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We study the decay in time of solutions ofSchrodinger equations ofthe
type

~ = -i~u + iV(t)u,
establishing that for small potentials and initial data in L1 the solution u
satisfies
supiu(x,t)l ~ const · t - nll .
x ER

In the process we also develop a number of results on operators of evolution;
i.e., on the existence of solutions of the abstract initial value problem

-du = A(t)u,u(O) = u0
dt

where u0 EX, X

a Banach space, A(t) an operator in X for each t, and the

solution is an X-valued function u.
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Chapter 1

Introduction.
We denote by

~

=

t

j=l

whenever

f

02

8x 2.

the Laplacian operator in Rn . In principle,

~~

is defined

J

E 'D' (Rn), the space of distributions on Rn; however, we shall restrict it for

the most part to being an operator in £ 2 (Rn), defining its domain in the usual way as the
subspace

(with ~~ evaluated in the sense of 'D'). It is then well known (and easy to prove) that
~ is a self-adjoint operator in

£ 2 (Rn) which in Fourier transform space coincides with

multiplication by the function " ~

-1"1 2 :

Iff E £ 2 , then f E D(~) iff" ~

is in £ 2 and then

for " E Rn . Our Fourier transform is given by the formula

1

-1"1 2 f (")

if

f

is integrable so that

f

~----+

f

is a unitary map from £ 2 (lRn) onto £ 2 (lRn). If V :

lRn --+ C is a measurable function we denote also by V the normal operator in £ 2 (lRn) of
multiplication by V, of domain

It is also well known that if V E lJI (JRn) with p

with arbitrarily small

~-bound;

i.e., D(V)

> n/2 and

CD(~)

p ~ 2, then V is ~-bounded

and for every c

> 0 there exists ae

~

0

such that

for all u E D(V) (see, for example, [19]). It follows that for V E lJI (lRn) with n/2

<

p,

p ~ 2 the operator -~+Vis normal; if, in addition, Vis real valued, then -~+Vis

self-adjoint in £ 2 (lRn) (cf. [19]). Assume now that V : lRn x lR--+ C is measurable. For

t E lR let V(t) : lRn --+ C be defined by V(t)(x) = V(x, t) and assume that there exists
p

> n/2,

p ~ 2 such that V(t) E lJI for almost every t E JR. We investigate the decay of

solutions to time dependent SchrlXiinger equations of the type

:

=

-i~u + iV(t)u.

(1.1)

Our main result is that for small ''perturbations" V such solutions decay of order

o(t- nl 2 ) in time; specifically there exists a constant C such that if u = u(x, t) is a solution of (1.1) with initial value uo = uo(x) = u(x, 0) in £ 1 n £ 2 , then
(1.2)
as long as V is sufficiently small. It should be emphasized that the measure of smallness of
Vis time-independent; in other words, we are not assuming that V decays in time. This is
2

the direct generalization to the time dependent case of the results in [25]
Before we can continue, we need to collect a few results about the "free" Schrtklinger
equation and develop our notation a bit further. In the usual functional analysis set-up,
the solution of the initial value problem

au
."
&t = -tu.u,
is given by u(t)

= e- it~U() .

u(O)

= Uo

In general, if A is an operator in a Banach space X, the solution

of the initial value problem

du =Au

u(O) = Uo

dt

is given by u(t) = etAU() . Here {etA} is a strongly continuous, one-parameter semigroup (or
group) of bounded operators in X. By a classical theorem due to E . Hille, K. Yosida, and

R. Phillips, a closed, densely defined operator A "generates" such a semigroup if and only
if there exist real numbers w, M, M
half-plane {Rez ~ w} and if R(z)

~

0, such that the spectrum of A is contained in the

= (z- A)- 1 denotes the resolvent of A,

then

{1.3)
for all real>.

for all t

~

> w and m

= 1, 2, ... In this case the semi-group generated by satisfies

0 . The operator A generates a group if and only if both A and -A are semigroup

generators. A case of particular importance is the case in which A = iH, where H is a
self-adjoint operator in a Hilbert space

1{.

In this case one has Stone's Theorem, which

states that an operator H is self-adjoint if and only if iH generates a strongly continuous
one-parameter group of unitary operators (cf. [3], [10], [22] or any other functional analysis

3

book for details). In particular, -i~ and i( -~ + V) (if Vis real-valued and in £P for some
p

> n/2) generate groups of unitary operators in £ 2 (lRn). For the "free" group { e-it~}

we have the following representation, which can be derived using elementary techniques of
Fourier transforms:

Most properties of the ''free" group are easy or trivial consequences of this representation;
in particular, one gets at once the decay properties of solutions of the ''free" Schrodinger
equations: If t/J E £ 1 (lRn ), then

for all t

>

0, where Co is a constant depending only on the space dimension n (in fact,

The desirability of establishing a similar bound for solutions to the Schr&linger equation
with a potential; i.e., proving that one has for suitable potentials V
(1.4)
for all t

> 0, some constant C

~ 0, was mentioned by

R. Strichartz in 1977 in [28]. Strichartz

was working in the area where partial differential equations and harmonic analysis meet and
was interested in extending to the Schr&linger equation with a potential certain bounds he
proved valid for the free (V

= 0) equation.

The question is also of great interest in scattering

theory and in mathematical physics, given that the Schr&linger equation is used, among
other things, in the quantum mechanical description of atoms. It is however obvious that
an inequality like (1.4) cannot hold for all

t/J

E L 1 (lRn) in case -~

+V

has eigenvalues.

Further complications can be expected in the case of time dependent potentials.

4

The first results establishing a decay rate of O(rnl 2 ) for the solutions to the Schr&linger
equation with a (time independent) potential are due independently to A. Jensen [4], J .
Rauch [21], and T. Schonbek [24].

Of these, [24] seems to be the only one having an

estimate exactly of the type (1.4), albeit only in the case of n = 3. The estimates in [21]
and [4] take the somewhat weaker form

where

(x)

denotes the function x ~ (1 +

lxl 2 ) 112

and the estimate is valid provided s, s'

are large enough. The whole nature of the subject changed with the publication of the
monumental work of A. Jensen and T . Kato [7] and of A. Jensen [5],[6] beginning in 1979.
Jensen and Kato study in fine detail the spectrum of the operator

-~

+ V obtaining

asymptotic expansions for its resolvent. From these expansions they show for potentials

V(x) which decay sufficiently fast as

lxl --+ oo so that the operator

-~

+ V has no positive

eigenvalues
N

eit( - ~+V}-

L

eitlj Pj-

+ c _lc(n/2}+1 + O(cn/2)

Po"' c _2c(n/2}+2

(1.5)

j=l

as t--+ oo where l1, . .. , lN are the negative eigenvalues

of-~+ V

and Pi the corresponding

eigenprojections; Po being the eigenprojection corresponding to the eigenvalue 0 (Po = 0 if 0
is not an eigenvalue). The coefficients c _2, c _l come from the asymptotic expansion around
0 of the resolvent R(() = ( -~ + V- (t 1 and are carefully computed in the aforementioned
papers. "Generically" they are 0. First of all C- 2

