the classroom observation, the students in Ms. Hyde’s class used Algebra 

tiles.  They worked with partners to model and solve one-step linear equations, such as 2x 

= 12.  This was a major portion of one lesson, as it took up one-third of the class period 

for students to complete the modeling investigation.  First, Ms. Hyde modeled problems 

on the board with virtual algebra tiles, and then the students used algebra tiles at their 

desks to model similar problems.  As the activity progressed, she put the visual 
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representation of the equation on the board using the virtual algebra tiles, and then the 

students had to write the corresponding equation and solve it. 

Ms. Hyde also stated that she often used graphs (using dynamic geometry 

software) so that students can “see the movements of it.” 

Although Ms. Cline did not use multiple representations during the observation, 

she did state that used algebra tiles.  Similar to Ms. Hyde, she felt it was helpful for 

students to “see” the mathematics that they were learning.  She said, “I like the algebra 

tiles, especially when we're factoring because they can see it.” 

Collaborative learning.  Teachers in both Groups 1 and 2 used collaborative 

learning.  The teachers used it to allow students to practice content that had already been 

taught, as well as to learn new content.  Teachers in Group 1 had a difficult time getting 

the students to work collaboratively, while the teachers in Group 2 had more success. 

Group 1.  During the observations, Mr. Tate’s students were organized into 

groups of three.  He did not specifically instruct students to work together to solve the 

problems he was presenting on the board, and although they sat together, the students did 

not work collaboratively.  On day two, he let them work on problems independently.  

Even though students were organized into groups of three, on a few students were 

observed helping each other.   

During his interview, he stated that his intention was to have them sit together so 

that they could help one another if necessary.   

He said,  

They sit in groups. I pair them in groups of three.  So they’re supposed to 

talk to each other and help.  One person at least hopefully knows how to 
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do it if somebody else is confused, then they’re supposed to help each 

other.  They do help each other, but not as much as I always hoped. 

 Ms. Bentley talked about her use of collaborative learning.  This is a strategy that 

is being required of her by her principal.  She stated, “Our principal is really keen on 

doing small groups.  Last year it was a lot different, I didn't do much small groups.”  She 

also said that she did not have good results last year when trying to have the students 

work collaboratively.   

She said,  

Last year a lot of my kids liked to work by themselves rather than in 

groups. If they feel they were getting slowed down by somebody else, they 

wanted to work by themselves.  I gave them the opportunity, if you want 

to work with somebody, go ahead and work with somebody, but most of 

them chose to work by themselves. 

Ms. Bentley indicated that she uses collaborative learning after she has taught a 

concept rather than to facilitate learning of new content.  

When asked how she decides when to use collaborative learning, she said: 

I like to give a lesson first, you know, have them facing the board, just 

doing the lesson, and then when they go up and do the practice ones, I 

have them in groups and I have them work together with each other. 

During her observation, Ms. Bentley had students working collaboratively on 

solving practice problems on a concept that she had taught in the days prior to the 

observation.  As the students worked on the problems, she circulated around the room, 
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but she spent the majority of her time with one particular group of students who seemed 

to be struggling with the problems. 

Ms. Olsen talked about using collaborative learning during her interview, but 

there was no evidence of it during the observations.  Her students were sitting at tables of 

two, but they did not do any collaborative work.  She stated that the use of collaborative 

learning is a new strategy that she is trying this year. 

She said, 

I usually sit the kids in rows and individually so they're not touching and 

they have their own personal space, but I switched this year to pair them.  

I've paired them to people who either are both weak and they're sitting in 

the front.  Some kids are new; I pair them with ones who are helpful. If 

they are talkative, then they sit with someone who is dead silent. 

 When she was asked how she decides when to use collaborative learning she said, 

I give a person who doesn’t know how to do the math a person who does 

know the math paper so they understand, as they’re reading it, they’re sort 

of learning how to do it and they explain.  They can grade them on how 

well they understand their material.  Someone who knew the material 

completely might get someone who doesn’t know it at all and then they 

can help them by writing little comments like what do you mean by this, 

you have this wrong.  And, they kind of help each other without even 

knowing it. I do that every chapter, usually at the end. 

Like Ms. Bentley, Ms. Olsen also uses collaborative learning after she has taught 

concepts instead of to help students learn new content.  She stated, “There are times when 
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I do groups of four, groups of five, and that's usually towards the end when I kind of 

bring every section of the book together and do like station work.” 

Group 2.  All of the teachers in Group 2 said they used some form of 

collaborative learning.  Two of the Group 1 teachers use collaborative learning in the 

same fashion as the Group 1 teachers, for practice after concepts have already been 

taught.  Two of the Group 2 teachers use collaborative learning to facilitate learning of 

new concepts. 

Ms. Miranda said that she used collaborative groups as much as she could.  She 

said, “I use it because it's like that whole constructivism kind of concept.  I always 

gravitated toward constructivism."  Throughout the two days of observation, Ms. 

Miranda used collaborative learning to teach new content and to review previously 

learned content. On the first day, during her lesson, as she presented students with 

problems, she would have them compare and discuss their answers with their neighbors.  

During her interview, she said, “When I teach, I like them to help each other.  You know, 

I use them as a resource like all the time in all my classes.  I let them talk.”  

On the second day, students were reviewing for a test.  She allowed them to 

choose their own groups.  She gave them a chart paper to fold into quadrants and each 

person in the group had to write their work in their own quadrant.  She told them that 

students would be graded individually, so they should work together, but everyone 

needed to show their own work individually. 

 Ms. Miranda believed that this strategy worked well with her students once they 

got into more complex concepts.  She stated, “For a high level kind of class, once they 
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have the basics, like the first couple of chapters on operations, it works really, really 

well.” 

 Ms. Hyde used collaborative learning throughout the two days of observations.  

On the first day, she had students work in pairs to investigate solving equations with 

algebra tiles.  This collaborative learning activity was used to teach students how to solve 

equations and then she shifted to whole group instruction for practice examples.  During 

her interview, she said, “I think pair-share is one of my favorite strategies, I love to use 

it.” 

 At the end of the lesson, the teacher had students complete a “Ticket Out the 

Door” as a closure activity.  The second question asked the student how many groups of 

algebra tiles they needed to create to solve the equation 3x = 12. 

Ms. Hyde used collaborative learning on the second day to help students identify 

their misconceptions based on their “Ticket Out the Door.”  On the second day of 

observations, as the students arrived to class, they put in two groups based on the “Ticket 

Out the Door” answer to question 2.  Some students answered that they would need 3 

groups of algebra tiles and some students answered that they would need 4 groups.  She 

instructed them to discuss their answers and report out.  Most of the students in the class 

were in the group with the wrong answer.  During the discussion, some of the students 

realized that they were wrong and tried explaining it to the others in the group. One 

student said, “Yeah, we solved for x instead of what the question asked.”  After working 

together, the group had identified the mistake they made and corrected it. Then a student 

from the group came up to the board and drew the solution on the board.  Ms. Hyde also 
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asked the student to explain what he just did and why that answered the question.  The 

student replied, “To get to the answer of 3, we had to create 4 groups.” 

Collaborative learning was not used during the observations of Ms. Tyler and Ms. 

Cline, but in their interviews, they did state that they used it. 

Ms. Tyler uses collaborative learning for practice, not for students to initially 

learn the concepts.  "I typically do not let them learn with a partner.  You know, I teach it.  

It's typically teacher directed."  She did say that the next step for students in this unit 

would be for students to work in groups to problem solve.   

Ms. Cline also uses collaborative learning to practice previously taught concepts.  

She said, “When we review for a test, they'll work in groups and take a practice test.  

They'll share answers. If they're stuck they'll do peer things, like you know, turn around 

and see what the mistake is.” 

Communication.  The teachers in both groups used various forms of 

communication (verbal and written) among their students.  Within the category of 

communication were two other sub-categories: the use of vocabulary and levels of 

teacher questions. 

Group 1.  Two teachers in this group expressed their difficulty with getting 

students to communicate verbally.  Mr. Tate said, “They do help each other, but not as 

much as I always hoped.”  Ms. Bentley stated, “They don't even talk to each other much.  

I was like, you're in groups for a reason, but they don’t want to, they like to work by 

themselves.” 

Ms. Olsen talked about the importance of students’ ability to read another 

student’s work and understand what they are reading so they can learn from it.  She said, 
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“I give a person who doesn’t know how to do the math a person who does know the math 

paper, so they understand, as they’re reading it, they’re sort of learning how to do .” 

Mr. Tate tried to use journals in the past to have students reflect on what they 

learned in class, but he stopped.  He said, “I really don't think I did it long enough to see 

if it was effective.”  When asked why he stopped, he said, “Just not enough time.  I feel 

going through the problems is more effective for them to do well on the test than for them 

to reflect on through writing.” 

Group 2.  The teachers in this group felt that communication was important for 

students’ learning.  Ms. Miranda said, “My kids are usually chatting or talking.  I want 

them to talk.”  During the observations on both days, Ms. Miranda’s students were 

engaged in communication about mathematics.  She had clear expectations for what kind 

of communication was allowed in class.  She told them, “If I hear you talking about 

something other than math, you will work alone.”   

Ms. Tyler felt that allowing her students to openly communicate when they felt 

the need was important for their success in her class.  When asked how she used 

communication with her students, Ms. Tyler said, “I feel like my class is pretty open.  If 

they want to share or they have something to tell me.  I want them to feel comfortable.  I 

feel like that's why my students thrive, not from the technology, more from just the 

environment that I create in my classroom.”  This was evidenced during the classroom 

observations when one of her students asked a question that was unrelated to the daily 

objective.  The student asked, “If pi is the ratio of a circles circumference to it’s diameter, 

and rational numbers are numbers that can be expressed as a fraction, and if pi is 

irrational, how can it be expressed as a fraction of c/d?”  The teacher allowed students to 
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discuss this and encouraged the discussion even though it wasn’t part of the daily 

objective. 

Ms. Hyde used different forms of communication in her class during the two days 

of observations.  On the first day, students were working together in pairs and were 

discussing how to model the problems.  Also, on the second day, they worked in larger 

groups to discuss their misconceptions and correct them.  She felt they were capable of 

engaging in mathematical discourse that would further their learning.  During the 

interview, she said, “And with these guys, last week they had this conversation that was 

amazing, and they were challenging each other.  I just kind of let them run the 

conversation.” 

Ms. Hyde also used written communication to check for student understanding.  

They had to complete a “Ticket Out the Door” where they had to solve a modeling 

problem and explain their solution.  She stated that she used this strategy once or twice 

per week.  

Ms. Hyde felt strongly that having her students communicate their explanations 

was important for them.  She said, “Communication wise, I try to push them to explain 

what's going on, even if it's very repetitive.”  She uses written communication on her 

exams to help her students understand the process of the mathematics that they are doing.  

She stated, “There's always one or two short or extended response type questions that 

they have to do the math, but then they also have to explain how the answer relates to 

what they did.” 

Ms. Cline also felt that it was important for students to understand how to 

communicate their answers.  When asked to what extent she uses communication in her 
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class, she replied, “When I ask them how do you solve it, what was your first step.  I try 

and pick on them to tell me how do you solve it, especially when they make a mistake.”  

She also felt it was important for them to be able to read written communication in the 

form of their textbook.  She stated, “Just in case they didn't understand what I said, now 

they can look at the textbook and figure out what it's telling them.” 

Vocabulary.  The teachers in Group 1 paid less explicit attention to vocabulary 

than the teachers in Group 2.  There was no reference to vocabulary during the 

observation of Mr. Tate.  Ms. Bentley specifically eliminated all vocabulary and writing 

questions from students’ work in class.  She did not attend to vocabulary during her 

lesson. For example, she told the students, “The graph of x = 9 is a straight line going 

down,” instead of using the proper vocabulary term, “vertical.”  During her warm-up 

examples, she asked the students for the range of a function, but when the class was 

going over the problems, the word “range” was never even mentioned. 

Ms. Olsen did question students about vocabulary terms, but she was not precise.  

For example, she asked the students what an intercept was.  The student replied, “points 

on the x- and y-axis.”  She then wrote on the board, “x-intercept – point on y axis, y-

intercept – point on x-axis.”  A more precise definition of an x-intercept would have 

been, “he x-intercept of a line is the point at which the line crosses the x axis.”  When she 

began talking about parallel lines, she asked students for examples in real-life.  Students 

gave her some examples (train tracks, lined paper, road lanes, parking spots, power lines, 

equal sign).  She never formally defined parallel lines for the students. 

The teachers from Group 2 paid more explicit attention to vocabulary in their 

lessons.  Ms. Tyler’s class was solving equations.  At the beginning of the class, she gave 
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them definitions of the properties of equality that they would need to solve equations and 

she required them to use the proper terms when they were presenting their solutions to 

her.  For example, one student gave the explanation that he used the “thingy” to 

transform an equation.  She said, “the thingy, what’s the thingy?”  The student replied, 

“the multiplication property of equality.” 

Similarly, Ms. Hyde required the students to use the proper vocabulary words to 

explain steps in solving equations.  She asked the students, “What tells us that we can add 

the like stuff together?” The students replied, “commutative property.”  Ms. Hyde also 

used proper vocabulary to correct her students when they used an imprecise term.  For 

example, the students had to combine negative and positive numbers together, and if they 

had the same absolute value, they said, “They cancel out.”  She corrected them several 

times by saying, “They don’t cancel out; they equal zero.” 

Ms. Tyler and Ms. Miranda pointed out differences between terms to help 

students understand vocabulary.  For example, Ms. Tyler asked students, “What’s the 

difference between solve an equation and simplify an expression.”  Ms. Miranda 

discussed the difference between finding the square of a number and finding the square 

root of a number. 

Ms. Hyde and Ms. Miranda had students define vocabulary words for their warm-

up activity.  Ms. Hyde had the students look the definitions up in the textbook.  Ms. 

Miranda had students define the words based on their prior knowledge and then after the 

lesson had the students go back and reflect on and revise their original definitions. 

Ms. Miranda explicitly stated to her students that vocabulary would be important.  

When introducing a question that she thought might include a word the students didn’t 
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understand, she brought attention to it.  When she asked the students to approximate a 

square root, she said, “Does everyone know what approximate means?”  Then she told 

them, “it’s like about.”  Ms. Miranda also required the students to use the name of the 

property they were using when solving problems. 

Questioning.  During the observations, teacher questions were classified 

according to Webb’s Depth of Knowledge model (see Figure 8).  The model can be used 

to analyze the cognitive expectation demanded by standards, curricular activities and 

assessment tasks (Webb, 1997).  Each level reflects the depth of knowledge required to 

complete the task.   The distribution of the question types is shown in Table 27.  Only 

levels one, two, and three were used since the nature of level four questions imply long-

term questions (design, synthesize) and were not observed during the study. 

None of the Group 1 teachers asked any strategic thinking questions.  In contrast, 

the percentage of level three questions among Group 2 teachers ranged from 14% to 

43%. Ms. Olsen and Ms. Bentley had a fairly strong concentration of the lowest level 

questions, recall.  Ms. Hyde had a fairly even balance of all three levels of questions. Ms. 

Cline asked no level two questions, however she had the highest percentage of level three 

questions. 

Some examples of each type of question are illustrated in Table 28. 
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Figure 8.  Webb’s Depth of Knowledge levels (Webb, 1997). 

Table 27  

Distribution of Teacher Questions According to Webb’s Depth of Knowledge 

Teacher Name 
Level One 

Recall 
(% of Questions) 

Level Two 
Skill/Concept 

(% of Questions) 

Level Three 
Strategic Thinking 
(% of Questions) 

Mr. Tate 38 62 0 
Ms. Olsen 75 25 0 
Ms. Bentley 69 31 0 
Ms. Hyde 37 32 31 
Ms. Miranda 61 25 14 
Ms. Cline 57 0 43 
Ms. Tyler 56 33 11 
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Table 28  

Examples of Teacher Questions According to Webb’s Depth of Knowledge 

Teacher 
Name 

Level One 
Recall 

(% of Questions) 

Level Two 
Skill/Concept 

(% of Questions) 

Level Three 
Strategic Thinking 
(% of Questions) 

Mr. Tate What is m? 

What is b? 

What do I do next? 

Write an equation. 

 

Ms. Olsen What’s rise, x or y? 

What kind of slope is it, 
positive or negative? 

How do I find slope? 

How do I find the x-
intercept? 

 

Ms. 
Bentley 

Your domain is x or y? 

What kind of graph is 
that? 

Graph y = 3x +1  

Ms. Hyde What’s the opposite of 
subtraction? 

If this is multiplication, 
what’s the inverse? 

How is this equation 
different from the one 
before? 

Why did we add a? (x – 
a = b) 

Explain your 
reasoning? 

How would you 
determine your least 
and greatest profit? 

Ms. 
Miranda 

What is the square root 
of 25? 

Find the square root of 
9. 

What’s the difference 
between an integer and a 
whole number? 

Approximate the square 
root of 32. 

Explain your thought 
process. 

What is wrong with 
this solution? 

Ms. Cline What are like terms? 

What’s a reciprocal? 

 The answer is 4, why? 

Where is your 
mistake? 

Ms. Tyler What is the coefficient 
of b2? 

What property is this? 

Explain the relationship 
between 1/3 and -3/1. 

What would be the 
equation for this 
problem? 

Describe your 
solution method. 

