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Abstract 

Author: Hong Ma 

Title: Epitaxial Bain Paths and Metastable Phases of Fe and Mn 

Institution: Florida Atlantic University 

Dissertation Advisor: Dr. Shen Li Qiu 

Degree: Doctor of Philosophy 

Year: 2002 

Epitaxial Bain paths and metastable states of tetragonal Fe and Mn have been 

studied by first-principles total-energy calculations using the full-potential 

linearized-augmented-plane-wave method. The main accomplishments are as 

follows. (1) We have performed the first ever EBP calculation of tetragonal 

antiferromagnetic (AF) Mn showing that when grown epitaxially on Pd(001), the 

AF Mn film is strained y-Mn, but grown on V(OOl) the film is strained 8-Mn, 

which could not be determined using the available crystallographic and elastic 

data because they were obtained from unstrained states. (2) We have calculated 

the EBP's of Fe at zero pressure in four magnetic phases, i.e., ferromagnetic (FM), 

nonmagnetic (NM), type-I antiferromagnetic (AF1), and type-II antiferromagnetic 

(AF2), which show that the AF2 is the phase of the bulk of epitaxial Fe films on 

Cu(001 ) and it is unstable for [110] and [010] shears in the (001) plane, but it can 

be stabilized by epitaxy on Cu(001). (3) We have unified and simplified the theory 

of elasticity under hydrostatic pressure p at zero temperature using the Gibbs free 
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energy G , rather than the energy E. The minima of G , but not E, with respect to 

strains at the equilibrium structure give the zero temperature elastic constants; the 

stability of a phase at p is then determined by the same Born stability conditions 

used at p = 0 when applied to the elastic constants from G . The EBP's of FM Fe 

under hydrostatic pressure show that the bee phase exists up to 1500 kbar. A bet 

phase is shown to come into existence at 1300 kbar and becomes stable at 1825 

kbar and above. (4) Based on this dissertation research five papers have been 

published in refereed journals. 
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Chapter 1 

INTRODUCTION 

1.1 Overview 

Metastable phases of a material of given composition are essentially new 

materials, which may have properties very different from the ground-state phases, 

e.g., diamond and graphite. Much effort has been made to find other phases of a 

material by applying pressure, changing temperature, and by varying concentra-

tions of components. These experimental procedures change the ground-state 

phase to a different phase. This different phase may, at ambient conditions, be a 

metastable phase, which is locally stable against small perturbations, although 

higher in energy than the ground state at ambient conditions. Hence experiment 

can sometimes indicate possible metastable phases. Stabilization of these different 

phases can then be sought to confirm their metastability experimentally. 

Modern first-principles electronic theory has given us a reliable theoretical 

procedure for finding total energies of crystalline materials, although there are 

computational limitations on the number of atoms allowed in the unit cell. Band 

structure programs such as WIEN 97 [ 1] can calculate total energies for any 

configuration of atoms in the unit cell. Hence we can search for metastable phases 
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by looking for energy minima that are locally stable, i.e., configurations for which 

the energy increases for all small displacements of the atoms in the unit cell. 

Most theoretical studies of the electronic structure of bulk magnetic elements 

such as Fe and Mn, have considered just body-centered-cubic (bee) and face

centered-cubic (fcc) structures and varied the volume per atom V [2-6]. A few 

studies found the electronic structure for tetragonal structure [7-9] of these 

magnetic elements, usually at constant V as a function of aspect ratio cIa (where 

a and c are the lattice constants of the unit cell). 

A reliable description of the magnetic behavior of a bulk magnetic element 

cannot be obtained from calculations on cubic structures because the magnetic 

phases sometimes do not have cubic symmetry, instead, they can have non-cubic 

tetragonal equilibrium states. Tetragonal calculations at constant volume give 

approximate values of cIa and energy E at the minima of E with respect to a 

and c if V is chosen near the correct values, but do not give a, c and V 

separately. Hence the equilibrium cIa of the non-strained bulk structures could be 

roughly checked, but not the cIa of the strained bulk structures of the epitaxial 

films. 

A simple generalization of cubic symmetry for bulk crystal structure is 

tetragonal symmetry, which has two structural parameters rather than one- a basal 

plane or in-plane lattice parameter a (it is called a' in chapter 4, 5, and 6) which 

corresponds to square symmetry in the cross section, and an out-of-plane lattice 

parameter c. At every point in the tetragonal plane there is a self-consistent 

solution of the Kohn-Sham equations [ 1 0], which we will call a state of the 
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system. The solution provides the total energy per atom E(a,c) and the first 

derivatives of E(a,c) provide the in-plane ((001) plane) stress cr1 = cr 2 and the 

out of plane ([001] direction) stress cr3 . We seek the states at the minima of 

E(a, c) , (referred to as tetragonal minima), which will be called equilibrium states 

because the stress vanish for these states - saddle points of E(a,c) are also 

equilibrium states, but always unstable. The tetragonal minima are not necessarily 

stable or metastable because breaking the tetragonal symmetry might decrease the 

energy. Almost always there are two minima in the tetragonal plane and a saddle 

point between them; the minima correspond either to dominant binding between 

(001) planes (small cIa) or to dominant binding in the (001) planes (large cIa). 

1.2 Epitaxial Bain Path 

A systematic procedure for finding tetragonal minima consists in calculating 

first a particular path in the tetragonal plane that must go through the tetragonal 

minima. That path is called the epitaxial Bain path (EBP) [ 11]. The tetragonal 

minima are then at the minima on that path. A Bain path meant originally a path 

through tetragonal states between equilibrium bee and fcc structures [12]. This 

original definition implicitly assumed that at both cubic structures there were 

rrumma of E(a,c). However, total energy calculations have shown that the 

tetragonal minima are not necessarily both at cubic structures [11, 13, 14]. Hence a 

more appropriate definition of a Bain path is a path in the tetragonal plane that 

goes through both tetragonal minima, whether the corresponding structures are 

cubic or not. There are still many Bain paths, but note that a constant-volume path, 
3 



which is frequently called a Bain path [12, 15-17], does not in general satisfy the 

definition, since the tetragonal minima usually have different volumes. 

1.3 EBP Calculations 

The EBP is a unique Bain path which is defined as the path along which the 

stress in the [001] or c direction vanishes. This condition is satisfied on epitaxial 

films with a vacuum interface and defines the EBP even when there is only one 

tetragonal minimum such as the case for the Cu-Au structure. 

EBP is calculated by finding the minima of E(a,c) at each a and the c at 

which [13,14] 

_ _3_(dE(a,c)J _ 0 0' 3 - 2 - . 
a de a 

(1.1) 

Suppose we grow a film of a material on a substrate surface with a square 

mesh of side a . If the film material is strained in the plane parallel to the substrate 

surface, the elastic response will change the spacing c in the perpendicular 

direction and c is the value that minimizes the total energy of the system. 

According to Eq. ( 1.1 ), the EBP curves are obtained from the minima of the total 

energy E as a function of c at constant a , denoted as Ea(c). Fitting of a Ea(c) 

curve with a third-order polynomial gives the values of cmin, Vmin , and Emin. By 

repeating the Ea (c) calculation at different lattice constants a, a series of cmin , 

V min , and Emin values are found as a function of a , which can be written as 

E EBP (a) , c EBP (a), and V EBP (a) . Detailed procedures of EBP calculations for 

tetragonal Fe and Mn are given in Chapters 5 and 6 respectively. 
4 



In general, a E EBP (a) curve has two minima and a maximum of energy 

between them. At a minimum of E EBP (a), coordinates a0 , c0 , the first derivative 

of E(a,c) vanishes in two directions in the tetragonal plane: along [001] by 

construction of the EBP and along the EBP, since the point ( a0 , c0 ) is at a 

minimum of E EBP (a). Hence the derivatives of E(a,c) at a0 , c0 must vanish in 

all directions so that at ( a0 , c0 ) the stresses cr 1 = cr2 = a3 = 0 and 

(
dE(a,c)) =(dE(a,c)) =O. 

da a (" de a (" 
0 • 0 0' 0 

(1.2) 

Thus ( a0, c0 ) is an extremum of E(a,c) and E EBP (a) must go through all 

minima of E(a, c), and also through all maxima and saddle points, i.e., through all 

equilibrium points. The stability of the state at ( a0 , c0 ) must then be tested to 

determine if it is a metastable phase. 

1.4 Conditions for Metastability 

As mentioned above, the tetragonal energy ffilmma are not necessarily 

metastable states, because a deformation that breaks tetragonal symmetry could 

lower the energy. The test of local stability against all small deformations is given 

by the Born stability conditions expressed in terms of the six elastic constants of a 

tetragonal structure [18] . The conditions are derived from the requirement that the 

strain energy be positive definite for all small strains of the state at the minimum. 

We write these conditions in the form 
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(1.3a) 

(1.3b) 

(1.3c) 

(I. 3d) 

where c
1 
I' c

12
, c13 , c

33
, c44 , and c66 are the elastic constants of a tetragonal 

structure which will be discussed in detail in Chapter 3; Y' is the modified elastic 

constant (see Appendix A for details). The instabilities that we find for minima of 

the EBP all come from violations of (1.3a) or (1.3c) or (1.3d); the condition (1.3b) 

is always satisfied at tetragonal minima because the curvature at the rrumma, 

which gives Y', is positive. 

The elastic constants of a metastable magnetic state change with pressure and 

so does the stability of the magnetic state. The calculations of the EBP at finite 

pressure using free energy and the elastic constants as a function of pressure will 

be discussed in Chapter 3. 

1.5 Motivation and Objective 

The growing interests in finding the metastable phases of a material by 

applying pressure, changing temperature, and by varying concentrations of 

components and the extensive efforts in making magnetic thin films with artificial 

crystalline structure demand reliable predictions of the metastable phases, better 

understanding of the phase stability and the conditions of the phase transitions as 

6 



well as the mechanism of film growth and the surface effects on the magnetic 

properties of the thin films. First-principles EBP calculations are the most 

appropriate theoretical approach to provide insight into all these issues. Moreover, 

the predictions of new metastable phases from the EBP calculations will certainly 

stimulate more experimental research for new materials. 

Recent studies [19] of ultrathin films of Mn grown pseudomorphically on 

V { 001 } , Pd { 001 } and Fe { 001 } found that the available crystallographic and 

elastic data did not allow a confident choice between o-Mn and y-Mn as the 

corresponding phase. We propose to calculate the EBP's of tetragonal Mn from 

which the choice between o-Mn and y-Mn can be made because EBP's not only 

find the unstrained states in each magnetic phase, but also find the strained states 

produced by epitaxial strain on these states. Hence, low energy electron diffraction 

(LEED) measurements on films grown epitaxially on suitable substrates can be 

compared directly with EBP calculations. 

There has been a series of studies establishing the essential tetragonal nature of 

Fe, which started with the work of Krasko and Olson [7] in 1989 and the work of 

Peng and Jansen [20] in 1991. However, only one previous study [21] looked at 

the electronic structure of tetragonal Fe at all a and c values, and found the 

equilibrium states for three magnetic phases (ferromagnetic (FM), type-I 

antiferromagnetic (AF1) and type-II antiferromagnetic (AF2)), but not the 

epitaxially strained states. The experimental strained bulk structure of magnetic 

films can be compared with the calculated epitaxial strained states, but not the 

equilibrium states. We plan to carry out the EBP calculations on tetragonal Fe 

from which we are able to find the elastic constants of the dominant phase AF2 of 
7 



Fe films on Cu(OOI), which then lead to proof of the instability of the AF2 phase. 

Moreover, by finding the particular instability of AF2, i.e., the particular shear 

constant, we are able to show that the AF2 phase can be stabilized in films 

epitaxial on Cu(OOI), but a macroscopic crystal of Fe could not exist in the AF2 

phase. 

The pressure instability of Fe is of great geophysical interest. Extensive 

experiments have been carried out to study the phase stability and the elasticity of 

Fe at conditions close to that of the Earth's inner core. Brown et al. [22] observed 

experimentally a sound velocity discontinuity in Fe at 2000 kbar and suggested 

that it was a solid-solid transition at the y- E phase boundary. Ross et al. [23] 

suggested that the shock anomaly at 2000 kbar may be the transition to a new 

high-pressure solid a' phase with a bee structure. Soderlind et al. [24] suggested 

that the a' phase corresponds to a body-centered tetragonal (bet) state at cIa = 

0.875 with substantial magnetic moment. However, Soderlind et al. [24] stated 

that they did not know whether this bet state is stable at high pressure. We are 

going to develop procedures using the free energy along the EBP for calculating 

the elastic constants of a tetragonal structure as a function of pressure, from which 

the pressure stability of the bet state at cIa = 0.875 can be determined. 

All the EBP calculations in this dissertation research were carried out using 

the WIEN-implementation [1] of the full-potential linearized-augmented-plane

wave (FLAPW) method with the Perdew-Burke-Ernzerhof exchange-correlation 

poten-tial in a generalized-gradient-approximation with relativistic corrections 

(GGA-REL) or in a local-spin-density-approximation without relativistic correc-
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tions (LSDA-NREL). 

• The detailed description of the FLAPW method and a brief introduction to 

WIEN97 package are given in Chapter 2. 

• In Chapter 3 we show the importance of the free energy for elasticity under 

pressure. 

• In Chapter 4 we present the four magnetic phases (FM, AF1, AF2 and NM 

(non-magnetic)) of tetragonal Fe and Mn calculated using the FLAPW 

method at constant volume. 

• In Chapter 5 we perform the first ever EBP calculation of tetragonal AF1 

Mn showing that when grown epitaxially on Pd(001), the AF Mn film is 

strained y-Mn, but grown on V(OOl) the film is strained 8-Mn, which 

cannot be determined using the available crystallographic and elastic data. 

• In Chapter 6 we calculate the EBP' s of Fe at zero pressure in four magnetic 

phases (FM, NM, AF1 and AF2) which show that the AF2 is the phase of 

the bulk of epitaxial Fe films on Cu(001) and it is unstable for [100] and 

[010] shears in the (001) plane, but it can be stabilized by epitaxy on 

Cu(001). 

• In Chapter 7 we calculate the EBP's and the elastic constants of tetragonal 

FM Fe at finite pressures using free energy to determine the stability-limit 

pressure of bee FM Fe and the stability of the metastable bet state of FM 

Fe, which exists only at p > 1300 kbar. 

• Summary and future work are given in Chapter 8. 
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Chapter 2 

FULL POTENTIAL LINEARIZED 

AUGMENTED PLANEWA VE 

METHOD 

In this work, the full-potential linearized-augmented-plane-wave method 

(FLAPW) based on the density functional theory (DFT) is used for all total energy 

calculations. It is free from any shape approximations to the potential and charge 

density and among the most accurate methods for performing electronic structure 

calculations for crystals. In this chapter, a general description of this method will 

be made. More in-depth treatments of this subject may be found in [1, 25]. 