=

0 if n

=

3 (so the worst decay is

O(t- 112 ) in this case) and can be absorbed into Po if n = 4. If there is a zero resonance;
i.e., if 0 is not an eigenvalue but there is a solution of ( -~ + V).,P = 0 which has polynomial
growth at oo (cf., for example, [5] for the precise definition), then C_l =f. 0. It is known

5

that a zero resonance can exist only if n

~

4. If there is no zero resonance (which is always

the case for n ~ 5) and 0 is not an eigenvalue of-~+ V, then C_ 1 = C-2 = 0 and one has
a decay of order O(t-n/ 2 ). The expansions are all valid in the weighted £ 2-spaces used also
in [21]. Of the recent work on the subject, the very interesting article by J.-L. Journe, A.
Soffer, and C.D. Sogge [9] deserves special mention. These authors prove the estimate (1.4)
under fairly general conditions, dividing the spectrum of-~+ V into two parts, the "high
energy" part which is impervious to resonance or eigenvalue problems and for which the
estimate (1.4) is valid without qualifications. The "low energy" part is the part influenced
by the possibility of a zero resonance or eigenvalues; the estimate (1.4) is valid on the space
of absolute continuity

of-~+ V

and its deduction depends strongly on the work of Jensen

and Kato. Partially inspired by their techniques, T. Schonbek and the author prove the
same kind of decay for small potentials in [25] . While assumed to be small, the potentials
in [25] do not have to decay as fast for

lxl

---+

oo as those in [9] . Moreover the results are

valid without need of dividing the spectrum into different parts, a consequence of the fact
that

-~

+ V has no eigenvalues if Vis small.

As far as we know, the only generalization to time dependent potentials is due to Jensen
in [8] , where the somewhat strong assumption is made that

V is integrable in time.

The organization of the rest of this work is as follows. In the next chapter, Chapter 2,
we discuss and develop some results on equations of the type
du

dt = A(t)u

where A(t) is an operator in a Banach space X for every t

~

0. Instead of being given

in terms of a one-parameter semigroup of operators, the solutions to these time-dependent

6

equations are described in terms of operators of evolution. The theory of operators of
evolution was initiated (and to a large degree) developed by T. Kato (see [14],[15]); see
also [19]. Unfortunately it is far from being as complete as the theory of semigroups. In
particular, it is not clear how to interpret eigenvalues or resonances of the operators A(t)
in this context. Chapter 3 contains our main estimates and results. Finally, in Chapters 4
and 5, we outline some applications and possible extensions.
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Chapter 2

Operators of Evolution
Let X be a Banach space, let 0 < T

~

oo, and for each tin the interval [0, T) let A(t) be

a closed, densely defined, linear operator in X. We consider the problem: Givens E [0, T),

uo EX, find an absolutely continuous u: [s , T)- X such that

~~ (t) =

A(t)u(t)

(2.1)

a.e. in [s, T),
u(s) = uo.

(2.2)

This problem is usually solved by the construction of an opemtor of evolution, which is
really a family of operators.

Definition 1 Let A= { (t, s) E 1R2 : 0 ~ s ~ t < T}. An operator of evolution {on A) is a
mapping
U:A-B(X),
where B(X) is the space of all bounded opemtors on X, such that

8

1. For every u EX, the map (t, s)-+ U(t, s)u: A-+ X is continuous.
2. U(t, s)U(s, r) = U(t, r) whenever T

> t;?: s ;?: r;?: 0.

3. U(t, t) =I (the identity opemtor on X) for all t E [0, T) .
Definition 2 Assume that for every s E [0, T), A(s) is a closed opemtor in X and that
there exists a Banach space Y which is continuously and densely embedded in X and such
that Y C D(A(s)) for all s E [0, T). The opemtor of evolution genemted by {A (t)}tE[O,T}•
of regularity spaceY, is a mapping
U: A-+ B(X)

such that U is an opemtor of evolution on A and such that the following two properties hold:

(AR} Ifu E Y , t E (0, T), the map
s-+ U(t, s)u: [0, t]-+ X

is absolutely continuous and

asa U(t, s)u =

-U(t, s)A(s)u

a. e. in [0, t).
(AL} For every (t, s) E A, U(t, s)Y

c Y. If u

E Y, s E [0, T), the map

t-+ U(t, s)u: [s, T)-+ X

is absolutely continuous and

a

at U(t, s)u = A(t)U(t, s)u
a. e. in [s, T).
9

Assuming that the family {A(t)} generates an operator of evolution U, the solution of

(2.1), (2.2) is given by u(t) = U(t, s)u.o. Evolution operators exist under fairly general
conditions on the generator {A (t)}tE[O,T). The main difficulty, of course, is the fact that
the operators A(t), A(s) do not necessarily commute for s

# t.

Our first theorem is fairly

general and we are interested in establishing the validity of the construction made in it
which is loosely based on Kato's construction (see [13],[14] [19], [20]). Our other theorems
are more specific to the case of interest to us, namely the case in which X is the Hilbert
space £ 2 (JRn) and A(t)

=

-i~

+ iV(t);

where V(t) is an operator of multiplication by a

function.
We begin with a definition which generalizes the Rille-Phillips condition (1.3).

We

assume given a closed densely defined operator A(t) in the Banach space X for every

t E [0, T). If>. is in the resolvent set of the operator A(t), we writeR(>., t) = (>.- A(t)) - 1
for the resolvent.

Definition 3 The family {A (t)}tE[O,T) is semi-stable if there exist real numbers M

~

0

and w such that

1. The spectrum u (A(t)) of A(t) is contained in {>. E C: R>.
invertible for all complex numbers>. with ID

~

w}; i.e., >.- A(t) is

> w.

2.
m

II R(>., tj)

~ M (>.- wrm

j=l

for all choices of t1, ... , 4n with T

> t1

~ ··· ~

10

tm

~

0, all >. with R>.

> w.

It is clear that semi-stability guarantees the existence of the semigroups etA(s) for every

s E [0, T). It does a bit more.

Lemma 1 Assume semi-stability with constants M and w. Then
m

II eT;A(s;)

~ Mew(TI+ .. ·+Tm)

(2.3)

j=l

for all choices of s1, ... , Sm with T

> s1

~ · · · ~ Sm ~

0 and for all choices of TI, ... , T m

0. Conversely, if the operator A(s) is a semigroup generator for each s
holds for all choices of
TI, . . . , Tm

~

SI, ... , Sm

with T

>

s1 ~ · · · ~ Sm ~

E

~

[0, T) and (2.3)

0 and for all choices of

0, then the family {A(s)}o~s<T is semistable with constants M, w.