How do I know that is 
the correct answer? 
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Problem-based learning.  None of the teachers in either group were observed 

using problem-based learning, however, three of the teachers from Group 2 allowed their 

students time for problem-solving during class.   

Group 1.  When asked about the extent to which they used problem-based 

learning, two out of the three teachers in Group 1 stated they did not really use that 

strategy.  Mr. Tate said, “I haven’t done that.”  Ms. Bentley stated, “Well, my teaching is, 

I do an example first, I follow the example.  Then I give them a problem to do.  So, they 

look at the problem they did before and try and solve that problem themselves.”  This 

response demonstrated that she does not use problem-based learning with her students. 

Ms. Olsen stated that she does use problem-based learning activities that the 

district provides with her students.  For example, during the interview she said, “I do use 

BEEP and the wiki (district resources), there are different investigative learning 

activities. I also use the extended response, the performance assessment, as well as the 

writing task.”  However, during the observations, Ms. Olsen’s students did not engage in 

problem-solving activities. 

Group 2.  Ms. Tyler’s stated objective was “Students will be able to solve word 

problems by writing and solving algebraic models.”  Students spent 58% of the class 

period problem-solving by working on word problems individually.  When asked about 

what the students did previous to the observations, she said, “We did some problem-

solving, not using any specific model, where we’re looking at important information and 

trying to solve.”  When she was asked what was the next step for her students in this unit, 

she responded, “They’re going to group and they’re going to work in partners and do 
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problem-solving.”  During the interview she stated, “I like to incorporate word problems 

as much as I can.” 

Similarly, Ms. Hyde allowed students time for problem solving during the 

observation.  The students were investigating how to solve equations using algebra tiles.  

They worked in pairs.  This problem-solving activity accounted for 32% of one class 

period.  When asked about problem-based learning during the interview she said, “I try to 

get into application at least every period, if not every lesson.” 

During the observation, Ms. Miranda’s students were engaged in problem solving 

while they were reviewing for their test.  This accounted for 56% of one class period.  

During the interview, she responded that she does use problem-based learning with her 

students.  She said, “I sometimes like to give them a question, see if they can get it, and 

then teach the concept after.”  She noted that when she is teaching linear equations, she 

will begin with a problem first and then apply the concept of linear equations.  She said, 

“I'll put up a word problem, you know, cell phone or something.  Then they'll just figure 

it out.  Then I'll take that and we'll apply that to a linear problem.”  She stated that she 

uses this strategy frequently with her students.  She said, “I'll do it with my warm-ups, 

too.  I'll give them a problem and I'll say you can figure it out to see if they can do it.” 

Ms. Miranda uses a folder of challenge questions for her students to work on 

whenever they have some free time.  She said that some of the skills and content they 

address are things the students have not learned yet, but “some of them but some of them 

can kind of just figure out.”  During the interview she stated that she reviews these 

problems periodically, for example, weekly because, “some of them are really 

challenging and take them a couple of days just thinking about it.” 
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Technology.  The use of technology was mixed among the different teachers.  

Some teachers used it to teach concepts, but most had students use technology to practice 

the skills they had already learned. 

Group 1.  Ms. Olsen projected graphs on the board using dynamic Geometry 

software during the classroom observations as a tool to show students what graphs should 

look like after the students had an opportunity to graph the line.  She used it as a way that 

students could check their work.  During her interview, Ms. Olsen elaborated on many 

different types of technology that she incorporates into her instruction.  She said, “I'm in 

the computer lab once a week with the students.  We use GeoGebra, Khan Academy, 

Manga High, Edmodo, and.  Promethean clickers.”  When asked if she uses it for 

instruction or practice, she replied, “both.” 

Mr. Tate and Ms. Bentley did not use technology during the observations.  Mr. 

Tate was apprehensive about allowing students to spend time in class to use laptops.  He 

said, “I do not usually get the laptop carts because the pacing is so fast, I never have time 

to do anything more, to teach, to spend more than one day on a single section.”  He does 

use 3D Rover technology once in a while, but when he was asked if it was connected to 

what the students were learning, he said, “It’s probably enrichment.  Most of the rover 

stuff is geometry, but sometimes there's algebra stuff.”  Also, he said that he instructed 

students to use technology at home for additional practice.  He said, “I give them things 

they can do at home online.  I tell them to go to BEEP (district portal) and look at online 

tutorials, or the Khan Academy.” 

Ms. Bentley said she liked a resource that her school had access to called Gizmos.  

They are applets that demonstrate concepts.  She did not have enough computers in her 
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class, so she doesn’t get to use them much.  She stated, “I tried to start the Gizmo's stuff, 

but I just haven't had the laptops in here so it's kind of hard because that's the only 

computers we have.” 

Group 2.  The Group 2 teachers also had a varying level of use of technology in 

the class.  Ms. Tyler said that she does not use technology much in her class.   

Ms. Cline uses it once in a while for students to practice skills.  She said,  

We've gone to the computer lab twice this year.  We don't do any math on 

it, you know, like a lesson or anything, but it's just for them to use the 

resources to do the math.  They've done online tests, that little EOC thing 

that they do.  They access their textbooks, make sure they know how to 

get everything from there. 

 Ms. Hyde expressed an interest in increasing her use of technology with her 

students.  She said, “I'm learning, and I'm trying to get some grants going, that maybe 

could bring tablets into the classroom.”  She mentioned that she uses an app that helps 

students practice for their end-of-course exam.  During the classroom observation, she 

was using virtual manipulatives on her interactive white board to guide students in using 

physical manipulatives (algebra tiles) to solve equations.  She also uses technology with 

her students to practice skills that they have already learned.  She said, “At the end of a 

chapter, I get the laptop cart and pull online resources that the book has so they can 

practice skills, see where their weaknesses are, how does this work, how does that work.” 

Ms. Miranda did not use technology with her students during the observation, but 

mentioned during the interview that she uses National Library of Virtual Manipulatives, 
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BEEP (district portal), and graphing calculators (after her students learn how to graph by 

hand). 

Theme 2: student errors.  There were several categories in this theme related to 

student errors.  They include:  anticipating student misconceptions, attending to student 

errors/misconceptions, and checking for understanding.   

Anticipating student misconceptions.  There was a big difference between the 

two groups of teachers in this area.  The teachers in Group 1 didn’t seem to be aware of 

common misconceptions that students make in the content they were teaching.  Also, 

they did not mention anything during the interview that pertained to this. 

On the contrary, the Group 2 teachers seemed to be aware of common 

misconceptions that students make with the content they taught during the lessons.  For 

example, during the observation, when Ms. Tyler was going over some homework 

problems, although no students requested to go over this particular problem, she brought 

it up to the class.  The problem stated, “Which statement is true for all real numbers a and 

b?”  It was a multiple choice problem and the correct answer was |a| x |b| = |a x b|.  One 

of the students volunteered his correct answer.  Ms. Tyler asked, “What’s your thought 

process?”  She made the student explain his thinking and she elaborated with examples 

going through all the possible combinations of positive and negative numbers for a and b.  

When asked about this in the interview, she said that she knew her students would not be 

able to prove this formally, so she wanted to show them that it would work in all cases 

for combinations of positive and negative numbers.  She said that she selected to review 

this problem because she knew that students would have a problem with it.   
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In another problem, she pointed out another common misconception that students 

make when finding perimeter.  The students were presented with a rectangular figure.  

The length was labeled with the expression, 6x-3, and the width was labeled c.  She asked 

“Did anyone write 6x-3+x for the perimeter? You have to remember there have to be two 

of each side.”  She realized that students often forget to include the sides that are not 

labeled on the diagram in the perimeter. 

Ms. Cline also anticipates common student misconceptions.  For example, she 

gave students the following problem: -3=12y-5(2y-7).  Students often forget to include 

the negative when distributing the 5 to the expression in parenthesis.  When presenting 

students with the solution to this problem, she said, “Don’t forget to take the whole thing, 

including the negative when you distribute.”  During the interview, she was asked about 

this.  She said, “After you teach it for a while, you just kind of anticipate, like you know, 

when you're checking their test papers or when you go over homework.”   

Ms. Miranda also seemed to anticipate where students would make errors.  On the 

second day of the observation, the students were working in groups to review for test.  As 

Ms. Miranda was circulating she would answer groups questions.  If the group didn’t 

have any questions, she was asking students if they were able to do the set theory 

problem.  She anticipated that the groups would have trouble with this one and was 

probing to see if they really understood it. 

Ms. Hyde also addressed a common misconception during the observation.  She 

presented the students with the following problem: r/4 = 7.  She told the students that “r/4 

really means 1/4 r” so that they would be able to apply the properties that they learned to 

solve the equation. 
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Attending to student errors/misconceptions.  The way the teachers in each group 

dealt with student errors and misconceptions was very different.   

Group 1.  Two of the Group 1 teachers had a difficult time with this.  Mr. Tate 

had difficulty understanding when his students were struggling with concepts, and how to 

answer their questions.  For example, a student in his class had a misconception about the 

y-intercept of an equation.  Mr. Tate wrote y = 2x+3 on the board.  The student asked 

about the number 3, “It’s a starting point?”  Mr. Tate replied, “Yeah, you can think about 

it as a starting point if you want.”   This can cause major misconception because a line is 

infinitely long and there is no starting point.  The teacher could have clarified this as a 

point on the graph that can be used to calculate slope if you count to the next point on the 

graph.  He never addressed the misconception and allowed the student to believe this is 

where the graph starts.   

In another example, he wrote. (-3,-11) m = ½.  He wanted students to write the 

equation of the line.  He asked, “Who can tell me what I’m going to do?”  A student 

asked, “Isn’t b the y-intercept?”  Mr. Tate replied, “We don’t have the y-intercept.”  The 

student asked, “Isn’t it -11.”  Mr., Tate replied, “No that’s a point on the line.”  Then Mr. 

Tate worked out the example and found the y-intercept to be -19/2.   The student clearly 

did not understand the concept of the y-intercept of an equation, but he did not address it.  

He just worked out the solution and moved on to the next example. 

During the observation, his students were confused about the slope-intercept form 

of the equation.  He explained that plugging in 0 for x will give you the y-intercept, but 

he did it very abstractly.  He just used the form of the equation, rather than doing specific 

examples (see figure 9).  After he did this, it was clear that his students were still 
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confused.  One student asked, “If b is the y-intercept, then wouldn’t y always equal b?”  

Mr. Tate did not answer the question, but instead began working out a specific example.  

He wrote the equation y = 2x + 1.  He made a table of values choosing -1, 0, and 1 for x, 

then solving for y.  He circled the line in the table with (0,1) and asked “What’s this? This 

is my y-intercept, right?”  He answered the question for the students.  He did not check 

for understanding and moved on to the next example. 

y =mx + b
y =m(0)+ b
y = b

 

Figure 9.  Mr. Tate’s explanation for finding y-intercept 

In another example, Mr. Tate wrote “Write an equation. f(4)=13, f(0)=2.”  A 

student said, “I still don’t get the f thing” (referring to function notation).  Mr. Tate 

replied,  “f(x) means the value of f at x.  f(x) is another way to say y.”  Figure 10 

illustrates what he wrote on the board. 

Then he started to explain it using a pizza.  “Think of x as a conveyor belt.  If I 

put a cheese pizza on this conveyor belt, it will get a certain topping.  If I put it on a 

different conveyor belt, it will get a different topping.”  He then wrote on the board (see 

Figure 11). 

f (4) =13
(4,13)
(x, y)

f (0) = 2
(0, 2)
(x, y)

 

Figure 10.  Mr. Tate’s explanation to student’s question about function notation. 



  

165 

 
 

 

f (x) = 3x +1
f (2) = 3(2)+1
f (2) = 7

 

Figure 11.  Mr. Tate’s continued explanation to student’s question about functions. 

Mr. Tate said, “So this would give me a pepperoni pizza. f(1) would be a different 

conveyor belt and would give me a different topping.”  This example was completely out 

of context from the example about which the student had a question, and the students did 

not seem to respond to the pizza analogy.  Without any further explanation, Mr. Tate 

went back to the original example (Figure 10) and solved it, writing y = 11/4 x + 2.  The 

student said, “I thought the y-intercept was 4.  Before you said f(x) = y, so why isn’t y 

four?”  Mr. Tate went back to his example f(x) = 3x + 1, f(2) = 7.  The student asked, “So 

7 is the y-intercept?”  Mr. Tate said, “no.”  The student asked, “So 7 is the y-intercept of 

f(2) = 7?” Mr. Tate replied, “No, 7 is the y part of the point.”  The issue was dropped and 

the class moved on.  It seemed that the teacher had difficulty understanding what the 

student was asking, therefore was not addressing his question. His students clearly do not 

understand the concept of the y-intercept of an equation, but he does not address it and 

continued with his lesson. 

Ms. Bentley also had difficulty dealing with her students’ errors.  During the 

observation, when students got something wrong, she would just keep asking the same 

question again until the student got it right.  So they knew the answer was wrong, but she 

does not guide them to the correct answer.  For example, a student went up to board to 

graph (0,3) but he graphed (3,0).  Ms. Bentley asked, “Where is (0,3)?”  The student 

pointed to (3,0).  Ms. Bentley said, “That’s (3,0), where’s (0,3)?” She did not use any 
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probing questions to guide student to the right answer.  She just told him he was wrong 

and made him try again. 

Group 2.  The teachers in Group 2 dealt with student errors differently.  For 

example, Ms. Hyde allows students to make errors and tries to use their errors to figure 

out how to address them.  In her interview, Ms. Hyde stated, “If they are not headed in 

the right direction, I will kind of let them go that way until we see where we do need to 

make that turn or where we made maybe a pitfall and have to go back.” 

Conversely, Ms. Cline tries to avoid allowing students to make errors.  During her 

interview, she said, “I try to point out their mistakes before they make it in order to avoid 

it and it goes faster because there's a lot of material.”  She explicitly points out common 

errors during her lesson as to try and prevent her students from making those errors. 

While going over the homework, one of her students made an error.  Ms. Cline 

asked him step-by-step what he did to solve the problem so she could determine where he 

made his error.  Then she used probing questions so he would get the correct answer and 

discover his own mistake.  During the observations, as students made errors, Ms. Cline 

addressed them in this manner.  Ms. Tyler also followed a similar method of addressing 

student errors.     

Checking for understanding.  Some of the teachers from each group were 

observed checking for student understanding during the lesson.  They used multiple 

strategies for assessing students’ progress during the class.   

Group 1.  Ms. Olsen checked for student understanding and adjusted her lesson 

plan because she felt that her students did not grasp the objective from the previous day.  

The students were supposed to take a quiz, but instead she gave them multiple examples 
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for additional practice with the concepts they were struggling with.  During the interview 

she stated, “It was a review because I noticed both on the homework and I had kids 

coming, they would email me after school and say, I just don't understand this, can we go 

over it again?” 

Mr. Tate struggled with checking for student understanding.  During the 

observation, it was evident that the students were struggling with the concept of the y-

intercept of an equation.  Mr. Tate asked, “You guys understand what’s going on here?  

Because I feel like you’re confused.”  A student replied, “It would be easier if we could 

use decimals.”  Mr. Tate said, “It’s more standard to keep it in fractions.  If you want to 

use decimals, you can use decimals, but you understand the process?”  The student 

replied, “yes.”  Based on the student’s response, the student obviously has a 

misconception about slope.  Mr. Tate does not address it and he missed the opportunity to 

correct the student’s misconception and talk about slope as a ratio.  Instead he allows him 

to think that decimals are an appropriate format to represent slope.  Also, rather than 

doing some kind of formative assessment, he accepts the students answer about 

understanding the process and moves on. 

Group 2.  All of the Group 2 teachers either talked about checking for student 

understanding during the interview or were observed checking for understanding during 

the observations.  They used a multitude of strategies to check for student understanding. 

When Ms. Tyler was asked how she thought the lesson went, she said, “It think 

they did great.  I saw what they were doing, they were doing it when I walked around.  

They were doing what I modeled.”  During the observation, she walked around and asked 

students questions to check for their understanding.  Ms. Miranda also followed this same 
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format of walking around, looking at students’ work, and then asking questions to check 

for understanding. 

Ms. Cline stated that she uses homework to assess whether students master the 

concepts or not.  When she was asked how she felt the lesson went, she said, “I think that 

they did (get it), but it's just hard until tomorrow when I check the homework.  That's 

when I know who got it, and who didn't.” 

At the end of class, Ms. Hyde had her students complete a “Ticket out the door.”  

The students had to respond to two conceptual questions about modeling equations with 

algebra tiles on a post-it note and stick them on a piece of chart paper as they left the 

class.  When asked about them during the interview, she said, “Tickets out the door, I'll 

do once or twice a week, and then I like to bring it back to them the next day so they 

understand the whole meaning of it.”  After the students left class, Ms. Hyde read all of 

the student responses and grouped them according to their responses on the ticket.  On 

the second day of the observation, Ms. Hyde grouped the students together to analyze the 

answer they got and to defend their answer to the other group.  By the end of the activity, 

the group with the incorrect answer found their error and corrected it. 

