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Identifying and classifying the complemented subspaces of L p , p > 2, has provided

much insight into the geometric structure of Lp . In 1981, Bourgain, Rosenthal, and

Schechtman proved the existence of uncountably many isomorphically distinct com

plemented subspaces of L p , p > 2. In 1999, Dale Alspach introduced a systematic

method of studying the complemented subspaces of Lp , p > 2. In this thesis, the

theory of Lp spaces is developed with a concentration on techniques used to study

the complemented subspaces. We define the Alspach norm and show that the possible

complemented subspaces of Lp , p > 2, generated by two compatible partitions and

weights are £2, £p, £2 EB £p, and (2.: EfJ £2)ep ' We have not discovered any previously

unknown complemented subspaces of Lp , but this method has reduced the study and

classification of these subspaces to a study of partitions of N.
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Chapter 1

Introdllction

The systematic study of Banach spaces started with the 1932 work of Stefan Banach

on the theory of linear operators in complete, infinite-dimensional normed linear

spaces rn. The study of the complemented subspaces of particular Banach spaces

began a few decades later with investigations by J. Lindenstrauss and A. Pelczynski

g]]. We call a subspace Y of a Banach space X a complemented subspace of X if

Y is the image of a bounded linear projection of X. Not every subspace of a Banach

space X is complemented. The problem of classifying the complemented subspaces

of the Banach space Lp , p > 2, up to isomorphism is deeply rooted in the infinite

dimensional geometric structure of Lv; attempts to reconcile this problem provide

us with many new techniques and intuition in the theory of Lv spaces. In 1968, J.

Lindenstrauss and A. Pelczynski lID proved that for a Banach space X, the property

of being isomorphic to a subspace of an Lv (J-L)-space is a local property, which means

that the isomorphism depends only on the finite-dimensional subspaces of X. More

importantly, for the study of the complemented subspaces of Lp , they proved that

a Banach space X is isomorphic to a complemented subspace of Lv if and only if

it is a Lp space, that is, for every finite-dimensional subspace B of X, there is an

1



n-dimensional subspace E of X containing B such that d(E, £;) = A for some A :::: 1,

where d(·, .) is the Banach-Mazur distance [IT

Once these results were established, many intriguing questions pertaining to the

quantity and nature of these spaces were posed. G. Schechtman @] proved in 1975 that

there exists at least a countably infinite amount of mutually nonisomorphic infinite-

dimensional separable Lv spaces. Then, six years later, Bourgain, Rosenthal, and

Schechtman [Q] proved that there exist an uncountably infinite number of mutually

nonisomorphic infinite-dimensional separable Lv spaces. However, at the time, only

nine of these spaces were explicitly known. Between 1981 and 1999, not much progress

was made on the problem of classifying the complemented subspaces of Lp , where

P i= 1,2, or 00. Then, Dale Alspach [6] introduced a novel way of systematically

describing the complemented subspaces of Lp , p > 2. He proposed considering spaces

of real sequences equipped with a norm, called Alspach norm, given by a family of

partitions of N and weight functions W : N -----+ (0,1]. He then constructed spaces

isomorphic to the known complemented subspaces of Lp using this method. Note

that any sequence space with an Alspach norm, given by finitely many partitions and

weights, is isomorphic to a subspace of Lp .

In this thesis, we consider Alspach's construction with a specific type of partition

and weights to see what types of complemented subspaces of Lv can be generated.

We show that the classical complemented subspaces of L p, namely £2, £p, £2 E9 £p, and

(LEe £2) e are isomorphic to real sequence spaces with finite Alspach norms given by
p

two compatible partitions of N. The isomorphisms invoked here are established either

by norm equivalence or by the Pelczynski decomposition method. These results are of

great importance because we have reduced the study of the complemented subspaces

of Lp to a study of a class of partitions of N. This method can be extended to any

collection of partitions.
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The primary difference between our work and others is that we consider all possible

spaces generated by a class of compatible partitions, whereas others try to deduce

the specific partitions necessary to generate a given complemented subspace. In this

sense, our method has a greater potential, not only for discovering previously unknown

complemented subspaces of Lp , but also for classifying the complemented subspaces

of Lp according to some common characteristic, for example, the class of partitions

which generate them. The utility of this procedure lies in the fact that it can be

extended to consider any finite collection of partitions and weights and then used to

discover complemented subspaces of Lp generated by them.