Proof. Assume first that semi-stability holds. From general semigroup theory (see [10])
we have that

for every s E [0, T),

T ~

0. Inequality (2.3) follows. Conversely, assume (2.3) holds. Semi-

stability is then a simple consequence of the formula

valid for all A for which the integral converges; in particular (given (2.3)) for all A with
~A>

w. I

Theorem 2 Assume the family {A (s)} 0~s<T is semi-stable with constants M, w and as-

sume there exists a Banach space Y such that Y is continuously and densely embedded in
X and such that the following properties hold.
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1. For almost every s E [0, T); Y C D(A(s)) and { etA(s) Jy} t;::>:o is a one-parameter,
strongly continuous semigroup of bounded operators in Y and

for all t

~

0, where for Banach spaces V, W , T a linear operator from V to W ,

we denote by IITIIv.w the norm ofT. {If V = W = X, we'll keep writing liT I for
I

IITIIx x.J
I

2. IIAIIYx = ess.-sup IIA(s)IIYx
I

I

3. For every s, t with T

>t

~

s

< oo.
~

0,
m

VA(t, s) =sup

L IIA(sj)- A(sj- I)IIYIX < oo
j=l

where the supremum is taken over all partitions

so

= S < 81 < · · · < Sm = t

of the interval [s, t].

Then there exists an operator of evolution U on A satisfying property {AR) above. Moreover

IIU(t, s)ll

~ Mew(t- s)

for all (t, s) EA.

Proof. Let P be the set of all partitions of [0, T). Specifically, we say PEP if

P = (ro, TI,

.. . )

where 0 = ro <

r1

12

< · · · < T and lim

k-+oo

Tk

= T.

If P E P and s E [0, T), we define the closed operator Ap(s)

= A(rk)

The corresponding operator of evolution Up is easily defined: Let T
j, k be such that s E [rj, Tj+I), t E [rk, Tk+l) · If j

otherwise, (if j

= k,

>t

if Tk ~ s
~

s

~

< Tk+l·

0. Then let

then

< k)

It is now easy to verify:

1. Up(t, s)Up(s, r) = Up(t, r) whenever (t, s), (s, r) E A; Up(t , t) =I fortE [0, T).

2.

IIUp(t,s)ii ~

(2.4)

Mew(t - s).

for all (t, s) EA.
3. For every u EX, the map (t, s) ...._...... Up(t, s)u: A__. X is continuous.
4. Up(t, s)Y C Y for all (t, s) EA. If u E Y, then

Up(t, s)u = u +

lt

Ap(r)Up(r, s)udr = u +

1t

Up(t, u)Ap(u)udu.

(2.5)

for (t, s) EA .

Next we want to bound II[Up(t, s)- Uq(t, s)] uii where u E Y, P, Q E P and Q is a
refinement of P. Assume Pis given by To= 0

. " , If

13

< r1 < · · · and Q is

given by

uo

= 0 < 0'1 <

then
m

Up(Tk+I. Tk)- Uq(Tk+I, Tk)

m

II

-

e<ul+i - O"L+l -l )A(T~c)-

i=1

II

e(u!H - UL + l - l)A(ul+i - 1).

i= 1

m

-

L em . .. ei+1 (ei- Di)

Di- 1 ... D1

i=1

where we set

T}

=TJi =O"i+i -

T

0"1+1 - 1,

=Tk, u =O"!+i- 1, we get by the semi-stability

hypotheses (in X and in Y)

m

<

IIUp(Tk+l, Tk)- Uq(Tk+l, Tk)IIY,X

MM1ew(T~o+ 1 - T~o)vA(Tk+l•

Tk) L TJi
i=1

where

Tk

~

w=

max(w,w 1 ). Assuming now (t, s) E A we select j, k such that

Tj ~

s < Tj+b

t < Tk+l and decompose
N

Up(t, s)- Uq(t, s)

N

N

=II ell- II Dv =LeN ... ev+l (ell- Dv) Dv-1 ...
11= 1

11=1

11=1

semi-stability and(2.6) we get
N

IIUp(t, s)- Uq(t, s)IIY,X

< M 2 M'few(t- s) LVA(Tk+I, Tk) !Pi
11= 1

14

D1

where IPI is the mesh of the partition P defined by
IPI =sup (rk+l- rk).
k

It is now clear that the net {Up(t, s)u}PE'P converges in X, uniformly over compact subsets
of A, for every u E Y. In fact, if u E Y, if K is a compact subset of A, if e > 0, let PoE P
be such that
IPol

< :_M2 M~ sup
2

ew(t- s)vA(t,

s).

(t,s)EK

If H, P2 are finer than Po, the estimate above implies II(UPj(t, s)- UQ(t, s)]uiiY,X < e/2 for

any common refinement Q of P17 P2; j = 1, 2, (t, s) E K. Thus II[Up1 (t, s)- UF~J(t, s)JuiiY,X <
e for (t, s) E K . The asserted convergence follows. Since Y is dense in X and IIUp(t, s)xll ~
M ew(t- s) llull, (the right hand side being independent of P) it follows that the net {Up( t, s )u} PEP

converges in X, uniformly over compact subsets of A, also for every u EX. Defining U by

U(t, s)u = limUp(t,
s)u
p
for (t, s) E A, u E X, it is immediate that the limit U is an operator of evolution. The
bounded variation of A : [0, T)

--+

B(Y, X) implies that the set of discontinuities of t

~----+

A(t)u: [0, T)--+ X for u E Y is, at most, countable. We can thus take limits in

to get that

U(t, s)u = u +

lt

U(t, u)A(u)udu

for (t, s) E A, u E Y. This completes the proof of the theorem. 1
Showing that an operator of evolution also satisfies property (AL) seems to be a somewhat more delicate proposition, requiring further assumptions. A typical assumption re-
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quires the existence of a Banach space isomorphism S : Y

---+

X such that the commutators

[S, A(t)] have ''nice" properties. We refer to (14], (15] for details on this general approach,
the following theorem will suffice for our purposes.
Theorem 3 Let Ao be the infinitesimal generator of a strongly continuous semigroup { etAo}

satisfying lletAo II ~ M ef3t in the Banach space X and let B : [0, T)
t

~--------+

B(t)u : [0, T)

---+

---+

B (X) be such that

X is locally integrable for every u E X . There exists a unique

operator of evolution U such that
U(t , s)u = e<t- s)Aou + l t e<t- -r)Ao B(r)U(r, s)udr.

(2.7)

Proof. Define Uo (t , s) = e<t- s)Ao, and

Um (t, s) u

-

l t e<t- -r)Ao B (r) Um- l (r, s) udr

form~ 1,

00

U(t,s)u =

LUm(t,s)
m=O

It is easy to show inductively that each Um is strongly continuous for (t, s) E A and

I!Um (t, s)ll

~

Mm+l (
m!