Ms. Hyde also used a note taking guide with her students.  This is a companion 

book to the textbook.  It has skeleton notes with blank spaces for students to fill-in the 

appropriate responses to complete the notes.  Ms. Hyde uses the note taking guide 

because it is easy for her to see if students are making mistakes.  During the interview she 

said, “The note taking guide does have problems for them to practice, so it gives me a 

good idea that I can quickly and formatively assess who is doing what they are supposed 

to.” 
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Theme 3: conceptual vs. procedural approach to content.  This theme 

consisted of categories including procedural, conceptual, making connections, and 

emphasizing foundations.  The categories named conceptual, making connections, and 

emphasizing foundations all describe a conceptual approach to the content.  The teachers 

in Groups 1 and 2 differed in their approach.  Group 1 teachers followed a procedural 

approach whereas the approaches of teachers in Group 2 were varied.  They ranged from 

strictly procedural to primarily conceptual.  Two teachers used a mixed approach. 

Group 1.  Mr. Tate taught the content in a very procedural manner.   At the 

beginning of the lesson during his first observation, he reviewed with his students.  He 

said, “Last chapter we learned three ways to graph an equation: function table, y = mx + 

b, and x and y intercept.”  He did not have students recall prior knowledge or contribute 

to the discussion of the ways they learned how to graph.  During the observations, he 

always called the slope-intercept form of the equation “y = mx + b.”  He never explicitly 

used the terms slope or y-intercept.  This indicated that his students only memorized a 

formula and were not required to interpret what the formula meant.  All of his examples 

were explained very procedurally.  For example, he wrote the following on the board: 

slope = -3/4, y-intercept = 2.  He told the students, “Just use our formula, y = mx + b.”  

Then he wrote the answer on the board: y = -3/4x – 2.  He continued, “Now I graph it 

using either a table, x and y intercept or slope-intercept form, which is the easiest way.  

At least I think so.”  He did not discuss how they would do it (to review the prior chapter) 

or why using the slope and y-intercept would be easiest in this case.  All of the examples 

in the lesson were done in the same fashion.  He put the problem on the board, and solved 

it using his formula with no input from students. 
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On the second day while the class was reviewing homework, Mr. Tate 

demonstrated a problem on the board.  The students were given f(1) = -1, f(0) = 1, and 

f(1) = 3.  They were supposed to write the corresponding function.  Mr. Tate drew a table 

on the board (see Figure 12).  Mr. Tate said, “Usually there are two easier ones to pick,” 

and he circled the first two rows of the chart.  He did not ask the students which values 

they thought would be easier to use, nor did he explain why he thought those two points 

were the easiest to use to write the function. 

x         f (x)
1         !1
0            1
1            3

 

Figure 12.  Mr. Tate’s explanation of homework problem. 

The lesson played out similar to the first day of the observation.  He wrote 

examples on the board and solved them without discussion or investigating the meaning 

of the procedures he was using. 

Mr. Tate prefers to give his students questions that do not challenge them to solve 

problems that go beyond what is taught or require them to decide on a problem-solving 

plan.  When asked what he liked about the textbook, Mr. Tate replied, “It tells exactly 

what the question is, what they want you to solve is very clear.  The kids don't have to 

figure out how to solve it.”   

Ms. Bentley also followed a procedural approach to teaching the content.  The 

students were working on problems from the textbook and a group of students did not 

know how to answer the following question:  Tell whether the ordered pair is a solution  
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of 2y + x = 4; (-2,3).  She just told them, “Plug in your x and y.”  She gave no explanation 

of why they are using that procedure, what it means, or how to tell if it is a solution once 

they plug it in. 

Ms. Bentley required her students to memorize rules for procedures.  For 

example, a student asked, “Is quadrant II positive, positive?”  She responded, “Quadrant 

II is negative, positive.”  If she wanted the student to conceptualize the coordinate plane, 

rather than memorize the signs of the points in each quadrant, she could have modeled or 

had the student model the coordinate plane and generalize from the patterns that they 

saw.  In another example, she wrote the following equation on the board: 3 – (-4) = 7.  

She asked, “What do you change those two signs in the middle to?  What’s a minus and a 

minus?”  

She also taught her students “tricks.”  When asked how this lesson was different 

from how she taught it last year, she replied, “There's certain things, like certain tricks 

that I can do now.  You know, just little tactics and like little shortcuts I can get to so the 

kids can understand it quicker and practice it.” 

She had her students copy notes from the board that gave step-by-step procedures 

of how to graph functions (see Figure 13).  Then she gave examples to show how to use 

the procedure.  Ms. Bentley worked out all the examples herself, and then asked, “Did 

everyone get that?  These examples are going to be on your FCAT and EOC, so make 

sure you know how to do it.”  
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Figure 13.  Ms. Bentley’s notes for graphing functions. 

Ms. Bentley had a difficult time making connections from some content in the 

textbook to what students were learning, so she decided to leave it out.  She said, “There 

are sections that are just useless.  I mean, not useless, but that you're not even going to 

need.”  She was asked, “So when you come across sections like that, do you either 

choose to teach them or not teach them?”  She replied,  

At a certain date, like that was Chapter 2 and I haven't taught that to them 

yet because, it's just so out there and it didn't relate to any other section in 

the chapter.  So, at a point, I will teach it to them, but if it's not related to 

what we're doing, I'm going to wait. 

Ms. Bentley also taught some material to her students just because they would see 

it on an exam.  She said, “And there were questions on the EOC exam that I taught to 

them, but it's like, where are you going to use this in Algebra II or Geometry or Pre-Calc, 

because you don't ever see that again.” So the content of these questions were taught in 

isolation. 

Ms. Olsen is very procedural in her teaching as well.  She stresses the importance 

of memorizing formulas.  During the observation, she told her class “y = mx + b. This 

Graphing Functions 

Step 1: Create a table 

Step 2: Use domain points -1, 0, 1 

Step 3: Substitute domain values in function to solve for range 

Step 4: Plot points on graph (points should connect to a line) 
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should be your mantra.  Every morning you should say y = mx + b.”  Later while walking 

around the room, she noticed a student was stuck on a problem and couldn’t figure out 

how to write the equation of a line.  She said, “Now if you have your slope, can you write 

it in slope-intercept form?”  The student looked puzzled.  Ms. Olsen said, “It’s on my 

pencils, it’s my mantra.”  The student remembered the formula.  Ms. Olsen continued, 

“Plug in you m and your b.” 

Similar to Ms. Bentley, Ms. Olsen gave the students notes with step-by-step 

procedures to follow (see Figure 14). 

Ms. Olsen had her students rely on shortcuts, too.  She asked her students, “How 

did you find y-intercept?  A student replied “I made x zero.”  Ms. Olsen said, “If you are 

looking for y plug in a 0 for x, if you are looking for x plug in a 0 for y.”  She made no 

connection to concept of intercept or why you are plugging in zeros. 

 

 

 

 

 

 

 

Figure 14.  Ms. Olsen’s notes. 

Solving Graphically: 

•Write equation as ax + b = 0 
•Change to y = ax + b 
•Graph as y = ax + b 
 

 

Graph 2x + y = 3 

•Change to slope-intercept 
•Find slope 
•Find y-intercept 
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She focuses on memorizing algorithms to solve problems.  While reviewing 

problems with the class, she said, “There are so many possibilities, it depends on the one 

you like,” rather than discussing which method would work best in each situation.  

During her interview she said, “I always give them as many different methods as possible 

so they can choose the one they feel most comfortable with.”  She wants them to go with 

what's easiest for them to do by simply following an algorithm.  She didn't say anything 

about understanding which method is best to use in certain situations. 

Ms. Olsen told students rules without an explanation as to why that rule worked.  

For example, she was using dynamic Geometry software during class when she was 

discussing parallel lines.  This tool can be used for students to visually see how properties 

of graphs change as you change the parameters of the equation.  When she was ready to 

start teaching about parallel lines, she told them “Parallel lines have the same slope.”  

The software could have been used to investigate slope of parallel lines and she could 

have allowed students to discover this on their own, but instead chose to tell them without 

any explanation. 

Similar to Ms. Bentley, Ms. Olsen also had trouble connecting content in the 

textbook to what students were learning.  She was about to teach a section of the book 

that she didn’t feel comfortable with.  She has been graphing with her students, but this is 

a section on solving equations graphically.  It could have been introduced as a use for 

graphs or an application of graphs, but instead she introduced the lesson by saying, “I 

don’t like this method, so I should really skip it.  I shouldn’t teach it to you because if I 

don’t like it, then I don’t want you to do it.”  She then wrote her notes for solving 

graphically on the board (see Figure 14).  She used the notes directly out of the textbook, 
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which was confusing for students because they were used to using m to represent slope 

and these notes used a.  She did not mention this to the students or make the connection 

between the two variables.  A student said, “I don’t understand what we’re doing.  Ms. 

Olsen replied, “I will show you with examples.”  The students didn’t even know the 

purpose of what they were doing.  She didn’t tell them that they were trying to solve an 

equation by graphing.  The way she taught it, it seemed like they were trying to find the 

x-intercept.  She never made the connection that when she rewrote the equation in that 

form that is the equivalent function where y = 0, and that is why they put it in that form, 

and that’s why the x-intercept is the solution. 

When asked about this lesson during the interview, Ms. Olsen said,  

I wasn’t originally going to teach solving equations by graphing, but I 

don't understand, it's a focus area that I just don't understand why it's in 

there.  It just confuses students more. So I really like to skip over it, but it's 

on the book exams and then sometimes I've seen in the NGSSS 

benchmarks, and it just throws the kids off.  So I like to really breeze 

through it. 

Group 2.  Ms. Cline taught the content in a very procedural manner similar to the 

Group 1 teachers.   Like Ms. Bentley and Ms. Olsen, Ms. Cline gave the students step-by-

step procedural notes to solve equations.  On the first day of observations, the objective 

was for students to solve multi-step equations.  Figure 15 illustrates the notes that she 

wrote on the board and had her students copy. 

Then she gave them an example that required combining like terms.  She showed 

the students how to do the new step (combining like terms), and then she let them guide 
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her in the remaining steps of the problem on the board.  They told her what to do and she 

did it on the board.  Her procedure throughout the lesson was to do one example for 

them, then give them an example of the same type to do on their own.  As she was 

walking around checking their work, she would remind them, “first step distribute, 

second step do what?” 

 

 

 

 

 

Figure 15.  Ms. Cline’s notes on day 1. 

Then she gave them an example that required combining like terms.  She showed 

the students how to do the new step (combining like terms), and then she let them guide 

her in the remaining steps of the problem on the board.  They told her what to do and she 

did it on the board.  Her procedure throughout the lesson was to do one example for 

them, then give them an example of the same type to do on their own.  As she was 

walking around checking their work, she would remind them, “first step distribute, 

second step do what?” 

On the second day, she gave them another list of steps to solve equations with 

variables on both sides (see Figure 16).  Rather than taking a conceptual approach and 

teaching students about properties and how to use them to solve multiple types of 

Steps 

•Distribute 
•Combine Like Terms 
•Add/Subtract 
•Multiply/Divide 
•Check 
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equations, she gave them specific steps for each type of equation that they had to 

memorize. 

 

 

 

  

 

  Figure 16.  Ms. Cline’s notes on day 2. 

On the second day, as the difficulty level progressed, she told them what was 

coming  rather than giving them a chance to struggle.  “Now we are going to get harder, 

you’re going to have to move constants and variables.”  Then she gave them the 

following example: 3(d +12) = 8 - 4d.  Ms. Cline solved it for them.  First she distributed 

and wrote 3!+36=8−4!.  Then she subtracted 3d from both sides and continued and 

solved.  A student asked, “Does it matter if you subtracted 3d instead of -8?”  Ms. Cline 

replied, “No it doesn’t matter, there are four ways you could start this, but it doesn’t 

matter.”  The student said,  “My dad said you should try and subtract so you get a 

positive.” Ms. Cline said, “Yes you should try to make it easier if you can.”  This was an 

opportunity for her to ask the student some question to deepen his understanding, but she 

approached it very procedurally, with no explanation of why or without asking the 

student why he thought this would be a good strategy. 

When she was teaching them about equations with no solutions or identity 

equations, she just showed them an example.  For example she wrote, 3(3x + 6)=9(x + 

12).  She said, “When you work it out at the end you get 18=108.”  Ms. Cline told them, 

Steps 

•Distribute 
•Collect variables on one side 
•Collect constants on the other side 
•Solve 
•Check 
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“This is no solution, this doesn’t make any sense.  No matter what I plug in for x, it’s 

never going to work.” 

Similarly, she did an example of an identity.  She told them, “This is exactly the 

same thing on both sides, so this is an identity.”  She did not explain what it meant to be 

an identity, that any real number would make this equation true.  Also she did not allow 

students to work on those two types of problems to identify similarities and differences 

and make conjectures about the meaning of the solutions. 

Ms. Cline did make connections among the content in Algebra to her students.  

When asked, “What is the next step for the class in this unit?”  She replied, “Actually, in 

this chapter they throw in proportions and ratios, which is solving equations, but it's 

really solving a proportion.  I try to infuse algebra, like when you cross multiply, turn it 

into an equation.” 

Ms. Cline believes the foundational content is very important to the success of her 

students in Algebra.  She said,  

Some teachers choose to skip Chapter 1 and 2 because they really get a 

good foundation in 6th grade.  When they get out of GTAM-6, they really 

do.  So, for them, a lot of my students, it's like, we've done this, but I want 

to make sure that they really understand it and you know, they get it and 

then I give them a test and not everybody got 100.  I think, if I skip 1 and 

2, even 3 because they said they did it, I jump into 4 and then all of a 

sudden, oh I don't remember how to do this, and I don't remember the 

fractions. 
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Ms. Miranda took a conceptual approach to the content.  She started her class by 

activating prior knowledge.  Her warm-up was different from the types of warm-up 

questions all the other teachers assigned their students.  It was a vocabulary question 

“Define using only your brain: radicand, perfect square, irrational knowledge, real 

number.  She told the students, “Write only what you know, If you’re not sure how to 

explain it, give me an example.  At the end of class, she revisited the words by having the 

students look at the definitions they wrote in the beginning of class.  She said, “If you 

don’t have a definition, write it now and put an example.” 

Ms. Miranda explicitly pointed out connections to her students.  She showed them 

how the content can be used in the real world.  At the beginning of lesson, she had an 

introduction “Why learn square roots?” She gave them a presentation on the connection 

to projectile motion.  During the interview she said, "I wanted them to see how you can 

apply the concept of a root to square roots and cube roots.”  When asked about what she 

thought the students gained from the lesson, she replied, "I think they see how it (square 

roots) applies to a real world problem, you know, with the pool problem, figuring out the 

area of the pool and length of the pool." 

She also pointed out the connection between what the students were learning now 

and courses they would take in the future.  For example, the students were learning about 

square roots and a student asked, “Does it matter if the negative is on the inside or 

outside.”  She presented the students with an example, and said, “ If we have square root 

of -25. What number times itself gives you -25?”  The student said, “Nothing can.”  Ms. 

Miranda said, “This is something you can’t find in the real number system.  This is an 



  

180 

 
 

 

imaginary number.  We don’t deal with these in Algebra I, you will use this in Algebra II.  

Right now, for us, it’s no solution.” 

She also connected the content they were currently learning to content they had 

learned in the past.  She dad them do square root of 5 on the calculator.  She said, 

“Describe the number you see.”  One student said, “It seems like it’s not going to stop.” 

Another student said, “It’s probably irrational.”  Ms. Miranda then reminded students 

about irrational numbers that they learned last week.  

She did not just teach her students a procedure on how to find square roots, but 

she wanted students to understand the concept of a root in general.  She described the 

specific purpose of the lesson was, "to introduce them to the concept of what a root is."  

Although the curriculum did not include it, she taught cube roots.  Then she talked about 

higher roots.  She said, “There’s all kinds of roots, cube, quartic.  A root is an equal 

factor.”  During her interview, when asked why she chose to include concepts beyond the 

curriculum, Ms. Miranda said,  "And I was like you know what, we're right here, we 

might as well.  But yeah, I figure, why not hit the cube roots, it's so easy to bring up at 

that point." 

In another example, a student started to simplify a radical but didn't quite get it 

right.  She didn't finish all the way.  The teacher let her explain what she was doing, but 

didn't correct her when she didn't finish or she didn't explain the process to the students.  

When asked why she didn't go further into the concept this time like in the negative 

square roots example, she said,  

I don't think she realized she was simplifying a radical at all.  So if I tried 

to tell what she was doing, I felt like I was just not going to be answering 
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her question, and it was just going to kind of going off on a little bit of a 

tangent. 

When asked how she decided when to go into topics beyond curriculum, she 

replied, "But with the negative square root I felt like this was really simple to show 

them."  She was aware of their zone of proximal development and was able to 

differentiate between when she could go a little further and when she could not. 

Like Ms. Cline, Ms. Miranda is concerned with ensuring students have a strong 

foundation with which to build on.  During the interview, she mentioned that the district 

instructional focus calendar used to skip the first three chapters and now it is included.  

She talked about how important it is to teach those foundational chapters.  She said, "But 

now I wouldn't even dream of skipping it because I've noticed the difference in the past 

few years.  They definitively need to review those first two or three chapters.”  In talking 

about the content she is teaching now, she said, “The stuff that we're doing is like just 

basic building blocks.  This is just kind of like wrapping up the things they did last year 

and just making sure that they understand basic operations and things like that.”  She 

spoke about why the lesson was important for her students.  She said,  

It was one of those lessons where I felt like I just kind of needed to talk 

about it, get them to understand what a root was, get them to kind of 

understand cubed roots.  It's so important; we use it to kind of compare 

real numbers. 