The structure of this thesis will be as follows. In chapter 2, we build up the

appropriate background information on vector spaces, Alspach norms, projections,

isomorphisms, Lp spaces, complemented subspaces, Schauder bases, and the Pelczyn

ski decomposition method. In chapter 3, we present and prove theorems about spaces

with finite Alspach norm and their relation to complemented subspaces of L p • Most

importantly, we give our analysis of the spaces of real sequences with finite Alspach

norm generated by two compatible partitions and discuss the future work that can

be done on this problem. Chapter 4 includes a summary of our work and suggestions

for fmther research
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Chapter 2

Preliminaries: Banach Spaces and

Complemented Subspaces of Lp , p > 2

Banach spaces are important objects of investigation in analysis because the small

amount of structure that is imposed on them allows for their results to be applied

to many areas in the mathematical sciences. The Lp spaces are some of the most

frequently investigated Banach spaces. In this chapter, we start with the definition

of a vector space, build up to the definition of L p , and present some inequalities and

techniques which we will utilize in our main results.

2.1 Vector Spaces

Definition 1. Vector Space. A set X over a scalar field K is called a vector space if it

is closed under the algebraic operations of vector addition and scalar multiplication.

That is, for all vectors x, y EX, there is a vector x + y EX, called the sum of x and

y, and for all scalars a E K and vectors x EX, we have a vector ax EX, called the

product of a and x. Vector addition is commutative and associative, that is, for all



x,y,z E X,

X+y

(X+y)+Z

y+X

x + (y + z).

Some additional properties are also satisfied for all scalars a, f3 E K and vectors

x, y E X, such as

a(fJx )

lx

a(x+y)

(a+fJ)x

(afJ)x

x

ax + ay

ax + fJx.

All instances of vector spaces considered in this thesis will be defined over the

real or complex numbers (K = IR or te, respectively) and are referred to as a real

vector space or complex vector space, respectively. Let us consider an example of a

real vector space.

Example. The real line JR. The collection of all real numbers forms a vector space

under scalar multiplication and vector addition defined by ordinary addition and

multiplication of real numbers. That is, for all x, y E JR and a, tJ E JR, we have

ax + tJy E R

Since all vector spaces are closed under vector addition and scalar multiplication,

in most cases we can think of all the vectors in the space as being composed of other

vectors, added together and multiplied by scalars. Given a real vector space X, a

linear combination of the vectors Xi E X, i = 1, ... , n, is alXl +.. ·+anxn = 2:7-1 aiXi,
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where CYi E JR, i = 1, ... , n. The concept of linear independence arises with regards to

representing a vector uniquely as a linear combination. A set {Xi: Xi EX, i = 1, ... , n}

in a vector space X is said to be linearly independent in X when l.:;~l CYiXi = 0 if and

only if CYi = 0 for all i = 1, ... , n. This means that the zero vector cannot be written

as a nontrivial linear combination of the vectors in {Xi: Xi EX, i = 1, ... , n }.

A subspace of a vector space X is a nonempty subset Y of X which is itself a

vector space. Thus, for all Yl, Y2 E Y and all scalars CY, (3 we have CYYl + (3Y2 E Y.

Consider any nonempty subset M eX. Taking all possible linear combinations of

vectors in !VI results in what we call the span of JIll, denoted by span !VI. The span of

any nonempty subset of X is a subspace of X. If !VI is a set of linearly independent

vectors in a vector space X and span M = X, then we call M a basis of X. This

is to say that we can represent every vector in X as a unique, linear combination of

vectors III M.

Example. The vector space JRn. The collection of all n-tuples of real numbers forms

a vector space under scalar multiplication defined by

and vector addition defined by

for all X, y E JRn and all CY E R The standard basis in JRn is the set of orthogonal unit

vectors {ei : i = 1, ... , n}, where ei is the element of jRn with the ith entry equal to 1.

There are n linearly independent vectors in the basis {ei : i = 1, ... , n} of jRn.

The smallest number of vectors needed to form the basis of a vector space X =1= {O}
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is called the dimension of X. The dimension of jRn is n, so we call jRn a finite

dimensional vector space. If there does not exist an integer n such that the basis of

X can be formed by n vectors, then X is called an infinite-dimensional vector space.

Example. The infinite-dimensional vector space £2. The real vector space £2 is com

posed of all sequences of real numbers (Xi)~l such that L~l IXil2 < 00. Vector ad

dition and scalar multiplication are defined in an analogous way to that of IRn. This

vector space is infinite-dimensional since it cannot be spanned by any finite number

of its elements. The standard basis of £2 is the set of sequences {ei : i = 1,2, ... },

where ei = (0, ... , 0, 1, 0, ... ) is the sequence with all entries equal to °except the ith

entry which is equal to 1.

We focus primarily on infinite-dimensional vector spaces that have additional

structure beyond just that of a vector space. A notion of length in these spaces

is needed. We discuss this additional structure next.

2.2 Norms, Banach Spaces, andLinear Operators

A meaningful notion of length in a vector space comes from the norm.

Definition 2. Norm. A nonnegative function II . lion a vector space X is called a

norm on X if it satisfies the following:

a:I:lliill > °for every x EX,

(ii) Ilxll = °if and only if x = 0,

~ for every x E X and every scalar A,

(iv) Ilx + yll :::; Ilxll + Ilyll for every x, y E X (the triangle inequality).