Js{t liB (r)ll dr )m el3(t-s),

so that the series defining U (t, s) is uniformly convergent in 0

~

s

~

t

< T, hence U (t, s)

is strongly continuous and satisfies (2.7). Fixings, u E X, we see that y(t) = U(t, s)u is
the fixed point £y =yin C ([s, T), X) of the operator

D.p(t)

= e<t- s)Aou + l t e<t- -r)Ao B(r)c.p(r) dr.

By Gronwall's inequality the operator£ has at most one fixed point; it follows that U(t, s)u
is the unique solution of (2.7). To complete the proof it remains to be seen that U (t, s) =

16

U (t, r) U (r, s). To this end, we note that by (2. 7)
U(t,r)U(r,s)u =
-

e(t- r)Aou(r,s)u+ i t e(t- r)AoB(r)U(r,r)U(r,s)udr
e(t- .. )Aou+ 1r e(t-r)AoB(r)U(r,s)udr+ i t e(t-r)AoB(r)U(r,r)U(r,s)dr;

set

F(r)

U (r,s)u,

=

{ U(r,r)U(r,s)u,
clearly F is continuous and is a fixed point of .C hence F(r) = U(r, s)u for all r 2: s. For
r =

t 2: r it follows that
U (t, s) u = F (t) = U (t, r) U (r, s) u

and the proof is complete. 1
Notice that if in the last theorem we assume that

Ao generates a group (rather than

just a semigroup), there is no intrinsic reason to assume t 2: s when defining U(t, s). We
will say that a map U : [0, T) x [0, T)
is strongly continuous and both (t, s)

---+

~----+

B(X) is an invertible operator of evolution if it

U(t, s), (t, s)

~----+

U(t, s) are operators of evolution;

i.e., U(t, s)U(s, r) = U(t, r) for all r, s, t E [0, T) (as well as U(t, t) =I for all t E [0, T). In
this case each operator U(t, s) is invertible and U(t, s)- 1 = U(s, t). We thus have

Corollary 4 Assume B : [0, T)

---+

B (X) satisfies the conditions of the last theorem and let

Ao be the infinitesimal generator of a strongly continuous group satisfying

lletAo II

~ M ef3t

in the Banach space X. There exists a unique invertible operator of evolution U such that
U(t, s)u = e(t- s)Aou + 1t e(t- r)Ao B(r)U(r, s)udr
for all s, t E [0, T) .
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We have given two constructions of an evolution operator, we need to see they coincide.
We begin showing that a family of the type {Ao
Lemma 5 Let

+ B(t)} is usually semi-stable.

Ao be the infinitesimal genemtor of a strongly continuous semigroup { etAo}

in the Banach space X such that

lletAo II ~ Mef3t

IIBII =

and let B: [0, T)---+ B (X) satisfy

IIB(t)ll < oo.

sup
tE(O,T)

Then {Ao

+ B(t)}

Proof. Let

is semi-stable with constants M,

SI, .. . ,

Sm with T > St

~

···

~

Sm

~

w= w + IIBII.

0 and let

'Tt, ••• , 'Tm

> 0.

Set Bj = B(sj)

for j = 1, ... , m; set also uo = 0, uk = :L::=l Ti fork= 1, ... , m. Then uo = 0

O"m and we can define C: [0, T)
C(t) = Bm if t

~

---+

B(X) by C(t) = Bk if uk- 1 ~ t

< u1 < · · · <

< O"k fork= 1, ... , m;

O"m. Define now Up to be the operator defined in the proof of Theorem

2, but with A(t) =

Ao + C(t)

(rather than

Ao + B(t))

and P any partition of [0, T) which

starts with uo, ... , O"m. Let u E D(Ao) and let 0 ~ s ~ t

for almost every u (in fact, for all u

of uo, 0"1, ••• ).

< T.

Then

Integrating for u E [s, t] we get

By density, the last formula is valid not only for u E D(Ao) but for all u E X. Taking
norms, setting 1/J(u) = IIUp(u, s)ll we get (in view of the assumption on Ao)

By Gronwall's lemma, we get

18

i.e.,

IIUp(t,s)ll ~
With t

Mew(t-s)).

= O'm, s = uo = 0 we proved
m

IJ er;(Ao+B(s;))

~ Mew(rl+ .. +r,.,..) .

j=l

By Lemma 1 the family {Ao

+ B(t)} is semi-stable with stability constants M,w.

1

We shall have occasion to use the following result of semi-group theory.

Lemma 6 Assume A generotes a strongly continuous one-parometer semigroup of bounded
operotors in the Banach space X and assume F : lR ---+ X is absolutely continuous. Let
s

~

0 and define the function 1/J: [s, oo)---+ X by

Then 1/J E C ([s, oo), D(A))

n C 1 ([s, oo), X) and
1/J'(t) = A¢(t) + F(t)

for every t E [s, oo). If A is a group generotor, the interval [s, oo) can be replaced by [0, oo)
in all occurrences.

Proof. Let 0

*(

ehA -

~

s

~

t and let Let h

I) 1/J(t) =
-

~

0. We have

*1t (

e<t- r+h)A - e<t- r)A)

F( T) dr

~ 1t e<t- r)A (F(r +h)- F(r))
h s

-~

ft

e(t- r)A F(r)

h lt- h

19

dr;

dr + ~ 1

8

h s- h

e<t-r)A F(r

+h) dr

letting h - 0 we get
1 (ehAlimh

h-+0

1) 1/J(t) = 1t e<t-r)A F'(r) dr + F(s)- F(t)
8

proving 1/J(t) E D(A) and
A'ljJ(t) = 1t e<t-r)A F'(r) dr

+ F(s)- F(t).

Since
1
11t+h e(t+h-r+h)A F(r) dr +1 (ehA-(1/J(t
+h) -1/J(t)) = h

letting h

-t

h t

0 we see that 1/J'(t)

h

= F(t) + A'ljJ(t).

r) 1/J(t)

1

We now are ready to prove the coincidence of the two operators of evolution, at least,
if the map B is sufficiently smooth.
Theorem 7 Let X be a Banach space, let

II

continuous group { etAo} satisfying etAo
be bounded,

IIBII =

suptER

IIB(t)ll < oo

II

Ao

be the infinitesimal generator of a strongly

:$ M ef:Jt for all t E lR and let B : lR

and such that t ~ B(t)u : lR -

-t

B (X)

X is absolutely

continuous for every u E D(Ao). Then there exists a unique invertible operator of evolution
U: lR x lR- B(X) of domain of regularity D(Ao) generated by {A(t)} = {Ao +B(t)}. This
operator satisfies equation {2. 7) for all s, t E lR, u E X.

Proof. Let u E D(Ao), s E lR and consider again the operator .C of Theorem 3 given by
D.p(t) = e(t-s)Aou + 1t e(t-r)Ao B(r)~.p(r) dr.