 Ms. Miranda feels that it is important to give students time to think about and 

struggle with the content themselves.  During the interview when she was asked about 
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giving the students extra time in class she said, “I was allowing them that extra time, it 

was to really think about it.” 

Ms. Hyde and Ms. Tyler used a mixture of procedural and conceptual approaches 

to the content.  For example, Ms. Hyde first started her class with an activity to develop 

conceptual understanding of solving equations by using Algebra tiles.  She told the 

students, “You can do these mentally, but I want you to use the tiles because I want you 

to understand why you’re getting that answer.”  Once the students were done with the 

Algebra tiles activity, she moved into using the note taking guide with her students.  It 

has skeleton notes with blank spaces for students to fill-in the appropriate responses to 

complete the notes.  It is presented in a more traditional format for solving equations than 

using the Algebra tiles.  While she was going over the note taking guide examples with 

them, she recited the rules for solving one-step equations and said, “If I’m solving an 

addition problem, I’m going to subtract. Multiplication is solved by division.” 

Although she included some procedural elements in her teaching, Ms. Hyde 

favored the conceptual approach.  During her interview, she said, “I explained to them at 

the beginning of the year that that was going to be the question they were going to hear 

about often, is why.”  This was evidenced in her teaching during the observation when 

she said, “My big thing is why; you always have to know why things are happening.”   

At another point in the interview she said, 

You know, it is okay to be able to paper and pencil solve the problem, but 

what are you doing and why are you doing it?  What is the theory behind 

it?  If you know it is an addition problem, I can subtract from both sides, 

but why do you have to do that.  So, I think it is more of when it gets to a 
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point of the ‘why's’ that are a little more important, I try to dig a little 

deeper and have them be a little more manipulative with it, so that they 

can try to make that connection. 

During her lesson, Ms. Hyde made explicit connections to prior knowledge.  She 

connected the new lesson to content learned in the previous chapter.  While they were 

working on equivalent equations, she said “We had equivalent expressions in chapter 2.  

Now we are working with equivalent equations.”  She also pointed out the connections of 

the current content to concepts they learned in GTAM-6.  When she talked about the 

daily objective of solving linear equations, she told the students, “You did this last year.”  

Also, when she was explaining to the students how to solve equations, she said, “It’s like 

order of operations, you need to know what to do first.” 

She also pointed out connections between the conceptual activity and the 

notetaking guide.  When she was guiding students through the notetaking guide for 

solving equations, she explicitly connected it to the Algebra tiles by saying, “This is what 

we were doing with the algebra tiles.” 

Ms. Hyde likes to use conceptual activities with her students to deepen their 

thinking.  During the interview she said, “I got a lot of resources that I think pushed the 

kids into thinking a little more about what they're going to learn, and making more 

conjectures and more guesses as to what I'm learning, and then those ah-ha moments.”  

When asked how she decides when to use these types of activities versus more procedural 

type of teaching, she said, “As we get further into the book, when it gets a little more to 

where they don't have so much already under their belts, I use a lot more outside 

resources.”  She likes to use them when the content gets more complex for the students. 
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Ms. Hyde included problems that allowed students to apply what they were 

learning to real world content.  For example, she included a problem about modeling 

profit using an equation. 

Ms. Tyler also used a balanced approach.  Her teaching followed a more 

procedural type of approach, but she did incorporate elements of conceptual 

understanding, such as making connections and having students explain their thought 

processes. 

As she was teaching students how to approach word problems, she gave them a 

procedure to follow.  She said, “First, I read it, leisurely reading, just to see what’s going 

on.  The next thing I’m going to do is define my variables and find what I’m solving for.”  

Then she asked the students, “Where are you going to have what you’re solving for?”  A 

student responded, “At the end.”  Ms. Tyler continued, “Then I’m going to write my 

equation.  Then solve it.”  It was an algorithmic procedure that she outlined for them.  

During the interview, she said,  “This is the first time I've shown them how I want them 

to do it, where there's actually a logical sequence, where before they were just solving 

and they could do it anyway they wanted to.”  When asked what the next steps for the 

class were, she said, “The next step is to work in groups to do problem solving.”  When 

asked if they had to follow the steps she laid out, she said, "They have to follow the 

procedure."  So, although they will be working on application problems, they must follow 

a specified algorithm to work on the problems.  She said, “You know, I think it's easier 

when there's a sequence they should follow.” 
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Even though she required the students to follow a certain procedure, she still 

stressed the importance of understanding what they were doing.  She told them, “What's 

more important to me is not the answer, but the process.” 

Also, as students presented/defended their solutions, both orally and on board, she 

mostly asked step-by-step, “What do I do next?” instead of letting students explain their 

entire solution process.  However, she also allowed them to fully explain their thought 

process.  She gave them the following problem: Which statement is true for all real 

numbers a and b.  It was a multiple-choice problem and a student answered correctly: |a| 

x |b| = |a x b|.  Ms. Tyler asked, "What's your thought process?” 

Ms. Tyler explicitly pointed out connections to prior knowledge by examining 

similarities and differences.  For example, she asked the students, “What’s the difference 

between solving an equation and simplifying an expression?”  In another example, she 

wrote 7x - 4x = 21.  Then she asked the students, “How is this different from what we've 

done?”   

She also pointed out the connection of what they were learning to Geometry, the 

next course in the sequence, several times during the observations.  For example, she was 

trying to get students to tell her what property allowed her to go from -2 = b to b = -2.  

She asked, "Does anyone know what allows me to flip the order?"  Then she drew a 

diagram of the coordinate plane and showed a symmetrical figure over the y-axis.  She 

asked the students, "What's this called?"  One student replied, “symmetry.”  Ms. Tyler 

said, “There's a property that you're going to learn next year in geometry called the 

symmetric property of equality.”  In another example, she said, “It's important to 
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understand why you're doing it because you are going to use these properties in geometry 

to do algebraic proofs.” 

Also, she connected their learning to real world content multiple times during her 

lesson.  She presented students with fixed cost and variable cost.  She explicitly 

connected the fixed cost to the y-intercept of an equation and the variable cost to the 

slope.  She felt that real world connections were important.  During her interview, she 

said, “I think the district is sometimes lacking in word problems the kids can relate to. I'd 

like them to be a little more real life.” 

Also, she encouraged her students to examine the reasonableness of their solution 

in the context of the problem.  For example, a student asked her if they could use 3/2 

instead of 1-1/2.  She said, “Yes, but if you were babysitting and if someone asked you 

how many hours do I owe you, you wouldn’t say 3/2, you would say 1-1/2.  So you have 

to see the context it’s used in.” 

Theme 4: influences on teaching.  Several categories were identified in the data 

that related to influences on teaching.  They include teaching experience, experience with 

professional development, involvement in a professional learning community, end-of-

course exam, and planning for instruction. 

Teaching experience.  The number of years of teaching experience of the 

teachers in Group 1 was very different from the number of years of teaching experience 

of the teachers in Group 2 (see Table 26).  The overall teaching experience of Group 1 

teachers ranged from two to six years. The overall teaching experience of the teachers in 

Group 2 ranged from seven to 15 years.  Group 1 teachers ranged from two to three years 

experience teaching GTAM-7.  One Group 2 teacher, Ms. Hyde also had only two years 
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experience teaching GTAM-7, but she had eight years of overall teaching experience.  

The other Group 2 teachers ranged from five to ten years experience teaching GTAM-7. 

During the interviews, only the Group 2 teachers talked about how their 

experience influenced the way they taught.  For example, Ms. Miranda stated that she 

used Power Point presentations from past years GTAM-7 lessons that she already had 

experience with.   

Ms. Tyler contributed her knowledge of the content to her teaching experience.  

When asked, “What opportunities have you had to learn content?” she responded, “I 

mean, just you know, practice.” 

Similarly, when Ms. Hyde was asked what opportunities she has had to learn 

instructional strategies, she replied,  

I think it's been kind of more like an evolution of just all my years of 

teaching, just things that I've done that I know that work, and things that I 

know that don’t, and I have an elementary background, so I still feel that 

kids need to do things manipulatively.  I think they need to have the ability 

to move around and talk about what they do as opposed to just sitting there 

listening. 

Ms. Cline also said that she has learned strategies through teaching experience.  

She said,  

When I think of opportunities, it's really when I've been in the classroom.  

I think the best opportunities are the actual classroom opportunities, 

because all the workshops, they give you the foundation of the math, the 
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content area, but to be able to present, to know what the kids need, you 

won't learn that, you know. 

Ms. Cline also expressed that her experience has helped her increase her 

knowledge of students.  For example, she said, “After you teach it for a while, you just 

kind of anticipate what will give them trouble, like you know, when you're checking their 

test papers or when you go over homework.” 

Experience with professional development.  There was a distinct difference in the 

types of professional development that the Group 1 and Group 2 teachers had 

experienced.  Also, there was a difference in the way the teachers in each Group talked 

about how their experience with professional development helped them with their 

teaching. 

Group 1.  Mr. Tate stated that he did attend workshops based on the content he is 

teaching.  He did not feel these were very helpful for him.  When asked, “How helpful 

were the workshops?” he replied, “Just seeing their teaching techniques.”  Then he was 

asked, “What about the content?”  He said, “For the most part, everything they talked 

about, I should know, I did know.”  When he was asked, “So you feel the professional 

development you have taken really hasn't helped you with this in particular?”  He replied, 

“Yes.” 

Ms. Bentley and Ms. Olsen did not attend the GTAM-7 workshops, but they did 

attend the Algebra End-of-Course Exam (EOC) workshop.  This workshop only focuses 

on test item specifications for the Algebra EOC, and it does not focus on content or 

instructional strategies.  Ms. Olsen stated that she has tried to attend many district 
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workshops for math, but they have all been canceled, so she has not been able to go to 

any. 

When asked about what opportunities they have had to learn the content, both Ms. 

Bentley and Ms. Olsen stated that they learned the content while they were in school.  

Ms. Bentley said, “I learned it when I was in high school.”  Ms. Olsen stated, “It is just 

basically school, my own education, middle school and high school.” 

Group 2.  The Group 2 teachers were more actively involved in professional 

development. All four teachers in Group 2 have attended the GTAM-7 workshop.  They 

also participate in various other professional development opportunities. 

Ms. Miranda has gone beyond the training requirement set forth by the district for 

GTAM-7 teachers.  She said, “I usually go beyond the once every three year training 

period.”  When describing the kinds of professional development she has attended, she 

said, “I've done a lot over the years.  I like the middle school ones and the algebra one 

and I've done problem solving.”  Unlike Mr. Tate, Ms. Miranda did find the professional 

development that she has experienced has had an impact on her teaching.  When 

describing one particularly beneficial workshop, she said,  

I went to an amazing algebra one (PD).  She was going through all of the 

different topics, and she was just pointing out little ways that she teaches.  

I know she obviously had so much experience.  I think it was maybe my 

third or fourth year teaching.  That training I found probably more 

beneficial than any of the others I had gone to ever. 
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Ms. Miranda also uses other sources of professional development.  For example, 

she said she finds instructional strategies on the Internet.   She stated, "It's just doing our 

research, working at home." 

Similarly, Ms. Hyde also talked about using the Internet for professional 

development.  She said, “I did find over the summer, a website that a teacher actually did.  

So I've been kind of researching and looking and picking and choosing.  I'm looking at 

what else is out there and how to kind of correlate.”  Like Ms. Miranda, Ms. Hyde has 

attended district professional development and has found it beneficial for her teaching.  

She said, “They do pretty well aligning with the things that we have to do and providing 

us with different routes to teaching content.”  Ms. Hyde has also acted as a trainer for the 

district for professional development for math workshops. 

Ms. Tyler and Ms. Cline also attended district math professional development, 

beyond the GTAM-7 teacher requirement.  In addition, Ms. Tyler considered working 

with a peer teacher part of her professional development.  She said, “I learned from a peer 

teacher.  I did it with a peer teacher when I first started teaching algebra.” 

Involvement in a professional learning community (PLC).  The Group 1 

teachers engaged in PLCs, but not strictly related to Algebra.  The Group 2 teachers 

expressed that they did learn about teaching strategies within PLCs. 

Group 1.  Mr. Tate is involved in a PLC specifically based around STEM 

projects.  When asked if he collaborates with other teachers on curriculum, he stated,  

Well, I'm the only one, until this year, I was the only one that teaches 

GTAM-7 classes, but now there's another teacher that teaches Algebra I.  

But for the most part, all her other classes are regular and it's her first year, 
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so she's mostly relying on what I've done in the past. So I tell her, you 

know, it's more she's asking me what I do. 

Ms. Bentley is involved in a PLC as well.  Like Mr. Tate, her PLC does not 

address her particular curriculum.  When asked about her PLC, Ms. Bentley said,  

Well, last week, we talked about the Gizmo stuff.  One week we were 

talking about scores and the principal wants us to analyze the BAT scores, 

you know, who is not predicted to be passing algebra, so basically just 

data.  Analyzing data.  

When asked if she worked with any other groups of teachers on curricular issues, 

she replied, “No because it's different, I'm the only algebra teacher, so it's like they teach 

completely different.” 

Ms. Olsen also stated that she does not plan lessons with her PLC, but she does 

have one teacher who helps her.  She said, “I think the best way is just really learning 

from other teachers and she with her knowledge and her experience, she’s really helped 

me out with the algebra and how to teach it multiple ways.”  However, when she was 

asked if she and the other algebra teacher plan lessons together, she said, “We don't, but 

she may have a writing sample that worked well and she'll pass it on to me.” 

Group 2.  Three of the teachers in Group 2 responded that they do collaborate 

about teaching strategies within PLCs.  For examples, when Ms. Miranda was asked 

about opportunities to learn about teaching strategies, she said, “Probably in my PLC we 

talk a lot about that.”   

Ms. Hyde participates in both a grade level PLC, as well as collaborating with 

another algebra teacher.  When describing her grade level PLC, Ms. Hyde said,  
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We collaborate.  We have grade level PLCs.  We meet every two weeks, 

and it's nice because we kind of bounce ideas off each other, and we'll say 

I did this but it didn't work, and it's a nice opportunity for us to really sit 

down and look at where we're at, ad where we're going and how we're 

getting there, if we're getting there successfully or not.  So it's nice to have 

that little conversation, even at lunch sometimes we sit and things come 

out. 

When asked if she collaborated with the other algebra teacher, Ms. Hyde stated, 

Yeah, we get together, and we make sure our assessments are the same.  

We share a lot of ideas with each other and pass Power Points back and 

forth, and outside resources.  We don't get to see each other as much, but 

through email and telephone calls we definitely get there. 

Ms. Cline doesn’t have a formal PLC with other algebra teachers, however like 

Ms. Hyde, she does collaborate with the other algebra teacher at her school.  In 

describing their collaboration, she said,  

So she'll stop by and say the kids just took the chapter 3 test, you might 

want to be careful with whatever, you know, this question, they all had it 

wrong.  Or I just took 3 where are you?  So we do communicate but not as 

formally with PLCs. 

End-of-Course exam (EOC).  The Group 1 teachers were more focused on the 

EOC than the Group 2 teachers.  Two out of the four Group 2 teachers never mentioned 

the EOC during the interviews.   
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Group 1.  Mr. Tate incorporates EOC type questions on a daily basis.  He said, “I 

give them warm-ups that are EOC based.  We do that every day.”   

Ms. Bentley bases her instruction on what she knows about the EOC.  She said,  

Most of my teaching is what, because we did a lot of practice tests last 

year when we were getting ready for the EOC, so I knew kind of what was 

going to be on it and what to focus on and what not to.  So, every time I 

teach a lesson now, I'm like, I love to say this is going to be on the EOC so 

make sure you know how to this because it will come up on the EOC, 

because every practice test that we took had similar problems. 

Ms. Olsen also bases her instruction on the EOC.  When asked about what 

influenced her to teach this lesson, she stated, “It's one of the benchmarks on the EOC, so 

I hit that.  I have a list of all the EOC topics and I check them off.  The kids have a list 

too and they check off to see which ones they have.” 

Group 2.  Ms. Miranda and Ms. Tyler did not mention the EOC during their 

interviews.  Ms. Hyde uses EOC type resources later on in the year when the test is 

closer.   She talked about an app that she uses that includes EOC type questions.  When 

asked if she uses it during instruction, she said, “Not yet, but I will as we get closer to the 

EOC.  They will be warm-up questions or end of day questions.”  Also, when asked if she 

bases her test questions on questions in the test item specifications, she replied, “I think I 

pour myself more into that as it gets closer.” 

Ms. Cline also said that she focuses on the EOC later in the school year.  She said,  

We got a thing on the EOC, those little benchmarks of what's going to be 

tested, but that's the last thing I look at.  I kind of focus on that more 
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towards the end of the year.  But I make sure I've hit the topics, but I don't 

really pick any questions, like any EOC type questions.  I'm not there yet.  

Right now it's just the basics. 

Planning for instruction.  The teachers in both groups used the textbook as their 

main resource for planning the lessons.  The Group 1 teachers did not modify the lesson 

from the textbook, but the Group 2 teachers did modify it. 