A vector space which is equipped with a norm (X, D) is called a normed space.

This will usually be denoted by just X if the context is clear. We have a notion of
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length of vectors in a normed space. This is necessary for the idea of convergence of

sequences since we have a means of talking about the distance between vectors.

Example. The normed spaces e; and ep . Let p E [1, (0). The real space e;
denotes the n-dimensional vector space JR.n, endowed with the norm defined for

n

Ilxll = L IXil P

i=l

The real space ep denotes the vector space of real sequences x = (Xi)~l satisfying

ZIsJP < 00, endowed with the norm

Consider a sequence (Xn)~-l in a normed space (X, U). This sequence is said to

be convergent or to converge to a point x E X if limn->oo ~xn - x~ = O. In this case,

we write X n -----+ x and call x the limit of (xn).

Example. Consider the vector space JR. equipped with the absolute value norm,

(lR, I· I). This is a normed space since the absolute value satisfies properties (i) - (iv)

of Definition 2. Consider the sequence (; )~=1 in (lR, 1·1). This sequence is convergent

(converges to 0) since limn->oo I~ - 01 = O. Thus, .; -----+ 0 and 0 is the limit of (';).

There are many types of sequences in a normed space, but the most important

for our purposes are the Cauchy sequences.

Definition 3. A sequence (xn ) in a normed space X is said to be Cauchy if for every

E> 0 there exists an N E fir such that ~xn - xm~ < E for all n, m > N.

The relationship between the Cauchy sequences and the convergent sequences in

a normed space is very important. 1£ these two concepts happen to be the same in a
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normed space X, that is, if all Cauchy sequences are convergent in X, then X is said

to be complete. A complete normed space is called a Banach space.

Example. The sequence (~)~=l is a Cauchy sequence in the Banach space (lR, I. I).

Let JIll be a subset of a normed space X. The closure of JIll, denoted by Nf, is the

set of all points in JIll together with all of the limits of every Cauchy sequence in JIll.

1£ M = X, then M is said to be dense in X .

Not every normed space is complete, but every normed space can be completed.

This is to say that every normed space can be thought of as a dense subspace of some

Banach space. The next theorem comes from [7].

Theorem 4. Let X be a normed space. Then there is a Banach space X and an

isometry A from X onto a subspace W of X which is dense in X. The space X is

unique, except tor isometries.

In this case, we call X the completion of X. The space Lp[O, 1], p > 2, can be

defined as the completion of another normed space.

by Ilxll = (Jo1Ix(t)IPdt) p.

Definition 5. The Banach space Lp. The space Lp[O, 1], p E [1, (0), is the completion

of the vector space of all pth power integrable real-valued functions with norm defined
T

We call a normed space X separable if it contains a countable subset which is dense

in X. The space Lp[O, 1], p > 2 is a separable infinite-dimensional Banach space. The

fact that Lp~ is separable comes from the fact that Lp~ has a Schauder basis.

Definition 6. Schauder basis. Let X be an infinite-dimensional normed space. A

sequence {ei }~l in X is called a Schauder basis if for every x E X there is a unique

sequence of scalars (ai)~ll called the coordinates of x, such that x = l.:~l aiei.
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Example. The standard basis {ei : i = 1, 2, ...} of £2 is a Schauder basis.

The Haar system on [0,1] is the sequence of functions {Xn(t)} defined by Xl =1

and (for k = 0,1,2, ... ; l = 1,2, ... , 2k
)

1 if t E [(2l - 2)2-k-\ (2l - 1)2-k - 1J,

X2 k +l = -1 if t E [(2l- 1)2-k-\ 2l· 2-k - 1J,

° otherwise.

The next theorem is from [8].

Theorem 7. The Haar system is a Schauder basis in Lp~ for 1 < p < 00.

The existence of a Schauder basis in a normed space X allows us to associate

with each element x E X the unique sequence of its coordinates; there is a one-to-one

correspondence between the elements and their coordinates. Thus, we can represent

a normed space of functions with a Schauder basis as a sequence space. This greatly

simplifies our study of the original space.

Next, we turn our focus to linear operators. Mappings between vector spaces are

important to consider when studying the mutual properties of vector spaces. Vector

space mapping are called operators. Linear operators are used extensively in the study

of nonalgebraic properties of vector spaces since they preserve vector addition and

scalar multiplication.

Definition 8. A linear operator T is a mapping from a normed space :D(T) (called

the domain of T) to a normed space 91(T) (called the range of T, which may be the

same as :D(T)) over the same scalar field. This is commonly denoted by

T : :D(T) -----+ 91(T). For all elements x, y E :D(T) and scalars CY, operator T has the
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two following properties:

T(x+y)=Tx+Ty

T(ax) = aTx.