2.1 Density Functional Theory 

The theorem upon which DFT is based is that of Hohenberg and Kohn (HK) 

[10, 26]. For a given system of interacting electrons in an external potential (the 

Coulomb potential due to the nuclei in a solid), the total energy E is given as a 

functional of the ground state electronic spin densities Pa (T), 
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Eei (p i ' P t ) + Eii (p i ' P t ) + E XC (p i ' P t ) · (2.1) 

Here, T5 denotes the kinetic energy of non-interacting particals, E H is the Hartree 

component of electron-electron energy, E ei is the Coulomb interaction energy 

between the electrons and the nuclei, Eii arises from the interaction of the nuclei 

with each other, E xc is the exchange-correlation energy. They further showed that 

the true ground state densities are the densities that minimize E101 • 

2.2 Kohn-Sham Equations 

The HK theorem gives no insight as to actual methods of calculation, and 

usually the ground state density Pa is unknown. Kohn and Sham [10] therefore 

suggested reducing a many-body problem to a set of one-body problems coupled 

through an effective potential, which takes into account the exchange-correlation 

energy as well as the classical electron-electron and electron-nucleus coulomb 

interactions, and using variational property to determine the ground state energy 

and density. Hence the correct density is given by the self-consistent solutions of a 

set of single particle Schrodinger-like equations, known as Kohn-Sham (KS) 

equations, with a density dependent potential, 

(2.2) 

with the density constructed as 

Pa(r) = LP~~<p~ (rf 
i ,k 

(2.3) 
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Here the p~ are occupation numbers, the <p~ are single particle orbitals, E ; are 

the corresponding eigenvalues. Tis the kinetic energy operator, Vei is the Coulomb 

potential due to the nuclei, V H is the Hartree potential and V xc is the exchange 

correlation potential. Both VH and Vxc depend on density. 

Therefore, a density must be found such that it yields an effective potential that 

when inserted into the Schrodinger-like equations yields orbitals that reproduce it. 

Thus, The KS equations must be solved self-consistently in an iterative process . 

DFT based electronic structure methods are classified according to the 

representations that are used for the density, potential and, most importantly, the 

KS orbitals. In the FLAPW method, which will be discussed in section 2.6, the KS 

orbitals are: 

(2.4) 

where the <j> k (r) are the basis functions and the C
11 

are expansion coefficients. 
n 

Since the density depends only on the KS orbitals, given a choice of basis, 

these coefficients are the only variables in the problem and the total energy in DFT 

is variational. Therefore, solution of the self-consistent KS equations amounts to 

determining the C
11 

for the occupied orbitals that minimize the total energy. 

2.3 Local Density Approximation 

So far, the difficulty of the many-body problems is still present in the unknown 

exchange-correlation energy E xc . To overcome this, Kohn and Sham proposed a 

local-density approximation (LDA), which assumes that the contribution of 
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exchange and correlation to the total energy can be accumulated additively from 

each portion of a non-uniform gas as if it were locally uniform. Hence, in spin

polarized case [27], E xc is given by 

E xdPt ,Pt ] = f d 3
rPE xc (p t ,Pt ), (2.5) 

where p = Pt + p t and E xc (Pi , p t ), of a homogeneous but interacting electron 

gas, is known only approximately. It can be calculated numerically to an accuracy, 

which results in different parameterizations [28-31]. 

2.4 Generalized Gradient Approximation 

It has been proven that LDA can provide an accurate theoretical estimate of 

static structural properties, phonon spectra, crystal stability, and pressure-induced 

phase transformations in many solids [32]. However, calculations [2, 33] show 

that LDA yields overestimated binding energy and bulk modulus, underestimated 

volumes of 3d solid, and even a wrong ground state for iron. There have been 

many efforts to improve and go beyond LDA. The widely used correction to the 

LDA is generalize-gradient approximation (GGA). In the GGA, an expression 

similar to (2.5) is used, but with E xc (p) replaced by a local function of the density 

and the magnitude of its gradient, 

E xdPt ,Pt ] = f d 3
rf(pt ,Pt ,VPt ,VPt ). (2.6) 

The GGA calculations have been found to considerably improve the LDA 

results in many cases [34, 35] . For example, it predicts the correct ground state 
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structure for iron and reduces the discrepancy in lattice constants between the 

theory and experiment. 

2.5 Self-consistency in Density Functional Calculations 

As mentioned, the HK theorem shows that the total energy is variational, and 

the true ground state density is that density which minimizes the energy. When 

approximations are made to E xc such as the LDA, the true ground state charge 

density will not in general be that which minimizes the approximate energy 

functional. Although the resulting energy may be lower (or higher) than the true 

ground state energy, a good approximation to the energy functional should give a 

good energy and density. 

The minimization proceeds via the KS equations and the variation is with 

respect to the orbitals, in our case, the coefficients C
11

• With a fixed basis, these are 

the only parameters that can be varied. So the problem can be stated from finding 

the coefficients that minimize the energy, subject to the constraint that the orbitals 

remain orthonormal. 

The historically dominant approach has been to refine the density iteratively 

by solving equations (2.2) and (2.3) alternately. This is the basis of the standard 

self-consistency cycle illustrated in Fig. 2.1. Given a charge density, an output 

charge density is constructed from the eigenvectors using (2.3), and then mixed 

with the input to yield a refined input for the next iteration. The simplest mixing 

scheme is straight mixing: 
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Solve Single Particle 
KS Equations 
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I 

I 

~---------- -------------------------• 

Done 

Figure 2.1. Self-consistency cycle 
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i+l (1 ) i i pin = - a p in + ap out , 
(2.7) 

where the superscript refers to the iteration number and a is the mixing parameter. 

2.6 The Full Potential LAPW Method 

2.6.1 Basis Functions 

The LAPW method is a procedure for solving the KS equations for the ground 

state density, total energy, and eigenvalues of a many-electron system. In this 

method, space is divided into (I) non-overlapping atomic spheres (centered at the 

atomic sites) and (II) an interstitial region as shown in Fig. 2.2. In the two types of 

regions different basis sets are used. Inside atomic sphere of radius R , the basis 

function is linear combinations of radial functions u1 (r)~m (r) and their energy 

derivatives, 

<l>k" = L,[A"11 u1(r,E1 )+B1mu1(r,E1 )] Y1m(r), (2.8) 
lm 

where u1 (r, E1) is the regular solution of the radial Schrodinger equation for 

energy E1 and the spherical part of the potential inside sphere; u1 (r, E1 ) is the 

energy derivative of u1 taken at the same energy E1 ; A1111 and B1m are coefficients 

and determined by the boundary condition with the requirement that the basis 

function (in value and slope) matches the corresponding basis function of the 

interstitial region. u1 and u1 are obtained by numerical integration of the radial 

Schrodinger equation on a radial mesh inside the sphere. 

In the interstitial region a plane wave expansion is used: 
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Fig. 2.2. Partitioning of the unit cell into atomic sphere (I) and an 

interstitial region (II). 

1 ik r 
<1> kn = --!W-w e n (2.9) 

where kn = k + Kn ; Kn are the reciprocal lattice vectors and k is the wave vector 

inside the first Brillouin zone. Each plane wave is augmented by an atomic-like 

function in every atomic sphere. 

Thus, the solutions to the KS equation are expanded in this combined basis set 

according to equation (2.4) and the coefficients en are determined by the 

Rayleigh-Ritz variational principle. The convergence of this basis set is controlled 

by a cutoff parameter R1111 G max = 6- 9 , where R"u is the smallest atomic sphere 

radius in the unit cell and G max is the magnitude of the largest K vector in 

equation (2.4). 
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2.6.2 Potentials 

The full-potential LAPW method expands the potential in the following form 

inside sphere 

(2.10) 
outside sphere 

and the charge densities analogously. 

The "muffin-tin" approximation used in early band calculations corresponds to 

retaining only the L = 0 and M = 0 component in the first expression of equation 

(2.1 0) and only the K = 0 component in the second. This procedure corresponds 

to taking the spherical average inside the spheres and the volume average in the 

interstitial region. Fig. 2.3 shows the difference between full potential and muffin-

tin potential. 

2.6.3 Relativistic and Spin-orbit Effect 

Relativistic corrections are important only when the kinetic energy is large. 

Therefore, the relativistic effects can be only incorporated in regions where the 

potential is strongly negative. In the LAPW method this effect can be safely 

neglected in the interstitial region, and the only modifications are to the radial 

functions in the sphere and the components of the Hamiltonian that operate on 

them. 

The spin-orbit term, which is neglected in the scalar relativistic approximation, 

1s very important for the band structures and other properties of materials . 

However, since the spin-orbit term couples spin-up and spin-down wavefunctions, 
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(b) 

Fig. 2.3. Comparison of (a) full potential with (b) muffin-tin potential. 
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a calculation including spin-orbit would require roughly eight times the resources 

of a scalar relativistic calculation. A possible way to avoid this difficulty is to use 

the second variational method [36], which diagonalizes the Hamiltonian including 

spin-orbit in the space of the orbitals for the low lying bands. 

For valence states relativistic effects can be included either in a scalar 

relativistic treatment [37] or with the second variational method including spin

orbit coupling. Core states are treated fully relativistically [38] . 

2. 7 WIEN97 Package 

WIEN97 is a full-potential LAPW package for crystalline solids, which is 

developed by P. Blaha et al [1]. It can be used to compute the total energy of a 

crystal system, the forces at the atoms, the Fermi energy and the weights of each 

band state etc. Further more, the density of states, X-ray absorption and emission 

spectra, X-ray structure factors and optical properties can also be obtained. 

2.7.1 The Basic Input Files for Total Energy Calculations 

Two basic input files case.struct and case.inst are constructed by using WIEN 

in a BOX. The StructGenerator shown in Fig. 2.4 is used to create case.struct by 

inputting the information of the crystal system, such as the name of the element, 

the lattice constants a , b , and c, the angles between axes, the space group, the 

positions of atoms and the muffin-tin radius RMT. Fig. 2.5 shows an example of 

structure file of Fe. The case.inst file can be created automatically by pressing 

"Accept" in StructGenerator. Fig. 2.6 shows an example of case.inst file of FM Fe. 
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Struct Generator BliJ EJ 
11tle Fe 

a= 14.698904 

a= j9o.o 

lattice r ~ 

b= j4.698904 

b= j9o.o 

use Spacegroup 

v Ang + Bohr 

C= ,4 .306137 

c= j9o.o 

Number of symmetry op: ~ ..J generate symmetry ops 

l 

I 
I 
I 
j 

I 
1 

~---------------------------------------------- 1 

Delete j j 
1 

Z= j.-26-.0-- ~ 

Inequivalent Atoans: ~ ~ ____ Ad_d ___ --l 

_E_Ie_m_e_nt---Jj p=8 I Atom ..!_j of 2 

. - ~MT= J1.7 I SPLIT= f-2 NPT = ~ RO'=J ,...5-e--0-5 -- ..J cubic J 

ij 
Positions of equivalent atoms: (mult: x y z) 

1: 0.00000000 0.00000000 0.00000000 . 
' '• 

Fig. 2.4. Structure Generator 
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Fe 

P LATTICE,NONEQUIV. ATOMS: 2 
MODE OF CALC=RELA 

5.606601 5.606601 3.960475 90.000000 90.000000 90.000000 
ATOM= -1 : X=O.OOOOOOOO Y =0.00000000 Z=O.OOOOOOOO 

MULT= 1 ISPLIT=-2 
Fe NPT= 781 R0=0.00005000 RMT= 1.5000 Z: 26.0 
LOCAL ROT MATRIX: 1.0000000 0.0000000 0.0000000 

0. 0000000 1.0000000 0.0000000 
0. 0000000 0.0000000 1. 0000000 

ATOM= -2: X=0.50000000 Y=0.50000000 Z=0.50000000 
MULT= 1 ISPLIT=-2 

Fe NPT= 781 R0=0.00005000 RMT= 1.5000 Z: 26.0 
LOCAL ROT MATRIX: 1.0000000 0.0000000 0.0000000 

0. 0000000 1. 0000000 0.0000000 
0. 0000000 0.0000000 1.0000000 

Fig. 2.5. An example of input structure file case.struct. 

2. 7.2 Initialization of the Calculation 

Initialization of the calculation is done after the two basic input files have been 

created. It includes: 

1) Calculates the nearest neighbors up to a specified distance and thus helps to 

determine the atomic sphere radii. Check for overlapping spheres, 

coordination numbers and nearest neighbor distance. 

22 



Fe 

Ar 3 5 
3, 2, 2.0 N 
3, 2, 2.0 N 
3, -3, 2.5 N 
3, -3, 0.0 N 
4,-1,1.0 N 
4, -1, 0.5 N 
Fe 
Ar 3 5 
3, 2, 2.0 N 
3, 2, 2.0 N 
3, -3, 2.5 N 
3, -3, 0.0 N 
4, -1, 1.0 N 
4, -1 , 0.5 N 
**** End of Input 
**** End of Input 

Fig. 2.6. An example of input file case.inst. 

2) Generates atomic densities and determines how the orbitals are treated in the 

band structure calculations. Check the output for a proper atomic 

configuration, convergence, and the confinement of the core electrons. 
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3) Generates the space group symmetry operations, determines the point group 

of the individual atomic sites, generates the LM expansion in equation 

(2.1 0) for the lattice harmonics and local rotation matrices. 

4) Generates a k-mesh in the Brillouin zone (BZ), check the number of k

points in the irreducible wedge of the BZ and the energy interval specified 

for the first k-point. 

5) Generates a starting density for the self-consistency cycle (SCF). 

2.7.3 The SCF Calculation 

The SCF calculation can be started after the initialization is done. The SCF 

cycle consists of the following steps: 

LAPWO (POTENTIAL) generates potential from density 

LAPWl (BANDS) calculates valence bands (eigenvalues and eigenvectors) 

LAPW2 (RHO) computes valence densities from eigenvectors 

LCORE computes core states and densities 

MIXER mixes input and output densities 

The self-consistency cycle does not stop until the specified convergence 

criterion is met. A case.scf file is then created. Once the SCF cycle has converged 

various properties like Density of States (DOS), band structure, etc. can be 

calculated. 
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Chapter 3 

EBP'S AND ELASTICITY 

UNDER PRESSURE 

Modern first-principles total-energy calculations based on the Kohn-Sham 

equations with corrections have made possible reliable and reasonably accurate 

determination of crystalline equilibrium structures and elastic constants. However 

the extension of such calculations to crystals under hydrostatic pressure p 

introduces a number of complications that have not always been considered in 

recent work. It is shown in this chapter that the theory of elasticity under 

hydrostatic pressure p is unified and simplified by the use of the Gibbs free 

energy G, rather than the energy E. The minima of G , but not of E , give the 

equilibrium structure; the second derivatives of G, but not of E, with respect to 

strains at the equilibrium structure give the elastic constants; the stability of a 

phase at p is determined by the same Born stability conditions used at p = 0 when 

applied to the elastic constants from G . 
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3.1 EBP's under Hydrostatic Pressure 

The first complication in discussing systems under pressure IS that it is 

necessary to find the equilibrium structure at each p . The calculation of EBP 

finds the total energy E in each tetragonal state on the path. At p = 0 the 

equilibrium states of the magnetic phases are given by the minima of E. However, 

the equilibrium structure at p is not at a minimum of E, but is at a structure at 

which the stress at each surface is - p, e.g., for the faces of a tetragonal structure 

Generalization of the EBP for systems under hydrostatic pressure p reqmres 

two changes in the procedures used at p = 0 which was described in Chapter 1. 

The first change consists in substituting for the condition cr3 = 0 the new 

condition that cr 3 = - p , so that at every a 

(
dE(a,c)) = _i_ p. (3.l) 

de a 2 

The condition (3.1) produces the functions EE8P(a;p), VE8P(a;p) and 

c EBP (a; p) , where the notation indicates that the functions contain p as a 

parameter. 