 Group 1.  All three Group 1 teachers stated that they use the textbook as their 

main resource for teaching a lesson.  For example, when asked what led him to teach the 

concepts in today’s lesson, Mr. Tate replied, “Just because it was in the sequence of the 

book.”  He also said, “I explained it as it was organized in the textbook.”   Ms. Olsen also 

stated, “I go in sequential order of the book.” 

Ms. Bentley stated that her primary source of planning is EOC practice tests.  She 

said, “I can compare what I'm teaching now to questions they're going to see on the test.”  

During her observation, it seemed as if Ms. Bentley did not explicitly plan out her 

lessons.  For example, on the first day of the observation, she asked her students, “Did we 

get to page 30 yesterday?”  She asked a similar question of her students during the second 

day of observations. 

Group 2.  The Group 2 teachers also stated that they used the textbook to plan 

their lessons.  However, they do modify it.  For example, Ms. Miranda said, “It aligned 

somewhat, but it was definitely modified.”  In a specific example, she said “I noticed in 

the book they wanted me to do square root first and then cube root later.  I thought the 

cube root and the square root kind of link, so I'll do that together.  So I mix it up a little 

bit sometimes.”   She also said that she uses what she knows about students to help plan 
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her lessons.  She said, “If I can think of a question, I know they're going to ask me that 

question, and I try to always be prepared for it.”   

When asked how she uses the textbook to plan, Ms. Cline said,  

I just pick out the examples that I think are important.  So, I actually make 

up how I'm going to present the lesson.  I just want to make sure that I 

have all the information that's important in it.  But I don't follow, you 

know, I don't look at the first page or the first example and then follow.  I 

pick out my own examples from the book. 

Ms. Cline also uses her knowledge of common student misconceptions to plan her 

lessons.  For example, she said, “When I pick out problems the we do in class, I make 

sure that I have one with a fraction, and you know, unlike denominators, or like negative 

signs.” 

Ms. Hyde also uses the textbook as her main resource to plan.  She noted that she 

stuck to the lesson format in the text right now because the students were working on 

foundation skills, but she does modify it as the content gets more complex.  She said, “I 

think the earlier chapters, I don’t stray too much from the book.  It's when we start getting 

more into the meatier stuff that I think is new to them.” 

Theme 5: classroom factors.  Three categories were evidenced in the data from 

Phase Three.  These three categories include:  use of classroom time, class structure, and 

classroom environment. 

Use of classroom time.  Table 29 shows a break down of how instructional time 

was used throughout the two-day observation period for each teacher.  The Group 1 

teachers did not provide students with any time for problem-solving/exploration.  Two 
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out of three of the Group 1 teachers, Mr. Tate and Ms. Olsen did not provide students 

with any type of practice, and spent most of their class time demonstrating examples to 

their students.  Ms. Bentley did provide students with some independent practice, but did 

not allow students to problem-solve.  She also allowed students the most time to work on 

warm-up problems at the beginning of class. 

The majority of the Group 2 teachers used instructional time for a variety of 

activities.  For example, Ms. Hyde provided her class with time for warm-up, review of 

homework, examples, independent practice, problem-solving/exploration, closure, and 

vocabulary.  Similarly, Ms. Miranda provided her students with time for a variety of 

activities.  She was the only teacher that formally introduced the new content with 

connections to real-life.  Ms. Tyler balanced the time for her students as well.  Ms. Cline 

did not provide the students with time for many different types of activities, but unlike 

the Group 1 teachers, Ms. Cline allowed more time for review of homework and spent 

less time on providing students with examples. 

Class structure.  Class structure among all of the teachers was varied.  All of the 

Group 1 teachers allowed their students to sit in groups. Although Mr. Tate and Ms. 

Olsen allowed their students to sit in groups, they did not work collaboratively.  They 

conducted their class on both days as a whole group format.  Ms. Bentley allowed her 

students to sit in groups and work together, but she did note that this was a new strategy 

for her and that her principal suggested that she allow her students to work in groups.  

She said, “My principal has a lot to say in my teaching.  He likes the small group stuff.  

So I guess it's his idea to do the small groups.”   
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Table 29 

Use of Instructional Time. 

Activity 
Teacher 

Mr. 
Tate 

Ms. 
Olsen 

Ms. 
Bentley 

Ms. 
Hyde 

Ms. 
Miranda 

Ms. 
Cline 

Ms. 
Tyler 

Warm-up 14% 11% 38% 25% 20% 23% 23% 

Review HW/Test 15% 15% 13% 21% 9% 32% 8% 
Introduce Topic     2%   
Examples 74% 74% 21% 18% 34% 45% 24% 

Independent Practice   29% 7%   13% 
Problem-solving    24% 28%  32% 
Closure    2% 6%   
Vocabulary    3%    

 

One of the Group 2 teachers, Ms. Cline structured her class in a whole group 

format for both days.  The other Group 2 teachers varied the class structure over the two 

days.  Ms. Tyler used the whole group format and allowed students to work individually 

over the two-day period.  Ms. Miranda allowed her students to sit in groups of three 

during the presentation of the lesson.  During this time, they were allowed to help each 

other.  She also grouped her students into groups of four to allow them time for problem-

solving.  Ms. Hyde varied her class structure the most out of all of the teachers.  She used 

pairs, large groups, and whole group formats. 

Classroom environment.  Only three teachers mentioned anything about 

classroom environment.  Mr. Tate, a Group 1 teacher, seemed to want a classroom 

environment in which his students would become more independent and help themselves.  

He wanted his students to use him as a last resort for a resource.  He said,  

They might ask, “I don't know how to do this,” I was like, well you need 

to talk to your neighbor.  Sometimes they'll ask me for help and I'll tell 
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them, have you looked at your notes?  Did you look at your textbook?  

You need to ask somebody sitting next to you for help.  So I try to do that 

a lot because I know they try to rely on me too much.  But it's hard to get 

them to be more diligent, you know.   

Ms. Tyler, a Group 2 teacher, had the opposite approach.  She tried to foster a 

classroom environment in which students felt comfortable to come to her with questions 

and use her as a resource.  She said,  

I feel like my class is pretty open.  If they want to share or they have 

something to tell me.  I want them to feel comfortable.  I feel like that's 

why my students thrive, not from the technology, more from just the 

environment that I create in my classroom. 

Ms. Hyde wanted to foster a classroom environment that empowered students.  

She said, “Just building confidence in the kids is just as important as they content that 

they're going to be learning.  They need to feel like they are going to be successful at 

what they do.” 

Summary.  Many differences among the themes identified existed between 

Group 1 and Group 2 teachers.  Table 30 shows a comparison of the data between the two 

groups based on themes developed.  

Table 30 

Summary of Qualitative Findings 

Theme Category Group 1 Group 2 
Instructional 
Strategies 

Multiple 
Representations 

1. Used GeoGebra to show 
graphical representation 
of equations 

2. Stated did not use during 
interviews 

1. More prevalent in Group 2 
2. Used Algebra Tiles during 

observation 
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Table 30 continued 
 
Summary of Qualitative Findings  

 

Theme Category Group 1 Group 2 

Instructional 
Strategies 

Collaborative 
Learning 

1. Struggled to get students 
to work collaboratively 

2. Used for practice 
3. Had students organized 

in groups, but did not 
work collaboratively 

4. New strategy for two of 
the teachers 

1. Used for practice and for learning 
new content 

2. Had students organized in groups 
and did work collaboratively 

Instructional 
Strategies 

Communication 1. Had difficulty getting 
students to communicate 
verbally 

2. Tried writing in the past, 
but it didn’t work 

3. Reading another students 
work helps students 
learn 

4. No explicit attention 
paid to vocabulary 

5. Teachers did not use 
precise vocabulary 
during observations 

6. Did not use level three 
questions 

1. Students engaged in 
communication  

2. Encouraged written and verbal 
communication 

3. Values open comm. 
4. Makes students explain work 
5. Paid Explicit attention to 

vocabulary 
6. Required students to use precise 

vocabulary 
7. Teachers used precise vocabulary 
8. Pointed out differences in terms 
9. Balanced complexity level of 

questions 
 

Instructional 
Strategies 

Problem-based 
Learning 

1. Teachers stated they did 
not use strategy 

1. Evident in classroom observations 
2. One objective stated that students 

will solve word problems 
3. Incorporate application 

 Instructional 
Strategies 

Technology 1. GeoGebra to check work 
2. Used for instruction and 

practice 
3. Used for enrichment 
4. Computers not available  
5. Time constraints 

prevented them from 
using 

 
 

1. Varied use among teachers 
2. Virtual manipulatives to 

demonstrate/ investigate concepts 
3. Online book resources for practice 
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Table 30 continued 
 
Summary of Qualitative Findings  
 

Theme Category Group 1 Group 2 

Student 
Errors 

Anticipating 
Student 
Misconceptions 

1. Lacked awareness of 
student misconceptions 

1. Aware of common misconceptions 
2. Attend to problems that teacher 

knew students would have trouble 
with 

3. Deliberately highlighted common 
misconception in examples 

Student 
Errors 

Attending to 
Errors 

1. Two out of three had a 
difficult time addressing 
errors 

2. Difficulty understanding 
when students were 
struggling and what 
students were asking 

3. Didn’t address 
misconceptions as they 
came up 

4. Answered questions for 
students rather than 
allowing students to 
answer 

5. Difficulty understanding 
what students were 
asking 

6. Did not use probing 
questions to guide 
students to correct errors 

1. Allow students to make errors 
2. Have students explain their 

solution step-by-step to identify 
errors 

3. Used probing questions to guide 
students to correct errors  

Student 
Errors 

Checking for 
Understanding 

1. Limited strategies 
2. Homework 
3. Email 
4. Lacked using formative 

assessment 
5. Asked students, “Do you 

understand?” 

1. Multiple strategies 
2. Circulated, monitored, and asked 

probing questions 
3. Homework 
4. Ticket Out the Door 
5. Note taking Guide 
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Table 30 continued 
 
Summary of Qualitative Findings  
 

Theme Category Group 1 Group 2 

Conceptual 
vs. 
Procedural 
Approach to 
Content 

 1. Procedural 
2. Used formulas 
3. Demonstrated examples 

without input from 
students 

4. Showed procedures 
without explanations of 
why 

5. Memorize 
rules/formulas/algorithm
s 

6. Tricks and shortcuts 
7. Step-by-step procedures 
8. Difficult time making 

connections 
9. Taught topics in 

isolation 

1. Mixed approaches 
2. One teacher followed trends of 

Group 1 teachers, except she was 
able to make connections  

3. Other teachers used balanced 
approach 

4. Activating prior knowledge 
5. Explicitly connects to real world, 

past, and future concepts 
6. Application 
7. Stressed foundation concepts 
8. Provided struggle time 
9. Used modeling activity 
10. Understand “why” 
11. Connected procedural and 

conceptual activities 
12. Explain thought process 
13. Examine reasonableness of 

solutions 

Influences on 
Teaching 

Experience 1. 2-6 years overall 
teaching experience 

2. 2-3 years GTAM-7 
experience 

3. Did not talk about 
experience as a factor in 
their teaching 

1. 7-15 years overall teaching 
experience 

2. 2-10 years GTAM-7 experience 
3. Used prior years lessons and 

resources 
4. Mastered content knowledge and 

strategies from past experience 
5. Increased knowledge of students 

Influences on 
Teaching 

Professional 
Development 

1. Didn’t feel workshops 
were helpful 

2. Learned content in 
middle school and high 
school 

1. More actively involved in 
professional development 

2. All attended GTAM-7 training 
3. Attended various other 

professional development 
opportunities 

4. Felt workshops had impact on 
their teaching 

5. Go beyond training requirement 
6. Use Internet for professional 

development 
7. Work with peer teacher 

Influences on 
Teaching 

Professional 
Learning 
Communities 

1. Involved in unrelated 
PLCs (STEM, not 
curriculum related) 

1. Collaborate about teaching 
strategies  

2. Aligned assessments 
3. Share lessons and resources 

Influences on 
Teaching 

End-of-Course 
Exam (EOC) 

1. More focused on EOC 
2. Use EOC type questions 

on a daily basis 

1. Not a big factor 
2. Use EOC resources later in school 

year 
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Table 30 continued 
 
Summary of Qualitative Findings  
 

Theme Category Group 1 Group 2 

3. Based instruction on 
EOC 

Influences on 
Teaching 

Planning 1. Textbook is main 
resource 

2. Did not modify lessons 
from textbook 

3. Go in sequential order of 
book 

4. Use EOC practice tests 
5. Lack of planning evident 

1. Textbook is main resource 
2. Modifies the order of the lesson 
3. Use knowledge of students to plan 

for questions that students will ask 
4. Pick examples based on common 

student misconceptions 

Classroom 
Factors 

Use of 
Classroom 
Time 

1. No problem-
solving/exploration time 

2. Most classroom time for 
demonstrating examples 

1. Variety of activities including time 
for problem-solving/exploration 

Classroom 
Factors 

Class Structure 1. Sitting in groups but did 
not work collaboratively 

1. Varied structure (whole group, 
individual, pairs, small groups, 
large groups) 

Classroom 
Factors 

Classroom 
Environment 

1. Students should help 
themselves and each 
other first before going 
to teacher 

1. Foster environment where students 
are comfortable to ask questions 

2. Empower students with confidence 

 

Summary of Data Analysis 

The data from phase two was used to address all four parts of the research 

questions in this study (see Table 31).  Based on the findings, only Null Hypothesis 1 

could be rejected based on two variables analyzed.  The only variables that had 

statistically significant correlations to teacher effectiveness were types of workshops 

(WS_GTAM_6 and WS_MS_Math). Since these variables contributed to a statistically 

significant linear model that could predict teacher effectiveness (see Tables 20 and 21), 

Null Hypothesis 1 can be rejected, therefore there a relationship between teacher 

professional qualifications and teacher effectiveness for teachers in this study, as 

evidenced by their students’ residual gains on the state end-of-course Algebra I exam.  
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Analysis of a linear regression between subject matter knowledge and teacher 

effectiveness indicates that there is no significant relationship between the two variables 

(R = .283, R2 = .080, p = .492) (see Tables 58 and 59). Based on the results of the 

correlation and multiple regression analyses, Null Hypothesis 2 cannot be rejected. 

A linear regression was conducted to determine if teacher pedagogical content 

knowledge could predict teacher effectiveness. Analysis of the regression results 

indicated that there is no significant relationship between the variables (R = .291, R2 = 

.085, p = .213) (see Tables 62 and 63).  Based on the results of the correlation and 

multiple regression analyses, Null Hypothesis 3 cannot be rejected. 

A linear regression was conducted to determine if the interaction of teacher 

subject matter knowledge and pedagogical content knowledge could predict teacher 

effectiveness.  Table 65 shows that there is a moderate correlation (R = .654) between the 

model and teacher effectiveness, with 42.7% of teacher effectiveness can be explained by 

the interaction of subject matter knowledge and pedagogical content knowledge.  

However, further analysis of the regression results indicated that this relationship is not 

significant (p = .337) (see Table 66). None of the coefficients in this model are 

statistically significant (see Table 67).  Based on the results of the correlation and 

multiple regression analyses, Null Hypothesis 4: There is no interaction between 

teachers’ subject matter knowledge and teachers’ pedagogical content knowledge in 

predicting teacher effectiveness of 7th-grade GTAM Algebra I Honors teachers, cannot 

be rejected. 

Phase Three addressed the second research question: What are the characteristics 

of teaching quality that promote conceptual understanding in 7th-grade GTAM Algebra I 
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Honors?  Based on the data analysis, there are distinct characteristics of teaching quality 

in the Group 2 teachers.  Group 2 teachers outperformed the prediction model developed 

in Phase One.  The characteristics of teaching quality are outlined in Table 30. 

Table 31 summarizes the conclusions of this study for each research question.  

Based on the findings of all phases of this study, in this group of GTAM-7 teachers, there 

is a relationship between teacher quality and teaching effectiveness, however it is very 

limited and only based on participation in two specific workshops.  The difference 

between teachers that outperformed the model and those that did not lies in teaching 

quality, what teachers do in the classroom, as opposed to teaching quality, what those 

teachers bring with them to the classroom. 

Table 31 

Summary of Findings of Quantitative Data Analysis 

Research Question Null Hypothesis Conclusion 
1. Is there a relationship 

between teacher quality and 
teacher effectiveness in 7th-
grade GTAM Algebra I 
Honors, as evidenced by 
residual gains on the state 
end-of-course Algebra I 
exam? 

 

  

a. Is there a relationship 
between teachers’ 
professional preparation 
characteristics and teacher 
effectiveness in 7th-grade 
GTAM Algebra I Honors? 

 

1: There is no relationship 
between teacher professional 
qualifications and teacher 
effectiveness for teachers in this 
study, as evidenced by their 
students’ residual gains on the 
state end-of-course Algebra I 
exam. 

Reject null hypothesis. A 
relationship between teacher 
professional qualifications 
and teacher effectiveness for 
teachers in this study, as 
evidenced by their students’ 
residual gains on the state 
end-of-course Algebra I 
exam. 
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 Table 31 continued 

Summary of Findings of Quantitative Data Analysis 

 Research Question Null Hypothesis Conclusion 

b. Is there a relationship 
between teachers’ subject 
matter knowledge and teacher 
effectiveness in 7th-grade 
GTAM Algebra I Honors?  

 

2: There is no relationship 
between teachers’ subject matter 
knowledge and teacher 
effectiveness for teachers in this 
study, as evidenced by their 
students’ residual gains on the 
state end-of-course Algebra I 
exam. 
 

