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The study of the long time behavior of nonlinear systems is not effortless, but

it is very rewarding. The computation of invariant objects, in particular manifolds

provide the scientist with the ability to make predictions at the frontiers of science.

However, due to the presence of strong nonlinearities in many important applications,

understanding the propagation of errors becomes necessary in order to quantify the

reliability of these predictions, and to build sound foundations for future discoveries.

This dissertation develops methods for the accurate computation of high-order

polynomial approximations of stable/unstable manifolds attached to long periodic or-

bits in discrete time dynamical systems. For this purpose a multiple shooting scheme

is applied to invariance equations for the manifolds obtained using the Parameteriza-

tion Method developed by Xavier Cabré, Ernest Fontich and Rafael De La Llave in

[CFdlL03a, CFdlL03b, CFdlL05].

Functional analytic techniques are also developed and combined with existing

methods in the literature for obtaining rigorous bounds on these computations.

In the later chapters, motivated to understand more complicated dynamics
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using these invariant structures, we combined the Parameterization method with the

Finite Element Method to develop a general framework for computing the manifolds

associated with equilibrium solutions of parabolic PDE over irregular domains. Fi-

nally, we outline a program for obtaining rigorous bounds for the parameterization of

these manifolds which extends on the work of Michael Plum [Plu08a].

We work out how to resolve several nonlinearities using automatic differenti-

ation techniques; demonstrating the general scope of these methods.
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map: polynomial approximation to order K = 50 using an eigenvector
of unit length. Resulting error on the order of 10−15. LEFT: the top-
left (blue) curve is the manifold attached to p0 and the bottom-right
(magenta) curve is the manifold attached to q0. Each curve is the
image of the unit interval and each has arc length approximately 1.4.
RIGHT: base ten logarithm of the Taylor coefficients as a function of
order. Each Taylor coefficient is a vector with two components and
we only plot the log of the norm. Colors in the right frame match
the convention in the left frame. Coefficient computation takes 0.004
seconds. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

2.3 Rescaled local parameterizations: polynomial approximation to order
K = 50 using an eigenvector of length 10. Resulting error on the order
of 10−7. New curves have arc length approximately 7.3. Color conven-
tions as in Figure 2.2. Coefficient computation takes 0.004 seconds.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

2.4 Rescaled local parameterizations: polynomial approximation to order
N = 110 using an eigenvector of length 22. Resulting error on the
order of 10−4. New curves have arc length approximately 12.1. Color
conventions as in Figure 2.2. Coefficient computation takes 0.0085
seconds. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

2.5 Composition versus multiple shooting: unstable manifold of p0 com-
puted two ways. Blue curve corresponds to the parameterization com-
puted using multiple shooting. Computational parameters the same as
reported in Figure 2.3. The black stars illustrate the same manifold,
computed as the unstable manifold of a fixed point of the composition
map. The results look identical, but the composition approach takes
five times as long to compute and requires more than three hundred
times as many floating point operations. The error using the composi-
tion approach is more than an order of magnitude worse. . . . . . . . 59

2.6 Manifolds attached to a period 95 orbit for Hénon: classic parameter
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CHAPTER 1

INTRODUCTION

The ability to make predictions about our environment has been without any doubt

fundamental to our development and survival. Understanding the motion of celestial

bodies; forecasting weather phenomena, the propagation of disease, and economic

recessions; controlling stability parameters of communication networks and develop-

ing artificial cardiac pacemakers are just a few examples demonstrating its critical

importance.

The field of dynamical systems studies the underlying common principles of the evolu-

tion of these systems. The goal of this dissertation is to develop reliable tools of study

of mathematical structures such as invariant objects that permit the understanding

of the long-time behavior of complicated nonlinear systems.

We first compute high order polynomial approximations of local stable/unstable man-

ifolds attached to periodic orbits in discrete time dynamical systems.

The study of discrete dynamics is not only important on its own but by considering

Poincaré return maps we can obtain valuable information about continuous dynamic

problems too. For example, the Hénon map and the Chirikov standard considered in

this work are simplified models of Poincaré sections of the famous Lorenz model and

the kicked rotator respectively.

Our approach is based on the parameterization method of [CFdlL03a, CFdlL03b,

CFdlL05], a general functional analytic framework for studying invariant manifolds.

The main idea of the parameterization method is to look for chart maps which satisfy

certain invariance equations. In the case of stable/unstable manifolds this invariance
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Figure 1.1: Periodic orbits and their attached invariant mani-
folds for the Hénon map: the figure illustrates the parameterized
local unstable/stable manifolds for a collection of orbits having pe-
riod between 2-16. The periodic orbits are black, unstable manifolds
are blue, and stable manifolds are red. Orbits approach the Hénon
attractor along the (red) stable manifolds. The unstable manifolds
(blue) outline the attractor itself. The picture makes it clear that
the stable/unstable manifolds intersect many times, giving rise to
heteroclinic/homoclinic tangles. The picture is generated by evalu-
ating a collection of polynomial parameterizations for the local sta-
ble/unstable manifolds of the periodic orbits, and does not involve
any iteration of the map/continuation algorithms. Computations for
the Hénon map are discussed in more detail in Section 2.2.3.

equation conjugates the nonlinear dynamics near the fixed point to a simple polyno-

mial model (in fact we can often arrange that the polynomial is linear. See Equation

(2.4), and also Remark 2.0.3). The parameterization method recovers the dynamics

on the invariant manifold in addition to the embedding and moreover, the chart is

not required to be the graph of a function – hence it is possible to follow folds in

the embedding. The invariance equation also provides a convenient notion of defect,

which is exploited for a-posteriori error analysis.
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A period-N orbit for a map f : RM → RM is a fixed point of the map fN (f composed

with itself N times), and in principle one could compute invariant manifolds for

period-N points by applying the parameterization method to the map fN . In practice

however, the complexity of the composition fN grows exponentially in N .

The novelty of the present work is a composition free parameterization method for

invariant manifolds attached to periodic points. The idea is to extend the usual mul-

tiple shooting scheme for the periodic orbit itself to the invariance equation describing

the manifold.

More precisely if p1, . . . , pN ∈ RM is a periodic orbit with m ≤M stable (or unstable)

eigenvalues, then our method simultaneously finds the Taylor approximations of some

functions P1, . . . , PN : Rm → RM having that Pj parameterizes a local stable (or

unstable) manifold attached to pj for each 1 ≤ j ≤ N . The Taylor approximation is

computed numerically to any desired order. Just as in a multiple shooting scheme for

the periodic orbit itself, our system of invariance equations involves no compositions,

hence the nonlinearity determining the stable/unstable manifold for the periodic orbit

is only as complicated as the original nonlinearity of the model (see Equation (2.16)).

To illustrate the utility of the method we implement it for several application problems

in dimensions two and three. We discuss a number of computations for one and two

dimensional manifolds associated with periodic orbits of period up to 100 for a planar

and spatial Hénon type map. We also show that application of the method is not

limited to polynomial maps by computing stable/unstable manifolds for some periodic

orbits of the “the standard map”, a system having a trigonometric nonlinearity.

Remark 1.0.1 (Periodic orbits and their stable/unstable manifolds in applied dy-

namical systems theory). Periodic orbits are fundamental objects of interest in the

qualitative theory of dynamical systems. For example, hyperbolic periodic orbits

are dense in chaotic sets such as topological horseshoes and many strange attractors

3



Figure 1.2: Vortex bubble and period 4 sub-bubble in the Lomeĺı
map: Top - two dimensional unstable (blue) and two dimensional
stable (red) manifolds attached to the fixed points of the Lomeĺı
map. One dimensional manifolds also shown. The two dimensional
manifolds form a “bubble” which encloses all the invariant dynamics
of the system. Bottom - dynamics inside the bubble. We locate a
pair of period four saddles. The stable/unstable manifolds of the
period four orbits form “sub-bubbles.” We compute polynomial pa-
rameterization of the one and two dimensional manifolds for the
period four points using the techniques of the present work. No
continuation scheme has been applied to the local parameterizations
illustrated in this figure. These computations are discussed further
in Section 2.2.5.
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[Sma67, Tuc21]. Studying the set of points where the stable/unstable manifolds in-

tersect leads to bounds on topological entropy and a better understanding of mixing

in the system [GZ07, BNW17]. In these arguments the more periodic orbits one in-

cludes the better the entropy bounds obtained [DFT08, DK13]. We can study the way

that orbits approach an attractor by considering the local stable manifolds of a large

enough collection of periodic points [Wil10]. The attractor itself is well approximated

by the unstable manifolds of such a collection.

The implications of the last remarks are illustrated in Figure 1.1, where we see the

stable manifolds (in red) and unstable manifolds (in blue) of a collection of points

with periods ranging from 2-16 near the Hénon attractor. Points in phase space

approach the attractor along the red curves, while the blue curves describe well the

structure of the attractor. (See Remark 1.0.2 below for more details).

The interested reader could compare the results shown in Figure 1.1 to similar results

discussed in [NBGM08, WBG+10]. In particular see the bottom right frame of Figure

7 in the former reference and the bottom right frame of Figure 4 in the latter. These

figures illustrate the results of backward iterating (11 iterates) a local parameteri-

zation of the stable manifold of a fixed point (period one orbit) of the Hénon map.