The second change consists in introducing a Gibbs free energy per atom (at 

zero temperature so that the entropy term vanishes) defined throughout the 

tetragonal plane by 

G(a,c;p) = E(a,c) + pV(a,c). (3.2) 

Then at any point (a,c)on the EBP for pressure p 
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(
aG(a,c;p)J = (aE(a,c)J + p(aV(a,c)J 

ac a ac a ac a 

a z az 
= --p + --p =0, 

2 2 
(3.3) 

ca 2 

where (3.1) and V =- (the volume per atom) have been used. Now from (3.2) 
2 

the function G along the EBP at p is given by 

(3.4) 

Let ( a
0

, c0 ) be the tetragonal lattice parameters of a minimum of G EBP (a; p). 

Then at (a0 ,c0 ) the derivative of G(a,c) vanishes both along the EBP and by 

(3.3) along c, hence just as for the case p = 0, where the derivative of E vanishes 

in all directions (see (1.2)), the derivative of G at ( a0 , c0 ) vanishes in all 

directions in the tetragonal plane. The in-plane stresses at ( a0 , c 0 ) are then given 

by 

1 (aG(a,c)J __ 1_(apV(a,c)J . = _ P. (3_5) 
= QOCO aa aa,co QOCO aa aa,co 

ac m 2 

In (3.5) -=0 at (a0 ,c0 ) and V =-have been used. Since CJ 3 =-p by aa 2 

condition of the EBP at p , the state at ( a0 , c0 ) is under hydrostatic pressure p . 

For a closed system, such as a crystal in vacuum, dE = 0 for small changes in 

structure around the equilibrium structure. This flatness of E around equilibrium 

corresponds to the system being at an extremum of E . However if the crystal is in 
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an open system, such as a system at constant hydrostatic pressure, then dE = 

- pdV for changes in structure and dE does not vanish, but now dG = 0 for 

small changes in structure; equilibrium for the system now corresponds to an 

extremum of G. Of course for stability the extremum must be a minimum and the 

system under pressure will achieve equilibrium by minimizing G. 

Metastable phases under pressure are found by a three-stage process: First 

calculate E E
8P(a ; p). Second find G E

8P(a;p) and its minima. The minima are 

tetragonal phases under hydrostatic pressure and may be metastable. Third find the 

elastic constants from the second derivative of G with respect to strain at the 

minima to check stability. Note that the minima of E EBP (a; p) cannot be phases 

under hydrostatic pressure, because the in-plane stress vanishes in the direction 

along the EBP. 

3.2 Elasticity under Hydrostatic Pressure 

A second complication for system under pressure is that the elastic constants 

are not given by second derivatives of E with respect to strains. Rather they are 

given by second derivatives of G with respect to strains at (a0 ,c0 ), the minimum 

of G at p . The equilibrium state will be stable if G increases for all small strains, 

not just strains that preserve tetragonal symmetry. 

The variation of G around the minimum ( a0 , c0 ) for Eulerian infinitesimal 

strains [39] is a quadratic function of the strains given by 

v: 6 

G- G0 = -f ;~1cuE;E 1 , 
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where G and G0 are the total energies per atom with and without strains 

respectively, V0 is the volume per atom at ( a0 ,c0 ), for a tetragonal structure 

2 

V - Coao 
o-

2 
ciJ 's are the elastic constants and ci 's are the strains in the Voigt's 

notation (see Appendix A). Note that in (3.6) there is no term linear in Ei because 

the expansion of the free energy is made around the minimum of the EBP. 

There are six independent elastic constants, i.e., c11 = c22 , c33 , c44 = c55 , c66 , 

c12 = c2 1 and c13 = c3 1 for a tetragonal crystal (Classes 4mm, 4 2m, 422 and 

4/mmm) [ 18]. Thus the strain energy per unit volume can be written as 

(3.7) 

The elastic constants are given by the second derivatives of G(a, c; p) with 

respect to strains at ( a0 , c0 ). 

(3.8) 

The six elastic constants of a tetragonal structure can be determined as follows 

(See Appendix A for more details). 

(1) Let £ 1 -:t 0 but E2 = E3 = E4 = E5 = E6 = 0. In this case only one side of 

base is strained, and the tetragonal structure becomes orthorhombic. From (3.7) we 

have 
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(3.9) 

8a 
and from (3.8) and £ 1 =- we get 

ao 

(3.10) 

(2) Let £ 2 = £ 1 -:t 0 but £ 3 = £ 4 = £ 5 = £ 6 = 0. In this case a and b are varied 

equally which preserves the tetragonal structure. We have 

and = _1 (a 2
G(a,c; p)J 
a 2 ' c a 

0 ao .~ 

where £ 1 = Oa is substituted. c12 is then determined from (3 .10) and (3.12). 
ao 

(3 .11) 

(3 .12) 

(3) Let £ 3 -:t 0 but £ 1 = £ 2 = £ 4 = £ 5 = £ 6 = 0. This strain changes c only and 

thus preserves the tetragonal structure. 

G- Go C33 2 __ _;;_=-£ 
v 2 3 

' 0 

(3.13) 

and c = _1 (a 2
GJ = 2c0 [a 2

G(a,c; p)J 
33 v a 2 2 a 2 , o £ 3 ao c 

eq a0 ,c0 

(3 .14) 

8c 
where £ 3 =- is substituted. 

Co 

(4) Let £ 1 = £ 3 -:t 0, but £ 2 = £ 4 = £ 5 = £ 6 = 0 . In this case a and c are varied 

but b = a0 which makes the system orthorhombic. 
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(3.15) 

and (3.16) 

c13 is then determined from (3.10), (3 .14) and (3 .16). 

(5) Let £ 4 1= 0 but £ 1 = £ 2 = £ 3 = £ 5 = £ 6 = 0. This shear strain makes the 

structure monoclinic. 

G-G0 c44 2 
--~=-£ 

v 2 4
' 0 

(3.17) 

(3.18) 

where 823 = 8 bc is the angle between b and c' and £4 = 88 23 . 

(6) Let £ 6 1= 0 but £ 1 = £ 2 = £ 3 = £ 4 = £ 5 = 0 . This shear strain also makes the 

structure monoclinic. 

G- Go c 66 2 
- --"-=-£ 

v 2 6
' 

0 

(3 .19) 

(3.20) 

where 8,2 = 8 ab is the angle between a and b ' and £ 6 = 88, 2. 

The definitions of the elastic constants in terms of G mean that the usual Born 

stability conditions [18] (see equation (1.3)) on the ciJ derived at p = 0 , where 

they check that E is a minimum for all stains, can be used at finite p to check 

that G is a minimum for all strains, hence that the system is stable. 
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3.3 Relations between cij and cij 

The elastic constants defined by (3.8) differ from elastic constants defined by 

the corresponding derivatives of E(a, c) at a0 , c0 by the contribution of the p V 

term in (3.2). Let ciJ be the elastic constants from E defined by 

(3.21) 

The ciJ are the usual elastic constants at p = 0 and a0 ,c0 give the equilibrium 

state at p = 0, but at finite p the point a0 ,c0 is not at a minimum of E(a,c). 

Then the relations between the correct elastic constants ciJ under hydrostatic 

pressure to the ciJ can be found as follows (See Appendix A for more details). 

(3 .22) 

where V = a1 a2c I 2 and only one side of the tetragonal base is strained. Similarly 

(3 .23) 

(3 .24) 

(3.25) 

where to second order in 88 12 V = (ca 2 I 2)(1- 88~2 I 4); similarly 
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p 

2 
(3.26) 

Then e
13 

= c
13 

+ p can be found from (3.16) or the curvature of the EBP at a0 

For a cubic structure, e33 = e11 , e13 = e12 and 

y' = (e11 + 2e12 )(e11 - e12 ) . 

2e11 

Hence both C' = (e 11 - e12 ) I 2 and Y' vanish together for a cubic structure. 

(3 .27) 

(3.28) 

These pressure corrections to the cu were derived by Barron and Klein [40] by 

studying stress-strain relations under stress. In [24], [41] and [42] the elastic 

constants are incorrectly calculated from second derivatives of E rather than G. 

However the correct elastic constants are used by Karki et al. [ 43] to determine 

stability under pressure. 

Note that the bulk modulus B, unlike the eiJ , is a second derivative of E . 

Now B measures the change in equilibrium V0 produced by a change in p, i.e., 

(3.29) 

which uses an ordinary derivative since at each p there is a unique equilibrium V0 

and unique equilibrium E. Then the dE produced by dV is given by the external 

work done by the system, 

dE = - pdV , hence 
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dE 
p =-- and 

dV' 

For a cubic system 

(3.30) 

(3.31) 

and since it remains cubic under pressure, E(V) can be easily calculated, hence 

p(V) and B(V) from the derivatives of E(V). The relation between B and c iJ is 

the same as at p = 0. However, elastic constants c iJ at hydrostatic pressure p are 

calculated using Gibbs free energy G. The detailed derivation of (3 .27) and (3.31) 

are given in Appendix A. 
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Chapter 4 

TETRAGONAL MAGNETIC STATES 

OFFeANDMn 

Tetragonal magnetic states of Fe and Mn have been found by total-energy 

calculations at constant volume as a function of cIa with the FLAPW method 

using two different potentials: GGA-REL and LSDA-NREL. Comparison between 

the two potentials shows that the energy curves relative to the lowest minimum of 

each are very similar and have minima at the same cIa values. However GGA

REL makes the magnetic phases more magnetic. Both Fe and Mn are shown to 

have stable and metastable tetragonal equilibrium states in each of several 

magnetic phases. The calculation on Fe in tetragonal structure shows that AF Fe 

has a tetragonal equilibrium state at cIa = 1.08, which has been stabilized as a 

strained epitaxial film, and FM Fe has a tetragonal equilibrium state at cIa= 1.17. 

The AF energy vs cIa curve of Mn shows a stable tetragonal state at cIa= 0.96, 

close to the experimental value for y-Mn at cIa= 0.95, and a metastable bet state 

at cIa= 0.60. However the bee state at cIa= 0.707 is inherently unstable. 
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4.1 Introduction 

As mentioned in Chapter 1, metal crystals in the body-centered-tetragonal 

(bet) structure usually have two total-energy (E) minima as functions of tetra

gonal lattice constants a and c [13 , 15, 44] . The minima correspond to 

equilibrium states since they persist without applied stress: the lower one is then 

the stable tetragonal equilibrium state and the other is a metastable equilibrium 

state. 

In the case of magnetic elements the description of tetragonal states is more 

complicated because each magnetic phase can have two equilibrium states, as will 

be shown for Fe and Mn for their ferromagnetic (FM), nonmagnetic (NM) and 

antiferromagnetic (AF) phases. 

The AF phases of Fe and Mn are of particular interest because both can be 

produced in experiment: AF Fe films can be stabilized by coherent epitaxial 

growth on Cu and other suitable substrates [14, 45], AF Mn can be stabilized by 

alloying and by pseudomorphic epitaxy on suitable substrates such as V, Pd and 

Fe [19]. 

The tetragonal states of Fe have been studied by Peng and Jansen (PJ) [20] in 

first-principles full-potential calculations of total energy at constant volume. Their 

results have been used previously to evaluate the cIa values of equilibrium AF 

and FM states at fcc values of cIa > 1, and to show that epitaxy on Cu strains the 

Fe lattice to a near fcc structure at the Cu lattice constant [ 45]. The points 

calculated by PJ at constant volume are sparse; the present work verifies their 
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points, but fills out complete curves, including the NM phase, for which PJ found 

only two points. 

The tetragonal AF states of Mn were studied around the fct minimum by 

Oguchi and Freeman [46], but not with a full-potential method. In the present 

work the full-potential method is applied to Mn, giving three phases with separate 

energy curves at constant volume Ev (cIa) with results that differ from Ref. [ 46] 

and agree better with experiment. 

Magnetic properties of metals have been calculated with considerable success 

using LSDA-NREL for electron-electron interaction, e.g., in establishing the 

observed AF2 ground state of FeRh in CsCl (B2) structure [47]. The LSDA

NREL calculation failed to give the correct ground state of elemental Fe by a few 

mRylatom [2, 48], but here we are not concerned with deciding which equilibrium 

state is the ground state, but only their cIa values. Comparison of calculations is 

made between LSDA-NREL and GGA-REL. 

4.2 Calculation Details 

First-principles total-energy calculations at constant volume on Fe and Mn in 

tetragonal structure were performed using the FLAPW method with LSDA-NREL 

and GGA-REL potentials. 

A two-atom tetragonal unit cell with a constant volume per atom V was used 

as shown in Fig. 4.1 in the calculations; V=ca' 2 12=ca 2 14, where a' is the 

lattice constant of the square cross section of a bet description, and a = .fia' is the 
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• c 

Fig. 4.1. The correspondence between bet and fcc crystal lattices. Not all the 

lattice points of fcc are shown. 
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lattice constant for a fcc description. Three different initial magnetic con

figurations, i.e., parallel spins on all atoms, anti-parallel spins in a two-atom unit 

cell and zero moments on all atoms were used for the FM, AF and NM 

calculations, respectively (Fig. 4.2). The WIEN97 [1] code was used with a plane

wave cutoff RMT Kmax = 9 and 360 k-points in the irreducible wedge of the 

Brillouin zone. All the calculations were highly converged. Tests with larger basis 

sets and different Brillouin-zone samplings yielded only very small changes in the 

results. 

4.3 Results 

Figures 4.3 and Fig. 4.4 show the energies of tetragonal Fe in the FM, AF and 

NM phases as functions of cIa at the experimental value [ 49-51] of the volume 

per atom V = 11.53 A3 from LSDA-NREL and GGA-REL calculations 

respectively. All the energy curves show the characteristic two minima of 

tetragonal structures. The data points connected by a solid or a dashed line in Fig. 

4.3 are from the present work. The filled triangles, diamonds and squares are PJ's 

data [20] at the same V in the FM, AF and NM phases respectively. It is apparent 

that PJ's data points are close to our more complete energy curves . Direct 

comparisons of the relative energy curves on the same energy scale between the 

LSDA-NREL and the GGA-REL calculations on tetragonal Fe in the AF and FM 

phases are shown in Figs. 4.5 and 4.6 respectively. Both Figs. 4.5 and 4.6 show 

that tetragonal Fe has a FM ground state at the bee point cIa= 0.707, a 

metastable FM state at cIa= 1.17 and a metastable AF state at cIa= 0.576 and 
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(a) 

(b) 

Fig. 4.2. Two-atom unit cell with (a) FM and (b) AF initial spin configurations. 
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Fig. 4.3. The energies of tetragonal Fe in the FM, AF, and NM phases from 

LSDA-NREL calculations as functions of cIa at the experimental value of 

the volume per atom V =11.53 A3
. The data points connected by a solid or a 

dashed line are from present work. The filled triangles, diamonds, and 

squares are PJ' s data [20] at the same V in the FM, AF and NM phases 

respectively. The reference energy E0 is given in Table 4.1. 
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Fig. 4.4. The energies of tetragonal Fe in the FM, AF, and NM phases from GGA

REL calculations as functions of cIa at the experimental value of the 

volume per atom V =11.53 A3
. The reference energy E0 is given in Table 

4.1. 
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Fig. 4.5. Comparison between the LSDA-NREL and the GGA-REL relative 

energy curves for tetragonal AF Fe. The value of E0 for each curve is its 

minimum energy at cIa = 1.08. 
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Fig. 4.6. Comparison between the LSDA-NREL and the GGA-REL relative 

energy curves for tetragonal FM Fe. The value of £ 0 for each curve is its 

minimum energy at cIa = 0. 707 . 
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Vl 

TABLE 4.1. cia and relative energy values at the minima of the ECM(c /a ), E:F(c la) and 

E: M (cIa) curves for Mn at V = 12.94 A3 and for Fe at V = 11.53 A3 from LSDA - NREL and 

GGA - REL calculations. The data are obtained from a 3 rct order polynomial fitting of the points 

around the energy minimum. 