Cannot reject null hypothesis. 

c. Is there a relationship 
between teachers’ 
pedagogical content 
knowledge and teacher 
effectiveness in 7th-grade 
GTAM Algebra I Honors? 

 

3: There is no relationship 
between teachers’ pedagogical 
content knowledge for teaching 
and teacher effectiveness for 
teachers in this study, as 
evidenced by their students’ 
residual gains on the state end-of-
course Algebra I exam. 
 

Cannot reject null hypothesis. 

d. Is there interaction between 
teachers’ subject matter 
knowledge and teachers’ 
pedagogical content 
knowledge in predicting 
teacher effectiveness of 7th-
grade GTAM Algebra I 
Honors teachers? 
 

4: There is no interaction 
between teachers’ subject matter 
knowledge and teachers’ 
pedagogical content knowledge 
in predicting teacher 
effectiveness of 7th-grade 
GTAM Algebra I Honors 
teachers. 
 

Cannot reject null hypothesis. 
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Chapter Five – Conclusion 

This chapter reviews the main points of the study, summarizes the findings 

discussed in chapter four, and presents the conclusions of the study as they are organized 

by the two research questions.  Also, connections to the theoretical framework of the 

study are discussed.  Finally, the chapter concludes with a discussion of implications that 

can be drawn from the study, and recommendations for further research.  

Problem Statement 

With more and more focus on accountability, algebra achievement has become a 

major focus of math curriculum developers.  In many states, students are expected to pass 

standardized Algebra achievement tests in order to satisfy graduation requirements.  

According to Erbas (2005), “Algebra is one of the areas in which students have major 

problems, and identifying student difficulties and measuring student achievement have 

gained importance as a focus of various research studies” (p. 26).   

Sunshine County Public Schools (SCPS) feels that early acceleration into Algebra 

I is important.  Traditionally, Algebra I is a high school course, taken in the 9th grade.  

SCPS has developed a program called Gifted and Talented Academy of Mathematics 

(GTAM) that allows students to take Algebra I Honors during middle school.  This 

program is implemented at all of the 42 middle schools in the SCPS district.  The GTAM 

program has encountered several problems throughout its years of implementation across 

the district. 



  

207 

 
 

 

The GTAM program has four main problems: preparation, placement, student 

performance, and teacher practices.  There is currently no District program or plan to 

prepare mathematically talented elementary school students for accelerated math classes 

in middle school.  Thus, preparation of mathematically talented students is being 

implemented individually and inconsistently by elementary schools, and many students 

are not coming into the GTAM program from elementary school prepared for the rigor of 

the courses, nor are they leaving prepared for higher-level mathematics classes.   

The selection criteria for placement in the GTAM program are not appropriate to 

predict success in or readiness for the program.  The district is currently using the 5th-

grade math FCAT to place students into the program.  This assessment was not 

developed to test Algebra readiness.  It focuses largely on division, addition and 

subtraction of fractions and decimals, properties of 2- and 3-dimensional figures, finding 

area, surface area, and volume, measurement, and constructing graphs.  While mastery of 

these concepts is important, it is not effective in predicting readiness for the GTAM 

program.   

Student success in the GTAM program has been a problem.  Data show that 

almost half of the students in the program exit before they enter high school.  An analysis 

of data about the 2006 GTAM-6 cohort, retrieved from the data warehouse of the county 

being studied, shows that 25.83% of GTAM-6 students were not successful in the 

program and exited at the end of sixth grade.  Approximately 46% of the same cohort 

exited the program by the end of middle school (see Table 1). 

The classroom practices and implementation of the curriculum are not consistent 

throughout the District.  In order to help make this program more effective for our most 
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mathematically talented students, the researcher examined teacher practices to determine 

what works best to increase student understanding of the GTAM mathematics 

curriculum.  Emphasis was placed on what teacher characteristics are important in 

overcoming all the obstacles of the GTAM program and providing students with a solid 

mathematical foundation for higher-level mathematics. 

Purpose of the Study 

The purpose of this study was to identify teacher qualities and teaching qualities 

linked to teacher effectiveness in 7th-grade GTAM Algebra I Honors.  “Using the terms 

teacher quality and teaching quality separately, permits clearer discussion and purposeful 

action.  Teacher quality concerns the inputs that teachers bring to the school…teaching 

quality refers to what teacher do to promote student learning inside the classroom” 

(Kaplan & Owings, 2001, p. 64).  For the purposes of this study, teacher quality included 

teacher professional preparation characteristics and teacher knowledge.  Teacher 

qualifications included degree, major, number of graduate-level math classes, 

mathematical professional development in the past 3 years, area of certification, national 

board certification, teaching experience, and special endorsements.  Two forms of teacher 

knowledge were examined, subject matter knowledge and pedagogical content 

knowledge.  For this study, aspects of teaching quality that promote conceptual 

understanding in Algebra were examined. There are many facets to teacher effectiveness, 

but this study solely used student achievement on an end-of-course state assessment as 

evidence of teacher effectiveness.  Another purpose of this study was to examine the 

relationship between the pedagogical content knowledge and instructional practices of the 

teachers in this study.  
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Research Questions 

1. Is there a relationship between teacher quality and teacher effectiveness in 7th-

grade GTAM Algebra I Honors, as evidenced by residual gains on the state end-

of-course Algebra I exam? 

a. Is there a relationship between teachers’ professional preparation 

characteristics and teacher effectiveness in 7th-grade GTAM Algebra I 

Honors? 

b. Is there a relationship between teachers’ subject matter knowledge and 

teacher effectiveness in 7th-grade GTAM Algebra I Honors?  

c. Is there a relationship between teachers’ pedagogical content knowledge 

and teacher effectiveness in 7th-grade GTAM Algebra I Honors? 

d. Is there interaction between teachers’ subject matter knowledge and 

teachers’ pedagogical content knowledge in predicting teacher 

effectiveness of 7th-grade GTAM Algebra I Honors teachers? 

2. What are the characteristics of teaching quality that promote conceptual 

understanding in 7th-grade GTAM Algebra I Honors? 

Hypotheses 

Null Hypothesis 1: There is no relationship between teacher professional 

qualifications and teacher effectiveness for teachers in this study, as evidenced by their 

students’ residual gains on the state end-of-course Algebra I exam. 

Null Hypothesis 2: There is no relationship between teachers’ subject matter 

knowledge and teacher effectiveness for teachers in this study, as evidenced by their 

students’ residual gains on the state end-of-course Algebra I exam. 
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Null Hypothesis 3: There is no relationship between teachers’ pedagogical content 

knowledge for teaching and teacher effectiveness for teachers in this study, as evidenced 

by their students’ residual gains on the state end-of-course Algebra I exam. 

Null Hypothesis 4:  There is no interaction between teachers’ subject matter 

knowledge and teachers’ pedagogical content knowledge in predicting teacher 

effectiveness of 7th-grade GTAM Algebra I Honors teachers. 

Methodology 

This was a mixed methods study.  The research had three distinct phases.  During 

Phase One, a prediction model was constructed and used to assign each teacher an 

effectiveness index.  In Phase Two, quantitative data regarding teacher quality was 

collected.  The data were examined to determine if any relationship exists between 

teacher quality and teacher effectiveness.  Phase Three included a sub-sample of the 

teachers from Phase Two.  Phase Three investigated the teaching quality in 7th-grade 

GTAM Algebra I Honors related to students’ conceptual understanding. 

During Phase One, a regression analysis using 6th-grade FCAT scores to predict 

Algebra I EOC scores was done. The model was generated by using the 6th-grade FCAT 

scores of the 2010-2011 GTAM 7th-grade students as a predictor of their 2011 Algebra I 

EOC scores.  This model was then used to predict the Algebra I EOC scores of the 2011-

2012 GTAM 7th-grade students.  A residual score was calculated for each student by 

finding the difference of the actual score and the student’s predicted score, based on the 

model.  A teacher’s effectiveness index was calculated by averaging the residuals of all 

of his/her students.  
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During Phase Two, 7th-grade SCPS GTAM Algebra I Honors teachers were 

surveyed using the GTAM Teacher Background Survey (see Appendix A) and the 

Knowledge for Teaching Algebra (KAT) Assessment (see Appendix B).   

A correlation analysis was done to determine the relationship between teacher 

qualifications and effectiveness index.  Also, a multiple linear regression was done to 

determine if teacher qualifications could predict teacher effectiveness.  A correlation 

analysis was also done to determine the relationship between teacher knowledge and 

teacher effectiveness, and a linear regression will be done to determine if teacher 

professional qualifications could predict teacher effectiveness.   

Seven teachers were selected for Phase Three, based on their teacher effectiveness 

index computed in Phase One. Four teachers for which the prediction model 

overestimated effectiveness and four teachers for which the prediction model 

underestimated effectiveness were selected for the study in order to observe differences 

in teaching strategies that may contribute to increased student learning in mathematics. 

Each of the seven teachers was observed two times within a week.  Data were 

collected using the GTAM Classroom Observation Protocol (see Appendix C). Particular 

attention was paid to certain aspects of the instruction. The selected focus areas included 

the following instructional strategies: direct instruction, problem solving, multiple 

representations, technology, communication, and collaborative learning.  

The researcher interviewed each teacher about the lesson using a semi-structured 

interview protocol (see Appendix D) called Inside the Classroom Teacher Interview 

Protocol.  
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Field notes from observation protocols and transcriptions of teacher interviews 

were used to look for common strategies that promote conceptual understanding of the 

mathematical content and common teacher perceptions of issues related to students and 

the GTAM program. A holistic analysis of all data was done to determine themes 

(Creswell, 2007).  Observation field notes and interview transcripts were read for a first 

pass using a priori categories related to instructional categories, including direct 

instruction, problem solving, multiple representations, technology, collaborative learning, 

and communication.  Additionally, new categories were developed based on teacher 

responses to the interview questions and observation field notes. The data were clustered 

according to instructional categories.  The findings were developed primarily by looking 

at patterns in the data clusters.  

Sample and Population 

The participants of the study were 7th-grade SCPS GTAM Algebra I Honors 

teachers.  There were 44 teachers included in the population.  Collectively they teach 

1,602 students in GTAM 7 Algebra I Honors.  Of these 44 teachers, 23 participated in 

Phase Two of the study and seven participated in Phase Three. 

Limitations 

The participation in this study was voluntary.  This limited the number of 

responses on the surveys to a small number.  Only 23 teachers returned the surveys. 

Because of this small sample size, many of the findings in Phase Two were not 

statistically significant and cannot be generalized to the broader community based on this 

study alone.   
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The study was contained at the middle school level to look at early acceleration 

into Algebra I.  For this reason, only 7th-grade teachers were studied since the GTAM 

program curriculum covers Algebra I Honors in this grade level. Algebra I Honors is also 

taught to eighth grade and high school students.  Since this study did not include teachers 

of students at those grade levels, the results of this study cannot be generalized to 

teachers of Algebra I Honors at other grade levels. 

The researcher holds an administrative position in the program, which may have 

affected the responses of the teachers due to a possible misconception of being evaluated 

based on their responses.  To counteract this, the researcher assured the participants that 

all information would remain confidential and would not be linked to their evaluation or 

their job conditions.   

Summary of Findings 

The data from Phase Two were used to address all four parts of research question 

one in this study (see Table 31).  Based on the findings, only Null Hypothesis 1 could be 

rejected based on two variables analyzed.  The only variables that had statistically 

significant correlations to teacher effectiveness were types of workshops taken 

(WS_GTAM_6 and WS_MS_Math). Since these variables contributed to a statistically 

significant linear model that could predict teacher effectiveness, Null Hypothesis 1 can be 

rejected, therefore there is a relationship between teacher professional qualifications and 

teacher effectiveness for teachers in this study, as evidenced by their students’ residual 

gains on the state end-of-course Algebra I exam.  

Analysis of a linear regression between subject matter knowledge and teacher 

effectiveness indicated that there was no significant relationship between the two 



  

214 

 
 

 

variables (R = .28, R2 = .08, F (2,17) = .74, p > .05).  Based on the results of the multiple 

regression analysis, Null Hypothesis 2 cannot be rejected. 

A correlation was conducted to determine if teacher pedagogical content 

knowledge could predict teacher effectiveness, r(20) = -.291, p = .212, 2-tailed. Analysis 

of the correlation indicated that there is no significant relationship between the variables.  

Based on the results of the correlation and multiple regression analyses, Null Hypothesis 

3 cannot be rejected. 

A linear regression was conducted to determine if the interaction of teacher 

subject matter knowledge and pedagogical content knowledge could predict teacher 

effectiveness (R = .65, R2 = .43, F (7,12) = 1.28, p > .05).  This analysis showed that the 

relationship the interaction of subject matter knowledge with pedagogical content 

knowledge and teacher effectiveness is not significant.  Based on the results of the 

multiple regression analyses, Null Hypothesis 4: There is no interaction between 

teachers’ subject matter knowledge and teachers’ pedagogical content knowledge in 

predicting teacher effectiveness of 7th-grade GTAM Algebra I Honors teachers, cannot 

be rejected. 

Phase Three addressed the second research question: What are the characteristics 

of teaching quality that promote conceptual understanding in 7th-grade GTAM Algebra I 

Honors?  Based on the data analysis, there are distinct characteristics of teaching quality 

in the Group 2 teachers.  Group 2 teachers outperformed the prediction model developed 

in Phase One.  The characteristics of teaching quality are outlined in Table 30. 

Based on the findings of all phases of this study, in this group of GTAM-7 

teachers, there is a relationship between teacher quality and teaching effectiveness, 
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however it is very limited and only based on participation in two specific workshops.  

The difference between teachers that outperformed the model and those that did not lies 

in teaching quality, what teachers do in the classroom, as opposed to teaching quality, 

what those teachers bring with them to the classroom. 

Conclusions and Connections to Theoretical Framework 

 This research study examined two facets of teaching that may impact student 

learning in Algebra, teacher quality and teaching quality.  “Using the terms teacher 

quality and teaching quality separately, permits clearer discussion and purposeful action.  

Teacher quality concerns the inputs that teachers bring to the school…teaching quality 

refers to what teacher do to promote student learning inside the classroom” (Kaplan & 

Owings, 2001, p. 64). 

Research has shown that the most important school-related variable in student 

achievement is the teacher (Wright et al., 1997). The findings of this study indicate that 

teaching quality may have a greater impact on student learning than teacher quality 

among teachers in the GTAM program. In other words, it is more important to focus on 

what GTAM-7 teachers are doing in the classroom as opposed to what professional 

qualifications they possess. 

Teacher quality.  Phase Two of this study solely looked at elements of teacher 

quality.  For this study, teacher quality was broken down into two categories: teacher 

professional preparation qualifications and teacher knowledge.  Although most of the 

findings in this phase of the study were not statistically significant because of the 

limitation of the small sample size, the following section discusses the relationships and 
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trends in the data.  The findings of this study are contradictory to many of the research 

studies found in current literature in both categories. 

Teacher professional preparation qualifications.  This category of teacher 

quality was addressed by research question 1a.  The study showed that some aspects of 

teacher qualifications have effects on teacher effectiveness in Algebra I Honors. 

The literature is conflicting on the relationship between teacher experience and 

student achievement in mathematics (Clotfelter et al., 2007; Goldhaber & Brewer, 1996, 

1997; Monk, 1994).  This study found that there is a no statistically significant 

relationship between teacher experience and teacher effectiveness. 

Many of the research studies about the effect of specific teacher qualifications 

provide inconclusive findings, “except in mathematics, where high school students 

clearly learn more from teachers with certification in mathematics, degrees related to 

mathematics, and coursework related to mathematics” (Wayne & Youngs, 2003, p. 107).  

In this study, the element of teacher certification was difficult to analyze in relation to 

teacher quality.  All teachers in the study had certification in mathematics.  However, 

some of them had certification in middle school mathematics and some had certification 

in high school mathematics.  This data analysis in this study indicated that this distinction 

made no difference.  Differences in the effectiveness score could not be explained by 

type of math certification. 

Monk (1994) found positive relationships with both undergraduate and graduate 

math courses and student achievement.  Goldhaber & Brewer (1997) concur with this 

finding.  The findings of this study contradict the findings in both of those studies.  In the 

GTAM program, having a bachelor’s degree or a master’s degree in mathematics or 
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mathematics education had no statistically significant relationship with teacher 

effectiveness. 

The findings of this study show that certain types of professional development 

have a statistically significant effect on teacher effectiveness.  Interestingly, participating 

in the GTAM-6 workshop has a negative relationship with teacher effectiveness.  This 

workshop is based on the curriculum for the course prior to GTAM-7, or Pre-Algebra.  

Perhaps teachers engaging in this professional development teach students only to the 

depth expected in Pre-Algebra and not to the depth expected of an Algebra I Honors 

curriculum.  Another possible explanation for this negative relationship is that Algebra 

teachers who are inclined to enroll in a Pre-Algebra workshop may be weaker in the 

content area, and therefore are less effective in teaching Algebra. 