Our Figure 1.1 provides a much more dense view of the hyperbolic structure, but in-

volves no iteration of the map i.e. no continuation methods have been applied to the

local parameterizations. This highlights the value of the parameterization method

developed in the present work, but also suggests what could be achieved in future

studies by combining our local methods with globalization techniques such as those

of [NBGM08, WBG+10].

We must stress again that the idea of using multiple shooting schemes to study peri-

odic dynamics is standard, having been used to great effect by a number of authors.

See for example the study of [TW09] on computer assisted analysis of stability regions

for the quadratic map, the studies of [GZ07, BNW17] on computer assisted existence
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proofs for periodic orbits of maps (the former reference even studies infinite dimen-

sional discrete time systems), and the more theoretical study of [DH84]. The present

work extends standard multiple shooting analysis to the problem of computing local

stable/unstable manifolds.

Remark 1.0.2 (Illustration of results). Figures 1.1 and 1.2 illustrate some results

obtained using the methods of the present work. The first figure shows parameterized

local stable/unstable manifolds attached to a collection of periodic orbits for the

Hénon map at the classical parameter values. More precisely, the collection of contains

1 period two, 1 period four, 2 period six, 4 period seven, 7 period eight, 6 period nine,

10 period ten, 14 period eleven, 13 period twelve, 23 period thirteen, 9 period fourteen,

21 period fifteen, and 14 period sixteen orbits. Each manifold is approximated to

Taylor order 25, and the decay rate of the Taylor coefficients is controlled adaptively

to insure that the last coefficients in this expansion are small. A-posteriori error

bounds for each manifold are below 10−14.

The second figure shows results from a similar computation involving two fixed points

and two period four orbits of the three dimensional Lomeĺı map. This map preserves

volume, hence there are no attractors. Deliberate computations of hyperbolic struc-

tures – like the ones developed in the present work – facilitate better understanding of

the orbit structure of such systems. The manifolds are approximated to Taylor order

25 and the a-posteriori error is small. More details for these and other computations

are found in Section 2.2.

The curves and surfaces shown in the figures are obtained by evaluating polynomial

approximations of the local invariant manifolds. The polynomials are computed using

the methods developed in Section 2.1 and implemented as discussed in Section 2.2.

The computations illustrated in the figures, and discussed throughout the present

work, make no use of numerical continuation or globalization methods for the local

manifolds. This is not to say that local parameterizations should never be global-
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ized. Rather, the present work focuses on results which can be achieved priori to

continuation/globalization. We leave to a future study the task of continuing our

results.

We make an effort to work out quite explicitly the derivation of the recursion relations

defining the Taylor series coefficients of our polynomial approximations. We hoped

that the present work constitutes a stand alone exposition in this sense. Nevertheless

these formal series arguments can be automated using software packages such as

those discussed in [JZ05, MB03]. Development of general purpose software is however

beyond the scope of the present study.

Remark 1.0.3 (A-posteriori analysis and validated numerics). As already mentioned

above, one of the strengths of the parameterization method is that it provides a notion

of a-posteriori error (or defect). In other words, since the desired parameterizations

solve an operator equation we can always plug our approximate solution into the

equation and asses (via some convenient choice of norm) how close is the result to

zero. In the present work we first use the a-posteriori error as an indicator of the

quality of our computations.

Of course small defects do not imply small truncation errors, and is desirable to have

a more refined a-posteriori analysis. Indeed, via a blend of pen and paper analysis

with deliberate control of round-off errors, it is possible to obtain mathematically

rigorous computer assisted error bounds associated with the polynomial approxima-

tions. Several works in this vein, for both finite and infinite dimensional dynamical

systems, are [JT11, MJM13, MJ14, BLMJ16a, vdBMJR16a, Jam16].

In Chapter 3 we develop computer assisted proof techniques that can be applied to

the computations of Chapter 2.

In Chapter 4 we develop a framework for computing unstable manifolds of equilibrium

for parabolic PDE over irregular domains by combining the Parameterization Method
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with the Finite Element Methods.

After that, we extend and adapt the functional analytical framework developed in

Chapter 3 for computing rigorous bounds on the truncation errors of the manifolds.

We build on the work of [Plu08a] where he obtains rigorous enclosures for equilibrium

and eigendata of PDE.

For a PDE generating a compact semi-flow on a function space an important prob-

lem is to understand the invariant sets. This problem is especially challenging in the

presence of strong nonlinearities. One good computational strategy is to numerically

integrate a sufficiently large ensemble of initial conditions for sufficiently long that

the structure of the global attractor is illuminated. Yet, as is well known, numeri-

cal simulation is not effective at locating invariant objects with saddle type stability.

Moreover, simulations provide only limited information about the connections be-

tween invariant objects.

Another technique for studying parabolic PDE is to project onto a countable basis of

eigenfunctions. This has the effect of reducing the problem to a countable system of

coupled ordinary differential equations (ODE) and makes available entire cannon of

computational methods for ODE. The difficulty with this approach is that it works

best when the eigenvalues and eigenfunctions are explicitly known, and this usually

happens only for particularly simple spatial domains. For example problems posed on

one dimensional/cubical/toroidal domains with Dirichlet /Neuman/Robin/periodic

boundary conditions are amenable to Fourier series methods. In the present work,

we are interested in problems formulated on more general irregular spatial domains

where the eigenfunctions are not explicitly known. We are also interested in invariant

structures with some unstable directions.

Following its introduction in the works mentioned above, the Parameterization Method

has been expanded and applied to a wide variety of problems such as invariant mani-
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folds attached to parabolic fixed points [BFdlLM07], invariant manifolds for periodic

orbits of ODE [HdlLS12, CLMJ15, MJM17, HdlL13] computation of invariant tori and

their whiskers [HdlL06b, HdlL06a, HdlL07], computation of invariant manifolds for

difference equations [dlLL12], KAM theory without action angle variables for maps,

flows, and PDE, for non-autonomous systems, and for dissipative perturbations of

symplectic maps [dlLGJV05, FdlLS09, dlLS19, CCdlL13, HdlL13], and computer as-

sisted proof for KAM [FHL17], to study normally hyperbolic invariant tori and their

breakdown [CH17b, CH14, CH17a], to study quasi-periodic solutions of state de-

pendent delay differential equations [HdlL17, HdlL16]. Works closely related to the

present study include recent applications to the dynamics of infinite dimensional sys-

tems like computation of unstable manifolds attached to fixed points of compact infi-

nite dimensional maps [GMJ17c], and also unstable manifolds of equilibrium solutions

of delay differential equations and one dimensional PDE [GMJ17c, MJR19], as well

as the studies of periodic solutions of parabolic PDE in [FGLdlL17, GL17, FdlL16].

Much more complete introduction and thorough discussion of the literature is found

in the recent book of [HCF+16b] on the topic.

In Chapter 4 we adapt the parameterization method to the study of unstable mani-

folds attached to equilibrium solutions of parabolic partial differential equations. In

contrast to the earlier work of [MJR19], our approach works for problems formulated

on spatial domains of more than one dimension where a countable basis of eigenfunc-

tions is not available. Instead we project the function space onto a suitable basis of

finite elements. We illustrate the use of the method for equations with both poly-

nomial and non-polynomial nonlinearities, and apply it to problems formulated on

non-convex spatial domains. Though the method applies to problems in any number

of spatial dimensions, the present work focuses on planar polygonal domains.

The approach exploits formal series expansions which require some preliminary pen

and paper calculations to set up. The formal calculations lead to a system of recursive
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linear elliptic PDE describing the jets of the local unstable manifold parameterization.

Solving these equations is a standard problem in numerical analysis, well suited for

finite element methods (FEM).

We focus on parabolic PDE since, as is well known, they generate compact semi-flows

under sectorial assumptions on the associated elliptic operator. In particular, the

usual situation is that the spectrum of the linearized equation at an equilibrium so-

lution has at most finitely many unstable eigenvalues of finite multiplicity. It follows

that the attached unstable manifold is finite dimensional, hence well suited to nu-

merical approximation. We refer to [Rob01, Hen81, BV83, SY02] for more complete

discussion of the dynamics of parabolic PDE.

If in addition the linearized equation at the equilibrium solution generates an analytic

semi-group then the local unstable manifold is itself analytic. In this case, we are

justified in looking for an analytic local parameterization. This observation informs

the use of power series methods throughout the present work. It must be stressed

that the present work does not here treat convergence of the formal series. Rather,

our exposition is example driven with each problem chosen to highlight a particular

facet of the procedure. We consider the following models:

• Fisher Equation: scalar reaction/diffusion equation with logistic nonlinearity.

This pedagogical example illustrates the main steps of our procedure in the

easiest possible setting.

• Ricker Equation: a modification of the Fisher equation with a more realistic

exponential nonlinearity. We use ideas from automatic differentiation for formal

power as an example of how to treat non-polynomial problems.