We see that .C maps C 1 (1R, X) into itself, hence its fixed point U(t, s)u must be differentiable.
By Lemma 6 we conclude U(t, s)u E D(Ao) for all t E lR and

8
8t U(t, s)u = AoU(t, s)u + B(t)U(t, s)u.
20

The operator family {A(t)} is stable of constants M and w
hypotheses of Theorem 2, with Y

=

D(A), llully

+ IIBII

= llull + IIAull·

and satisfies all the
Thus there exists an

operator of evolution V so satisfying (AR), hence

8
Bs V(t, s)u = -V(t, s)A(s)u
for all s, all u E D(A). Fix t, r and consider g(s)

g'(s)

= 0,

hence g(t)

= g(r);

i.e., U(t, r)u

= V(t, s)U(s, r)u,

= V(t, r)u;

for u E D(A). Then

by density of D(Ao), U

= V.

1

We conclude the chapter with a theorem appropriate to our needs .

Theorem 8 Let

IR

---+

1{

be a Hilbert space, let Ho be a self-adjoint operator in

B (1i) be such that V(t) is symmetric for every t E 1R and t

~----+

1{

and let V :

V(t)u : 1R

---+ 1{

is differentiable for every u E '}{ . There exists a unique invertible operator of evolution
U : IR x IR

---+

B (1i) generated by {iHo

operator satisfies equation (2. 7} (with

+ iV(t)}

Ao =

of domain of regularity D(Ho).

iHo , B(t)

=

This

iV(t)). Moreover, U(t , s) is a

unitary operator for every (t, s) E lR x JR.

Proof. All that remains to be proved is that U(t, s) is unitary for all t, s. Since U(t, s) is
invertible, it suffices to show it is an isometry. By Theorem 7 (or its proof), the operator U
can be obtained by the construction of Theorem 2; i.e., as the limit of products of operators
e it(Ho+V(s)).

These operators being unitary by Stone's Theorem, it follows that the operator

U (t, s) is an isometry. I
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Chapter 3

Small Perturbations
If a~ 0 we let Va be the space of all functions V: 1Rn

of Va : x

1------4-

(1

+ lxi 2 )

0

=

such that the Fourier transform

12V(x) is integrable; we set

IIVIIa = JR.,.
f lva(x)l
if V EVa . Let Ho

-4}R

-~.

dx

The following theorem contains our main estimate. To simplify

somewhat the notation we introduce form a positive integer and t

~

0

Then of course,

Theorem 9 Let a

>

2. There exists a constant Ca depending only on a and the space

dimension n, a constant B depending only on n, such that if V~, ... Vm : [0, oo)
measumble and bounded, '1/J E L1 (1Rn), then (with

Sm+I

=OJ
dst ... dsm

00

22

<

-4

Va are

> 0,

for all t

m = 1, 2, ...

Proof. From

we get

(3.1)
1
( (- 47rt")mPm (t, S )

)n/2i
R"

Jm(V)(x,z,t-SI,S!-S2, ... ,sm-1-Sm,sm)(x,z)'l/J(z)dz,

where

Pm(t, s) = (t- s1) · · · (sm- 1- sm)sm
for t

~

s1 ~ · · · ~ Sm ~ 0 and

with Ym+l

= z.

We begin estimating Jm under the assumption that
(3.2)

for some

O'j

> 0,

{j E lRn, j = 1, ... , m. For this purpose, we need to introduce a few more

objects and definitions.

j

= 1, ... , m.

Similarly, we identify cnm

= (Cn)m

m

z. w

m

and if z, wE cnm, we write
n

= L Z j . Wj = LLZjkWjk·
j=1

j=lk= 1

23

Both for z E en and z E cnm we set z2 = z · z (so z2 = lzl 2 if all components of z are real).
Now let

W = {(u,r)

u =(crt, ... , urn)

with~uj

> Ofor j = 1, ... , m;

= (r2, ... ,rm)

with~Tj

2: Oforj = 2, ... ,m}.

T

If (u,r) E W we set T1 = 0 and define Jm: W

X

lRnm ~ C by

(Notice that the appearance of Yo in the previous formula is just a notational convenience,
one may assume Yo= 0).
Assuming Vt, ... , Vm are given by (3.2), the relation with Jm is given by

(3.3)
where

0"

-

T

-

l

(o-1

.

e-

.

l

.

+ 4'
o-2, · · ·, O"m- 1, O"m + --),
t1
4tm+l

(3.4)

.

l

l

(3.5)

( 4t2 ' ... ' 4tm ) '
X

Z

(~1- u•~2• ...• ~m-1•~m- ~)'
1
m+1

(3.6)

where o-1, ... , urn, ~ 1 , ... , ~m are given by (3.2). Introducing for (u, r) E W the quadratic
form
m

Qm(Y) = Qm(u, r)(y) = L ui1Yil
j =1

m

2

+ LTiiYi- Yi - 11 2
j=2

(where y = (y1, ... , Ym) E lRnm) we can write Jm in the more compact way

24

where~· y =

Ej=l ~j · Yi

if~' y E R.nm. Evaluating

Jm is now a simple exercise in complex

analysis. In fact, we can write

Qm(Y)

= Sy · Sy = (Sy) 2

where S is the nm x nm matrix given in block form by

S =
and the

Sjk

assuming

(sjkln) 1 < . k<m, In=
_ ),

-

n

X

nidentity matrix,

can be defined as follows. We set

Sj - lj - 1

defined for some j, 2

Sj - lj

~

j ~ m, we set

Sj- lj - 1

'

s JJ. .
Smm

This defines

Sjk

for k

if k -=I j or k -=I j

=

+ 1.

ifj

< m,

Jum+Tm-S~- lm·

j and for k

= j + 1.

We complete the definition setting

Sjk

=

0

We take square roots according to the following convention: If z

is a complex number which is not a negative real number, then .jZ or z 112 denotes the
determination of the square root with positive real part;

To see that everything works out well and that the entries

Sjk

are analytic in the interior

of W, continuous up to the boundary, we prove:

(3.7)
25

where ~({3j) :?: ~(uj) for j

= 1, ... , m

(with Tm+I

= 0.

In fact, this is clear if j

= 1,

with

{3 1 = u1. Assuming it proved for j - 1, j:?: 2, we get

where

and ~({3i) :?: ~( lTi) is clear from

since ~({3j _ 1 ) :?: ~(uj - 1)

j

=

1, ... , m,

Tj

> 0

and ~Tj :?: 0. Assuming for a moment that

lTj

> 0

for

:?: 0 for j = 2, ... , m, the matrix Sis real, invertible and we can change

variables by y' = Sy. We get

(since det S

=

[det(sjk)]n

= (su · · · Smm)n).

By analytic continuation, or Cauchy's theorem,

the same result is true for arbitrary (u, r) E W. The construction of S also shows that
~([(S- 1 )te]2):?: 0 for all

eE lRnm, as long as (u,r) E W.