LSDA - NREL GGA- REL 
I 

State cia E-E0 Eo cia E-E0 Eo I 

I 

(mRy I atom) ( Ry I atom) (mRy I atom) ( Ry /atom) 

AF Mn 0.958 0.000 -2292.629711 0.960 0.000 -2317.306732 

AF Mn 0.600 7.295 0.600 7.080 

FM Mn 0.839 11.845 0.842 17.027 

NM Mn 1.000 11.015 1.000 19.127 

FM Fe 0.707 0.000 -2522.819698 0.707 0.000 -2545.609562 

FM Fe 1.172 8.464 1.170 8.310 

AF Fe 0.576 22.354 0.570 25.039 

AF Fe 1.082 6.637 1.089 8.971 

NM Fe 0.605 29.181 0.609 40.953 

NM Fe 1.000 11.389 1.000 22.299 
- - - - --- - - - - -



1.08. The E;M (c Ia) curve has rrumma at the fcc point c Ia= 1 and at 

c l a= 0.60. 

The local moments as functions of c Ia in the FM and AF phases from both 

LSDA-NREL and GGA-REL calculations are shown in Figs. 4.7 and 4.8 

respectively. The moment from GGA-REL calculations is slightly greater (0.02 

J..t 8 in the FM phase and 0.2 J..t 8 in the AF phase) than that from LSDA-NREL 

calculations. It is consistent with the general trend that GGA makes the system 

more magnetic . 

Figures 4.9 and 4.10 show the energies of tetragonal Mn in the FM, AF and 

NM phases as functions of cIa at the experimental value [52] of the volume per 

atom V = 12.94 A3 from LSDA-NREL and GGA-REL calculations respectively. 

Reference [52] found the lattice constants of pure y-Mn at low temperatures by 

extrapolating the lattice constants of alloys, which stabilized the tetragonal 

structure of Mn by addition of nickel impurities, to zero concentration of impurity. 

This extrapolation gives a= 3.796 A, c = 3.592 A, V = 12.94 A31atom, c Ia= 

0.95. The E:F (cIa) curve in both figures show that Mn has an AF tetragonal 

equilibrium state at cIa= 0.96 , and an AF metastable equilibrium bet state at 

c Ia= 0.60. However the AF bee state at cIa= 0.707 is inherently unstable, 

since the energy has a maximum there. The E;M (cIa) curve of Mn is 

discontinuous between cIa= 0.925 and 1.075 from the LSDA-NREL 

calculations, as shown in Fig. 4.9, but is continuous in the GGA-REL results 

shown in Fig. 4.1 0; it has a horizontal inflection point at cIa = 0. 707 , consistent 
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Fig. 4.7. The local moments of the Fe atoms as functions of cIa in both the FM 

and AF phases from LSDA-NREL calculations. 
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Fig. 4.8 . The local moments of the Fe atoms as functions of c Ia in both the FM 

and AF phases from GGA-REL calculations. 
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Fig. 4.9. The energies of tetragonal Mn in the PM, AF, and NM phases relative to 

the AF minimum at cIa= 0.96 as functions of cIa at the experimental 

value of the volume per atom V =12.94 A3 from LSDA-NREL calculations. 

The reference energy E0 is given in Table 4.1. 
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Fig. 4.10. The energies of tetragonal Mn in the FM, AF, and NM phases relative to 

the AF minimum at cIa = 0.96 as functions of cIa at the experimental 

value of the volume per atom V =12.94 A3 from GGA-REL calculations. The 

reference energy E0 is given in Table 4.1. 
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Fig. 4.10. The energies of tetragonal Mn in the FM, AF, and NM phases relative to 

the AF minimum at cIa = 0.96 as functions of cIa at the experimental 

value of the volume per atom V =12.94 A3 from GGA-REL calculations. The 

reference energy E0 is given in Table 4.1. 
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Fig. 4.11. Comparison between the LSDA-NREL and the GGA-REL relative 

energy curves for tetragonal AF Mn. The value of £ 0 for each curve is its 

minimum energy at c Ia = 0. 96 . 

52 



with cubic symmetry. The E;M (cIa) curve has a rmmmum at the fcc point 

cIa= 1 and a horizontal inflection point at cIa = 0.707. 

Figures 4.11 and 4.12 show a direct comparison on the same energy scale 

between the LSDA-NREL and the GGA-REL relative energy curves for tetragonal 

Mn in the AF and FM phases. The values of E0 used in Fig. 4.11 are the same as 

in Figs. 4.9 and 4.10; they are tabulated in Table 4.1 along with other minimum 

energies and the corresponding cIa values for Mn. The value of £ 0 for each 

curve in Fig. 4.12 is its minimum energy at cla=0.84. Figures 4.11 and 4.12 

show that the cIa at each minimum on the E:F (cIa) and E:-M (cIa) curves has 

the same value for both LSDA-NREL and GGA-REL calculations. This is also 

true for the E;M (cl a) curve (see Figs. 4.9 and 4.10). 

Figures 4.13 and 4.14 show the local moments as functions of cIa in FM and 

AF phases from both LSDA-NREL and GGA-REL calculations. The FM 

moments from LSDA-NREL calculations drop to zero between cIa = 0.925 and 

1.075 where the E;M (cIa) curve is interrupted while the moments from GGA

REL calculations show only a small dip. Similar to the tetragonal Fe case that 

GGA calculations give a slightly greater moment for Mn in both FM and AF 

phases than that from LSDA-NREL calculations. 

4.4 Discussions 

Comparison between the LSDA-NREL and the GGA-REL results on 

tetragonal Fe and Mn shows that the two potentials give essentially the same value 
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Fig. 4.13. The local moments of the Mn atoms as functions of cIa in both the FM 

and AF phases from LSDA-NREL calculations. 
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Fig. 4.12. Comparison between the LSDA-NREL and the GGA-REL relative 

energy curves for tetragonal FM Mn. The value of £ 0 for each curve is its 

minimum energy at 0.84. 
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Fig. 4.13. The local moments of the Mn atoms as functions of cIa in both the FM 

and AF phases from LSDA-NREL calculations. 
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Chapter 5 

THE EPITAXIAL BAIN PATH 

OF ANTIFERROMAGNETIC 

TETRAGONAL Mn 

In this chapter the epitaxial Bain path of AF tetragonal Mn has been found by 

first-principles total-energy calculations using FLAPW method with both GGA

REL and LSDA-NREL potentials. The EBP from the GGA- R E L c alc ulatio n s 

shows that the tetragonal ground state of AF Mn is at cIa = 0.949, in close 

agreement with the experimental value for y-Mn at cIa = 0.946, but the LSDA

NREL value 0.993 is not as close. The LSDA-NREL calculations show that when 

grown epitaxially on Pd(OOl), the AF Mn fi lm is strained y-Mn, but grown on 

V(OOl) the film is strained 8-Mn. The GGA-REL calculation also finds the Mn 

film on Pd(OOl) is strained y-Mn, but on V(OOl) is unstable. Lattice constants for 

both the ground state and the metastable equilibrium state and tetragonal elastic 

constants for the ground state are determined with both potentials . 
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of cIa for each equilibrium state. 

The total energy curves Ev (cIa) sweeping across the tetragonal plane reveal 

the rich complexities of behavior shown by Fe and Mn when tetragonal and 

magnetic structure are combined. In these strongly magnetic elements the curves 

show that AF and FM phases compete for the lowest energy state and that the fcc 

side of the plane is more favorable for the AF states than the bee side. In Fe the 

AF minimum at cIa = 1.08 is only a few mRy above the FM minimum at cIa= 

0.707 and the difference would be reduced at a volume closer to that of the actual 

equilibrium AF phase. That the difference will be reduced is known from previous 

LSDA-NREL calculations [2], which show that the fcc AF Fe minimum energy at 

cIa= 1 is actually lower than the bee FM Fe minimum energy at cIa= 0.707. 

The fct AF Fe minimum energy at cIa = 1.08 will be even lower. In Mn the AF 

phase is lower at all cIa and the FM phase even disappears over a range of cIa 

that includes the fcc structure (cIa= 1) at the volume 12.94A31atom. 

The Fe results for the AF and FM energy curves, which verify the results of 

Ref. [20], have already been used in Ref. [ 45] to draw conclusions about Fe films 

epitaxial on Cu and strained from the minima at cIa = 1.08 and 1.17. Such films 

are shown to be nearly fcc with the Cu lattice spacing and the bulk of the film is 

then stabilized by the epitaxy in the AF phase, but the bulk is inherently unstable 

in the FM phase [14]. 

The Mn results for the AF phase show good agreement of the deep minimum 

at cIa= 0.96 with experiment [52] at cIa= 0.95. This agreement indicates the 

reliability of the FLAPW calculations, since the previous calculation in Ref. [ 46] 
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The Mn results for the AF phase show good agreement of the deep minimum 

at cIa= 0.96 with experiment [52] at cIa= 0.95. This agreement indicates the 

reliability of the FLAPW calculations, since the previous calculation in Ref. [ 46] 
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found the minimum to be at cIa = 0.90 with a linear muffin tin orbital (LMTO) 

method in the atomic-sphere approximation. Reference [46] also gives a 

qualitative argument and prediction that a cubic structure will contract in the 

direction perpendicular to the FM planes of a type-I AF crystal, such as occurs in 

y-Mn. However the prediction doesn't hold for our result on y-Fe where the 

equilibrium AF phase at cIa= 1.08 indicates expansion of c from the fcc value. 

Figure 4.9 also shows that AF Mn is unstable at the bee structure, since E has 

a maximum at cIa= 0.707, but that a bet equilibrium state exists at cIa= 0.60, 

which might be stabilized by epitaxy. However further calculation is needed to 

find the correct V of the equilibrium state and hence the correct value of the in

plane lattice constant for a suitable substrate. 

The vanishing of the FM phase for fcc Mn at V = 12.94 A3 is consistent with 

previous fcc Mn energy calculations [53]. In Ref. [53] it is shown that the FM 

phase does not exist in the fcc structure for V less than 14.1 A3
. 

In a more recent theoretical paper [54] on the magnetic structure of Mn using a 

tight-binding method, an Ev (cIa) curve for the AF phase is given which is quite 

different from our Fig. 4.9. In Fig. 3 of Ref. [54] Ev (cIa) at V = 14.5 A3 is 

shown to have a shallow minimum at the bee point, where we have a maximum, 

and no minimum is shown near the fcc point where we find the major minimum, 

which is the minimum that agrees with experiment. The AF Ev (cl a) at V = 14.5 

A3 from Ref. [54] is shown in Fig. 4.15 as the dot-dash line which has been shifted 

to match the value of our AF Ev (cIa) curve at cIa = 0. 707 at the same volume 

(data points connected by a dotted line). Figure 4.15 also shows the AF and FM 
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Fig. 4.15. The energies of tetragonal Mn in the FM and AF phases as functions of 

cIa at the experimental value of the volume per atom V = 12.94 A? (data 

points connected by solid lines), and at V = 14.50 A3 (data points connected 

by dotted lines). The common reference energy E0 is given in Table 4.1. 
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Chapter 5 

THE EPITAXIAL BAIN PATH 

OF ANTIFERROMAGNETIC 

TETRAGONAL Mn 

In this chapter the epitaxial Bain path of AF tetragonal Mn has been found by 

first-principles total-energy calculations using FLAPW method with both GGA

REL and LSDA-NREL potentials. The EBP from the GGA-REL calculations 

shows that the tetragonal ground state of AF Mn is at cIa = 0.949, in close 

agreement with the experimental value for y-Mn at cIa = 0.946, but the LSDA

NREL value 0.993 is not as close. The LSDA-NREL calculations show that when 

grown epitaxially on Pd(OO 1 ), the AF Mn film is strained y-Mn, but grown on 

V(001) the film is strained 8-Mn. The GGA-REL calculation also finds the Mn 

film on Pd(OO 1) is strained y-Mn, but on V (00 1) is unstable. Lattice constants for 

both the ground state and the metastable equilibrium state and tetragonal elastic 

constants for the ground state are determined with both potentials. 
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energy curve at V = 12.94 A3 (data points connected by solid lines) and the FM 

curve at V = 14.5 A3 (data points connected by a dotted line). Comparison shows 

that the cIa values at the energy minima change only slightly, hence the same 

values should apply at the minima of the equilibrium phases when the values of 

the equilibrium V 's have been found. Figure 4.15 also shows that the AF phase 

lies further below the FM phase at 14.5 A3 than it does at 12.94 A3 and that the 

FM phase at 14.5 A3 now exists continuously across the tetragonal plane. 

In a recent paper [55] calculations for Fe with WIEN97 have found Ev (cIa) 

for the FM and NM phases, but not the AF phase (Fig. 2 of Ref. [55]), at V = 

11.72 A3
. The cIa values of the minimum and maximum agree with Fig. 4.3, but 

are not carried up to the FM minimum at cIa= 1.17. 

The next stage in discussing the tetragonal states of Fe and Mn is to find the 

epitaxial Bain path (EBP) of each phase [11, 45], which will give the a, c and V 

values of the equilibrium states. Finding the equilibrium states requires a second 

minimization with respect to V at the cIa values of the minima found here 

assuming the cIa values do not change with V. More precisely, a double 

minimization with respect to both a and c is required. 
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5.1 Introduction 

Although Mn in free crystal form at low temperatures assumes a complicated 

crystal structure, tetragonal Mn crystals have been made and their structures 

determined by two experimental techniques. One technique is by alloying and then 

extrapolating measured lattice constants to zero concentration of impurity to find 

the ground-state structure [52]. The other technique is by coherent epitaxial 

growth on a suitable substrate. Then strain analysis can be used to relate the 

measured bulk structure of the epitaxial film to an equilibrium state, which could 

be the ground state or a metastable state [19] . Thus each of these techniques gives 

quantitative structural data to compare with theory. 

At high temperatures Mn has both an fcc phase, called y-Mn, and a bee phase 

called 8-Mn. At low temperatures when a tetragonal structure is stabilized by 

alloying or epitaxy, both these tetragonal phases become antiferromagnetic. 

However, we shall continue to call the tetragonal phase with the larger cIa y-Mn, 

and the phase with the smaller cIa 8-Mn, where c and a are the tetragonal 

lattice constants. In Chapter 4, we calculated the total energy of tetragonal Mn at 

experimental volume as a function of cIa for FM, NM and AF states. These 

calculations showed that the AF state was the lowest in energy over the entire 

range of cIa, and contained two equilibrium states, one at high cIa - y-Mn and 

one at low cIa - 8-Mn. Hence in this chapter we consider only the AF states to 

compare with experiment. 

The constant volume calculations presented in Chapter 4 gave approximate 

values of cIa for the equilibrium states and approximate energies, but not the 
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values of the lattice constants c, a and the volume V separately in the 

equilibrium states. Hence the equilibrium cIa of the alloy structure could be 

roughly checked, but not the cIa of the strained bulk structures of the epitaxial 

film. The EBP calculations in this chapter enable us to prove that Mn epitaxial on 

V(OOI) is indeed the metastable phase 8-Mn, while Mn on Pd(OOl) is strained y

Mn. 