• Kurramoto-Shivisinsky Equation: a scalar parabolic PDE with the bi-

harmonic Laplacian as the leading term and lower order derivatives in the non-

linearities. The system is a toy model of fluid dynamics. This example requires

10



the use of higher order elements and we utilize the Argyris element.
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CHAPTER 2

PARAMETERIZATION OF INVARIANT MANIFOLDS ATTACHED

TO PERIODIC ORBITS OF DIFFEOMORPHISMS

The work presented in this Chapter appeared in [GMJ17a]. We are reproducing it

here with permission of SIAM Journal on Applied Dynamical Systems.

2.0.1 Stable/unstable manifold for discrete time dynamical systems

Consider a diffeomorphism f : RM → RM with fixed point p. (All of the examples

considered in the present work are in fact analytic maps with analytic inverse). Sup-

pose that p is a hyperbolic fixed point of f , i.e. that no eigenvalues of Df(p) lie on

the unit circle. Then there are ms,mu ∈ N with ms +mu = M so that Df(p) has ms

stable eigenvalues and mu unstable eigenvalues (counted with multiplicity). We then

label the eigenvalues as λs1, . . . , λ
s
ms , λ

u
1 , . . . , λ

u
mu with

0 < |λs1| ≤ . . . |λsms| < 1 < |λu1 | ≤ . . . |λumu |.

Let ξu1 , . . . , ξ
u
mu , ξ

s
1, . . . , ξ

s
ms ∈ RM denote a choice of linearly independent (possibly

generalized) eigenvectors.

Let U ⊂ RM be an open neighborhood of p. The local stable set of p relative to U is

W s
loc(p, U) :=

{
x ∈ RM : fn(x) ∈ U for all n ≥ 0

}
.

By the Stable Manifold Theorem (see for example [Rob95] for discussion and proof)

there exists an open neighborhood V ⊂ RM of p so that

(i) The local stable set W s
loc(p, V ) is a smooth, embedded, ms-dimensional disk. If

f is analytic then the embedding is analytic.

12



(ii) W s
loc(p, V ) is tangent to the stable eigenspace of Df(p) at p, i.e. the vectors

ξs1, . . . , ξ
s
ms span the tangent space of W s

loc(p, V ) at p.

(iii) If x ∈ W s
loc(p, V ) then

lim
n→∞

fn(x) = p.

We refer to any local stable set W s
loc(p, V ) satisfying (i)− (iii) above as a local stable

manifold for p. We say that W s
loc(p) is a local stable manifold at p if W s

loc(p) =

W s
loc(p, V ) satisfies (i)− (iii) above with V some open neighborhood of p. Note that

if W s
loc(p, V ) has (i)− (iii) above and BM

r (p) ⊂ V , then W s
loc(p,B

M
r (p)) has (i)− (iii)

as well, i.e. local stable manifolds are not unique.

Since f is invertible we can, given any local stable manifold W s
loc(p, V ), define the set

W s(p) =
∞⋃
n=0

f−n [W s
loc(p)] =

{
x ∈ RM | fn(x)→ p as n→∞

}
. (2.1)

The resulting set W s(p) is a globally invariant manifold (which may not be an embed-

ded disk). We refer to W s(p) as the stable manifold of p, as W s(p) does not depend

on the choice of local stable manifold.

These considerations applied to f−1 at p let us define local unstable manifolds, which

we denote by W u
loc(p) with analogous definition. (We remark that if p is a hyperbolic

fixed point of a smooth map f then f−1 exists at least locally, and the assumption

above that f is a diffeomorphism on RM is not actually needed to define the local

unstable manifold. However this fact is not used in the present work). The set

W u(p) =
∞⋃
n=0

fn [W u
loc(p)] =

{
x ∈ RM | f−n(x)→ p as n→∞

}
,

is a unique globally defined invariant manifold which we refer to as the unstable

manifold of p.

Remark 2.0.1 (Linear approximation of the local stable/unstable manifolds). Even

when the map f : RM → RM is explicitly known, closed form expressions for the
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local stable/unstable manifolds W s,u
loc (p) are rarely available. In applications we are

interested in approximating these manifolds, and part (ii) of the Stable Manifold

Theorem provides a first order approximation. More precisely, suppose that the

vectors ξs1, . . . , ξ
s
ms are all scaled to have length one and define the M ×ms matrix[

ξs1 . . . ξ
s
ms

]
= As,

i.e. As is the matrix with columns given by the (generalized) eigenvectors. Then the

parameterization P 1 : Rms → RM given by

P 1(θ) := p+ Asθ, θ := (θ1, . . . , θms),

approximates W s
loc(p) to first order. More precisely, let

Bms
δ (0) := {θ ∈ Rms : ‖θ‖ < δ}.

The restriction of P 1 to Bms
δ (0) is a quadratically good approximation of the stable

manifold, in the sense that

sup
θ∈Bmsδ (0)

dist
(
P 1(θ),W s

loc(p)
)
≤ C‖θ‖2,

though in practice more work is required to obtain estimates on the magnitude of C.

Nevertheless, combining the observation above with Equation (2.1) leads to various

algorithms for approximating W s(p). This point is discussed in more detail in Section

2.0.4. Similar considerations lead to a linear approximation of the local unstable

manifold by the unstable (generalized) eigenvectors.

Remark 2.0.2. To define the linear approximation P 1 in Remark 2.0.1 it is nec-

essary to fix a choice of scalings for the (generalized) eigenvectors. In general the

size of the neighborhood on which the linear approximation gives quadratically good

approximation depends on the choice of scalings. For example, in Remark 2.0.1 we

would have obtained exactly the same results by taking the (generalized) eigenvectors

to have scalings

‖ξsj‖ = δ, 1 ≤ j ≤ ms,
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and restricting the domain of P 1 to the unit ball Bms
1 (0).

This non-uniqueness is inherent in many schemes for approximating the stable man-

ifold, and plays an important role in the sequel. The issue is not surprising as non-

uniqueness appears already in the definition of the local stable manifold (i.e. there

is one local stable manifold for every appropriate choice of neighborhood of the fixed

point). In the case of the linear approximation the choice of scalings is more or

less arbitrary and we might as well take unit vectors as in Remark 2.0.1. However,

when we study power series methods we will see that that the freedom to choose the

(generalized) eigenvector scalings provides control over the decay rates of the Tay-

lor coefficients. It turns out that manipulating these decay rates is then useful for

stabilizing numerical computations.

2.0.2 Review of the parameterization method

Suppose that f , p, and ms are as in Section 2.0.1. Throughout the remainder of

the section we assume that m = ms > 0 and let λ1, . . . , λm, and ξ1, . . . , ξm denote

respectively the stable eigenvalues and an associated choice of linearly independent

(generalized) eigenvectors. Again, by the stable manifold theorem there is a local

stable manifold W s
loc(p), which is geometrically a smooth embedded disk tangent to

the stable (generalized) eigenspace at p ∈ RM . We are interested in smooth injective

maps P : Bm
1 (0)→ RM having that

P (0) = p, and
∂

∂θj
P (θ) = ξj, for each 1 ≤ j ≤ m, (2.2)

and

P [B1(0)m] ⊂ W s(p), (2.3)

i.e. charts for the local stable manifold. Clearly if P is one such chart, then any

reparameterization of P is again a chart. So, the parameterization P just discussed

cannot be unique, and we are free to impose additional constraints.

15



✓

P (✓)

P

✓

p

P

f

RM RM

Rm Rm

f [P (✓1, . . . , ✓m)] = P (�1✓1, . . . ,�m✓m)

⇤✓

P (⇤✓)F (P (✓)) =

⇤

Figure 2.1: Cartoon illustrating the conjugacy relation of by Equa-
tion (2.4). Here Λ is the diagonal matrix of eigenvalues, and f is the
nonlinear map. The goal of the parameterization method is to find
a chart P which makes the diagram commute.

The idea of the parameterization method [CFdlL03a, CFdlL03b, CFdlL05] is to look

for a smooth function P : Bm
1 (0)→ RM satisfying the first order constraints of Equa-

tion (2.2), as well as the conjugacy equation

f [P (θ1, . . . , θm)] = P (λ1θ1, . . . , λmθm), (2.4)

for all θ ∈ Bm
1 (0). Several useful results for the parameterization method are sum-

marized below. First we need the following definition.

Definition 2.0.1 (Non-resonant eigenvalues). We say that the stable eigenvalues

λ1, . . . , λm are non-resonant if

λα1
1 · . . . · λαmm 6= λj, with 1 ≤ j ≤ m,

for all α = (α1, . . . , αm) ∈ Nm with |α| = α1 + . . .+ αm ≥ 2, that is, if no product of

positive powers of the stable eigenvalues is again a stable eigenvalue.
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First we note that, despite first appearances, Definition 2.0.1 imposes only a finite

number of constraints on the eigenvalues. To see this let

|λ1| = min
1≤j≤m

|λj|, and |λm| = max
1≤j≤m

|λj|,

denote respectively the smallest and largest moduli of the stable eigenvalues, and note

that for any multi-index α ∈ Nm we have the bound

|λα1
1 · . . . · λαmm | ≤ |λm|α1 · . . . · |λm|αm

= |λm||α|.

Then a resonance is impossible for any α ∈ Nm with

|λm||α| < |λ1|,

and we conclude that a necessary condition for a resonance is that

2 ≤ |α| ≤ ln(|λ1|)
ln(|λm|)

. (2.5)

Then it is enough to check the resonance conditions only for α as in Equation (2.5).