Alternatively, the same result can

be obtained noticing that if for some choice of ewe have ~([(s - 1 )teF)

< o,

then Jm could

not be bounded. We proved
_

IJm(u,r;e)l ~

7rm/2

(

26

Su · · · Smm )

n

(3.8)

We now specialize to the case that interests us; that is, we replace u, ~ by if,~

as

defined

in (3.4),(3.6), and assume r given by (3.5). Concerning u, this amounts to replacing u1
by u1

+ i/(4ti),

Um

by

Um

+ i/(4tm+I)

and assuming all (new)

ujs

positive. Concerning

r, it means we are assuming r i = i/ (4tj) for j = 2, ... , m. Setting dj = s]i so that
det S

= (d1 · · · dm)n/ 2 , (3.8)

implies in case V1, ... , Vm are given by (3.2), in view of (3.3),

m )n/2
( ldl ~. dml

~

IJm(V)(x, z, h, ... , tm+I)I

(3.9)

We need to estimate ld1 · · · dml from below. From the inductive definition of the

Sjk 's

we

see that the dj's can be defined inductively by

1 1)
1) + 1
+ - (1 + -0

U1
dJ·

Uj

+ ~4 -ii +,
t2
(

i
4

tj

By (3.7) applied to this case, di = i/(4tj)

+ f3i

~(dJ· )

for j

= 1, ... , m .

2
16tjdj-1

tj+l

if2

~

j

~

m.

where ~(f3j) ~ Uj, hence

>
- u J·

(3.10)

We claim we also have

(3.11)
for j

= 1, ... , m. In fact,

some j

~

this is clearly true if j

= 1,

so assume it proved up to j - 1 for

2. We have

(3.12)
and since
~(dj-1)

16t]ldj-II 2

1

~ 16tJ~(dj- 1) j
27

by the induction hypothesis the denominator of the last fraction is greater than or equal

so that

Using this in (3.12) we get

establishing the claim. In view of the claim, we have

(3.13)

Assume now t ~ s1 ~ · · · ~ Sm ~ 0, as before let Pm(t, s)

d~m)(t, s) as above with

t1, ... , tm

given by tj

=

Sj-1 -

= (t-

Sj for j

=

s1) · · · sm; define dj

1, ... , m

+ 1;

so

=

=
t,

Sm+l = 0. By (3.1) and (3.9)

rr
m

ei(t- s1)Ho

Vjei(srsi+l)Ho'I/J

j=1

<
00

(3.14)

so that we are led to estimate

where, for t

~

0,
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Noticing that t 1

+ · · · + tj

= t- Sj we get from (3.13)

so that

4v'2(sj - Bj+1)idii ~
4cr · +
J

for j

= 2, ... , m

t- s3·+1
t- s3·+1 ( (s 3· - s3'+1)(t- s3·)
)
4
cr · + 1
(sj- Sj+l)(t- Sj) t- Sj
t- Sj+l
J

while

Multiplying over j

= 1, ... , m

we get

so that

that is,

where

i (t) < rrm (4(sj- Sj+l)(t- Sj) CT . + 1) - n/2 ds ... ds .
m

-

j=1

t -s ·+1
J

J

1

m

The region Tm(t) can also be described as

changing variables by sj

= Sj- Sm

for j

Tm(t) = {(sm, ... , sl) : 0

~

= 1, ... ,m -1
Sm

~

the region Tm(t) is described by

t, (s~- 1' ... , s~) E Tm- 1(t- sm)}

29

and it is easy to see that

Im(t) =

1
t

(4Sm (t-t Sm )Um + )
1

- n/2 -

(3.16)

Im- l(t- Sm) dsm.

0

Since

we get from (3.16) and induction

Jm(t) <
-

(-2-)m U1 · 1· · Um
n-2

Given the relation between Im(t) and lm(t), we proved

where

2(4y'2)n/2
n-2

An=---'-------'depends only on the space dimension n . By (3.14) we thus have
m

ei(t- sl)Ho

IJ Vjei(srs;+I)Ho'I/J
i=l

ds1 .. . dsm

<

00

(3.17)

Im(t)II'I/JIII
It is now easy to remove the assumption that the

Vj: [0, oo)-+ V0 let

Vj(X,

~ (~) n/

2

UI

~~Urn cn

II'I/JIII·

Vj's are given by (3.2) . For a general

s) = Vj,o(x, s) = (1 + lxi 2 ) 0 12 Vj(x, s) and write
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12

Then

where integration is over m copies of [0, oo) x lRn and

When taking the £ 00 -norm notice that after applying (3.14)

the~

variables have disappeared

from everywhere but from the vj's. We can thus pull out the integral of

vj(~j'

sj) and

estimate it by

By (3.17) we get
m

ei(t-6t)Ho

IJ Vj {sj)
j=l

ei(6rlJHt)Ho1/J
00

This proves the theorem with B = (1/4)nf 2 , Ca = [Anr (a/2- 1)]/[(27r)"l 2 r (a/2)]. 1
Assume now V : lR --+ V0 with a

>

2.

Assume also sufficient conditions so that

{i( -~ + V(t))} generates an invertible operator of evolution U: lR x lR--+ B (L2 ) such that
U(t, s) is unitary for all T's. By Theorem 8 it suffices to assume V(t)
31

E L 00 (1Rn) for all

t

and t ~ V(t)u : lR

---+

L 2 is absolutely continuous for all u E £ 2 . We have the following

theorem.

Theorem 10 There exists D = D0

constant C

= Co,li,n,

>

0 such that if supt IIV (t)llo

< D, then there exists a

depending only on a, D, n such that

Proof. Write

U(t, 0) = e- itt1

+ i 1t e- i(t- s)t1V(s)U(s, 0) ds;

by iteration (or as in the proof of Theorem 3)

We apply Theorem 9, with Vj = V(sj), to each term of this infinite series expansion. The
theorem follows with D=
The case t

1/Co and C =

Co sup IIVIIol· I

< 0 can be handled in exactly the same way so that

Theorem 11 There exists D = D0

constant C

B/ [1-

= Co,li,n,

>

0 such that if supt

we have

IIV (t)llo <

D, then there exists a

depending only on a, D, n such that

The unitarity of U(t, 0) implies that for every t E R, IIU(t, 0)'1/111 2

= 11'1/111 2 .

Combining

this estimate with the estimate of Theorem 11 we get, by the Riesz-Thorin interpolation
Theorem,
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Theorem 12 There exists 8 = 80

exists a constant C

= Ca,6,n

> 0 such that if supt IIV (t)JI 0 < 8 and 2 :S p :S

such that for all t =/= 0

and 1/p + 1/r/ = 1.
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Chapter 4

Applications to Scattering Theory
In mathematical scattering theory one typically considers a system that has been "per-

turbed," and then one compares solutions of the perturbed system with solutions of the
"free" system. The perturbation can take many forms; for example, in their classic study
on scattering [18], P.D. Lax and R. Phillips consider solutions of the wave equation in the
presence of an obstacle. Their free system is given by the wave equation

8 2u
&t 2 (x, t) = Llu(x, t); x E lRn, t E JR.
The perturbation consists in introducing an obstacle 0

=

U which mathematically is the

closure of a bounded open subset U of lRn. The perturbed system is described by

~~ (x, t) =

Llu(x, t); x E lRn\0, t E JR.