The appropriate theoretical procedure to make the complete comparison with 

experiment is to calculate the epitaxial Bain path (EBP) of Mn from first 

principles. The structure determined from the alloy measurement can then be 

compared directly to an EBP equilibrium state and the epitaxially strained film can 

be compared to states along the EBP. The EBP's give all states produced by 

epitaxial (also called biaxial or two-dimensional) isotropic strain in the (001) plane 

on equilibrium states of the material. In general, tetragonal structures of a material 

have two equilibrium states in each magnetic phase at which the energy has a local 

minimum, one at small cIa and the other at large cIa . 

As mentioned in section 1.3, an EBP for tetragonal crystals is specified by 

values of energy E (usually per atom) along a path c(a) on which c is a function 

of a. Two basic curves then give a graphical description, namely, EEBP (cIa) and 

V EBP (cIa) , where the volume per atom V = ca 2 I 4 for a fct description and V = 

ca' 2 I 2 for a bet description, and a = .J2a'. Then the ground-state structure from 

the alloy measurements can be compared with the appropriate minimum of E - in 

the case of Mn to the structure at the AF minimum at large cIa . The strained bulk 

structure from the epitaxial film can be compared with the V EBP (cIa) curve 
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around one of the minima. In practice the comparison is made to the reduced 

volume curve{VEBP /V0 }(cla), where V0 is the volume per atom in the ground 

state and the experimental volume in the film is divided by the experimental 

equilibrium volume. This use of relative volume diminishes the effects of errors in 

the absolute values of the theoretical lattice constants. 

First-principles calculations on EBP of AF tetragonal Mn were performed 

using the FLAPW method with the LSDA-NREL and GGA-REL potentials. A 

two-atom tetragonal unit cell with anti-parallel spins was used in the calculations. 

The FLAPW calculations reported here used the WIEN97 [1] code with a plane

wave cutoff RMT Kmax = 9, RMT = 1.8 a.u., Gmax = 14 and 360 k-points in the 

irreducible wedge of the Brillouin zone. The k-space integration was done by the 

modified tetrahedron method [1] . All the calculations were highly converged. 

Tests with larger basis sets and different Brillouin-zone samplings yielded only 

very small changes in the results. 

Uncertainty in the comparison with experiment arises from inaccuracies of the 

two potentials used in the calculations. The potential based on the LSDA-NREL 

overbinds, producing lattice constants smaller than experiment. The potential with 

GGA-REL overmagnetizes producing magnetic moments greater than experiment. 

We will show that the former potential agrees better with the epitaxial film 

measurements and the latter potential better with the alloy measurements. 
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5.2 Results 

5.2.1 The Epitaxial Bain Paths 

The EBP curves are obtained from the minima of the total energy E as a 

function of c at constant a, denoted as Ea (c). This minimum corresponds to the 

epitaxial situation in which a is fixed by the substrate and c adjusts to minimize 

the total energy and thus makes the out-of-plane stress, i.e., the stress along [001] , 

vanish. 

Figure 5.1 shows a typical calculation with the GOA potential of E a (c) at a = 

3.676 A. The calculated data points (solid circles) are fitted with a third-order 

polynomial (solid line) and the values of cmin , Vmin and Emin are determined. By 

repeating the Ea (c) calculation at different lattice constants a, a series of cmin, 

Vmin and Emin values are found as a function of a. The E EBP (cl a) curve is a plot 

of Emin or ( Emin - E0 ) versus cmin I a, where E0 is the energy per atom in the 

ground state. The {V EBP IV0 }(cIa) curve is a plot of Vmin IV0 versus cmin I a where 

V0 is the volume per atom in the ground state. 

Figure 5.2(a) shows the EEBP (cIa) curve of AF Mn from the GGA-REL 

calculations. There are two minima; the lower energy corresponds to the ground 

state (y-Mn) and the other to a metastable equilibrium state (o-Mn). Fitting six 

points around the ground state with a third-order polynomial yields the ground 

state value c0 I a0 = 0.949, which is in very good agreement with the measured 

value of cIa = 0.946 on crystals of Mn stabilized by alloying [52]. The AF 

metastable equilibrium tetragonal state is at cIa = 0.596. However the AF bee 
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Fig. 5.1. Total energy Ea (c) of AF tetragonal Mn as a function of c at constant a 

= a0 = 3.676 A where a and c are the lattice constants for a fct description 

and a0 is the lattice constant in the ground state. 
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Fig. 5.2. The E E8P(c/a) curve (a) and the{V EBP /V0 }(c/a) curve (b) of AF 

tetragonal Mn from the GGA-REL calculations, where E0 is the energy per 

atom in the ground state and V0 is the calculated volume per atom in the 

ground state. The three data points with error bars are the experimental 

values from Ref. [ 19] . The solid lines interpolate between the calculated 

points in (a) and (b). 
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state at cIa = 0.707 is inherently unstable, since the energy has a maximum there. 

The data points connected by a solid line in Fig. 5.2(b) show the 

{ V EBP I V
0 
}(cIa) curve of AF Mn from the GOA -REL calculations, where V0 is 

the calculated volume per atom in the ground state. The experimental values [ 19] 

of VI V0 against cIa from the studies of ultra-thin films of Mn grown 

pseudomorphically on V { 001}, Pd{ 001} and Fe{ 001} are also plotted in Fig. 

5.2(b), where V0 = 12.94 A3 per atom is the measured value for y-Mn [52] . The 

values of the constants a0 , c0 , c0 I a0 , V0 , and E0 in the ground state of AF Mn 

determined from the EBP curves are tabulated in Table 5.1. The values of the 

quantities a , c , cIa , VI V0 and energy per atom E in the metastable equilibrium 

state of AF Mn determined from the EBP curves are tabulated in Table 5.2. 

The E EBP (cIa) and {V EBP IV
0 
}(cIa) curves from the LSDA-NREL cal-

culations are shown in Figs. 5.3(a) and 5.3(b) respectively. The ground-state 

quantities a0 , c0 , c0 I a0 , V0 , and E0 are determined from these EBP curves and 

are also tabulated in Table 5 .1. The same experimental values of VI V0 from 

epitaxial films shown in Fig. 5.2(b), are also plotted in Fig. 5.3(b) against cia. 

The metastable-state quantities a, c, cIa, V IV0 and energy per atom E 

determined from these EBP curves are also tabulated in Table 5.2. 

5.2.2 Elastic Constants 

The curvatures at the minimum of the EBP and two similar energy curves 

Eco (a') and Ea'o (c) through an equilibrium point determine the tetragonal elastic 
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TABLE 5.1. Lattice constants G0 , c0 , c0 I G 0 , volume per atom V0 , energy per 

atom E0 and tetragonal elastic constants in the ground state of AF Mn. 

GGA-REL LSDA-NREL Experiment(*) 

Go (A) 3.676 3.456 3.796 

Co (A) 3.490 3.433 3.592 

c0 I G0 0.949 0.993 0.946 

Vo (A3) 11.79 10.25 12.94 

E0 (Rylatom) -2317.310462 -2297.648287 -

C11 +c1 z 
3.37 5.34 -

(Mbar) 

c13 (Mbar) 0.80 1.50 -

c33 (Mbar) 2.32 2.82 -

(*)Data are from Ref. [52]. 
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TABLE 5.2. Lattice constants a , c and c Ia , energy per atom E and VI V0 in 

the metastable equilibrium state of AF Mn. (The corresponding values of V0 

are given in Table 5.1). 

GGA-REL LSDA-NREL Experiment<*) 

ao (A) 4.338 3.941 4.275 

Co CA) 2.585 2.680 2.920 

c0 I a0 0.596 0.680 0.683 

V IV0 1.03 1.02 1.03 

E0 (Rylatom) -2317.301163 -2297.640963 -

(*) The experimental values of the lattice constants of Mn film on 

V{001} are from Ref. [19]. 
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plotted. The solid lines interpolate between the calculated points in (a) and (b). 
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constants of that equilibrium state. The EEBP (a') curve is known from the 

E EBP (cIa) curve. The Eca (a') curve is obtained from calculations of total energy 

versus a' at c = c0 . The Ea. (c) curve is the same as that shown in Fig. 5.1 where 
0 

a = a0 = 3.676 A= J2 a~ . Figure 5.4 shows the EEBP (a') and the Eco (a') curves 

around the ground state of AF tetragonal Mn from the GGA-REL calculations. 

The dashed and solid lines are the fitting results using a third-order polynomial. 

The two curves have the same minimum value of a'= a~= 2.599 A 

(corresponding to a0 = 3.676 A as shown in Table 5.1) but the curvatures of the 

two curves are different. The tetragonal elastic constants are determined by these 

curvatures [14]. 

(5.1) 

Equation (5.1) is a direct consequence of the formula for strain energy per 

atom (E·1r) for tetragonal deformations around a tetragonal equilibrium point [ 14] 

with lattice constants a0 and c0 . 

(5.2) 
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The calculated tetragonal elastic constants of AF Mn in the ground state from 

both the GGA-REL and the LSDA-NREL potentials are tabulated in Table 5.1. 

The GGA-REL results are probably more reliable, since the c0 I a0 value was 

much closer to experiment. We did not find any experimental values. 

5.3 Discussion 

Recent studies of ultrathin films of Mn grown pseudomorphically on V { 001}, 

Pd{001} and Fe{001} found that the available crystallographic and elastic data did 

not allow a confident choice between <5-Mn and y-Mn as the corresponding 

equilibrium phase [19]. The choice can now be plausibly fixed by the EBP 

calculations. The {VEBP IV0 }(cla) curve in Fig. 5.3 (b) shows that the Mn film 

grown epitaxially on Vis strained <5-Mn, but on Pd is strained y-Mn. However, the 

Mn film on Fe is in the unstable region of the EBP curve with both potentials and 

no choice of its equilibrium state can be made. We leave understanding of the film 

on Fe for further study and only suggest that perhaps the magnetic substrate 

affects the Mn film by altering its magnetic state. Comparison of Fig. 5.2(b) with 

Fig. 5.3(b) shows that the results from the LSDA-NREL calculations agree better 

with the epitaxial film measurements than the GGA-REL calculations. In 

particular note that the GGA-REL calculation shows that Mn epitaxial on V(001) 

is in an unstable range of cIa in Fig. 5.2(b ). That unstable range is approximately 

between the turning points [14] of V(c I a) at cIa= 0.65 and 0.80. 

Reference [52] found the lattice constants of pure y-Mn at low temperatures by 

extrapolating the lattice constants of alloys, which stabilized the tetragonal 
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structure of Mn by addition of nickel impurities, to zero concentration of impurity. 

This extrapolation gives a = 3.796 A, c = 3.592 A, V = 12.94 A31atom and 

c Ia= 0.946. The lattice constants a0 and c0 in the ground state of AF Mn from 

the GGA-REL calculations are about 3% smaller than the experimental values as 

shown in Table 5.1, but the value of c0 I a0 = 0.949 is in excellent agreement with 

the experimental result. The lattice constants from the LSDA-NREL calculations 

are 9% smaller than the experimental values and give c0 I a0 a value 5% above 

experiment. The LSDA-NREL calculations of Ev (cIa) in chapter 4 at the 

experimental volume of V gave a minimum of E at cIa = 0.950, close to 

experiment. However, the present calculations of the EBP show the theoretical 

equilibrium volume with the LSDA-NREL potential to be substantially less than 

the experimental volume, and at this volume the minimum is shifted to c0 I a0 = 

0.993. 

The EBP curve from the LSDA-NREL calculations shows that the tetragonal 

metastable state of AF Mn is at cIa = 0.680, in close agreement with the 

experimental value [19] for a Mn film on V(001) at cIa = 0.683 as shown in 

Table 5.2, but the GGA-REL value of 0.596 is not as close. This close agreement 

of theoretical and experimental values of cIa for the LSDA-NREL calculations 

means that 8-Mn can be stabilized on V(001) in a condition of very little strain. 

Such a condition is probably necessary for successful stabilization in view of the 

very shallow energy minimum at cIa= 0.680 shown in Fig. 5.3(a). The lattice 

constants a and c in the metastable state of AF Mn from the LSDA-NREL 

calculations are about 8% smaller than the experimental values, while the lattice 
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constants a and c from the GGA-REL calculations are respectively 1% larger 

and 11 % smaller than the experimental values. 

Although the EBP' s from the two potentials do not agree in various details , 

they both support the conclusion that epitaxial Mn on Pd(OOl) is strained y-Mn. 

The LSDA-NREL calculation gives strong support to the conclusion that Mn 

epitaxial on V(OOl) is 8-Mn under very little strain. The GGA-REL calculation 

does not contradict this conclusion, since it does not suggest Mn on V(001) is 

strained y-Mn. Rather the result in Fig. 5.2(b) shows that the film is close to 

strained 8-Mn, but disagrees with experiment by making the film unstable at the 

experimental c Ia . 

In conclusion, these calculations indicate that in the high range of cIa the 

GGA-REL calculation is in better agreement with experiment, but that in the low 

range of cIa the LSDA-NREL calculation agrees better. Hence we cannot say 

one potential is better. 
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Chapter 6 

EPITAXIAL BAIN PATH AND 

STABILITY OF TETRAGONAL Fe 

The epitaxial Bain paths of tetragonal Fe are found by minimizing the total 

energy with respect to c at each a using first-principles total-energy calculations. 

The energy minima along the EBP give the equilibrium states of the FM, NM and 

two antiferromagnetic phases- the type-1 phase called here AF1, and a phase in 

which pairs of ferromagnetically coupled (001) layers alternate in moment, called 

here AF2. The AF2 phase is found to be lower in energy than AF1 when each is in 

equilibrium and also when the (001) plane lattice constant is strained to the 

Cu(001) lattice constant. Calculations of the six elastic constants of AF2 at 

equilibrium inserted in the four tetragonal stability conditions show that it is 

unstable for [100] and [010] shears in the (001) plane, but is stabilized by epitaxy 

on Cu(OOl). The AF2 phase is indicated to be the phase of the bulk of epitaxial Fe 

films on Cu(OOl). The bulk structure of Fe films on Cu(001) found by quantitative 

LEED analysis is shown to be close to the EBP of the AFl phase, but farther from 

the AF2 phase. On substrates with slightly larger lattice constants than Cu(001), 
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the ferromagnetic phase is found to be more stable than AF2. 

6.1 Introduction 

Most theoretical studies of the electronic structure of bulk Fe considered just 

bee and fcc structures and varied the volume per atom V [2-6]. A few studies 

found the electronic structure for tetragonal atomic structure [7-9, 20], usually at 

constant Vas a function of aspect ratio cIa. One previous study [21] looked at the 

electronic structure at all a and c values, and found the states of minimum energy 

in both a and c for three phases of Fe, including an antiferromagnetic phase 

(AF2) in which pairs of ferromagnetically coupled (001) layers alternate in 

moment sign. The present work also considers tetragonal states at all a and c , 

finds the states of minimum energy for four phases of Fe, and in addition 

considers the stability of the dominant AF2 phase leading to a conclusion that it is 

macroscopically unstable, but that epitaxial films in that phase can be stabilized. 