Definition 2.0.2 (Eigenvector scalings). Suppose that

‖ξ1‖ = l1, . . . , ‖ξm‖ = lm.

We refer to the collection of numbers l1, . . . , lm > 0 as the scalings of the (generalized)

eigenvectors.

The following theorem summarizes a number of basic results. Note that from this

point forward we impose the additional assumption that the differential Df(p) is

diagonalizable (see however Remark 2.0.3 below). Proofs of these results can be

extracted from the much more general discussion in [CFdlL03a].

Lemma 2.0.1. Let f : RM → RM be an invertible map and p ∈ RM be a fixed point

of f . Suppose that f is differentiable in a neighborhood of p, and assume that the
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differential Df(p) is a diagonalizable matrix. Let λ1, . . . , λm ∈ C denote the stable

eigenvalues of Df(p), and ξ1, . . . , ξm ∈ RM denote an associated choice of linearly

independent eigenvectors.

• If P : Bm
1 (0) → RM is a smooth solution of Equation (2.4) satisfying the first

order constraints given by Equation (2.2), then P is a chart map for a local

stable manifold of p.

• If λ1, . . . , λm are non-resonant, in the sense of Definition 2.0.1, then there ex-

ists an ε > 0 so that for every choice of eigenvectors with scalings s1, . . . , sm

as in Definition 2.0.2 having l1, . . . , lm ≤ ε, Equation (2.4) has a solution

P : Bm
1 (0) → RM subject to the constraints of Equation (2.2). The solution

P is unique up to the choice of the eigenvectors.

• If f ∈ Ck(RM) then P ∈ Ck(Bm
1 (0),RM) as well. k ∈ {∞, ω} are included in

this claim.

Now assume that f is analytic near p, then Lemma 2.0.1 says that for some choice of

eigenvector scalings a parameterization P solving Equation (2.4) exists, and that the

function P is analytic. It is then natural to look for a power series solution

P (θ) =
∞∑
|α|=0

pαθ
α.

P satisfies the first order constraints of Equation (2.2) if we require that

p0 = p,

and

pej = ξj, for 1 ≤ j ≤ m,

where 0 = (0, . . . , 0) ∈ Nm is the m-dimensional zero-th order multi-index and ej =

(0, . . . , 1, . . . , 0) are the standard basis vectors for Nm.

18



To work out the higher order coefficients pα with |α| ≥ 2 one expands Equation (2.4) in

terms of this power series, matches like powers of θ, and solves the resulting recurrence

equations order by order. This computation results in a homological equation of the

form

[Df(p)− λα1
1 · · ·λαmm Id] pα = Sα, (2.6)

where Sα is a function only of the coefficients pβ with |β| < |α|, and the form of Sα is

completely determined by the nonlinearity of f . Observe that Equation (2.6) provides

a linear equation for the Taylor coefficients of the unknown parameterization, and as

long as the eigenvalues are non-resonant in the sense of Definition 2.0.1, the homo-

logical equations (2.6) are uniquely solvable and the parameterization P is formally

well defined. Once Sα is known explicitly, then numerical algorithms for computing

the parameterization P are obtained by solving Equation (2.6) to the desired order.

The derivation of the homological equations are worked out in detail (and in greater

generality) in Section 3.1 of [CFdlL03a]. Nevertheless for specific examples it is

usually desirable (even necessary) to derive the homological equations from scratch

in order to obtain the explicit dependence of Sα on the lower order terms. Below,

in Section 4.3.1, we illustrate such a derivation for the composition of the Hénon

map with itself. This computation facilitates comparison of the multiple shooting

scheme of the present work with a naive application of the parameterization to the

composition map as discussed in Section 2.2.2. Other similar computations are found

in [FR81], in Sections 2.2 and 2.3 of [MJ13], and in Section 3.1 of [CMJ17].

Remark 2.0.3. These developments apply to the unstable manifold with only

the obvious changes, i.e. one considers exactly the same conjugacy given in

Equation (2.4) and is led to exactly the same homological equations as given

by Equation (2.6), the only change being that stable eigenvalues/eigenvectors

must be replaced by the unstable eigenvalues/eigenvectors. General treatment

of the parameterization method is found in the work of [CFdlL03a, CFdlL03b,

19



CFdlL05]. Several papers which focusing on numerical aspects of the param-

eterization method for stable/unstable manifolds of fixed points for maps are

[MJL10, MJ13, MJM13, MJ15, ABB16]. Many additional extensions and ap-

plications of these techniques, as well as a thorough discussion of the literature,

are found in the recent book of [HCF+16a].

Of course in a particular application it is always possible that a resonance oc-

curs. Indeed, for problems with special symmetries, or problems where we vary

a parameter, resonances are sometimes unavoidable. When there is a resonance,

it is not possible to analytically conjugate to the linear dynamics, even though

the map f is analytic. Yet this is not the end of the story, as the method can

still succeed after modifying the conjugacy. In fact, one conjugates to a poly-

nomial rather than linear map, choosing the polynomial to “annihilate” the

resonant terms. Similar remarks hold in the non-diagonalizable case, i.e. when

we have repeated eigenvalues/generalized eigenvectors. These degenerate cases

are worked out in full detail in [CFdlL03a]. The end result is that the param-

eterization method always applies, once resonances are accounted for. See also

the work of [vdBMJR16a] for numerical implementation, and a-posteriori anal-

ysis of the resonant cases. More general non-resonance conditions are studied

in [dlLMJ12].

2.0.3 A first worked example: homological equations for a fixed point of

the Hénon-2 map

The Hénon map f : R2 → R2 is the quadratic polynomial diffeomorphism of the plane

given by

f(x, y) =

 1 + y − ax2

bx

 , (2.7)
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with a, b ∈ R. The map is invertible with quadratic inverse. For much more complete

discussion see [Hén76].

In this section we consider the mapping g : R2 → R2 defined by

g(x, y) := (f ◦ f)(x, y) =

 1− a+ bx− 2ay − ay2 + 2a2x2 + 2a2yx2 − a3x4

b+ by − abx2

 ,

(2.8)

i.e. one composition of the Hénon map with itself. Our interest in this map comes

from the fact that if p0 ∈ R2 is fixed for g, but not for f , then p0 is period two for

the Hénon map. Moreover the stable/unstable manifolds of the fixed point p0 for g

are the stable/unstable manifolds for the period two orbit in Hénon.

In this section we derive, as an exercise, the homological equations associated with g.

This exercise serves two purposes. First, to review the classical use of the parameteri-

zation as a tool for studying invariant manifolds attached to fixed points. Second, the

homological equations derived here are used in Section 2.2.2 to make some compar-

isons between a naive application of the parameterization method to the composition

map and the multiple shooting parameterization method of the present work.

Let Dg(p0) denote the Jacobian differential of g at p0, suppose that λ ∈ R is a stable

(or unstable) eigenvalue of Dg(p0). Assume that Dg(p0) is diagonalizable and let

ξ ∈ R2 denote an associated eigenvector. We seek

P (θ) =
∞∑
n=0

pnθ
n =

∞∑
n=0

 un

vn

 θn,

satisfying the invariance Equation (2.4). More precisely, we require that u0

v0

 = p0, that

 u1

v1

 = ξ,

and that P is a solution of

g(P (θ)) = P (λθ). (2.9)
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Expanding both sides of Equation (2.9) as power series using Cauchy products, and

matching like powers of θ leads to bun − 2avn − a
∑n

k=0 vn−kvk + 2a
∑n

k=0 un−kuk + 2a2[v ∗ u ∗ u]n − a3[u ∗ u ∗ u ∗ u]n

bvn − ab
∑n

k=0 un−kuk



= λn

 un

vn

 , (2.10)

for n ≥ 2, and where the higher order Cauchy products are written as

[v ∗ u ∗ u]n :=
n∑
k=0

k∑
j=0

vn−kuk−juj

and

[u ∗ u ∗ u ∗ u]n :=
n∑
k=0

k∑
j=0

j∑
i=0

un−kuk−juj−iui.

To obtain recurrence relations we isolate terms of order n, many of which are locked

up in the Cauchy products. So

n∑
k=0

vn−kvk = 2v0vn +
n−1∑
k=1

vn−kvk,

and
n∑
k=0

un−kuk = 2u0vn +
n−1∑
k=1

un−kuk.

Similarly,

[v ∗ u ∗ u]n = 2v0u0un + u2
0vn + [δ(v ∗ u ∗ u)]n,

and

[u ∗ u ∗ u ∗ u]n = 4u3
0un + [δ(u ∗ u ∗ u ∗ u)]n,

where

[δ(v ∗ u ∗ u)]n :=
n∑
k=0

k∑
j=0

δnkkj vn−kuk−juj,
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[δ(u ∗ u ∗ u ∗ u)]n :=
n∑
k=0

k∑
j=0

j∑
l=0

δnkjkji un−kuk−juj−iui,

δnkkj :=



0 if k = n, and j = k

0 if k = n, and j = 0

0 if k = 0 and j = 0

1 otherwise

,

and

δnkjkji :=



0 if k = n, and j = n and i = n

0 if k = n, and j = n, and i = 0

0 if k = n, and j = 0, and i = 0

0 if k = 0 and j = 0 and i = 0

1 otherwise

.