The point Tx in the range of T is called the image of x.

Example. The vector space of all continuous functions over~ is denoted byO~

A linear operator T from O[a, b] into O[a, b] can be defined by Tx(t) = J: x(T)dT,

where t E [a, b]. Note that since all continuous functions on a closed interval are

bounded by maxtE[a,bj 1X(t)l, we have rfTX11 ::; maxtE[a,bj lX(t)l(b - a). With this oper-

ator, the image is always bounded.

To determine whether a linear operator is bounded, in general, we can assign a

"length" to the operator. This is done through the notion of a norm for operators.

Definition 9. Bounded linear operator. Let l' : X -----+ Y be a linear operator from a

normed space (X, Ox) to a normed space (Y, Oy). T is called a bounded linear

operator if there exists a constant 0 such that ~y < O[8]x for all x E X.

This is equivalent to saying that for all x 1- 0,

If there exists a smallest constant 0 satisfying the above inequality, then it is called

the norm of T, and denoted by IITII. Thus,

IITII= sup ~
XE:D(T),x#O Ilxllx
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Example. Identity operator. Let X be a normed space. The identity operator

I : X ----+ X is defined by I x = x for all x EX. I is linear and bounded, and~

Projections make up an important class of bounded linear operators.

Definition 10. Projection. Let X be a normed space. A linear map P : X ----+ X is

called a projection onto a subspace Y of X if 9l(P) = Y and P(y) = y for all y E Y.

We see that ITEIJ = 1, since~ for all y E Y. So P is a bounded linear

operator. For any projection P : X ----+ X we can write X = 9l(P) EEl (I - P)(X),

where I - P is the operator defined by (I - P)(x) = x - Px for all x E X.

Definition 11. Direct sum. Let X be a vector space with two subspaces YI and Y2

We call X the direct sum of Y] and Y2 and write X = Y] EEl Y2 .

When we have X = VI EEl V2 , we can write any x E X uniquely as the sum of

some elements YI E YI and Y2 E Y2 , that is, x = YI + Y2. We call YI and Y2 the

complemented subspaces of X. Thus, a complemented subspace Y of a normed space

X is the image of a projection P, that is, P(X) = Y.

The Rademacher functions {rn (t) } on [Q:JJ are equivalent to the unit vector basis

~. The sequence {rn (t) } is defined by

2"

rn(t) = L Xi(t); n = 1,2, ... ,
i=2n-l+1

where {Xi} is the Haar system on [[]I

The next theorem is from [10].

Theorem 12. If p E (1, (0), then Lp~ conatains a complemented subspace iso

morphic to £2.
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The proof of this theorem is carried out by constructing a projection from Lp[O, 1]

onto span{ rn } (the closed linear span of {rn }) which is isomorphic to £2'

There is a special direct sum, called the lp-sum, which gives us a new normed space

out of old ones [TIJ. Let Xl, X 2 , ... be a sequence of Banach spaces. We define the

£p-sum, p E [1, (0), of Xl, X 2 , ... to be the space of all sequences (xn), with X n E X n,
1

for which II (xn) II = (2=~=1 Ilxnlli-Jp < 00. This £p-sum is denoted by (2:=EB Xn)ep or

(Xl E9 X 2 E9 ... )ep
'

Definition. (2:=EB £2)ep
' The normed space (2:=EB £2)ep is the vector space of all se

quences x = (xk)~l' where xk = (x~, x~, ... ) E £2 (2:=:1IxfI 2 < 00 and IIxk l12 =

(2:=~1 IxfI2)~ for all k) such that

(Xl

with norm given by

1
p

Let X and Y be normed spaces. An operator T : X -----+ Y is said to be injective

(or one-to-one) if every point in the domain has a unique image, that is, for every

Xl, X2 E :D(T), Xl =1= X2 implies TXl =1= TX2. An operator T : X -----+ Y is said to be

surjective (or a mapping onto Y) if 9l(T) = Y. An operator that is both injective

and surjective is said to be bijective.

For an injective linear operator T we can define the inverse of T, denoted by T I

as a linear operator over the range of T since we have a one-to-one correspondence

between points in :D(T) and points in 9l(T). We define T- 1
: 9l(T) -----+ :D(T) by

T-1y = x, where Tx = y.
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Definition 13. Isomorphism. An isomorphism is a bounded bijective linear oper

ator whose inverse is also a bounded bijective linear operator. If there exists an

isomorphism between two normed spaces X and Y, then we say that X and Yare

isomorphic and we write X ;v Y.

If an isomorphism T : X -----+ Y has the additional property that IITxlly = Ilxllx

for all x E '1J(T), then we call T an isometry. Isometries preserve distance between

elements.