More frequently, the perturbation takes the form of a potential. We are given a Banach
space X and the free system is described by an equation of the form

du
dt (t) = Au(t)
34

(4.1)

where A generates a one-parameter group of bounded operators in X. The perturbed system
lS

du

dt (t) = Au(t) +B(u(t))

where B is an operator defined on some subspace of X; B may or may not be linear and
may or may not depend on the time variable t.
Assume given such a perturbed system. One way of trying to understand the effect of
the perturbation is as follows. We look at signals; i.e., solutions of the equation governing
the system, for large negative values of time; i.e., for t -

-oo. In the absence of a per-

turbation such a signal would propagate as a solution u_(t) of the free equation; given the
perturbation, it propagates as a solution u(t) of the perturbed equation. As t -

oo this

perturbed solution may again get close to a solution u+(t) of the free equation. We can
then think of the perturbation as "scattering'' u _ into u+; the operator S : u _

1----4

u+ is the

scattering operator. In the case of most systems, solutions (of both the free and perturbed
systems) are determined by their values at time t = 0 and operators acting on solutions are
best described by their effect on the initial values. For example, we consider the case of a
free system of the form (4.1) and a perturbed system of the form
du

dt (t) = Au(t)

+ B(t)u (t)

where, for each t, the operator B(t) is linear and {A+ B (t)}tER generates an operator
of evolution U in the Banach space X . We assume, for simplicity, that both the group
generated by A as well as the evolution operator U are uniformly bounded; i.e., there exists
M

~

0 such that
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for all real t and for all real t, s, respectively. A free solution has then the form u_ ( t) = etAr.p _
for some r.p_ EX. A perturbed solution has the form u(t)
to the free solution for t

--+

= U(t, O)'l/1.

This solution is close

-oo in the topology of X if and only if

'l/1 = lim U(O, t)etAr.p_ .
t--+ - 00

In fact, we have

from which the assertion follows. A similar argument shows that if u+(t) is the free solution
which is near u(t) as t--+ oo, then u+(t) = etA'P+ where
'~'+ = lim e-tAu(t, O)'l/1.
t-.oo

The scattering opemtor can now be defined as the operatorS in X such that S: r.p_

~-----+

'P+·

Typical questions in this theory deal with the existence of the scattering operator and,
assuming it exists, its properties. Since the scattering operator is a physical observable, it
is also of great interest to decide whether the scattering operator determines the scatterer.

In [18], Lax and Phillips show that this is indeed the case for scattering by an obstacle;
similar results are available for scattering by time independent potentials. To make all this
a bit more precise one usually introduces the wave opemtors W +, W _ defined by

W± = s- lim U(O, t)etA,
t-.±oo

assuming this strong limit exists. If this limit exists and if the two operators have the same
range (W_X = W+X) we say the wave operators are complete. In this case it makes sense
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to define the scattering operator by

We can give a very simple criterion for existence of the wave operators, due toT. Kato (cf.

[10]) .
Theorem 13 Let A be the genemtor of a uniformly bounded group of opemtors in the

Banach space X and let {A+ B (t)} genemte a uniformly bounded opemtor of evolution
U : R x R __... X. Let Y be a dense subspace of X and assume that

for each u E Y. Then the wave ope rotors W ± exist.

Proof. Formally
:t U(O, t)etAu = -U(O, t)B(t)etAu,
so that

The last formula is easy to justify for all u E X.

Assuming u E Y, the map s

f----+

U(O, s)B(s)e8 Au is in L 1 (R, X) (it being bounded by M IIB(s)e 8 Aul!) so that we can take
limits for t __... ±oo to get

r±oo U(O , s)B(s)e Auds
8

W ±u = u- Jo

for u E Y. The existence of the limit for a general u EX is a consequence of the uniform
boundedness of the operators U(O, t)etA and the density of Y. 1
Specializing to the case X= L 2 (Rn), A= -i~, B(t) = iV(t) where V(t) is an operator
of multiplication by a function, we have as a corollary
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Theorem 14 Let V: lR -+L2 n L 00 (1Rn) and assume the space dimension n ~ 3. Assume

IIVII2oo = supmax(IIV(t)112, IIV(t)llocJ
tER

I

< 00.

Let U be the opemtor of evolution genemted by { -i~ + V(t)}. Then the wave opemtors
W

±

=

8-

lim U(O t)e-itt:.

t-+±oo

'

exist (are defined on all of L 2 ).

Proof. Let Y

= L 1 n L 2(1Rn).

If u E Y, the estimates

imply

Since t ~------+ (1

+ It I) -n/ 2 is integrableover lR if n

~ 3, we are done. 1

Remark. Notice that in this case U(t, 8) is unitary for all (t, 8) so that the wave

operators W ± are isometries.
&tablishing completeness of these wave operators is a much more difficult matter. However, if one has decay of the perturbed solution, one can essentially reverse the roles of
{ e-itt:.} and the operator of evolution U. We introduce the inverse wave operators

n±

defined by

n± =

8-

lim eitC.u(t 0)·

t-+±oo

'

'

where we are now working in the special case in which U is generated by { -i~
We have the following theorem.
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+ iV(t)}.

Theorem 15 Assume the hypotheses of Theorem

14. Assume also there exists a dens e

subspace Z of L 2 and p E (2, oo] such that

{

lltl~l

IIU(t, O)uiiP < oo

for all u E Z. Then

1. The operators fl± exist.
2. The wave operators W± are unitary and

W± 1 = WJ

= n±.

In particular, the scat-

tering operators= n+ w_ exists.
Proof. The hypotheses guarantee that t ~-------+ eit~V(t)U(t, O)u E £ 1 (JR., £ 2 (JR.n)) if u E Z .

In fact, if

ltl

~

1, we estimate

lieit~V(t)U(t, O)ull = IIV(t)U(t, O)ull ~
where 1/q + 1/p = 1/2, hence q ~ 2 and

IIV(t)llq IIU(t, O)uiiP

IIV(t)llq is bounded by IIVII 2,

00 •

If

ltl < 1 we use

Proceeding as in the proof of Theorem 13 we see first that n±u exist for u E Z and

the existence for every u E £ 2 follows by density of Z and the uniform boundedness of
eit~U(t,

0). Since

n

+

= s- lim eit~U(t
t---+oo

t)e -it~

0) W = s- lim U(O
'

+

'
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t---+oo

'

we get

!1+ W+

-

s- tlim eitl!.U(t, O)U(O, t)e-it6. =I,
-+ oo

W+n+

s- tlim U(O, t)e-itt!.eitt!.U(t, 0) =I,
-+ 00

proving

W+ 1 = !1+. The proof of W_=- 1 = n_ is identical. 1

We thus have the following theorem as a consequence of our decay results.