The point is that these “delta” products are iterated Cauchy products with the terms

of order n removed.

We now isolate the terms of order n on the left hand side and obtain from Equation

(2.10) that bun − 2avn − 2av0vn + 4a2u0un + 4a2v0u0un + 2a2u20vn − 4a3u30un

bvn − 2abu0un

− λn
 un

vn

 = Sn,

(2.11)

where the sum

Sn :=

 a
∑n−1

k=1 vn−kvk − 2a2
∑n−1

k=1 un−kuk − 2a2[δ(v ∗ u ∗ u)]n + a3[δ(u ∗ u ∗ u ∗ u)]n

ab
∑n−1

k=1 un−kuk


(2.12)

has no dependence on un, vn. Moreover, noting that

Dg(x, y) =

 b+ 4a2x+ 4a2yx− 4a3x3 −2a− 2ay + 2a2x2

−2abx b

 ,

23



the left hand side of Equation (2.11) becomes b+ 4a2u0 + 4a2v0u0 − 4a3u3
0 −2a− 2av0 + 2a2u2

0

−2abu0 b

− λn
 1 0

0 1

 un

vn


= [Df(u0, v0)− λnId] pn,

confirming that the homological equations have the form claimed in Equation (2.6).

More importantly the calculation provides the explicit form of Sn, which was a-priori

unknown. Solving the homological equations

[Df(u0, v0)− λnId] pn = Sn,

for 2 ≤ n ≤ K, with Sn as defined in Equation (2.12) leads to the K-th order

polynomial approximation

PK(θ) =
K∑
n=0

pnθ
n,

of the local stable/unstable manifold attached to p0.

2.0.4 Related literature: numerical computation of local stable/unstable

manifolds and growing or continuing the global manifold

Two issues have to be considered in any discussion of computational methods for

stable/unstable manifolds. First is the local computation near the fixed/periodic

point/orbit, and second is the numerical continuation of the local patch. These two

steps have their own distinct flavors, and a growing body of literature is devoted to

each.

The simplest approximation of the local stable/unstable manifold is the linear ap-

proximation by the eigenspace mentioned already in Remark 2.0.2. The linear ap-

proximation is widely used and is sufficient for the needs of many applications. The

idea of studying an invariance equation to obtain the jets of an invariant object ap-

pears as early as the work of Poincaré (see for example the historical discussion in
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Appendix A of [CFdlL05]), and numerical methods based on this idea go back to the

work of [FR81]. See also the lecture notes of [Sim90]. Since then many authors have

expanded this research and a small (and incomplete) sample of works which focus on

high order numerical approximation of stable/unstable manifolds attached to fixed

points of maps includes [BK98, MJ13, ABB16, Jam16]. The works just mentioned

discuss many additional references. The reader interested in these techniques can

consult the recent book of [HCF+16a] for an overview of the literature, and many

generalizations to quasi-periodic solutions, their invariant sets, and applications to

ordinary differential equations.

Given a good local approximation of the stable/unstable manifold one uses contin-

uation techniques such as those discussed in [KO98a, KO98b] to increase or grow

the manifold. For the case of differential equations we also mention the method of

geodesic level sets [KO03, KO04, GV04], the method of BVP continuation of trajecto-

ries [KOD+05], the method of fat trajectories [Hen05], the PDE formulation of [GV04],

as well as the set oriented methods of [DH97]. The methods of the last reference cited

apply to maps as well. In many applications the continuation/globalization methods

just mentioned are seeded with the linear approximation of the stable/unstable man-

ifold by the associated stable/unstable eigenspace. Yet none of the methods just

mentioned depend on this: that is they could instead be seeded with larger local

patches of manifold given by some high order approximation, perhaps providing im-

proved results.

The two studies [GW11, WG13] explore the possibility of building adaptive continu-

ation methods seeded with high-order parameterizations of the local stable/unstable

manifolds. In these works the local manifold is computed to any desired order us-

ing the parameterization method (much as in the present work) and then a larger

portion of the manifold is grown by adaptively iterating a mesh composed of Bézier

triangle patches. These works illustrate nicely what can be achieved by combining
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the parameterization method with sophisticated continuation techniques.

In applications computing stable/unstable manifolds is a first step toward understand-

ing global dynamics of nonlinear systems. We refer for example to the numerical stud-

ies of global bifurcations and preturbulence for the Lorenz system [ADKO11, DKO11],

global consequences of bifurcations at infinity such as α-flips [CKO15], and global

invariant manifolds near a Shilnikov bifurcation in a laser model [AKO14]. The in-

teractions between Julia sets and stable/unstable manifolds are studied numerically

in [HKO15]. Dynamical transport and design of low energy transport in celestial me-

chanics, as discussed in [DJK+05, KLMR01, GKL+04, TFR+10, Mas05, GKL+04], is

an outstanding example of the use of stable/unstable manifolds in applications. See

also the work of [BGT10, DGR13, BGT13, DGdlLS08] on weak stability boundaries

and geometric instability in hamiltonian systems, as well the work of [RGAMGG09,

RGSMM14] on spatial structure of galaxies.

Stable/unstable manifolds appear commonly in the geometric theory of dynamical

systems as seperatrices or transport barriers. We refer for example to the work

of [LM09, LM03, LMRR08] on generalizations of Melnikov theory based on the

study of stable/manifolds and their intersections. Numerical methods for comput-

ing connecting orbits are often based on the idea of solving a boundary value prob-

lem for orbits beginning on an unstable and terminating on a stable manifold. See

for example the general numerical methods developed in [DF89, FD91, Bey90] and

also the lecture notes [Doe00]. We also refer the interested reader to the works of

[ABB16, MJ13, MJL10] for discussion of numerical methods which combine high or-

der parameterization of the local stable/unstable manifolds with shooting methods

for solving discrete time boundary value problems in order to compute connecting

orbits for maps.

Of course, the references mentioned in this section barely scratch the surface of the

relevant literature. The discussion above is only meant to provide some motivation
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and context for the present work within the existing literature.

2.1 A PARAMETERIZATION METHOD FOR PERIODIC ORBITS

Let f : RM → RM be a diffeomorphism and recall that fN denotes the composition

of the map f with itself N times (let f 0 be the identity map). A period N point for

the map f is a p ∈ RM so that

fN(p) = p,

i.e. p is a fixed point of the map fN . We say that the point p is a hyperbolic period

N point for f if p is a hyperbolic fixed point of fN , i.e. if the matrix DfN(p) has no

eigenvalues on the unit circle. We say that p has least period N if

f j(p) 6= fk(p), for 1 ≤ j 6= k ≤ N.

In both numerical and theoretical considerations of period N points it is often useful

to consider the following “multiple shooting” scheme. We introduce the variables

p = p[1], and f(p[j]) = p[j+1] for j ≥ 1 and look for solutions of the following system

of equations

f(p[1]) = p[2]

f(p[2]) = p[3]

...

f(p[N ]) = p[1]

We refer to p[1], . . . , p[N ] as a periodic orbit for f . Motivated by this system of equa-

tions we define also the mapping F : RM×N → RM×N by

F (p[1], . . . , p[N ]) =



f(p[N ])

f(p[1])

...

f(p[N−1])


. (2.13)

27



and note that if (p[1], . . . , p[N ]) ∈ RM×N is a fixed point of F , then any of the points

p[j], 1 ≤ j ≤ N is a period N point for f . Moreover if p[i] 6= p[j] for i 6= j then each

of the p[j], 1 ≤ j ≤ N has least period N .

Note that the differential of F is given by

DF (p[1], . . . , p[N ]) =



0 0 . . . 0 Df(p[N ])

Df(p[1]) 0 . . . 0 0

0 Df(p[2]) . . . 0 0

...
...

. . .
...

...

0 0 . . . Df(p[N−1]) 0


.

Moreover suppose that p = (p[1], . . . , p[N ]) ∈ RM×N is a fixed point of F , and let

λ ∈ C and ξ = (ξ1, . . . , ξN) ∈ RM×N . Then we have the following proposition.

Proposition 2.1.1. Suppose that p ∈ RMN is a fixed point of F . Then λ, ξ is an

eigenvalue/eigenvector pair for DF (p) if and only if for each 1 ≤ j ≤ N , λN , ξj is

an eigenvalue/eigenvector pair for DfN(p[j]).

Proof. Note that λ 6= 0 as f is a diffeomorphism. Moreover each of the matrices

Df(p[j]) is invertible. Starting with DF (p)ξ = λξ and rewriting it as the system:

Df(p[N ])ξN = λξ1

Df(p[1])ξ1 = λξ2

...

Df(p[N−1])ξN−1 = λξN

(2.14)

we get that:
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Df(p[j+1])Df(p[j])ξj = λ2ξj+2

...

Df(p[j−1]) · · ·Df(p[1])Df(p[N ]) · · ·Df(p[j])ξj = λNξj

i.e DfN(p[j])ξj = λNξj, by the chain rule. Reversing the computation gives the reverse

implication.