Definition 14. Equivalent norms. Let X be a vector space endowed with two norms.

Denote Xl = (X, 11·111) and X 2 = (X, 11·112)' Norms 11·111 and 11·112 are called equivalent

if there are positive constants a and b such that for all x E X we have

This is equivalent to saying that there is an isomorphism between the spaces X 1 and

X 2 given by the formal identity mapping Ix : X -----+ X defined by Ix(x) = x for all

xEX.

Every norm defined on a finite-dimensional vector space X is equivalent [7]. How

ever, this is not true for infinite-dimensional spaces. So norm equivalence leads to a

fruitful way of finding isomorphisms between infinite-dimensional normed spaces.

2.3 Inequalities and Pelczynski decompostion method

In this section, we present two important inequalities that we will be using directly

in our main results. The next two theorems are from [10].

Theorem 15. (Holder inequality) Let p, q > 1 be such that ~ + %= 1. Then for all

14



ak, bk E IR, k = 1, ... , n, we have

-
p n -

q

When we make the extra requirements that (ak) E £p and (bk) E £q, we can let

Theorem 16. (Minkowski inequality) Let p E [1, (0). Then for all ak, bk E IR, k =

1, ... , n, we have

n -
p

-
p

When we have (ak), (bk) E £p, then letting n --+ 00, we get ~(ak) + (bk)~

II(ak)llp + II(bk)llp, which is just the triangle inequality for II· lip.
We will use the next fact in our main results and to prove Theorem 19.

Lemma 17. The space (l.:EB £p)ep is isomorphic to £p.

oo}, we have

Note that ¢ is bijective and II¢II = 1. Thus, we can define the inverse of ¢,
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The inverse c/J-I is also bijective and 11c/J-111 = 1. Thus, c/J is an isomorphism

between (l.:EB fp)J;p and f p . So we have (l.:EB fp)J;p ;v f p . D

The next two theorems are from Q]I

Theorem 18. If X is an infinite-dimensional closed subspace of f p , p E [1, (0), then

X contains a closed subspace Y that is isomorphic to f p and complemented in f p .

The method of proof of the following theorem is called the Pelczynski decomposi

tion method [2]. We give the proof of the next theorem to show how the Pelczynski

decomposition method is used.

Theorem 19. If X is an infinite-dimensional complemented subspace oj £p, p E

11,(0), then X ;v f p .

Proof. Let X be a complement of Y in f p ; then f p ;v Y E9 X. By Theorem 18, there

is an infinite-dimensional subspace Z of Y such that Z ;v £p and Z is complemented

in f p , hence also in Y. Let Y ;v Z E9 Y1. Recall that (l.:EB fp)J;p ;v f p and we also have

f p E9 f p ;v f p. Thus,

f p E9 (Z E9 Y1 ) ;v (fp E9 Z) E9 Y1 ;v (fp E9 f p ) E9 Y1

f p E9 Y1 ;v Z E9 Y1 ;v Y.

16



On the other hand,

£p EB Y rv (£p EB £p EB··· )ep EB Y rv ((Y EB X) EB (Y EB X) EB··· )ep EB Y

rv (X EB X EB )e
p

EB (Y EB Y EB )e
p

EB Y

rv (X EB X EB )e
p

EB (Y EB Y EB )e
p

rv ((Y EB X) EB (Y EB X) EB··· )ep rv (£p EB £p EB··· )ep rv £p.

Thus, we have £p rv Y. D

This concludes the background material. Next, we will define the Alspach norm

and give our main results about sequence spaces with an Alspach norm given by two

compatible partitions.
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Chapter 3

Classification of Complemented

SUbspaces of Lp , p > 2, with Alspach

Norm

Extensive research has been directed at identifying and classifying the complemented

subspaces of Lp because of their use in understanding the infinite-dimensional geo

metric structure of Lp . A fruitful means of investigating these spaces is to consider

norms which are equivalent on the complemented subspaces of Lp . Using isomor

phisms, better known representations of these spaces can be found. Since all of the

known complemented subspaces of Lp have an unconditional basis (Schauder basis),

these subspaces can be represented as sequence spaces. These observations led to the

proposal of the Alspach norm. In this chapter, we define the Alspach norm, prove

properties of a space with an Alspach norm, provide examples, and present our results

for a space with an Alspach norm given by two compatible partitions.
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3.1 Alspach Norm

The concept of an Alspach norm was introduced by Dale Alspach in 1999 rnL:JQ

systematically classify the complemented subspaces of Lp , p > 2.