Tetragonal calculations at constant volume give approximate values of c I a 

and energy E at the minima of E with respect to a and c if V is chosen near the 

correct values, but do not give a , c and V separately. The calculations here find 

the EBP in each phase by finding the minimum of E(c) at each a. The minima 

along E EBP (a) are then minima with respect to both a and c and will be referred 

to as tetragonal equilibrium states. These states are stable with respect to 

tetragonal deformations, but may be unstable with respect to deformations that 

break the tetragonal symmetry. Hence it is necessary to distinguish these states 

when unstable in this way from true equilibrium states that are stable against all 
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deformations, which are then either the overall ground state or metastable states. 

The EBP curves found here are also useful in checking LEED values of the bulk 

structure of epitaxial films, since the curves give all epitaxially-strained states 

from the tetragonal equilibrium states . The measured LEED structure of Fe films 

on Cu(001) is compared later with the calculated EBP's to indicate the phase of 

the film. 

Noncubic tetragonal equilibrium states are important for Fe, especially for AF 

states, which do not have cubic symmetry. But even the FM states, which can have 

cubic symmetry, such as the energy minimum for FM bee Fe, has a noncubic 

tetragonal equilibrium state at cIa= 1.18. A reliable description of the magnetic 

behavior of bulk Fe cannot be obtained from calculations on cubic structures. 

The phase AF2 with moment sequence ll.tJ on successive (001) planes, 

called bilayer antiferromagnetic in Ref. [21], was found initially in several 

publications to be the lowest energy state of fcc Fe [56-59] and then was found 

lowest in ultrathin Fe films, especially those with an even number of layers [60-

63]. The general tetragonal analysis in Ref. [21] showed that AF2 was the lowest

energy tetragonal equilibrium state at cIa values around the fcc value of cIa = 1. 

Here we show that along the EBP, the AF2 phase dominates the high cIa range 

from the equilibrium state at a = 3.407 A to the Cu lattice constant 3.615 A, but 

that at 3.657 A and above the FM phase has the lowest energy. We also examine 

the stability of the AF2 phase at equilibrium determined by its six tetragonal 

elastic constants. One of the four stability conditions is violated, but we show that 

epitaxial constraint on cubic (001) surfaces stabilizes an epitaxial film in the AF2 
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phase. 

6.2 Calculation Procedures and Results 

First-principles FLAPW calculations with the WIEN97 code [1] were used to 

find the EBP's of NM, FM, AF1, and AF2 Fe phases. The Kohn-Sham equations 

[10] were solved using GGA-REL potential. A two-atom tetragonal unit cell (same 

as shown in Fig. 4.2) was used for the NM, FM and AF1 calculations, and a four

atom cell for the AF2 calculation as shown in Fig. 6.1 . The detailed procedure for 

finding the EBP' s is the same as described in Chapters 1 and 5. 

__ J ____ ---

Fig. 6.1. Four-atom unit cell with AF2 initial spin configurations in which pairs of 

ferromagnetically coupled (001) layers alternate in moment sign. 
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The WIEN97 calculations used a plane-wave cutoff RMT Kmax = 9, RMT = 1.7 

a.u., Gmax = 14 and 360 k-points in the irreducible wedge of the Brillouin zone. 

The k-space integration was done by the modified tetrahedron method [1]. All the 

calculations were highly converged. Tests with larger basis sets and different 

Brillouin-zone samplings yielded only very small changes in the results. 

Figure 6.2(a) shows the energy along the EBP of each phase as a function of 

cIa from the GGA-REL calculations. Figure 6.2(b) shows the corresponding 

reduced volume per atom (V IV0 ) along the EBP, where V0 is the theoretical 

volume per atom of the bee FM ground state 11.57 A 3. The experimental value of 

VI V0 against cIa from the LEED studies [ 49, 51] of Fe films on Cu(OOl) is also 

plotted in Fig. 6.2(b), where V0 = 11.77 A3 is the measured ground state volume 

per atom. Figure 6.3 shows the energy along the EBP as a function of the lattice 

parameter a from the GGA-REL calculations. There is a dashed vertical line at 

the Cu(OOI) value of a, and vertical lines at the minima of E EBP for the AF1, FM 

and AF2 phases to indicate the tetragonal equilibrium states. Table 6.1 gives cIa, 

a, relative E values and local magnetic moments at the equilibrium states found 

in the GGA-REL calculation with WIEN97 to compare with the values found in 

Ref. 21, which used the same potential as GGA-REL, but a different band 

structure program called V ASP. 

Since the AF2 phase is shown in Figs. 6.2(a) and 6.3 to be the lowest energy 

phase over a range of a that includes the AF2 equilibrium value a = 3.491 A and 

AF2 at the Cu(001) value a = 3.615 A, which is imposed on epitaxial films of Fe 

on Cu(OOl ), it is of interest to test the stability of the AF2 phase. Stability 
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conditions are given in terms of the six elastic constants of a tetragonal structure 

[18] by (1.3). They express the positive definiteness of the strain energy with 

respect to all small deformations of the lattice. Evaluation of the cu at the 

equilibrium point requires six second derivatives of E with respect to particular 

deformations, which is detailed in section 3.2. 

In the numerical evaluations generally five points are used at ± 1% and ± 2% 

deviation from the equilibrium value, and a best-fit cubic is found for the five 

points. The ciJ values for the AF2 phase in the equilibrium state at a = 3.491 A 

(a' =2.469A), c =3.816Aare: 

c11 = 3.082 Mbar, c12 = 0.400 Mbar, 

c33 = 3.092 Mbar, c44 = 3.003 Mbar 

c13 = 1.142 Mbar 

c66 = -0.232 Mbar 

Three stability conditions (1.3a), (1.3b) and (1.3c) are satisfied, but the 

condition c66 > 0 is violated. 

We also calculated c11 , c12 , c44 , and c66 for the equilibrium states of FM and 

AFl phase (see Table 6.2). The reason for not calculating c13 and c33 is that the 

stability condition (1.3b) is always satisfied at the minima along EBP. Table 6.2 

shows that the fct AF1 and bee FM states of Fe are stable, but not the fct FM state. 

The lattice constant of the bee FM phase is found from the EBP minimum of 

the GGA-REL calculations to be a= 4.031 A (a' = 2.850 A), which is 0.6% 

smaller than the experimental value [64] a' = 2.866 A. 
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Fig. 6.2. The E E8P(c/a) curves (a) and the {V EBP IV
0

}(cla) curves (b) of 

tetragonal Fe in the NM, FM, AFI and AF2 phases from the GGA-REL 

calculations, where E0 and V0 are the energy and theoretical volume per 

atom in the bee FM ground state, respectively. The data point with error bar 

is the experimental value from Refs. [49] and [51]. The solid and dashed 

lines interpolate between the calculated points in (a) and (b). 
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Fig. 6.3 . The E EBP (a) curves of tetragonal Fe in the FM, AFl and AF2 phases in 

the range of a= 3.3 A to 3.7 A from the GGA-REL calculations, where E
0 

is 

the energy per atom in the bee FM ground state. The solid lines interpolate 

between the calculated points. 
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TABLE 6.1. Lattice parameters , relative energies and magnetic moments at the 

minima of the E E8
P (c Ia) curves of tetragonal Fe in the NM, FM, AFl and 

AF2 phases in the region of high cIa values. Energies are in mRylatom. E0 

is the energy per atom in the bee FM ground state. 

FM AFl AF2 NM 

cia 1.176 1.088 1.093 1.00 

a (A) 3.449 3.447 3.491 3.480 

GGA-REL 8E = E- E(AF2) 0.976 1.104 0 7.939 

8E= E-E0 7.400 7.528 6.424 14.363 

m (~ 8 I atom) 2.332 1.569 2.075 0 

cia 1.18 1.06 1.10 ---

Reference a (A) 3.40 3.40 3.42 ---

[21] 
8E = E- E(AF2) 1.51 0.38 0 ---

m (~ 8 I atom) 2.35 1.52 2.06 ---
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Table 6.2. The elastic constants c 11 , c 12 , c 44 , and c 66 in Mbar of the equilibrium 

states of FM, AF1 and AF2 Fe. 

FM AF1 AF2 

cia 0.707 1.176 0.573 1.088 1.093 

c" 2.852 3.350 2.046 5.128 3.082 

cl2 1.394 0.201 1.664 0.268 0.400 

c44 0.995 0.634 0.927 3.594 3.003 

c66 --- -0.197 1.540 1.200 -0.232 

c' 0.729 1.575 0.191 2.430 1.341 

6.3 Discussion 

The EBP's of Fe in Figs . 6.2 and 6.3 tell us that antiferromagnetism dominates 

just the higher range of cIa for Fe, unlike Mn where antiferromagnetism 

dominates almost the entire range of cIa . In that higher range, we see from Fig. 

6.3 that the AF2 phase has the lowest energy both at equilibrium a= 3.491 A and 

for Fe epitaxial on Cu(OOl) at a= 3.615 A, but the FM phase is lower for 

a~ 3.657 A. 
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Table 6.1 shows that the equilibrium values of cIa and the local magnetic 

moments for the FM, AF1 and AF2 phases from the GGA-REL calculations agree 

closely with the equilibrium values found in Ref. [21]. Also the energies found 

here for the FM and AF1 minima relative to the AF2 minimum differ from Ref. 

[21] by less than 1 mRylatom. Herper et al. [9] find E(c I a) for tetragonal Fe in 

the NM, FM and AF phases, which show minima of these phases at cIa = 1.0, 

1.16, 1.06 to compare with the results in Table 6.1 of cIa = 1.0, 1.18, 1.09 

respectively. However, the calculations of Herper et al. differ from our 

calculations and that of Spisak and Hafner [21] in two ways: they find E(c I a) at 

constant volumes taken from fcc calculations, hence cannot find the correct 

volumes or energies of the tetragonal (high cIa) equilibrium FM and AF phases. 

They find the AF1 and AF2 phases to have identical E(cl a) curves, whereas we 

and Spisak and Hafner [21] find the AF2 phase distinctly lower in energy and with 

slightly different lattice parameters. 

Since the AF2 phase has the lowest energy at a = 3.615 A, the GGA-REL 

calculations indicate that the bulk of Fe films on Cu(001) will be in the AF2 phase 

if the film is thick enough to have layers of bulk and, especially, if the number of 

layers is even. 

The AF2 phase appears to be the closest approximation by a collinear spin 

description to the flat spin-spirals of the non-collinear ground state [65, 66], as 

noted in Ref. [21], when the changes of successive layers in spin orientation in 

AF2 are 0°, 180°, 0°, 180° .... These changes are replaced in a non-collinear 
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description by 90°, 90°, 90°, 90°, (or, when optimized, by values close to 90°), and 

it is plausible that the additional degree of freedom will lower the energy. 

Measurements by quantitative LEED of the structure of Fe films on Cu(OOl) 

thick enough to have layers with bulk elastic behavior (e.g., 8 or 10 layers) [49, 

51], give a = 3.615 A, c = 3.54 ± 0.06 A, cIa = 0.98 ± 0.02, V = 11.56 A3
, 

V IV0 = 0.98 ± 0.02, where V0 is the measured ground state volume per atom 

11.77 A3
. The LEED point and error line (due just to errors in c) are plotted on 

Fig. 6.2(b) using reduced quantities V IV0 and cia (which take out some of the 

absolute error in the calculations). The GGA-REL EBP curve for the AFl phase is 

closest to the LEED point; the EBP for the AF2 phase is farther away. In general 

the GGA corrections overestimate the magnetic moments and corresponding 

increase in volume per atom, which could account for the LEED point lying below 

the AFl and AF2 EBP's in Fig. 6.2(b). 

Figure 6.3 shows that a substrate with a = 3.49 A would be the most favorable 

substrate dimension to grow the AF2 phase epitaxially with least strain. This value 

of a is rather small; diamond (001) with a = 3.56 A may be the substrate that is 

closest, and Fe has been successfully grown on diamond (001) [67]. Substrates 

with a = 3.65 A or larger, which may favor growth of the FM phase, are easier to 

find (fcc Rh a= 3.80 A, fcc Ir a= 3.87 A, fcc Pd a= 3.89 A). Then the GGA

REL calculations predict a FM bulk for such Fe epitaxial films if they can be 

grown with 5.8% epitaxial strain (stretched from a = 3.45 A to a = 3.65 A). 

There is some experimental evidence for a FM phase at large cIa values. In two 

recent papers on Fe/Pd multilayers [68, 69] such FM phases are reported. At the 
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lattice constant of Pd, epitaxial films of Fe would be in the range in which the FM 

phase has the lowest energy. Both papers measure magnetic moments greater than 

the bee Fe ground state, as is found for the FM phase in Table 6.1. Both papers 

state the structure is fcc, whereas our FM phase is tetragonal. But both paper deal 

with the Pd (111) surface, whereas our results would primarily apply to the Fe 

structure on Pd (001). 

Two kinds of instability have been found: thus from Fig. 6.3 the FM phase at 

a ~ 3.657 A is lowest in energy, but appears to be in an unstable range of cIa 

for tetragonal structure since it is near the energy maximum vs. cIa in Fig. 6.2(a). 

This instability means that changes of a and c are possible which preserve 

tetragonal structure and reduce E. However an epitaxial film of Fe with a 

clamped at 3.615 A will still be stabilized in the FM phase because E is a 

minimum with respect to c at that a , hence change of c alone cannot reduce E . 

The other instability is shown by the AF2 phase at equilibrium, where the 

calculation of elastic constants above gives c66 < 0. This condition means 

instability with respect to [100] and [010] shears in the (001) plane. Again epitaxy 

will prevent such shears and film growth should be possible. This growth of AF2 

should also be possible on Cu(OOl), where the phase is under 3.5% epitaxial 

tensile strain from equilibrium (strained from a = 3.491 A to a = 3.615 A). 

Unlike the FM phase at a = 3.615 A, the AF2 phase is not in a state of tetragonal 

instability. However the fact that AF2 at equilibrium is unstable with respect to 

[ 1 00] and [0 1 0] shears means that a free-standing crystal would not be stable. 

Thus the epitaxial film is not a true metastable phase even at equilibrium, but 
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might be called a constrained metastable phase. Note that the calculation of any 

constrained phase is a constrained ground-state solution of the Kohn-Sham 

equations, i.e., it is not an excited-state calculation. If instead of c66 < 0 the 

stability violation were c44 < 0, then the AF2 phase would be unstable with 

respect to [101] and [011] shears corresponding to changes in ear (or 813) and ebc 

(or 8 23 ). In this case epitaxy which fixes the (001) plane would not inhibit the 

instability from developing, and we would expect that films thick enough to have 

bulk layers could not be grown. 

There appears to be experimental evidence for the shear instability of Fe 

grown epitaxially on fcc surfaces. After a certain thickness of such Fe films is 

achieved, thick enough to have bulk layers but depending strongly on growth 

conditions, a transition to a bee structure take place. In the work on (Fe/Pd)n 

multilayers with variable Fe thickness [69] the transition is shown to occur 

essentially without volume change, which is consistent with a shear strain. A study 

[70] of nucleation centers of bee Fe in Fe films on Cu(001) also shows that the 

transition to the bee structure conserves volume. 
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CHAPTER 7 

PRESSURE INSTABILITY 

OFBCCFe 

First-principles total-energy calculations with WIEN97 on ferromagnetic iron 

in body-centered tetragonal (bet) structure under hydrostatic pressure have shown 

that the body-centered cubic (bee) phase exists up to 1500 kbar of pressure. At that 

pressure a shear constant vanishes and the phase becomes unstable. A bet phase is 

shown to come into existence at 1300 kbar and becomes stable at 1825 kbar and 

above. The minima of a free energy evaluated along the epitaxial Bain path 

generalized to finite pressure give the tetragonal phases of iron under pressure. 