The proposition says that we recover the stability of each of the period N points p[j],

1 ≤ j ≤ N by computing the stability of the fixed point p. Note that the proof also

recovers the classic fact that if p[1], . . . , p[N ] is a periodic orbit of least period N then

each of the periodic points has the same eigenvalues. Moreover, the periodic orbit is

hyperbolic if and only if p is a hyperbolic fixed point.

2.1.1 Composition free invariance equations

Continuing the notation established in Section 2.1, let p[1], . . . , p[N ] ∈ RM be a hy-

perbolic periodic orbit of the smooth map f : RM → RM , and let µ1, . . . , µm denote

the stable eigenvalues of any of the matrices DfN(p[j]), 1 ≤ j ≤ N (as each of these

matrices has the same eigenvalues). Assume that each of the matrices DfN(p[j]),

1 ≤ j ≤ N is diagonalizable and let ξ
[j]
1 , . . . , ξ

[j]
m denote a linearly independent choice

of eigenvectors. Motivated by the above considerations for periodic points we develop

a “multiple shooting” approach to the parameterization of stable/unstable manifolds

for a period N point. Let

λj := (µj)
1
N ,

for each 1 ≤ j ≤ m.
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We look for smooth functions P [j] : Bm
1 (0)→ RM , 1 ≤ j ≤ N satisfying the first order

constraints

P [j](0) = pj, and
∂

∂θk
P [j](0) = ξ

[j]
k , (2.15)

for 1 ≤ j ≤ N and 1 ≤ k ≤ m, and solve the system of invariance equations

f
(
P [1] (θ1, . . . , θm)

)
= P [2] (λ1θ1, . . . , λmθm)

f
(
P [2] (θ1, . . . , θm)

)
= P [3] (λ1θ1, . . . , λmθm)

...

f
(
P [N−1] (θ1, . . . , θm)

)
= P [N ] (λ1θ1, . . . , λmθm)

f
(
P [N ] (θ1, . . . , θm)

)
= P [1] (λ1θ1, . . . , λmθm) ,

(2.16)

for θ1, . . . , θm ∈ Bm
1 (0).

Using multi-index notation, this is equivalent to solving for P (θ) =
(
P [1](θ), . . . , P [N ](θ)

)
in

F (P (θ)) = P (λθ)

with F defined in Equation (2.13).

The following discussion explains our interest in this system. Suppose that
(
P [1], . . . , P [N ](θ)

)
is a solution of the system of Equations (2.16). Then

f [P [1](θ1, . . . , θm)] = P [2](λ1θ1, . . . , λmθm)

so that

f
(
f [P [1](θ1, . . . , θm)]

)
= f [P [2](λ1θ1, . . . , λmθm)] = P [3](λ2

1θ1, . . . , λ
2
mθm),

or

f 2[P [1](θ1, . . . , θm)] = P [3](λ2
1θ1, . . . , λ

2
mθm).

Proceeding in this way leads to

fk[P [1](θ1, . . . , θm)] = P [k+1](λk1θ1, . . . , λ
k
mθm),
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for 1 ≤ k ≤ N − 1 and finally

fN [P [1](θ1, . . . , θm)] = P [1](λN1 θ1, . . . , λ
N
mθm),

which is

fN [P [1](θ1, . . . , θm)] = P [1](µ1θ1, . . . , µmθm).

so that P [1] satisfies the parameterization conjugacy equation for the composition map

fN . Repeating this computation for each P [j] with 2 ≤ j ≤ N gives the following.

Claim 1: If P (θ) := (P [1](θ1, . . . , θm), . . . , P [N ](θ1, . . . , θm)) solves the system of equa-

tions given by (2.16), then P [j] parameterizes the local stable manifold at p[j] for each

1 ≤ j ≤ N .

To solve the system of invariance equations we consider the case that f is analytic

and look for formal series solutions

P [j](θ1, . . . , θm) =
∞∑
|α|=0

p[j]
α θ

α,

or

P (θ) =
∞∑
|α|=0

pαθ
α, where pα =


p

[1]
α

...

p
[N ]
α

 .

We will see that if F : RMN → RMN is the map defined in Equation (2.13), and if

p = (p[1], . . . , p[N ]) ∈ RMN denotes the periodic orbit, then the coefficients of P solve

homological equations of the form

[DF (p)− λα1
1 . . . λαmm IdRMN ] pα = Sα. (2.17)

Here Sα is a nonlinear function of the coefficients {pβ} with |β| < |α|, and form of the

nonlinearity of Sα depends only on the nonlinearity of f (rather than the nonlinearity

fN). Deriving the explicit form of Sα is a problem dependent question best illustrated

in specific examples.
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Note that

λα1
1 . . . λαmm = λk,

for some 1 ≤ k ≤ N and some fixed multi-index (α1, . . . , αm) ∈ Zm if and only if

µα1
1 . . . µαmm = µk,

(Recall that µj = λNj ) with the same data, i.e. the homological Equations (2.17)

have unique solution pα for each α ∈ Nm, |α| ≥ 2 if and only if the eigenvalues of

DfN(p[j]) are non-resonant. Then the “multiple-shooting” version of the parameter-

ization method is applicable if and only if the standard version applies to the fixed

point of the composition map.

Claim 2: (real analytic parameterizations:) By choosing appropriately the eigenvec-

tors, we can always arrange that the image of the parameterizations are real. Starting

with a real eigenvalue and eigenvector of DfN(p[j]), denoted by λN , ξN = u1
[N ], it is

easy to see from the recursive equation (DfN(p[j])−λNαId)uα
[j] = Σ

[j]
α obtained from

the parameterization method that uα
[j] is real for all α. Let ξj = u1

[j] .

Indeed, starting with Equation (2.14), from the last equation we have:

ξN−1 = λDf(p[N−1])−1ξN .

Multiplying by λN−1 we have:

ξ̂N−1 := λN−1ξN−1 = λNDf(p[N−1])−1ξN ,

which is real.

From the previous equation in the system we have:

ξN−2 = λ2Df(p[N−2])−1Df(p[N−1])−1ξN ,

and so,

ξ̂N−2 := λN−2ξN−2 = λNDf(p[N−2])−1Df(p[N−1])−1ξN ,
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is again real.

By induction ξ̂j := λjξj is real for 1 ≤ j ≤ N − 1.

Now return to the homological equation (2.17) in the form :

Df(p[N ])u
[N ]
α − λαu[1]

α

Df(p[1])u
[1]
α − λαu[2]

α

...

Df(p[N−2])u
[N−2]
α − λαu[N−1]

α

Df(p[N−1])u
[N−1]
α − λαu[N ]

α


=



S
[N ]
α

S
[1]
α

...

S
[N−2]
α

S
[N−1]
α


.

Working from the last equation to the top as before, this system is reduced to the

equation:

(DfN(p[N ])− λNαId)uα
[N ] = Σ[N ]

α , (2.18)

where

Σ[N ]
α = λ(N−1)αSα

[N−1]

+ λ(N−2)αDf(p[N−1])Sα
[N−2]

+ · · ·

+
(
Df(p[N−1])Df(p[N−2]) · · ·Df(p[1])

)
Sα

[N ]

(2.19)

Remark 2.1.1. Sα
[j] depends only on u

[j]
β with |β| < |α|; and it does not depend on

u
[k]
β with k 6= j for any β.

Now by induction assume that λjβu
[j]
β is real for |β| < |α|. Then λjαS

[j]
α is real. This

is because λjαS
[j]
α is a finite number of terms of the form:

λjαu[j]
α1
· · ·u[j]

αd

where α1 + · · ·αd = α (the parts of this partition can be equal).
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Hence

λjαu[j]
α1
· · ·u[j]

αd
= λjα1u[j]

α1
· · ·λjαdu[j]

αd

is real by the induction hypothesis.

It follows from Equation (2.19) that Σ
[N ]
α is real, and since (DfN(p[N ]) − λNαId) is

real then uα
[N ] is also real ( from Equation (2.18)).

Similarly we can write:

(DfN(p[N−1])− λNαId)uα
[N−1] = Σ[N−1]

α , (2.20)

where

Σ[N−1]
α = λ(N−1)αSα

[N−2]

+ λ(N−2)αDf(p[N−2])Sα
[N−3]

+ · · ·

+
(
Df(p[N−2])Df(p[N−3]) · · ·Df(p[1])Df(p[N ])

)
Sα

[N−1]

(2.21)

(the equation for the index [N ] is shifted to the left).

Again, by induction we can establish that λ(N−1)αu
[N−1]
α is real, and similarly that

λjαu
[j]
α is real for all 1 ≤ j ≤ N − 1 and all α.

In practice, we multiply ξj = u1
[j] by ρj where ρ = λ

|λ| is an Nth root of unity (since

ρN = 1).

Later, we introduce tools to deal with non-polynomial nonlinearities which are often

referred to as automatic differentiation. Using this method the claim here extends to

non-polynomial nonlinearities as well. This argument also explicitly shows that mul-

tiplying u1
[j] by λ and recomputing uα

[j] to evaluate P̂ [j](θ) is equivalent to computing

P [j](λθ).