Definition 20. Alspach norm. Let P = {Ni } be a partition of a countable index set

S and let W : S -----+ (0,1] be a weight function, defined by W(n) = W n , n E S. Let

(Xn)nES be a sequence of real numbers. We define a norm given by the partition P

and weights W as

p

Suppose (Pk , Wk)kEK is a family of partitions and weights, for some set K. Define a

(possibly infinite) norm on (xn ) by

II (xn ) IIA = sup II (xn ) Ilpk,wk •

kER

Let X denote the subspace of all sequences for which this norm is finite. Then X is

said to have an Alspach norm, which we will denote by~

In other words, an Alspach norm is the supremum of a family of bounded norms

given by partitions and weights. For our purposes, we only deal with Alspach norms

given by finitely many partitions of N, and in this case, the supremum is just the

maximum. To show that an Alspach norm is indeed a norm, it suffices to note that

it is a real-valued function which is positive definite ([f(Xj}l1A ::::: 0 for all (XjX;1 and

II(xj)IIA = 0 if and only if Xj = 0 for all j EN), homogeneous, and satisfies the
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triangle inequality. It is homogeneous since

One can also see that it satisfies the triangle inequality since (a2 + b2
)1/2 ::; a + b for

all positive real numbers a and b.

A vector space equipped with an Alspach norm has some very nice properties

which we will discuss next

3.1.1 Properties

Before we present the properties of the Alspach norm, we prove a well-known lemma

about Cauchy sequences.

Lemma 21. Let X be a normed linear space. If a sequence (Xj)~l is Cauchy in X,

then it is bounded in X.

Proof. Since (Xn)~-l is Cauchy, we can find no E N such that ~xn - Xno II < 1 for every

n > no. Then, we have ~xn - xno~ < 1 +~, for every n > no.

Therefore, for every n E N,

which means that (Xn)~-l is bounded. o

Proposition 22. Suppose that X has a norm given by a single partition and weights.

Then X is a Banach space.
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Proof. To show that X is a Banach space, we must show that X is complete with

respect to the norm given by the partition and weights (P, W), where P = {N}. To

do this, let {xk}k'~=lbe a Cauchy sequence in X, where x k = (XJ)jEN. Thus, for all

E > 0 there exists some ko E fiJ such that m, n > ko implies

(3.1)

From this we get I(xj - xj)Wj I ::; E for all j E N. Hence, xjWj --+ XjWj for all j. Since

the convergence holds for all j, we have xJ --+ Xj.

Now, to prove completeness of X, we must show that {xk}k-=-,converges to a point

in X. Define x = (Xj). We will show that x E X and x k --+ x. Since {Xk}k-=-lis

Cauchy, it is bounded by Lemma 21. Let

1
p

::; C < 00.

For (X E N, let Na = {j EN: j ::; (X}. Then,

for all (x, kEN. Since X7Wj --+ XjWj, letting k --+ 00 gives us
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for all CY E No Therefore, letting CY -----+ 00, we get

Thus, x = (Xj) has a finite Alspach norm and is consequently in X.

Given E > 0 and using inequality (3.1), we arrive at

p

::::; E.

Now, let n -----+ 00 and we obtain

p

for every CY E Nand m ::::: ko. Let CY -----+ 00 and we get

for every m ::::: ko. Therefore, x k -----+ x in X and we conclude that X is a Banach

space. D

Since the Alspach norm is only defined on the subspace of sequences for which

it is finite (we are guaranteed a finite maximum), one can see how this proposition

generalizes to a family of partitions and weights for an Alspach norm by applying

this logic to each pair of partitions and weights and taking the maximum. The next

propositions demonstrate the usefulness and versatility of the Alspach norm. We first

define the (p, 2, (wn )) sum of a sequence of subspaces of Lp .
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Definition 23. (p, 2, (wn )) sum. Let (Xn ) be a sequence of subspaces of Lv, p > 2,

and let (wn) be a sequence of real numbers, a < W n < 1. For any sequence (xn) such

that X n E X n for all n, let

and let

x = (Xn)(p,2,(wn )) = {(xn) : Xn E X n, Ilxn ll p ,2,(wn ) < oo} .

We will refer to X as the (p,2, (wn )) sum of (Xn ).

We do not give a proof of the next lemma here, but one can prove it by renormaliz

ing the basis [13, 14]. These spaces will be used as examples of classical complemented

subspaces of Lp in the next subsection.

Lemma 24. Let X be a Banach space with a norm given by a single partition and

weight. Then, either X rv £p, X rv £2, X rv £p EB £2, or X rv O:=EfJ £2)ep '

Proposition 25. Any sequence space X with an Alspach norm given by a finite family

oj partitions and weights is isomorphic to a subspace oj Lv, p > 2.

Proof. Let X be the sequence space with partitions and weights (Pn , Wn );;-1' Let

X n be the space of sequences with norm given by the partition and weight (Pn,Wn),

1 < n < N. We then have

Let the isometric embedding from X into (2:=:-1 Xnko be defined by x f-----+ (X);;-l'

By Lemma 24, each space X n is isomorphic to a complemented subspace of Lv for
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each n = 1,2, ... ,N, so (2.=~=1 Xn)ep is isomorphic to a complemented subspace of

Lp . Hence, X is isomorphic to a subspace of Lp . o

Next we will give some examples of known complemented subspaces which are

isomorphic to a space of sequences of real numbers with an Alspach norm.