Second derivatives of the free energy at the minima define elastic constants of 

both the bee and bet phases as functions of pressure, which are appropriate to 

determine stability. These elastic constants are the same functions of pressure as 

the usual elastic constants computed from stress-strain relations under pressure. 

Minima of tetragonal energies calculated at constant volume are shown to be 

unreliable for determining stability of a phase. 
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7.1 Introduction 

The phase stability of iron at high pressure has received much attention during 

past decades because the earth's liquid outer core and solid inner core are 

composed primarily of this element. Despite of extensive efforts made both 

theoretically and experimentally, the phase diagram of iron is still not well 

established at high pressure. 

It is well known that the ground state of iron is FM bee phase (a iron) at zero 

pressure. Under hydrostatic pressure the ground state of Fe has decreased 

magnetization and decreased stability. At the stability-limit pressure Ps this phase 

of Fe becomes unstable. In previous work, the value of p ,. has been estimated [35] 

as 1000 kbar and as [24] above 2000 kbar. This work fixes the value of P.
1 

at 1500 

kbar by evaluating as a function of pressure p the shear constant C' = (c11 - c12 ) I 2 

that goes to zero at Ps . 

The procedure used to evaluate C'(p) treats FM Fe in bet structure at a given 

p and shows that there is a bee equilibrium structure at pressures up to p s. The 

equilibrium state at each p is found from the EBP of FM Fe, which was used to 

find the equilibrium states at p = 0 of tetragonal Fe in various magnetic phases in 

the previous chapter. In this chapter the EBP has been generalized to finite p. 

The calculation of the EBP finds the total energy E in each tetragonal state on 

the path. At p = 0 the equilibrium states of the magnetic phases of Fe are given by 

the minima of E. However, at finite p the phases are found from the minima of a 

free energy (at zero temperature) G = E + pV evaluated along the EBP, where E 
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is the energy per atom and Vis the volume per atom. The elastic constants C' and 

c44 at each p are defined as second derivatives of G at the minima of G taken 

with respect to particular shear strains. The pressure dependences of C' and c44 

are shown to be the same as the pressure dependences calculated from stress-strain 

relations under pressure. 

The calculations of G for increasing p show that before the pressure reaches 

P.\ , where the bee minimum of G vanishes, a new noncubic tetragonal minimum 

of G forms, which persists for p > Ps and becomes stable at p ~ 1825 kbar. 

The detailed calculations of EBP and elastic constants under pressure using 

free energy were discussed in sections 3.1, 3.2, and Appendix A. The EBPs of FM 

tetragonal Fe as functions of pressure were found by first-principles total-energy 

calculations using FLAPW method with GGA [1]. A plane-wave cutoff RMT Kmax 

= 9, Gmax = 14 and 300 k-points in the irreducible wedge of the Brillouin zone 

were used in all the calculations reported here. We found that, although it takes 

much longer computing time, it is necessary to use RMT = 1.5 a.u. in order to get 

rid of the ghost bands in the G EBP (a; p) calculations at finite pressure. The k

space integration was done by the modified tetrahedron method [ 1]. A two-atom 

tetragonal unit cell with parallel spins was used. All the calculations were highly 

converged. Tests with larger basis sets and different Brillouin-zone samplings 

yielded only very small changes in the results. The convergence criterion on the 

energies is set at 5x10-3 mRy per atom. 
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7.2 Results 

Figure 7.1 shows the G EBP (cIa; p) curves of FM tetragonal Fe in the vicinity 

of the bee point (cIa = 1) at pressures from zero to 2000 kbar, where the 

reference energy E0 is the energy per atom in the bee FM ground state at zero 

pressure. For clarity, the G EBP (cIa; p) curves at pressures from 300 to 2000 kbar 

are shifted toward £ 0 by 145, 233, 441, 555, 625 and 798 rnRylatom respectively. 

The G EBP (cIa; p) curve has a minimum at the bee point at pressures less than 

1500 kbar, becomes flat at -1500 kbar and then has a negative curvature at 

pressures above 1500 kbar, indicating that the bee state is unstable at 

p ~ 1500kbar. 

Figure 7.1 also shows that a new bet state at cIa = 0.877 develops starting 

from p = 1300 kbar at which the G EBP (cIa; p) curve has a minimum in addition 

to the bee state. With increasing pressure the minimum becomes deeper 

corresponding to a larger positive curvature. Similar to the bee state the bet state is 

also ferromagnetic. Figure 7.2 shows the local moments of both the bee and bet 

states as functions of pressure. 

To study the stability of both the bee and the bet phases of FM Fe we have 

calculated the elastic constants of each phase using equations (3 .1 0), (3 .12), 

(3.14), (3.16), (3.18), and (3.20). Figures 7.3 (a) and (b) show the elastic constants 

c1 ~' c12 , c44 , the shear constant C' and the modified Young's modulus Y' of the 

bee phase as functions of pressure. Since the system is at zero temperature, 

stability here means mechanical stability. For a cubic crystal the stability 
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Fig. 7.1. G E8P(cla;p) curves in the vicinity of the bee point ( c ia= 1) at 

pressures of 0, 300, 500, 1000, 1300, 1500, and 2000 kbar. E0 is the energy 

per atom in the bee FM ground state at zero pressure. For clarity, the 

G EBP (c Ia; p) curves at pressures from 300 to 2000 kbar are shifted toward E
0 

by 145, 233, 441, 555, 625 and 798 rnRylatom respectively. The solid lines 

interpolate between the calculated points. 
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Fig. 7 .2. The local magnetic moments of FM Fe in the bee and bet phases as a 

function of pressure. The solid lines interpolate between the calculated points . 
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Fig. 7.3. (a) The elastic constants c 11 , c12 , c44 of the bee state of FM Fe as a 

function of pressure. (b) The shear constant C' and the modified Young' s 

modulus Y' of the bee phase of FM Fe as a function of pressure. Both c' and 

Y' vanish at p = 1500 kbar, which is the precise value of the stability-limit 

pressure P~- . The solid lines interpolate between the calculated points . 
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conditions (1.3) become 

(7.1a) 

(7.lb) 

(7.lc) 

Figure 7.3 (a) shows that the bee state is stable at p < 1500 kbar since all three 

conditions in (3.27) are satisfied. Figure 7.3 (b) shows that both C' and Y' vanish 

at p = 1500 kbar, which is then the precise value of the stability-limit pressure p, . 

At p > Ps both C' and Y' become negative, which indicates that the bee state 

has become unstable due to the violation of the stability condition in (7 .1 a). 

The elastic constants c11 , c12 , c13 , c33 , c44 , c66 , and the shear constant C' of 

the bet phase as functions of pressure are shown in Fig. 7.4. The stability 

conditions for a tetragonal crystal are given by (1.3). The stability condition in 

( 1.3a) is violated at p < 1825 kbar as shown in Fig. 7 .4, indicating that the bet 

state is unstable at pressures less than 1825 kbar. As mentioned above, the 

G EBP (cIa; p) curve of the bet state shown in Fig. 7.1 has a positive curvature 

corresponding to a positive Y' for p > 1300 kbar. Hence the stability condition in 

(1.3b) is always satisfied. The conditions in (1.3c) and (1.3d) are also satisfied 

since c44 and c66 of the bet state are positive in the entire region of pressure 

shown in Fig. 7.4. The shear constant C' first becomes positive at p > 1825 kbar, 

when all four of the conditions in (1.3) are satisfied and the bet state becomes 

stable at p > 1825 kbar. 
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Fig. 7.4. The elastic constants c11 , c12 , c13 , c33 , c44 , c66 and the shear constant 

C' of the bet phase of FM Fe at cIa = 0.877 as a function of pressure. The 

change in sign of c' at p = 1825 kbar indicates that the bet phase becomes 

stable at p > 1825 kbar. The solid lines interpolate between the calculated 

points. 
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For comparison of the present work with previous publications [71-74] we 

tabulate in Table 7 .1 the values of the elastic constants c11 , c12 , c44 , the shear 

constant C' and the modified Young's modulus Y' of bee FM Fe as functions of 

pressure. The calculated elastic constants of the bet phase are plotted in Fig. 7 .4, 

but to our knowledge no elastic constants of the bet state have been reported. 

7.3 Discussion 

The importance of free energy for finding the equilibrium structure under 

pressure is shown in Fig. 7.5 illustrating the functions E EBP and G EBP for FM Fe 

at p = 1000 kbar plotted against the tetragonal shape parameter cIa. Note that 

G has a minimum at c0 I a0 = 1, the bee structure, but that E clearly does not 

have a minimum at ( a0 , c0 ), since E has a finite slope along the EBP at ( a0 , c0 ). 

The E EBP curve has a minimum at c0 I a0 = 0.95 which does not correspond to the 

bee structure and the pressure at this point is not hydrostatic. Therefore the 

equilibrium structure of a system under pressure is not found from the minimum 

of E , but from the minimum of G . As a result, the elastic constants of a system 

under pressure are not given by second derivatives of E with respect to strains. 

Rather they are given by second derivatives of G with respect to strains at ( a0 , 

c0 ) , the minimum of G at p. 

The correct elastic constants cu defined using G are given by (3.8) while ciJ 

defined using E are given by (3 .21). ciJ and ciJ are related by 
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c = c +f!_ a zv(a,c)' and by (3.22) to (3 .26) for each individual elastic constant of 
I} 'l v a a 

E i E j 

a tetragonal structure. These pressure corrections to the c ij were also derived by 

Barron and Klein [ 40] by studying stress-strain relations under stress. In [ 41], [ 42] 

and [24] the elastic constants are incorrectly calculated from second derivatives of 

E rather than G . However the correct elastic constants are used by Karki et al. 

[43] to determine stability under pressure. In Fig. 7.6 the shear constants c44 and 

C' of bee FM Fe are plotted as functions of pressure to illustrate the difference 

between ciJ and ciJ. Note that the instability of bee FM Fe is shown by the 

vanishing of c' =(ell -cl2)/2 at p = 1500 kbar, whereas c' =(ell - cl2)/2 

requires a much higher pressure to vanish. 

Stixrude et al. [35] estimated Ps = 1000 kbar from two E(c I a) curves at con-

stant volume - one at V = 70 a.u. corresponding to p = 0 shows a minimum at 

cIa= 1 and one at V =50 a.u. corresponding to p = 2000 kbar shows a 

maximum at cIa = 1 . Soderlind et al. [24] concluded that P., > 2000 kbar because 

their Ev (cIa) curve showed a shallow minimum at cIa= 1 at V = 7.55A3 = 50.9 

a.u. corresponding to 2000 kbar (their Fig. 6). Reference [35] missed the shallow 

minimum at 2000 kbar because the values of cIa used were not spaced closely 

enough. We have verified the shallow minimum at 2000 kbar. But our Fig. 7.1 

shows clearly that G EBP (cIa; p) at p = 2000 kbar has a maximum at c Ia = 1, 

indicating Y' < 0 and instability. The use of E in [24] rather than G to determine 

stability is the reason that the instability of bee FM Fe was wrongly stated in [24] 

to occur above 2000 kbar. 
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TABLE 7.1. Elastic constants c11 , c12 , c44 , Y' and C' of FM bee Fe as a function of pressure. 

Pressure Vo ell cl2 c44 c' y' 
I 

I 

(kbar) (A3/atom) (Mbar) (Mbar) (Mbar) (Mbar) (Mbar) ! 

0 11.576 2.852 1.394 0.995 0.729 2.174 

300 10.357 5.656 2.507 1.182 1.575 5.190 

Present Work 500 9.908 5.372 3.261 1.932 1.056 4.532 
..... 
0 ..... 1000 8.857 6.856 4.971 2.850 0.943 4.779 

1500 8.130 6.738 6.772 2.801 0 0 

Reference [71] 0 11.40 2.79 1.40 0.99 0.69 -------

Reference [72] * 0 11.78 2.431 1.381 1.219 0.525 -------

Reference [73] * 10 ------- 2.62 1.55 1.28 0.54 -------

Reference [74] * 46 ------- 2.81 1.44 1.23 0.69 -------

* Experimental results 
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Fig. 7.5. The energy E and the Gibbs free energy G along the EBP of bee FM Fe 

at a hydrostatic pressure of 1000 kbar. The bee phase is at the minimum of 

G EBP at cIa = 1 . For clarity the minimum of the E EBP curve is set to zero 

and the minimum of the G EBP curve is shifted down by 392 mRy/atom. The 

minimum of E EBP is 46 mRy/atom above the bee ground state at p = 0 . 
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Fig. 7.6. The shear elastic constants c44 and C' of bee FM Fe as functions of 

hydrostatic pressure p. The quantities c44 and C' are the correct elastic 

constants derived from derivatives of G at equilibrium at each p. 

Comparison is made with c44 and C' derived from derivatives of E at the 

same equilibrium at p . The vanishing of C' , but not C', shows that bee FM 

Fe goes unstable at 1500 kbar. 
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Our value of 1500 kbar for the critical pressure of bee Fe is also the value 

given in Ref. [75]. Reference [75] uses the disappearance of the minimum at 

cIa = 1 in a tetragonal energy calculation at constant volume, the same procedure 

as was used in Refs. [35] and [24]. However Ref. [75] like Ref. [35] misses the 

minimum at 2000 kbar found in Ref. [24]. Hence the correspondence of the 

estimate of critical pressure to ours is accidental. 

In addition to the bee phase at the minimum of G EBP (a; p) at cIa = 1 , there is 

a second minimum at cIa near .fi in each magnetic phase. These phases of y-Fe 

have been studied at p = 0 [23]. In particular a non-magnetic (NM) phase has fcc 

structure with an energy substantially larger than the bee phase. The free energy or 

enthalpy of the NM fcc phase increases slowly than the bee phase with increasing 

pressure and the fcc phase becomes more stable than the bee phase at some 

pressure. From Ref. [75] this phase transition could take place around 300 kbar. 

But the hcp phase, also NM, has still lower free energy and the transition from the 

bee phase occurs at a lower pressure. The NM fcc Fe phase is best discussed along 

with the hcp phase and is not considered in this paper. 

Brown et al. [22] observed experimentally a sound velocity discontinuity in Fe 

at 2000 kbar and suggested that it was a solid-solid transition at the y - E phase 

boundary. Ross et al. [23] suggested that the shock anomaly at 2000 kbar may be 

the transition to a new high-pressure solid a' phase with a bee structure. Soderlind 

et al. [24] suggested that the a' phase corresponds to a bet state at cIa = 0.875 

with substantial magnetic moment. However, Soderlind et al. [24] pointed out that 

they did not know whether this bet state is stable at high pressure. We have shown 
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here from the free energy G EBP (cIa; p) and the elastic constants calculations that 

the bet state at cIa = 0.877 develops starting from p = 1300 kbar and becomes 

stable at p > 1825 kbar. Therefore, this phase could well be the a' phase 

observed above 2000 kbar at high temperature, since temperature and vibrational 

contributions to the free energy could make it the ground state. 
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Chapter 8 

SUMMARY AND FUTURE WORK 

8.1 Summary 

Epitaxial Bain path and metastable states of tetragonal Fe and Mn have been 

investigated in this dissertation by first-principles total-energy calculations using 

the FLAPW method with LSDA-NREL and GGA-REL potentials. The main 

accomplishments are as follows. 