Engaging in middle school mathematics workshops had a statistically significant 

positive correlation with teacher effectiveness.  No other types of workshops examined in 

this study had a statistically significant relationship with teacher effectiveness  

Many of the types of professional development examined in this study, such as 

attending college courses in mathematics, attending workshops, observing other teachers, 

working with mentors, and participating in research, did not show any relationship with 

teacher effectiveness.  Smith et al. (2005) found that professional development only 

started to show effects after more than 40 hours of participation or completion of three 

graduate courses.  Table 15 shows that the means for the professional development 

variables are below those limits.  This may explain the absence of relationship with 

teacher effectiveness of those variables.    
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Teacher knowledge.  This category of teacher quality was addressed by research 

questions 1b, 1c, and 1d.  The study showed teacher knowledge does not have a 

significant relationship with teacher effectiveness in Algebra I Honors teachers included 

in this study. 

Research question 1b examines the relationship between subject matter 

knowledge and teacher effectiveness.  The findings indicate that there is no statistically 

significant relationship between School Knowledge or Advanced Knowledge and teacher 

effectiveness.  This indicates that teacher expertise in the content of Algebra is not 

necessary for teacher effectiveness.  This contradicts what has been found in the literature 

(Baumert et al., 2010; Zazkis & Leiken, 2010).  The linear regression that includes both 

School Knowledge and Advanced Knowledge shows that teacher effectiveness cannot be 

predicted by subject matter knowledge of GTAM-7 teachers. 

Research question 1c examines the relationship between pedagogical content 

knowledge (PCK) and teacher effectiveness. The findings of this study show no 

statistically significant correlation between PCK and teacher effectiveness of GTAM-7 

teachers.  This is contradictory to the research of Baumert et al. (2010) that found that 

PCK accounted for 39% of the variance in student achievement.  This study did not focus 

on only mathematically talented students.  Since the GTAM program only includes 

mathematically talented students, this finding may indicate that PCK is less important for 

teacher effectiveness in teachers of mathematically talented students. 

Research question 1d refers to the interaction between subject matter knowledge 

and pedagogical content knowledge in predicting effectiveness of GTAM-7 teachers.  

Hill et al. (2004) found that “common and specialized mathematical knowledge are 
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related yet are not completely equivalent; the possibility exists that individuals might 

have well-developed common knowledge yet lack the specific kinds of knowledge 

needed to teach” (Hill et al., 2004, p. 24).  The findings of this study indicate that there is 

no statistically significant relationship between the interaction of all three aspects of 

knowledge for teaching mathematics tested by the KAT (Teaching Knowledge, School 

Knowledge, and Advanced Knowledge) and teacher effectiveness in GTAM-7 teachers.   

Teaching quality.  Phase Three of this study focused on elements of teaching 

quality.  Specifically, teachers were studied to determine differences in teachers with high 

effective indexes and those with negative effectiveness indexes.  Differences were found 

in several themes of teaching quality.  They were instructional strategies, student errors, 

influences on teaching, taking a conceptual versus a procedural approach to content, and 

classroom factors.   

The teachers were classified into two groups. Group 2 teachers were those who 

outperformed the prediction model generated in Phase One.  For the purposes of this 

discussion, they will be called more effective teachers.  The teachers in Group 1 were 

those for whom the model overpredicted effectiveness.  For the purposes of this 

discussion, they will be called less effective teachers. 

Haas (2005) did a meta-analysis of studies conducted between the years of 1980 

and 2002 that reviewed studies that examined the effects of specific instructional 

practices on student achievement in Algebra I.  The findings of this meta-analysis 

identified six instructional categories that showed positive effects on student 

achievement.  These are cooperative learning; communication and study skills; 

technology-aided instruction; manipulatives, models, and multiple representations; 
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problem-based learning; and direct-instruction. This study focused on all of these 

strategies, except for direct instruction. 

The data from Phase Three revealed that the group of more effective teachers 

used multiple representations more frequently than the less effective teachers.  Also, the 

more effective teachers implemented collaborative learning more successfully than the 

less effective teachers.  They also had more experience with this strategy.  The group of 

more effective teachers had students engaged in communication more frequently than the 

group of less effective teachers.  The more effective teachers used higher-level 

questioning more frequently than the less effective teachers.  Problem-based learning was 

not used by the less effective teachers, but it was observed in the classrooms of the more 

effective teachers.  The use of technology was varied among both groups of teachers.  

The data showed that the more effective teachers were more successful at implementing 

the five strategies identified in the literature to have an effect on student achievement in 

Algebra than the less effective teachers. 

The theoretical framework for this study is based on two major ideas.  The first 

idea focuses on the different types of knowledge that teachers use in their daily tasks.  

This was evidenced in Phase Three data in the themes student errors and influences on 

teaching.  The second idea in the theoretical framework addresses teaching for conceptual 

understanding.  This was evidenced in Phase Three data in the themes of taking a 

conceptual versus a procedural approach to content, student errors, influences on 

teaching, and classroom factors. 

Shulman’s (1986) model of teacher knowledge included three domains: subject 

matter content knowledge, pedagogical content knowledge, and curricular knowledge.  
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According to Shulman, pedagogical content knowledge includes how to represent 

concepts so that students will understand them, which concepts are easy for students and 

which ones present difficulties for students, and common misconceptions that students 

make in the subject area.  Pedagogical content knowledge assists teachers in planning for 

instruction because they are able to anticipate student difficulties and they can select 

among multiple representations of concepts to use in instruction which will best suit their 

students’ needs.   

Similarly, Ball et al. (2008) constructed a model of mathematical knowledge for 

teaching.  This model also includes pedagogical content knowledge (PCK).  PCK 

includes knowledge of content and students.  Knowledge of content and students means 

knowing common student misconceptions and how to address them. 

Although the Phase Two quantitative data did not show statistically significant 

relationships between PCK and teacher effectiveness, the more effective teachers in 

Phase Three illustrated PCK through their attention to student errors.  The more effective 

teachers were aware of common misconceptions that students make in algebra and they 

paid particular attention to them in their instruction.  The less effective teachers lacked an 

awareness of common student misconceptions.  They had a difficult time understanding 

when students were struggling and did not address misconceptions as they arose.  The 

less effective teachers had less experience in teaching and did not talk about experience 

as a factor of their teaching. The more effective teachers had more teaching experience 

and were able to draw upon their experience to anticipate student errors. 

Both Shulman’s (1986) and Ball et al.’s (2008) models of teacher knowledge 

include subject matter knowledge (SMK).  Although the Phase Two quantitative data did 
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not show statistically significant relationships between SMK and teacher effectiveness, 

the more effective teachers in Phase Three focused on the development of their SMK 

more than the less effective teachers.  The more effective teachers were more actively 

involved in professional development and attended the GTAM-7 training.  They felt that 

the professional development that they attended did have an impact on their teaching.  In 

contrast, the less effective teachers relied on their experiences in middle school and high 

school for the SMK and did not feel that the professional development they attended was 

helpful in their teaching.  

The third component of Shulman’s (1986) model was curricular knowledge.  

Curricular knowledge includes the “understandings about the curricular alternatives 

available for instruction” (Shulman, 1986, p. 10).  Ball et al. (2008) also included 

knowledge of the curriculum in their model.  The more effective teachers used the 

textbook as their main resource however, they modified it and included other resources.  

The less effective teachers also used the textbook as their main resource, but they did not 

modify the lessons or include additional resources.  The less effective teachers had less 

experience in teaching and did not talk about experience as a factor of their teaching. The 

more effective teachers had more teaching experience and were able to draw upon 

resources and strategies used in prior years. 

The second idea of the theoretical framework is teaching for conceptual 

understanding.  This is based on the work of Brownell (1944), Bruner (1960b), Hiebert 

and Grouws (2007), and Hiebert and Carpenter (1992).  Also, the National Council of 

Teachers of Mathematics (2000) emphasizes mathematics instruction for understanding.  
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Brownell developed “meaning theory” which included focusing on the process of 

mathematics, allowing students time to work through the process of learning, and 

attending to student errors by guiding students through the process of solving problems 

using guiding questions.  This was evident in the group of more effective teachers.  When 

students made errors in these classes, the teachers had students explain their solutions and 

the teachers used probing questions to guide students to the correct answers.  In contrast, 

the less effective teachers simply answered questions that students answered incorrectly 

and did not use probing questions to guide students to correct answers.  

Brownell also included ideas about practice for student learning.  He believed that 

teachers should provide students with varied practice.  His theory proposes that varied 

practice has to be given at the early stages of learning to allow students to discover how 

to apply the concepts.  Repetitive practice should be given after a student has full 

understanding of the concept.  The goal of repetitive practice is efficiency.  The more 

effective teachers used multiple strategies to check for student understanding.  They 

allowed students to work on a variety of activities including problem solving and 

exploration.  The less effective teachers used limited strategies for student practice such 

as examples from the textbook. 

Both Bruner and Hiebert and Carpenter included introducing concepts to students 

in a manner that they are capable of understanding and spiraling back to those concepts in 

depth as they build on existing frameworks. The less effective teachers used formulas and 

showed procedures without explanations of the process of the mathematics.  They 

emphasized rules, formulas, algorithms, tricks, shortcuts, and step-by-step procedures.  
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The more effective teachers used a balanced approach and allowed students to interact 

with the concepts in multiple formats.  

Also, the more effective teachers attended to vocabulary more than the less 

effective teachers.  This attention to precise vocabulary may help students in later 

mathematics courses when they need to draw on those internal representations of prior 

knowledge to build on existing frameworks and go more in depth with mathematical 

concepts.  

Hiebert and Grouws identified two major features of teaching that promote 

conceptual understanding.  First, teaching should attend explicitly to concepts and to 

connections among mathematical facts, procedures, and ideas.  This can include 

strategies such as discussing procedures, comparing solution strategies, talking about 

relationships between ideas, and discussing how the current topic fits into the big scheme 

of the curriculum.   The more effective teachers explicitly connected the concepts to the 

real world, as well as past and future concepts in mathematics.  The less effective 

teachers had a difficult time making connections among concepts and taught topics in 

isolation.   

The second feature identified by Hiebert and Grouws that promotes conceptual 

understanding is allowing students to struggle with the mathematical ideas. The teacher’s 

role is to support students understanding while they make sense of the mathematics on 

their own and connect it to what they already know.  The more effective teachers allowed 

students struggle time during instruction.  They fostered an environment where students 

felt comfortable asking questions, where it was okay to struggle.  
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The less effective teachers used a more procedural approach to teaching by 

focusing primarily on types of questions that students would experience on a state 

standardized end-of-course exam (EOC). The less effective teachers relied more on EOC 

type questions as a resource for their teaching.  They used EOC type questions on a daily 

basis, whereas the more effective teachers focused on teaching concepts, and only used 

EOC resources later in the year for test preparation rather than for teaching.  

Another factor where the two groups of teachers differed was in their participation 

in professional learning communities (PLCs).  The more effective teachers worked with 

peer teachers and collaborated about teaching strategies.  Within their PLCs, they aligned 

assessments and shared lessons and resources.  The less effective teachers did not report 

the same experiences with collaborations in PLCs. 

Summary.  The findings of this study indicate that elements of teaching quality 

are more indicative of teacher effectiveness than elements of teacher quality among 

teachers of GTAM-7. Although there was some evidence of a relationship between 

elements of teacher quality and teacher effectiveness, there were clear differences in 

teaching quality among more effective and less effective teachers in this study. 

Implications 

 The focus of this study was two-pronged.  It looked at teacher quality and what 

inputs an effective teacher brings to a classroom.  It also looked at teaching quality, or 

what an effective teacher does in a classroom to engage students in learning and promote 

conceptual understanding of algebra.  The findings indicate that there are aspects of both 

teacher quality and teaching quality that can inform teachers, administrators, and teacher 

educators. 
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Implications for teachers.  A shift from procedural and teacher-directed 

instruction to a conceptual approach and a student-centered classroom has been shown to 

be effective for mathematically talented students in algebra. More effective teachers in 

this study used a variety of instructional strategies to promote student learning including 

using multiple representations, communication, collaborative learning, problem-based 

learning, and technology.  Past research also supports use of these strategies in Algebra to 

increase student achievement (Haas, 2005).  

While using the strategies examined in this study, it is recommended that teachers 

provide students experiences that promotes an understanding of how ideas in algebra are 

interconnected and build on each other within mathematics and in real world contexts 

outside of mathematics. 

Teachers should include higher-level questioning to help engage their students in 

mathematics and move them toward conceptual understanding of mathematics.  Also, 

when students make errors, teachers should use questioning to guide students through 

finding and correcting their own mistakes. 

Teachers need to create a classroom environment for students where they feel 

comfortable making mistakes, asking questions, and engaging in mathematical discourse.  

The teacher should allow students time to struggle with ideas and concepts while 

scaffolding students as necessary, rather than providing them with answers immediately. 

For newer teachers, it is important to work with more experienced teachers to gain 

insight into pedagogical content knowledge, specifically knowledge of content and 

students and curricular knowledge.  If professional learning communities are not 

accessible in the school environment, it is important for teachers to seek out networking 
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opportunities within their district or within the larger teaching community.  Working with 

a more experienced group of teachers can give the teacher a forum to learn about 

common student misconceptions, effective teaching strategies, and additional resources 

that can be used in the classroom.  

Teachers should engage in professional development that will further their subject 

matter knowledge.  They should try to connect what they learn in their professional 

development to their classroom practice. Professional development will be meaningless if 

teachers do not find ways to incorporate what they learn into their daily classroom 

practice. 

Implications for administrators.  The findings of this study show that in the 

GTAM program, it is more important to choose a teacher based on what they do in the 

classroom rather than what qualifications they possess.  School administrators should be 

aware of and promote the instructional practices that are effective in algebra instruction.  

They should support effective teaching practices by allowing teachers the freedom to 

implement these practices in their classrooms without the fear of receiving a negative 

evaluation.  Also, administrators should provide novice teachers the opportunity to 

observe other teachers who successfully implement effective practices. 

Participating in a professional learning community that is relevant to the course 

that the teacher is teaching is important.  Collaboration with peers allows teachers to 

increase their knowledge about content, strategies, students, and resources.  If there is not 

another teacher of the same subject in the school, administrators should help the teacher 

find a contact at another school that they can collaborate with. 
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Professional development must be continuous and relevant to be beneficial for 

teachers.  Administrators should allow their teachers time to attend workshops offered 

throughout the year. Professional development can be done within the school as well.  If 

possible, administrators should provide the opportunity for mathematics coaches to 

collaborate with teachers and reflect on classroom practices.  

Implications for teacher educators.  Teachers should not have to be trained in 

using these instructional strategies during workshops after they have already begun 

teaching.  Teacher educators should include the effective instructional strategies included 

in this study as an integral part of teacher education programs.  Research shows that 

short-term workshops do not make an impact on teacher practices (Smith et al., 2005).  

This implies that it is imperative that pre-service teachers be exposed to these practices 

on an ongoing basis throughout their teacher preparation program. 

Research shows that a teacher’s pedagogical content knowledge has a greater 

impact on student achievement than subject matter knowledge (Baumert et al., 2010).  

The findings of this study support that claim.  Professional development for pre service 

and in service teachers should focus more on increasing pedagogical content knowledge 

than subject matter knowledge to have a greater impact on student achievement in 

mathematics.  Also, evaluation and use of curricular alternatives should be incorporated 

into professional development programs in order to equip teachers with the type of 

knowledge that will help them provide rich and meaningful experiences for their 

students. 
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Recommendations for Further Research 

This study showed some important aspects of teacher quality and teaching quality 

of 7th-grade GTAM Algebra I Honors teachers.  The following are some suggestions to 

build upon the findings of this study. 

This study had a very small sample size due to the nature of the GTAM program.  

This made it difficult to generalize the findings of the study.  It would be beneficial to 

locate programs in other counties that have the same characteristics of the GTAM 

program and conduct the study with a larger sample.  This would allow for 

generalizability of the findings. 

This study only looked at 7th-grade Algebra I Honors teachers.  A future study 

could also include 8th-grade Algebra I Honors teachers.  Students taking algebra in 8th-

grade are also accelerated in mathematics and it would provide the researcher with a 

larger sample. 

The students in this study are mathematically talented students that are 

accelerated in mathematics.  Further research can be conducted to see if effective teachers 

in 9th-grade Algebra I use the same instructional practices as the effective teachers in this 

study. It would be interesting to see what other kind of instructional strategies effective 

teachers of average or on-grade-level students use. 

This study was focused on conceptual understanding of mathematics; however 

there was no measure of student learning that specifically tested conceptual 

understanding.  A future study can be conducted to investigate how the instructional 

strategies identified in this study contribute to an increase in student conceptual 

understanding by using an instrument that tests for conceptual understanding in Algebra. 
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This study found that certain types of professional development had a positive 

correlation with teacher effectiveness, some types of professional development had a 

negative correlation with teacher effectiveness, while others had no correlation with 

teacher effectiveness.  Research into what components of each type of professional 

development contribute to their effectiveness should be investigated to improve the 

current professional development program for GTAM teachers. 

Concluding Remarks 

Algebra achievement has become a major focus in education because it is 

considered a gatekeeper course in mathematics. Also, teacher quality and identifying 

characteristics of highly qualified teachers is crucial because research has shown that the 

teacher is the most important school-related variable in student achievement (Wright et 

al., 1997).  

Teacher quality of algebra teachers is another aspect that is critical to understand 

in order to provide students with effective teachers.  This study began to identify some 

characteristics of effective algebra teachers.   