3.1.2 Examples of Complemented Subspaces of Lp

Here we present examples of all the classical complemented subspaces of Lp as real

sequences spaces with Alspach norm given by one partition and weight. We also

present Rosenthal's example [I5] of a nonclassical complemented subspace of Lp as a

sequence space with Alspach norm given by two partitions and weights.

Example. The space £po Let the index set be N. Let P = {{n} : n E N} and

W = (1). If X is a real sequence space with an Alspach norm given by (P, W), for

all (xn ) E X, we have

00

II(Xn)IIA = II(xn)llp,w = 2)x;)~
n=l

which is the norm on lp. Thus, X rv lp.

-
p

-
p

Example. The space £2. Let the index set be N. Let P = {N} and W = (1). If X

is a real sequence space with an Alspach norm given by (P, W), for all (xn ) E X, we

which is the norm on l2. Thus, X rv l2.



Example. The space £p EB £2. Let the index set be N. Let P = {{2n + I}, {2N} :

n EN} and W = (1). If X is a real sequence space with an Alspach norm given by

(P, W), for all (xn ) E X, we have

II(xn)llp,w = (L IxnlP+ ( LX~)~) ~
n odd n even

p

~ IXnl P + (~x~)' ,
which is known to be an equivalent definition for the norm on £p EB £2' Thus, X rv

Example. The space (LEe £2)ep ' Let the index set be N x N. Let P = {{n} x N :

n E N} and W = (1). If X is a real sequence space with an Alspach norm given by

(P, W), for all (xm,n) E X, we have

1

lI(xnlllA ~ II (xnlIIr,w ~ (~ (~X~,n) ')" ~ II(Xnlll(EO"J,,'

As we saw in Lemma 24, it turns out that these are the only isomorphically distinct

spaces which can be generated by an Alspach norm given by a single partition and

weight. However, different spaces can be generated when one considers sequence

spaces with Alspach norm given by more than one partition and weight. We shall

consider an example with two partitions.

Example. Rosenthal's space X p . Let the index set be No Let PI = {{n} : n E N}

with weights WI = (1) and P2 = {N} with weights W2 = (wn ). Let the weights (wn )
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satisfy
2p

LW~ =00

Wn<E

for all E > 0, where p > 2. Let X be the space of real sequences with Alspach norm

II (x,,) IIA ~ max { (~IX"IP) l , (~IX,,12W~) I} ~ II (x,,) IIx, ,

which is the norm on Rosenthal's space Xp. Thus, X rv Xp.

Next we present our main results about sequence spaces with Alspach norm given

by two compatible partitions.

3.2 Sequence spaces with Alspach norm given by two

compati6Ie partitions

In this section, we present our main results concerning the complemented subspaces of

Lp , p > 2, that can be realized as sequence spaces of real numbers with finite Alspach

norm given by two compatible partitions. Our treatment is not yet complete, as both

cases where inf(W2j) = °are not finished. Difficulties arise in these cases since the

existence of a normalizable basis is not guaranteed. We start by defining compatible

partltIOns.

Definition 26. Compatible partitions. We say that two partitions with weights

(PI, WI) and (P2 , W2 ) are compatible if and only if for every NEg there is an

MEg such that either

• N c M and WIk 2: W2k for all k E N; or
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• MeN and W2k > W, k for all k EM.

The definition of an Alspach norm given by two compatible partitions is a bit different

than one might expect. We must include the £p norm to ensure positive definiteness.

Without loss of generality, we assume that N c !VI and WIk 2:: W2k for all kEN.

Definition 27. Alspach norm given by two compatible partitions. Given two compat-

ible partitions and weights (PI, Wd and (P2 , W2 ) with p > 2, we define an Alspach

norm given by two compatible partitions and weights on a real sequence space X by

The Alspach norm given by two compatible partitions is bounded above by 11·112 and

bounded below by rrll;

To simplify our investigation while keeping it as general as possible, we consider

several cases based on different restrictions on the weights and partitions. In case 1,

we exhaust all possibilities for partition P2 under the restriction of inf(W2k) = b > O.

In case 2, which is not complete, we start with one possibility for partition PI under

the restriction of inf(WIk) = I > 0 and inf(W2k) = O. There is still a lot of work to be

done, but we have gotten some very interesting results.

3.2.1 Case 1: inf(W2k) = <5 > 0

The first case we consider is a restriction on W2 , where the weights are bounded away

from 0, that is, inf(w2k) = b > O. There are four subcases which arise under this

restriction due to the possibilities for partition P2.