Claim 3: (Non-uniqueness and scaling the eigenvectors:) by choosing appropriately
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the scalings of the eigenvectors we can arrange that the Taylor series coefficients of

the parameterizations have whatever exponential decay rate we like.

To see this note that Lemma 2.0.1 tells us that solutions of Equation (2.4) are unique

up to the choice of the scalings of the eigenvectors at the fixed point. The same follows

for the system given by Equation (2.16), precisely because solutions of the system of

Equations (2.16) are equivalent to solutions of Equation (2.4) for the composition

map.

Moreover, we can work out exactly the effect of rescaling the eigenvectors on the

Taylor coefficients of the solution. To this end consider

P [k](θ1, . . . , θm) =
∞∑
|α|=0

p[k]
α θ

α,

for 1 ≤ k ≤ m solving the system of Equations (2.16), and suppose that the eigen-

vectors ξj = (p
[1]
ej , . . . , p

[N ]
ej ) has ‖ξj‖ = 1. Now choose scalings 0 < σj for 1 ≤ j ≤ m

and define the vector σ = (σ1, . . . , σm), as well as the new collection of functions

P̂ [k](θ1, . . . , θm) =
∞∑
|α|=0

p̂[k]
α θ

α,

where

p̂[k]
α = σαp[k]

α , 1 ≤ k ≤ m. (2.22)

Note that

p̂
[k]
0 = σ0p

[k]
0 = pk,

and

p̂[k]
ej

= σejp
[k]
0 = σjp

[k]
ej
,

i.e. P̂ satisfies the first order constraints given by Equation (2.15).

Now define the new variables

θ̂j =
θj
σj
,
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for 1 ≤ j ≤ m. Then

P̂ [k](θ̂1, . . . , θ̂m) =
∞∑
|α|=0

p̂[k]
α θ̂

α

=
∞∑
|α|=0

σαp[k]
α θ̂

α

=
∞∑
|α|=0

p[k]
α θ

α

= P [k](θ1, . . . , θm).

Then

P [k](λ1θ1, . . . , λmθm) = f [P [k+1](θ1, . . . , θm)]

= f [P̂ [k+1](θ̂1, . . . , θ̂m)].

Combining these observations gives that

f [P̂ [k+1](θ̂1, . . . , θ̂m)] = P̂ [k](λ1θ̂1, . . . , λmθ̂m),

i.e. that P̂ is the solution of the system given by Equation (2.16), subject to the linear

constraints with eigenvectors scaled by σ. By uniqueness, P̂ is the only such solution.

This shows that given one solution of Equation (2.16) whose Taylor coefficients are

{pα}, rescaling the eigenvectors by σ leads to a new solution of Equation (2.16) whose

Taylor coefficients are determined from {pα} by Equation (2.22).

2.1.2 Formal solution of the invariance equations

We now study the system of invariance equations (2.16) for a number of particular

example problems. Our goal is to illustrate the derivation of the homological equations

which are essential for implementing the parameterization method numerically.
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A second worked example: stable/unstable manifolds of a period 2 orbit for Hénon

using multiple shooting parameterization

In this section f : R2 → R2 denotes the Hénon map defined in Equation (2.7). Suppose

that p0, q0 ∈ R2 is a saddle type period 2 orbit for f , i.e. that

f(p0) = q0, and f(q0) = p0,

with p0 6= q0, that µ ∈ R has |µ| < 1, and ξ, η ∈ R2 have that

Df 2(p0)ξ = µξ, and Df 2(q0)η = µη,

and that the remaining eigenvalue of Df 2(p0), Df 2(q0) is unstable. Define

λ =
√
µ.

In this setting the system of invariance equations given by Equation (2.16) reduces

to

f(Q(θ)) = P (λθ)

f(P (θ)) = Q(λθ)
. (2.23)

We look for P,Q of the form

P (θ) =
∞∑
n=0

pnθ
n,

and

Q(θ) =
∞∑
n=0

qnθ
n,

require that

P (0) = p0, and Q(0) = q0,

(so that q0, p0 denote the zero-th Taylor coefficient as well as the periodic orbit), and

also that

P ′(0) = p1 = ξ, and Q′(0) = q1 = η,

so that P and Q are tangent to the correct eigenspaces.
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We will derive the explicit form of the homological equation (2.17). To this end note

that

P (λθ) =
∞∑
n=0

λnpnθ
n, and Q(λθ) =

∞∑
n=0

λnqnθ
n.

Writing

pn =

 pn,1

pn,2

 , and qn =

 qn,1

qn,2

 ,

for the components of the Taylor coefficients, and employing the Cauchy product for

power series, we have

f(P (θ)) =

 1 +
∑∞

n=0 pn,2 −
∑∞

n=0

∑n
k=0 apn−k,1pk,1∑∞

n=0 bpn,1

 ,

and

f(Q(θ)) =

 1 +
∑∞

n=0 qn,2 −
∑∞

n=0

∑n
k=0 aqn−k,1qk,1∑∞

n=0 bqn,1

 ,

Plugging these power series expansions into Equation (2.23) and matching like powers

of θ for n ≥ 2 leads to

qn,2 −
∑n

k=0 aqn−k,1qk,1

bqn,1

pn,2 −
∑n

k=0 apn−k,1pk,1

bpn,1


=



λnpn,1

λnpn,2

λnqn,1

λnqn,2


or 

qn,2 − 2aq0,1qn,1 −
∑n−1

k=1 aqn−k,1qk,1

bqn,1

pn,2 − 2ap0,1pn,1 −
∑n−1

k=1 apn−k,1pk,1

bpn,1


= λn



pn,1

pn,2

qn,1

qn,2


We move terms of order n to the left, terms of order less than n to the right, and
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observe that the dependance on pn, qn is linear. This results in the equations



0 0 −2aq0,1 1

0 0 b 0

−2p0,1 1 0 0

b 0 0 0


− λn



1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1







pn,1

pn,2

qn,1

qn,2


=



a
∑n−1

k=1 qn−k,1qk,1

0

a
∑n−1

k=1 pn−k,1pk,1

0


.

(2.24)

Letting F : R4 → R4 be the map

F (p1, p2, q1, q2) =



1 + q2 − aq2
1

bq1

1 + p2 − ap2
1

bp1


,

we see that indeed Equation (2.24) has exactly the form promised in Equation (2.17).

The point of working through the computation above is that we now know explicitly

the form of the right hand side of the homological equation, and this knowledge is

used to implement numerical algorithms.

Note that for all n ≥ 2, λn is not an eigenvalue of DF (p0, q0). This is because

we assumed that p0, q0 is a hyperbolic saddle, hence the only other eigenvalue has

absolute value greater than one. Then |λn| < |λ| < 1 for all n ≥ 2, hence λn is

never an eigenvalue. Equation (2.24) is characteristic for DF (p0, q0), and we have

that solutions exist and are unique for any right hand side and for n ≥ 2. This is a

specific instance of a more general result: namely that a saddle with exactly one stable

eigenvalue is never resonant. Solving Equation (2.24) recursively for each 2 ≤ n ≤ K

leads to the polynomial approximations

PK(θ) =
K∑
n=0

pnθ
n, and QK(θ) =

K∑
n=0

qnθ
n.

Also note that if we consider instead the unstable eigenvalues all of the comments

above go through. We discuss numerical methods further in Section 2.2.
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The homological equations for a period N point of Hénon

Suppose now that p[1], . . . , p[N ] ∈ R2 is a periodic orbit of the Hénon map with least

period N , and that µ ∈ R and ξ[1], . . . , ξ[N ] ∈ R2 have that

DfN(p[k])ξ[k] = µξ[k],

for 1 ≤ k ≤ N . Define the map

F (x1, y1, x2, y2, . . . , xN , yN) =



1 + yN − ax2
N

bxN

1 + y2 − ax2
2

bx2

...

1 + y1 − ax2
1

bx1



.

Define

λ = N
√
µ.

Note that p[1], . . . , p[N ] is a fixed point of F and that µ, ξ[1], . . . , ξ[N ] can be computed

by finding eigenvalues/eigenvectors for DF (p[1], . . . , p[N ]).

Let p0, p1 ∈ R2N be

p0 =


p[1]

...

p[N ]

 , and p1 =


ξ[1]

...

ξ[N ]

 .

We seek

P (θ) =


P [1](θ)

...

P [N ])(θ)

 ,
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solving the invariance equation, with

P [k](θ) =
∞∑
n=0

p[k]
n θ

n,

for p
[k]
n ∈ R2 for 1 ≤ k ≤ N . We write p

[k]
n = (p

[k]
n,1, p

[k]
n,2) to denote the components.

Define pn ∈ R2N by

pn =


p

[1]
n

...

p
[N ]
n

 .

A computation similar to that illustrated in detail in Section 2.1.2 shows that each

pn ∈ R2N with n ≥ 2 is a solution of the equation

[DF (p0)− λnId2N×2N ] pn = S[N ]
n ,

with S
[N ]
n defined by

S[N ]
n :=



a
∑n−1

k=1 p
[N ]
n−k,1p

[N ]
k,1

0

a
∑n−1

k=1 p
[1]
n−k,1p

[1]
k,1

0

...

a
∑n−1

k=1 p
[N−1]
n−k,1p

[N−1]
k,1

0



.