Theorem 16 Assume the space dimension n

exists 6 > 0 such that if suptER IIV(t) II a

~~ =
seen

as

~

~

3. Let V: lR---+ Va, where a> 2. There

6, then the wave operators W ± for the problem

-iLlu + iV(t)u,

a perturbation of the problem
du
" A
dt = -tuu,

exist and are unitary. The scattering operator in this case isS= W.+W-.

Proof. Choosing 6 as in Theorem 11 we get for SUPtER

JIV(t)Jla ~ 6' u E £ 1 n £ 2 ,

JJU(t, O)uJJoo ~ C JtJ -n/ 2 llull 1 j
since n/2

> 1 the assumptions of Theorem 15 hold,

with p = oo and Z

= £ 1 n L 2 (1Rn ).

The

theorem follows. 1
It is now easy to see why it is not possible to have a decay result for solutions of
the Schr&linger equation with a potential without some additional hypothesis, such as
smallness of the potential.

It suffices to consider the time independent case in which
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U(t, s) = ei(t-s)(- LHV) and V is an operator of multiplication by a function. Assuming
V E £ 2 n £ 00

,

Theorem 14 applies to give the existence of the wave operators

These operators satisfy the standard (and trivially established) intertwining relations

for all t, hence also

If W+ and/or W_ are/is unitary, which by Theorem 15 is the case if we have sufficient decay
of the solutions of the Schr&tinger equation with a potential, then the operators -t:. and
-t:. + V are unitarily equivalent; in particular -t:. + V is spectrally absolutely continuous.
It is, however well known that -t:. + V can have eigenvalues if V is not too small. To
get around this problem in the time independent case, one modifies the definition of the
operators

n± to

where Pis the orthogonal projection onto the space of absolute continuity of-t:.+ V. For
the existence of these operators it suffices to have decay of solutions with initial values in
the space of absolute continuity P L 2 (lRn). The scattering operator can still be defined by
S =

n+ W _ .

It is not clear how these concepts can be generalized to the case of time-

dependent potentials.
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Chapter 5

Applications to Cauchy Problems
We conclude with a few applications to the time independent case. We assume that H
-L).

+ V,

where V EVan L 00 • In this case U(t,O) =

eitH

and all the previous results are

immediately applicable. We denote by ll'l/JIIp,c5 the norm of 'ljJ in the space V• 6

Theorem 17 Let 0 ~ 2j8p

= n(1/2 -1/p) <

1, 1/p + 1/p'

of Theorem 12 be satisfied. Then we have the estimates
1.

2.

3.
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=

= 1,

= L 6 (lR, V).

and let the assumptions

4.

where all the constants C a.re independent of '1/J.

Proof. Let '1/J E C 0

(JRn+l), set A,P (t)

= J~ ei(t- s)H,p (s) ds . Then the Hardy-Littlewood-

Sobolev inequality implies

(I:
I: (I:

IIA,P(t)112 -

ei(t- s)H,p(s)ds,

<
<
Since C 0

(JRn+l)

I:I:

I:

ei(t- r)H,p(r)dr)

ei(r- t)Hei(t- s)H,p(s)ds , ,P(r)) dr

C lr- sl -
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~ 11'1/J (s)IIP' 11'1/J (r)IIP' dsdr

c II'I/JIIp',8~

is dense in V'· 8~, we get

IIA'I/JII ~

8

c II'I/JIIp',8~

for all '1/J E v' · ~

This proves 2. Similarly, we have

IIA.PII.,6,

~
<

<
proving 3. Let ¢ E C 0

II: (

(1: 111:
{1: u:

116

ei(t- ,)H.p(s)ds[ dt)

Cit

'

-•1-' 16• II.P(•)II.· ds )"

r·

c ll'I/JIIp',8~'

(JRn+l);

using 2 and the H5lder inequality, we get

ei(t- s)H,p, ¢ (t)) dtl =

I( I:
'1/J,
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ei(t-s)H ¢ (t) dt)

I~

C

II'I/JIIll</Jllp',8~ ·

By duality, 1 follows. Using 2 and the H5lder inequality again, we have

J(A1/I,¢)J

II: (I: ei(t- s)H1/J(s)ds,¢(t)) dtl

=

II: (1/1 (s), I: ei(t- s)H¢(t) dt) dsl
I: 111/IJJIII: ei(t- s)H ¢(t) I ds ~ C JJ1PJJ2,1 JJ<PJJp',a~

<
and 4 follows by duality. 1

Corollary 18 Assume the hypotheses of Theorem 12 and let u (x, t) be a solution of the
Cauchy problem

.au

Hu + g (x, t)

'tat

f (x)

u (x, 0)
we have

lluJJp,p ~ C llfll + JJgJJp',p'
(

1

)

,p =

2(n+2)
n +4 ·

Proof. This is the generalization mentioned by Strichartz of his Corollary 1 of Theorem 1
in [28]. We write
u (x, t) = eitH f

+ 1t ei(t- s)H g (x, s) ds.

Notice that
- 8

p -

P•

I-

p -

81

'f

P' 1

I-

p -

2 (n + 2)
n +4 '

now the corollary follows from 1. and 3. of Theorem 17. 1
Space-time estimates of the free Schr5dinger group e-itll. analogous to those of Theorem
17 play an indispensable role in the study of the nonlinear Schr5dinger equations
i8uj8t =

~u-

F(u) ,u(O) = ¢
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(cf. [12],[13],[17],[26],[27]). Using the same techniques we can extend without extra effort
most of the results in [17] to the nonlinear SchrOdinger equations with a a linear potential
of the form

: = i(Hu + F(u)),
Here H = Ho

+ V1 + l/2,

u(O)

= </J.

(5.1)

V1 = V1 (x) satisfy the assumptions in Theorem 10, V2 (x) is

a real measurable function on lRn, V2 (x) is bounded from below, and 8 2V2 E L 00 (ak f
denotes the tensor consisting of all the k - th derivatives of f). F (u) is defined pointwise
by F(u) (t,x) = F(u(t,x)) with Fa complex valued function of a complex variable (
satisfying

F

E

C 1 (C,C) j F(O)

1

<

p'

= 0, IF' (()Is Ml(lp- l

< (n+2)/(n-2),

for

1(1

~ 1,

n ~ 3.

For each ( E C, F' (()is defined as a real-linear operator on C given by

F' (()w = (8F/8() w + (8Fj8() w, wE C.
Following Kato, we let

We state a local £ 2 -solution result.

Theorem 19 Assume 1

< p < 1 + 4/n.

For each <P E £ 2 , there is T

on II<PII, and a unique solution u EX on I= [0, T] of (5.1}.
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0, depending only
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