• Total energy calculations at constant volume show that both Fe and Mn 

have stable and metastable equilibrium states in FM, NM and AF phases . 

The Ev (cIa) curve in each magnetic phase shows the characteristic two 

minima of tetragonal structures. The calculated cIa values of AF fct 

equilibrium states of Fe and Mn are in good agreement with the 

experimental results. Comparison between the LSDA-NREL and the GGA

REL results show that the two potentials give essentially the same value of 

cIa for each equilibrium state. 

• It is shown that EBP's not only find the unstrained states in each magnetic 

phase, but also find the strained states produced by epitaxial strain on these 
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states. The LSDA-NREL calculations find that when grown epitaxially on 

Pd(OOl), the AF Mn film is strained y-Mn, but grown on V(OOl) the film is 

strained 8-Mn. The GGA-REL calculation also finds the Mn film on 

Pd(OOl) is strained y-Mn, but on V(OOl) is unstable. Our calculations 

indicate that in the high range of cIa the GGA-REL calculation is in better 

agreement with experiment, but that in the low range of cIa the LSDA

NREL calculation agrees better. Hence we cannot say one potential is 

better. 

• EBP' s of tetragonal Fe in FM, AFl, AF2, and NM phases show that the 

AF2 phase is the phase of the bulk of epitaxial Fe films on Cu(001). 

Calculations of the six elastic constants of AF2 at equilibrium reveal that it 

is unstable for [100] and [010] shears in the (001) plane, but is stabilized by 

epitaxy on Cu(001). The bulk structure of Fe films on Cu(OOl) found by 

quantitative LEED analysis is shown to be close to the EBP of the AFl 

phase, but farther from the AF2 phase. On substrates with slightly larger 

lattice constants than Cu(OOl), the ferromagnetic phase is found to be more 

stable than AF2. 

• We have unified and simplified the theory of elasticity under hydrostatic 

pressure p at zero temperature using the Gibbs free energy G , rather than 

the energy E. The minima of G , but not E, with respect to strains at the 

equilibrium structure give the zero temperature elastic constants; the 

stability of a phase at p is then determined by the same Born stability 

conditions used at p = 0 when applied to the elastic constants from G . The 
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EBP' s of FM Fe under hydrostatic pressure show that the bee phase exists 

up to 1500 kbar. At that pressure a shear constant vanishes and the phase 

becomes unstable. A bet phase is shown to come into existence at 1300 

kbar and becomes stable at 1825 kbar and above. 

8.2 Future Work 

• Calculate the EBP's and the elastic constants of hcp Fe under hydrostatic 

pressures in FM, NM, AF1 and AF2 magnetic phases to determine the 

pressure instability of the metastable states and the transition pressures at 

which changes in crystal structure and magnetic phase take place. 

• Calculate the EBP's of Fe thin films to locate the equilibrium and 

expitaxially strained states in FM, NM, AF1 and AF2 phases. The EBP of a 

slab requires relaxation of each layer spacing at given a to minimize the 

strain energy, which we call full relaxation. The full relaxation can be done 

by calculating the forces on the nuclei of individual atoms to optimize the 

structure parameters and determine the equilibrium position of all atoms in 

the unit cell. 

• EBP calculation described above will be extended to other magnetic 

elements such as Cr, Ni and Co, which are widely used in making thin films 

and multilayers with artificial crystalline structures that do not exist in 

nature. So far no EBP calculations have been done on these magnetic 

elements . 

108 



Appendix A 

The lattice parameters and the elastic constants of 

tetragonal structure under pressure 

A.l The relation between the tensor and the matrix (Voigt's) 

notation 

Tensor notation: 11 22 

Matrix notation: 1 2 

33 

3 

23,32 

4 

31 , 13 

5 

12, 21 

6 

The relation between these two notations for the strain components is [ 18]: 

£1 
£6 Es 

[E" 
£1 2 El3 ] 2 2 

£12 £22 £23 ~ 
£6 

£2 
£4 

(A1 ) 
2 2 

£13 £ 23 £33 Es £4 

2 2 
£3 

Therefore we have 

(A2) 

A.2 The ciJ matrix of tetragonal structure 

The c iJ matrix of tetragonal structure [18] (classes 4mm, 42m, 422 and 
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4/mmm) is: 

ell el 2 e l3 0 0 0 

el 2 ell e l3 0 0 0 

el3 e l3 e 33 0 0 0 
(A3) 

0 0 0 e44 0 0 

0 0 0 0 e44 0 

0 0 0 0 0 e 66 

Therefore we have six independent elastic constants for a tetragonal structure, i.e., 

(A4) 

A.3 The strained lattice parameters 

The lattice vectors are given by a matrix 

(A5) 

where the columns give the components in orthogonal axes x 1, x2 , x3 • The 

strained values of the lattice vectors are given by ~R 

[I +E
11 bl 

J [ ' 
bl 

c;J £1 2 £1 3 r~ 
el al I 

£1 2 1 + £ 22 £ 23 a2 b2 e 2 = a~ bl 
2 e 2 

£ 13 £ 23 1 + £ 33 a3 b3 bl I 

e 3 a3 3 e 3 

(A6) 

Then 

I 12 12 12 > ~ 'j a = a1 + a2 + a3 , (A7a) 

h
1 

= (b
12 + b12 + b12 'j I 2 3 ' (A7b) 

I 12 12 12 J ~ 'j e = e 1 + e 2 + e 3 , (A7c) 
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( 

I I J ( b' I b' I b' I J _ - t b · e _ - t tet + 2e2 + 3e3 
a - COS I I - COS I I ' 

be be 
(A7d) 

(A7e) 

(

I 'J ( 'b' 'b' 'b'J _ - t a · b _ - t at t + a2 2 + a3 3 
y - COS I I - COS I I ' 

ab ab 
(A7f) 

a,' b' c' 
I I 

1 - I - 1 -1 1 -, - 1 - I) 1 -1 (-I b-') 1 I b' I V=-a·(bxc)=-b·(cxa =-c·ax =-a? 2 c2 
2 2 2 2 ; b' I 

a3 3 c3 

(A7g) 

1 2 
V is volume per atom of a tetragonal structure and V0 = -e0 a0 per atom at the 

2 

The (£ +§) matrix describes any strain. For tetragonal structure, the Bravais 

lattice vectors are given by 

R =( ~ ~ ~J l 0 0 e 

(A8) 

A.4 Lattice parameters and elastic constants of 

tetragonal structure under hydrostatic pressure 

(1) ett 

ll +£11 0 

m~ 
0 OJ l a(l+£11 ) 0 

~J (£ + §) R = ~ 1 a 0 = 0 a (A9) 

0 0 e 0 0 
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(A lOa) 

(A lOb) 

(AlOe) 

CX.= cos -- =cos = _1(b 1

·C
1 J _1(b;c; +b~c; +b~c;J 90o 

b1
C

1 b1
C

1 
' 

(AlOd) 

(AlOe) 

_ _1(a 1 ·b1 J _ _1(a;b; +a;b~ +a;b~ ]- 90o y - COS I I - COS I I - ' ab ab (A lOt) 

(A lOg) 

G -Go 1 z G . __ _.::.._ = -c11 £ 11 , 1s energy per atom. 
V0 2 

(All) 

(Al2) 

(Al3) 
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(l+E,, 0 

m~ 
0 

~J (£ +~)8 = ~ 1+ Ell a 

0 0 

= ( a(l~E") 0 

~J a(l+£11) 

0 

(Al4) 

(Al5a) 

(Al5b) 

(Al5c) 

a= cos -- = cos = _1(b 1

·C
1 J _ 1 (b;c;+b~c;+b;c;J 90o 

b1
C

1 b1
C

1 
' 

(Al5d) 

( 

I IJ ( I I I I I I J ~ - 1 f._· g__ - 1 clal + Czaz + c3a3 90o 
= cos -- = cos = 

I I I I ' ca ca Al5e) 

(Al5f) 

(A 15g) 

(Al6) 
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=J_[a
2;J+p. 

Co aa 
eq 

(Al7) 

0 

(Al8) 

(Al9a) 

(Al9b) 

(Al9c) 

a= cos -- = cos = _1(b
1

·C
1J _ 1 (b;c;+b~c~+b;c;J 90o 

b~1 b~l ' 
(Al9d) 

( 

I IJ ( I I I I I I J A - 1 f_ · g_ - 1 clal + Czaz + c3a3 90o 
f-' = COS - 1 - 1 = COS I I = ' ca ca (Al9e) 

(Al9f) 

(A19g) 
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= __!_(a 
2

; J _ P . 
Co aa 

eq 

(4) c33 

(£ +~)R = l~ 
0 

l+~Jl~ 1 

0 

a'= b'= a 
' 

c' = c(1 + £33 ), 

a=~= y = 90°, 

0 

~H~ 
0 

c(l:EJ a a 

0 0 

(A20) 

(A21) 

(A22) 

(A23a) 

(A23b) 

(A23c) 

(A23d) 

(A24) 

c 33 = _1 ( a 
2 ~) = _1 ( a 

2 ~) = _1 ( a 2 ~) + _1 ( a 
2 

c P V0 c; + E 33 ))) 
Vo a£ 33 Vo a£3 Vo a£ 33 Vo a£ 33 eq eq eq eq 
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(A25) 

(A26) 

(A28a) 

(A28b) 

(A28c) 

_ _ 1 (b~-e~)- _,(b;e; +b~e; +b;e~) 
(X - COS I I - COS I I be be 

=COS - I 23 = COS - I 4 

[ 2£ J ( E J 
1 + £;3 1 + 0.25£; ' 

(A28d) 

(A28e) 

_, g_ · !z... _, a, , + a2 2 + a3 3 
90

o 
( 

I 

1

] ( 

1

b
1 1

b
1 1

b
1 J Y = cos -- = cos = 

a 1b1 a1b1 
' 

(A28f) 

1 
12 I 12 I 

V -1 c-1 b- 1) a e . a e . 8 =-e ·a x = --sma= --sm 23 2 2 2 
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1- E2 2E 
·:sin a= ~3 and cos a= 23 

l+En l+c:b 

. 1 2 sma -£ 23 . . tan a = -- = -----==-
cos a 2c: 23 

:. tan --a = tan(8a):::::: 8a = ctana = 2~ 
(

n J 2c: 
2 l-En 

E 
12 

OJ (a 0 OJ ( a 1 0 0 a 0 = a£ 12 

0 1 0 0 c 0 
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p 

2 

(A28g) 

(A29) 

(A30) 

(A31) 

(A32) 

(A33a) 



= _1(b1

·e
1

J=c _ 1 (b;e;+b~e~+b;e;J = 90o ex cos I I os I I , 

be be 

1 2 I 12 I 

a e . a e . 8 1 2 ( 1 2 ) . 
V =--Silly =--Sill 12 =-a0 e0 + £12 SillY 

2 2 2 

·:G=E+pV 

p 

2 

(A33b) 

(A33c) 

(A33d) 

(A33e) 

(A33f) 

(A33g) 

(A34) 

(A35) 

(A36) 

.. sin y = ( 1- £~2 J :. tan y = sin y = 1- £~2 
1 + £1 2 cosy 2£12 

118 



:. tan --y = tan(8y):::: 8y = ctana= 1 ~ 
(

n: J 2E 
2 1- El 2 

(7) cl3 

ll+E 0 

~~J~ 
0 OJ l a(! +E) 

(£+§)!i = ~ 1 a 0 = 0 

0 0 c 0 

a'= a(1 +E), 

b' =a 
' 

c' = c(1 +E), 

a= cos -- = cos = _ 1(b'·c'J _1(b;c; +b~c; +b;c;J 90o 
b'c' b'c' ' 

( 

I /J ( I I I I I I J A - 1 f_ · f!:_ - 1 clal + c2a2 + c3a3 90o 
tJ = COS - 1 -, = COS I I = ' 

ca ca 

I 1/// 12 2 2 
V =-abc = -a c(l +E) = V0 (l +E) . 

2 2 
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0 

c(l~J a 

0 

(A37) 

(A38) 

(A39a) 

(A39b) 

(A39c) 

(A39d) 

(A39e) 

(A39f) 

(A39g) 

(A40) 



2 

G is energy per atom, V is volume per atom and V0 = ao Co • 
2 

·· G=E+pV , 

For a cubic structure c1 1 = c33 

A.S Bulk modulus 

(£+§)R= 0 l+E 
[

l+E 0 

0 0 

a'=a(l+E), 

0 

a(l +E) 

0 
0 J 0 . 

c(l +E) 
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(A41) 

(A42) 

(A43) 

(A44a) 



b' = a(l +E)= a', (A44b) 

c'=c(l+E), (A44c) 

_1 b ·c - 1 1c1 + 2c2 + 3C3 90o 
a= cos =--= =cos = 

( 
' '] ( b' ' b' ' b' ' J 

b'c' b'c' ' 
(A44d) 

(A44e) 

(A44f) 

I 1 /// 1 3 3 
V = -a b c = -abc(! + E) = V0 (1 + E) , 

2 2 
(A44g) 

1 
where V0 = -abc per atom. 

2 

Bulk modulus B, unlike the ciJ, is given by a second derivative of E. It 

measures the change in equilibrium V0 produced by a change in p, i.e., 

B = -V0 dp , which uses an ordinary derivative, since at each p there is a unique 
dV 

equilibrium V0 and a unique equilibrium E . Then the dE produced by dV is 

given by the external work done by the system, dE=- pdV , hence p =-dE and 
dV 

(A45) 

Since V = V0 (1 + E) 3 and E = G- pV, we have 

121 



-V _!!__(dGJ _ V !!_(dG dE J dE 
-

0 dV dV - 0 dE dE dV dV 

1 d 2G 

9V0 (l+E) 4 dE 2 
(A46) 

The term in dG is equal to zero since the free energy G is a minimum at 
dE 

equilibrium state. Hence the bulk modulus at equilibrium volume V0 is give by 

(A47) 

(A48) 

(A49) 

All above expressions of B are true for both tetragonal and hcp structures 

under the condition that is cIa is held constant while V changes. Equation A49 

gives another way to calculate c13 . 

For a cubic structure c12 = c13 = c23 and c11 = c22 = c33 

(A50) 
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The bulk modulus B in terms of ciJ at hydrostatic pressure p has the same 

expression as that at zero pressure. However, elastic constants ciJ at hydrostatic 

pressure p are calculated using Gibbs free energy G . 

A.6 Modified Young's modulus y' 

Let £ 1 = £ 2 7:-0, £ 3 t:- 0, and £ 4 = £ 5 = £ 6 = 0. (Note that we cannot assume that 

£ = £ 1 = £ 2 = £ 3 7:- 0, because it is not true along the EBP). 

(A51) 

(For a tetragonal structure c13 = c32 = c23 = c31 , which is given in (A4)). 

(A52) 

(A52) G- Go 2 2ci
2
3 ' 2 

----t (A51): = £ 1 (c 11 + c12 - --) = Y £ 1 
Vo C33 

(A53) 

(A54) 

8a 1 2 
· · £ 1 =- and V0 = 

2 
c0a0 for a tetragonal structure 

ao 
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(A55) 

(A55) is the same as (3.27). 

For cubic structure c13 = c12 , c33 = c 11 , 

(A56) 

Where Y is Yong's modulus and u is Poisson' s ratio. 
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