First, assume that the cardinality of P2 is finite, that is, IP2 1 < 00. In this case,

we are able to establish an isomorphism through norm equivalence. Since inf (W2k) =

b > 0, we have

Also, since the Alspach norm is bounded above by the £2 norm, we have

Let ZM = (LnEM x~)L By the Holder inequality (Theorem 15) with j5 = ~ and

q = ~ we have
p-2'

p-2
2P

so that

(n~-~)

This, together with the fact that

gIves us
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Thus, the Alspach norm under these conditions IS equivalent to the £2 norm.

Therefore, we have

Second, assume that the cardinality of P2 is infinite, that is [5] = 00, and the

cardinality of each M E P2 is finite, that is IMI < 00. In this case, we use the

PeIczynski decomposition method to establish an isomorphism.

Since the Alspach norm given by two compatible partitions is bounded below by

the £p norm, we have

Since for every N E PI there is an NI E P2 such that N c NI, we have

Let Yk represent the finite-dimensional space generated by (2:nEMk x;') ~, that is,

II(xn)IIYk = (2:nEMkx;')~. Then Yk rv £~Mkl, so that X rv (2: EBYk)i'p' Since £~Mkl is

complemented in £p, we have that Yk is complemented in £p. This means that X is

complemented in (2: EfJ £p)i'p rv £p. By Theorem 19, since X is infinite-dimensional and

complemented in £p, we have

Third, assume [5] = 00 and []I] = 00 for at least one and at most finitely many

NI E P2 . This is a combination of the first and second restrictions on P2 , thus X will

be a direct sum of the spaces generated in those cases. Therefore,
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Fourth, assume that IP21 = 00 and IMI = 00 for infinitely many M E P2 . With

this restriction on P2 and our sums cleverly rewritten, we have

p

Since the outer sum on the left is infinite, it will generate a space isomorphic to

(LEe £2)ep and since the outer sum on the right may be either infinite or finite, it will

generate a space isomorphic to either £2 or £p, respectively. In either case, however,

we will have a direct sum of the spaces generated by the two sums. We know from

Theorem 19 and [16] that

and

Therefore,

This exhausts the restrictions on P2 and these are all of the spaces generated by

the Alspach norm when inf(w2k) = 6 > O. Next, we consider the case where the

weights W2 are not bounded away from 0, that is, inf(W2k) = o.
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3.2.2 Case 2: inf(W2k) = 0 and inf(Wlk) = I > 0

We have only completed one of the subcases under the restriction of the weights WI

being bounded away from 0, that is, inf(WIk) = I > 0, and the weights W2 not

bounded away from 0, that is, inf(W2k) = 0. Since W2 is not bounded away from 0,

we do not have an obviolls normalizable basis to work with in the cases that we have

not made progress on.

The only restriction we consider in this case is analogous to the first restriction in

case 1. We assume that the cardinality of PI is finite, that is, [B] < 00. Proceeding

in a similar manner as in case 1, we get

Therefore,

This completes our treatment of this problem. There are many other situations

to consider under this condition for the weights, but the absence of a normalizable

basis associated with the partition P2 makes it difficult to compare the norms given

by (H, WI) and (P2 , W2 ). There is also a case where both weights are not bounded

away from 0.

However, we found that all of the classical complemented subspaces of Lp , p > 2,

can be generated by the Alspach norm given by two compatible partitions, even in

the small amount of cases that we considered. This is a very promising approach for

classifying the complemented subspaces of L p , p > 2. Further investigation into this

problem will continue to lead to new techniques and new insight into the geometric

structure of Lp .
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Chapter 4

Summary

As was stated in the introduction, our approach reduces the study of the comple

mented subspaces of L p , p > 2, to a study of partitions of N. This is made possible

by the existence of a Schauder basis in Lp , p > 2, because this allows us to represent

Lp as a sequence space. There is a lot of work stilI to be done on the problem of clas

sifying and identifying the complemented subspaces of Lp and we have found many

interesting results throughout our investigation via the Alspach norm. We found that

with the Alspach norm given by two compatible partitions we can generate all of

the classical complemented subspaces of Lp , p > 2. If W2 is bounded away from 0,

then we found that the Alspach norm will generate the complemented subspaces £2,

£p, £2 EB £p, and (LEE! £2)ep ' If W2 is not bounded away from 0, but WI is, we found

that if [B] < 00, then the Alspach norm is equivalent to the £2 norm. It is possible

that a continued investigation will lead to new techniques or previously unknown

complemented subspaces of Lp .

Some unanswered questions to consider:

(1) What are some other useful classes of partitions and weights?

(2) What are necessary and sufficient conditions for a space with an Alspach norm
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to be isomorphic to a subspace of Lp or to a complemented subspace of Lp?
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