This study suggests that what the teacher does in the classroom is a key 

component in a student’s understanding of algebra.  The teacher should provide students 

with a variety of opportunities to engage with the content and facilitate conceptual 

understanding in algebra.  Some strategies of effective algebra teachers have been 

identified through this study and should be incorporated into teacher education and 

professional development programs so that current and future teachers can provide 

effective instruction to all students. 
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Considering the teacher is the most important factor in student achievement, the 

characteristics of teacher quality and the practices of teaching quality should be sought 

out and developed in algebra teachers in order to provide students with a deep 

understanding of algebra.
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Appendix A – Teacher Background Survey 

Teacher Background Survey 

TITLE:  Teacher Quality and Teaching Quality of 7th-Grade Algebra I Honors Teachers 
 

Investigator(s): Barbara Perez and Dr. Roberta Weber  
 
 

Teacher Background Survey 
 

 
Thank you for participating in our research study.  The purpose of this study is to identify teacher qualities 
and teaching qualities linked to teacher effectiveness in 7th-grade Algebra I Honors.  This survey is being 
used as a part of my dissertation research for my Ph.D. You were selected to take this survey because you 
are a current GTAM-7 Algebra I Honors teacher. It should take you no more than 30 minutes to complete 
this survey. Your participation in this study is your choice. You may skip any questions that make you feel 
uncomfortable and you are free to withdraw from the study at any time without penalty.  There are minimal 
risks involved with participating in this study.  You will not be identified by name and this information will 
not be shared with your administrators or District personnel.  We do not know if you will receive any direct 
benefits by taking part in this study.  However, this research will contribute to a greater understanding of 
the qualifications and qualities of effective teachers of 7th-grade Algebra I Honors.  Once these 
characteristics are identified, they can be incorporated into professional development for Algebra I Honors 
teachers so that all Algebra I Honors students across the District can benefit from more effective teaching 
and increase their mathematical understanding.  
	  
By	  completing	  this	  survey,	  you	  are	  consenting	  to	  participation	  in	  this	  study.	  
 
If you experience problems or have questions regarding your rights as a research subject, contact the 
Florida Atlantic University Division of Research at (561) 297-0777.  For other questions about the study, 
you should contact Barbara Perez, (954) 461-3258 or my advisor, Dr. Roberta Weber, (561) 799-8519.  By 
completing and returning the attached survey, you give consent to participate in this study.  We will give 
you a copy of this statement for your records. 
 
 
Please place the completed survey in the enclosed envelope and seal.  Place the sealed envelope in the 
pony envelope and return to Barbara Perez, by _____________________. 
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1.  Counting this year, how many years have you taught school mathematics? 
 
Middle school level ___________ High school level ___________ 
 
 
2. Select all the degrees you have earned or are in the process of earning, and specify the content areas: 
 
   � B.A./ B.S. Major ______________________________________ 

   � M.A./ M.S. Program ___________________________________ 

   � Ph.D/ Ed.D Program ___________________________________ 

   � Other: _______________________________________________ 

 
3. In which school subjects and grade levels are you certified to teach? 
 
   � Middle Grades Mathematics (5-9) 

� Mathematics (6-12) 

� Middle Grades Integrated Curriculum (5-9) 

 � Elementary Education (K-6) 

� Other: __________________________________________ 

 
 
4. Which of the following types of college or graduate courses have you taken? Check all that apply. 
 
Mathematics Courses 
 
   �Calculus 

   �Differential Equations and/or Multivariate Calculus 

   �Linear Algebra (e.g., vector spaces, matrices, dimensions, eigenvalues, eigenvectors) 

   �Abstract Algebra (e.g., group, field theory, ring theory; structuring integers, ideals) 

  � Number Theory and/or Discrete Mathematics 

   �Advanced Geometry and/or Topology 

   �Real and/or Complex Analysis 

   �Other: ________________________________________________________________ 
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Mathematics Education Courses 
 
   �Methods of teaching mathematics (planning, organizing and delivering math lessons, using math 

curriculum materials and manipulatives, etc.) 

   �Psychology of learning mathematics (how students learn math, common student errors or 

misconceptions in math, cognitive processes, etc.) 

   �Assessment in mathematics instruction (developing and using tests and other types of  

assessments) 

   �Other:______________________________________________________________ 

�Other: _____________________________________________________________ 

�Other:_____________________________________________________________ 

�Other: _____________________________________________________________ 

 
5. Which of the following courses have you taught in the last five years? Check all that apply. 
 

�GTAM-6 

   �GTAM-7 

   �GTAM-8 

   �M/J 1  

�M/J 1 Advanced 

�M/J 2  

�M/J 2 Advanced 

�M/J 3  

�M/J 3 Advanced 

�Other: ________________________________________________________________ 

   
Among the courses you have taught, you are most experienced with  ___________________ 
 
 
6. Altogether, for how many years have you taught algebra courses? ______________ 
 
 
7.  Are you working toward or have you received certification from the National Board for  
     Professional Teaching Standards (National Board Certification)? 
 

�I have received National Board Certification     (Area:___________________________) 

   �I am currently working toward National Board Certification  

     (Area: ___________________________) 

   �I do not have National Board Certification and I am not currently working toward  
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     National Board Certification. 
 

   �I am not familiar with the National Board Certification Process. 

 
8.  During the last three years, please indicate types of professional development activities you 
participated in related to the teaching of mathematics? Check all that apply and approximate the number of 
hours/courses/meetings for each activity. 
 

� College course: (Circle the Number of Courses) :     1      2     3     4 or more 

� Workshop or training session: (Please Circle Number of Hours and indicate time  

      period (i.e. per week, per month, per year, etc.): 

     1 - 3   4 - 6  7 - 9  10 or more per________________ 

� Conference or professional association meeting: 

    (Circle the Number of Meetings) :     1      2     3     4 or more  

� Observational visit to another school: (Number of Hours_____________________ 

� Mentoring and/or peer observation within your school: (Number of Hours) ______ 

� Committee or task force focusing on curriculum, instruction, or student assessment  

     (Number of committees)_____________________________________________ 

� Regularly scheduled discussion or study group: (Number of Hours per month) ____ 

� Teacher collaborative or network (ex. organized by an outside agency over the Internet)    

(Number of Hours) __________________________________________________ 

� Individual or collaborative research: (Number of Hours) _____________________ 

� Independent reading on a regular basis (ex. Educational journals)  

    (Number of Hours per month) _____ 

� Consultation with a mathematics curriculum specialist: (Number of Hours) _____ 

� Other: _____________________________________________________________ 

 
9.  Please list all the workshops related to the teaching of mathematics that you have attended  
     over the past three years:	  
	  
______________________________________________________________________________________________	  

______________________________________________________________________________________________	  

______________________________________________________________________________________________	  

______________________________________________________________________________________________	  
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10.	  	  The	  following	  topics	  are	  included	  in	  the	  Algebra	  I	  Honors	  curriculum.	  	  Please	  rank	  their	  

importance	  from	  1	  –	  10	  (1	  =	  most	  important,	  10	  =	  least	  important):	  

_______	   Expressions,	  Equations,	  and	  Functions	  

_______	   Properties	  of	  Real	  Numbers	  

_______	   Solving	  Linear	  Equations	  

_______	   Graphing	  Linear	  Equations	  and	  Functions	  

_______	   Writing	  Linear	  Equations	  

_______	   Solving	  and	  Graphing	  Linear	  Inequalities	  

_______	   Polynomials	  and	  Factoring	  

_______	   Quadratic	  Equations	  and	  Functions	  

_______	   Radicals	  and	  Geometry	  Connections	  

_______	   Rational	  Equations	  and	  Functions	  

	  

11.	  	  Please	  explain	  why	  you	  felt	  the	  topic	  you	  ranked	  #1	  was	  the	  most	  important?	  

______________________________________________________________________________________________	  

______________________________________________________________________________________________	  

______________________________________________________________________________________________	  

______________________________________________________________________________________________	  

______________________________________________________________________________________________	  

______________________________________________________________________________________________	  

______________________________________________________________________________________________	  

______________________________________________________________________________________________	  

	  

12.	  	  Please	  explain	  why	  you	  felt	  the	  topic	  you	  ranked	  #10	  was	  the	  least	  important.	  

______________________________________________________________________________________________	  

______________________________________________________________________________________________	  

______________________________________________________________________________________________	  

______________________________________________________________________________________________	  

______________________________________________________________________________________________	  

______________________________________________________________________________________________	  

______________________________________________________________________________________________	  

______________________________________________________________________________________________	  

	  

Thank	  you	  for	  your	  participation	  in	  this	  survey.	   	  
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Appendix B – Released Items on the Survey of Knowledge for Teaching Algebra  

(Reproduced with permission from copyright holder.) 

 
 
1. Which of the following situations can be modeled using an exponential function? 
 
i. the height h of a ball t seconds after it is thrown into the air 
ii. The population P of a community after t years with an increase of n people annually. 
iii. The value V of a car after t years if it depreciates d% per year. 
 
A. i only 
B. ii only 
C. iii only 
D. i and ii only 
E. ii and iii only 
 
2. For which of the following sets S is the following statement true? 
   For all a and b in S, if ab = 0, then either a = 0 or b = 0. 
 
i. the set of real numbers 
ii. the set of complex numbers 
iii. the set of integers mod 6 
iv. the set of integers mod 5 
v. the set of 2x2 matrices with real number entries 
 
A. i only    D. i, ii, iii and iv only 
B. i and ii only    E. i, ii, iii, iv, and v 
C. i, ii and iv only 
 
3. A student solved the equation 

   3(n - 7) = 4 - n 
  and obtained the solution n = 2.75. 
What might the student have done wrong? 
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4. Hot tubs and swimming pools are sometimes surrounded by borders of tiles. The 
drawing at the right shows a square hot tub with sides of length s feet. This tub is 
surrounded by a border of 1 foot by 1 foot square tiles. 

 

How many 1-foot square tiles will be needed for the border of this pool? 

a. Paul wrote the following expression: 

  2s + 2(s+2) 

Explain how Paul might have come up with his expression. 

b. Bill found the following expression: 

  (s+2)2 - s2 

Explain how Bill might have found his expression. 

c.  How would you convince the students in your class that the two expressions above are 
equivalent? 
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Appendix C – GTAM Study Classroom Observation Instrument 

	  
Teacher:	  _________________________________	   School:	  ____________________________________	  

	  
Date:	  _____________________	  	  	  	  	  	  	  Observation	  #:	  ______	   Start	  time:	  __________	  	  End	  time:	  _	  

	  
Purpose	  (objectives):	  
On	  board:	  
	  
	  
Stated:	  
	  
Instructional	  Resources/Materials	  used:	  
Print	  
☐ Textbooks	  
☐ Teacher-‐created	  print	  materials:	  ___________________________________________________	  
☐ Other:	  ___________________________________________________________________________________	  
	  
Manipulatives(describe):_________________________________________________________________	  
	  
Technology:	  
☐ Computers	  (student	  use)	  ______________________________________________________________	  
☐ Calculators	  
☐ Interactive	  Whiteboard	  
☐ Overhead	  projector	  
☐ Software:	  ________________________________________________________________________________	  
☐ Other:	  ____________________________________________________________________________________	  
	  
Indicate	  the	  major	  way	  student	  activities	  were	  structured	  and	  specify	  time	  

allocated:	  
☐ Whole	  group	   	  _____________________	   	   ☐ Pairs	   	   	  ___________	  

☐ Small	  group	   	  _____________________	   	   ☐ Individual	   	  ___________	  
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Instructional	  Strategies	  (note	  frequency	  and	  time	  used)	  
	  

Procedural	  Vs.	  Conceptual	  
Type	   Frequency	   Notes: Content; nature of activity, what 

students doing, what teacher doing; 
interactions 

Teacher	  
demonstration	  of	  a	  
concept	  	  

	   	  

Procedural	  approach	  –	  
	  
(Memorize	  formula	  
	  
No	  emphasis	  on	  
multiple	  solution	  
methods	  
	  
No	  explanation	  of	  
“why”)	  

	   	  

Conceptual	  approach	  –	  	  
	  
(Relate	  new	  concepts	  
to	  previously	  learned	  
concepts	  
	  
Discuss	  connections	  
with	  other	  concepts	  
	  
Allow	  students	  to	  
struggle	  with	  the	  
problem	  
	  
Use	  proof	  to	  show	  
“why”	  this	  is	  true)	  
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Multiple	  Representations/Models	  
Type	   Frequency	   Notes: Content; nature of activity, what 

students doing, what teacher doing; 
interactions	  

Manipulatives	   	   	  

Models	   	   	  

Visual	  
Representation	  

	   	  

Other	   	   	  
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Communication	  
Type	   Frequency	   Notes: Content; nature of activity, 

what students doing, what teacher 
doing; interactions	  

Students	  present/defend	  
solutions	  orally	  

	   	  

Vocabulary	   	   	  

Whole	  group	  discussion	  (led	  by	  
teacher	  or	  students)	  

	   	  

Small	  group	  discussion/pairs	   	   	  

Read	  textbook	   	   	  

Write	  reflections/journals	   	   	  

Prepared	  a	  written	  product	   	   	  

Questioning	  
Question	  Type	   Frequency	  
Recall	   	  
Skills	  Concepts	   	  
Strategic	  Thinking	   	  
Probing	   	  
Redirecting	   	  
Open-‐ended	   	  
Closed-‐ended	   	  
Encouraged	  Multiple	  
Solution	  Methods	  

	  
	  

	  

Other	   	   	  
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Problem-‐based	  Learning	  
Type	   Frequency	   Notes: Content; nature of activity, what 

students doing, what teacher doing; interactions	  
Solved	  real	  world	  
problems	  

	   	  

Applied	  skills	  in	  
solving	  new	  non-‐
routine	  problems	  

	   	  

Formulated	  
conjectures	  

	   	  

Other	   	   	  

	  
	  

Technology	  
Type	   Frequency	   Notes: Content; nature of activity, what students 

doing, what teacher doing; interactions	  
To	  develop	  conceptual	  
understanding	  

	   	  

To	  practice	  skills	   	   	  

To	  collect	  data	   	   	  

As	  analytic	  tool	  
(spreadsheet,	  data	  
analysis)	  

	   	  

Online	  practice	  
problems	  

	   	  

Online	  
tutorials/instruction	  

	   	  

Other	   	   	  
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Collaborative	  Learning	  

Type	   Frequency	   Notes: Content; nature of activity, what students 
doing, what teacher doing; interactions	  

	   	   	  

	  	  
Describe	  any	  assessments	  used:	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
Describe	  how	  independent	  practice	  was	  used:	  
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Question	  Stems	  
RECALL	   SKILLS/CONCEPTS	  
apply	  formula	   classify	  
calculate	   compare	  data	  
compute	   compare/contrast	  
define	   construct	  2d	  patterns	  for	  3d	  models	  
determine	  area	   display	  
determine	  perimeter	   estimate	  
evaluate	  an	  expression	   explain	  relationships	  between	  operations	  
identify	   explain	  relationships	  between	  properties	  
label	   explain	  relationships	  between	  terms	  
list	   extend	  a	  pattern	  
locate	  numbers	  on	  a	  number	  line	   graph	  
make	  conversions	   interpret	  information	  from	  graph	  
measure	   justify	  steps	  in	  a	  solution	  
name	   observe	  
perform	  a	  routine	  procedure	  (i.e.	  rounding)	   organize	  data	  
recall/recognize	  definition	   predict	  
recall/recognize	  fact	   retrieve	  data	  from	  a	  graph	  and	  use	  it	  to	  solve	  a	  

problem	  recall/recognize	  property	   select	  a	  procedure	  and	  perform	  it	  
recall/recognize	  term	   show	  
retrieve	  data	  from	  a	  graph/table	   solve	  routine	  problem	  with	  multiple	  steps	  
solve	  linear	  equations	   summarize	  
solve	  one-‐step	  word	  problem	   translate	  between	  multiple	  representations	  
state	   translate	  word	  problem	  into	  equation	  
what	   use	  models	  to	  represent	  concepts	  
	   	  STRATEGIC	  THINKING	   EXTENDED	  THINKING	  
analyze	  sim/diff	  between	  procedures	   analyze	  
compare	   apply	  understanding	  in	  a	  novel	  way	  
compare	  solution	  methods	   create	  
describe	  solution	  methods	   design	  
draw	  conclusions	   prove	  
draw	  conclusions	  from	  data,	  cite	  evidence	   relate	  math	  to	  other	  content	  areas	  
explain	  thinking	  when	  more	  than	  one	  possible	  
response	  

relate	  math	  to	  other	  real	  world	  situations	  
formulate	  a	  model	  for	  a	  complex	  situation	   synthesize	  
formulate	   	  	  
formulate	  an	  original	  problem	   	  	  
generalize	  a	  pattern	   	  	  
hypothesize	   	  	  
interpret	  information	  from	  complex	  graph	   	  	  
investigate	   	  	  
justify	   	  	  
justify	  conjectures	   	  	  
make	  conjectures	   	  	  
perform	  procedure	  with	  multiple	  steps	   	  	  
solve	  2-‐step	  linear	  equation/inequality	   	  	  
solve	  multi-‐step	  problem	  and	  explain	   	  	  
use	  concepts	  to	  solve	  non-‐routine	  problems	   	  	  
use	  evidence	  to	  develop	  logical	  arguments	   	  	  
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Appendix D – Inside the Classroom Teacher Interview Protocol 

(Reproduced with permission from copyright holder.) 
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