Again, we see that the linear system has unique solution for all n ≥ 2 by the assump-

tion that the orbit is hyperbolic, as λn 6= λ for any n ≥ 2. Solving the system to

order K leads to the polynomial approximation

PK(θ) :=
K∑
n=0

pnθ
n.
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Example of a two dimensional manifold for a three dimensional map: stable/unstable

manifolds for periodic orbits of the Lomeĺı Map

Consider the map f : R3 → R3 given by

f(x, y, z) =


z +Q(x, y)

x

y

 (2.25)

where Q is the quadratic form

Q(x, y) = α + τx+ ax2 + bxy + cy2.

We refer to Equation (2.25) as the Lomeĺı map. It is standard to choose parameters

normalized so that a + b + c = 1. The Lomeĺı map is a normal form for quadratic

volume preserving maps with quadratic inverse. In that sense it can be thought of

as a three dimensional generalization of the planar Hénon map. The dynamics of the

Lomeĺı map are considered in a number of studies, see for example [LM98, LLM98,

DM09, MJ13].

Now let

F (x1, y1, z1, . . . , xN , yN , zN) =



zN +Q(xN , yN)

xN

yN

z1 +Q(x1, y1)

x1

y1

...

zN−1 +Q(xN−1, yN−1)

xN−1

yN−1



.

Suppose that (p[1], . . . , p[N ]) ∈ R3N is a fixed point of F .
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We focus on the case that the orbit is hyperbolic with a complex conjugate pair of

stable/unstable eigenvalues. More precisely, assume that DfN(p[k]) has a complex

conjugate pair of eigenvalues µ, µ̄ ∈ C and let ξ[k], ξ̄[k] be an associated choice of

complex conjugate eigenvectors. Take λ, and λ̄ complex conjugates with

λ = N
√
µ, and λ̄ = N

√
µ̄.

Of course we have again that λ, λ̄, ξ[1], ξ̄[1], . . . , ξ[N ], ξ̄[N ] can be found by computing

eigenvalues/eigenvectors of DF (p[1], . . . , p[N ]).

In this case we employ complex variables and look for P [k] : C2 → C3 solving the

invariance equations

f(P [N ](z1, z2)) = P [1](λz1, λ̄z2)

f(P [1](z1, z2)) = P [2](λz1, λ̄z2)

...

f(P [N−1](z1, z2)) = P [N ](λz1, λ̄z2).

We look for solutions in the form

P [k](z1, z2) =
∞∑

n1=0

∞∑
n2=0

p[k]
n1,n2

zn1
1 zn2

2 ,

for each 1 ≤ k ≤ N where p
[k]
n1,n2 ∈ C3 for each n1, n2 ∈ N. The components are

expressed as p
[k]
n1,n2 = (p

[k]
n1,n2,1

, p
[k]
n1,n2,2

, p
[k]
n1,n2,3

) ∈ C3. We write

p0 =


p[1]

...

p[N ]

 , p1,0 =


ξ[1]

...

ξ[N ]

 and p0,1 =


ξ̄[1]

...

ξ̄[N ]

 ,

for the zero and first order Taylor coefficients, and more generally

P (z1, z2) =
∞∑

n1=0

∞∑
n2=0

pn1,n2z
n1
1 zn2

2 ,
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where

pn1,n2 =


p

[1]
n1,n2

...

p
[N ]
n1,n2

 .

Noting that

P [k](λz1, λ̄z2) =
∞∑

n1=0

∞∑
n2=0

λn1λ̄n2p[k]
n1,n2

zn1
1 zn2

2 ,

and (after using the two variable Cauchy product) that

f [P [k](z1, z2)] =

=


α +

∑∞
n1=0

∑∞
n2=0

(
p

[k]
n1,n2,3

+ τp
[k]
n1,n2,1

+ q
[k]
n1,n2

)
zn1

1 zn2
2∑∞

n1=0

∑∞
n2=0 p

[k]
n1,n2,1

zn1
1 zn2

2∑∞
n1=0

∑∞
n2=0 p

[k]
n1,n2,2

zn1
1 zn2

2


where

q[k]
n1,n2

=

n1∑
i=0

n2∑
j=0

ap
[k]
n1−i,n2−j,1p

[k]
i,j,1 + bp

[k]
n1−i,n2−j,1p

[k]
i,j,2 + cp

[k]
n1−i,n2−j,2p

[k]
i,j,2.

Matching like powers for n1 + n2 ≥ 2 leads to
p

[N ]
n1,n2,3

+ τp
[N ]
n1,n2,1

+ qNn1,n2

p
[N ]
n1,n2,1

p
(N)
n1,n2,2

 = λn1λ̄n2


p

[1]
n1,n2,1

p
[1]
n1,n2,2

p
[1]
n1,n2,3


and 

p
[k−1]
n1,n2,3

+ τp
[k−1]
n1,n2,1

+ q
[k−1]
n1,n2

p
[k−1]
n1,n2,1

p
[k−1]
n1,n2,2

 = λn1λ̄n2


p

[k]
n1,n2,1

p
[k]
n1,n2,2

p
[k]
n1,n2,3


for 2 ≤ k ≤ N , where

q[k]
n1,n2

= 2ap
[k]
0,0,1p

[k]
n1,n2,1

+ bp
[k]
0,0,1p

[k]
n1,n2,2

+ bp
[k]
0,0,2p

[k]
n1,n2,1

+ 2cp
[k]
0,0,2p

[k]
n1,n2,2

+ s[k]
n1,n2

,
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s[k]
n1,n2

=

n1∑
i=0

n2∑
j=0

δn1,n2

j,k

(
ap

[k]
n1−i,n2−j,1p

[k]
i,j,1 + bp

[k]
n1−i,n2−j,1p

[k]
i,j,2 + cp

[k]
n1−i,n2−j,2p

[k]
i,j,2

)
and

δn1,n2

j,k :=


0 if j = n1 and k = n2

0 if j = 0 and k = 0

1 otherwise

.

Letting Sn1,n2 = (S
[N ]
n1,n2 , S

[1]
n1,n2 , . . . , S

[N−1]
n1,n2 ) with

S[k]
n1,n2

=


−s[k]

n1,n2

0

0

 , (2.26)

the Taylor coefficient pn1,n2 is found by solving the homological equation

[
DF (p0)− λn1λ̄n2Id3N×3N

]
pn1,n2 = Sn1,n2 . (2.27)

Again we remark that these are always uniquely solvable in the case under consid-

eration, namely a periodic hyperbolic saddle with a complex conjugate pair. This is

because if n1 + n2 ≥ 2 then neither

λn1λ̄n2 = λ nor λn1λ̄n2 = λ̄,

are possible, and since the Lomeĺı map is volume preserving the third eigenvalue must

have opposite stability from λ, λ̄ (i.e. is unstable if they are stable or vice versa). More

generally a periodic orbit with a single complex conjugate pair of stable (or unstable)

eigenvalues cannot be resonant.

We write

PK(θ) =
K∑
n=0

n∑
m=0

pn−mmθ
n−m
1 θm2 ,

to denote the polynomial approximation obtained by solving the homological equa-

tions to order K.
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Remark 2.1.2 (Real parameterization). In the end we are actually interested in

the real dynamics of the Lomeĺı map, and require the image of P to be real. By

Considering Equation (2.27) we see that solutions have the property

pm2,m1 = pm1,m2 .

This complex conjugate property of the coefficients of P implies that if we choose

complex conjugate variables

z1 = θ + iφ, and z2 = θ − iφ,

and define the polynomial

P̂ (θ, φ) = P (θ + iφ, θ − iφ),

where P has coefficients solving Equation (2.27), then P̂ parameterizes the real local

stable/unstable manifolds associated with the periodic orbit.

Example of a non-polynomial nonlinearity: automatic differentiation for the Standard

Map

We now consider the map f : R2 → R2 given by

f(x, y) =

 x+ a sin(y)

y + x+ a sin(y)

 , (2.28)

with a ≥ 0. The map is known as the standard map, or as the Chirikov-Taylor

map, and is widely studied as a toy model of symplectic dynamics [Chi79, GMVF81,

Mac83]. For instance, the mapping exhibits dynamics similar to that of a Poincaré

section of a periodic orbit of a two freedom Hamiltonian system restricted to an

energy surface. We now derive the homological equations for the parameterization of

the stable/unstable manifold of a period N orbit of the standard map. This illustrates

the use of our method for a system with non-polynomial nonlinearities.
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Suppose that p[1], . . . , p[N ] ∈ R2 are the points of a periodic orbit of least period N ,

and assume that the orbit is hyperbolic. Let µ ∈ R and ξ[1], . . . , ξ[N ] ∈ R2 denote

the associated eigenvalue and eigenvectors. Again, we denote λ = N
√
µ and look for

solutions

P [k](θ) =
∞∑
n=0

p[k]
n θ

n,

of Equation (2.16) in this setting with

p[k]
n =

 p
[k]
n,1

p
[k]
n,2


for 1 ≤ k ≤ N .

The obvious difference between the present case and the examples discussed above

is that the Standard map has non-polynomial nonlinearity, so that f [P [k]] cannot be

evaluated directly using Cauchy products. Instead we employ a technique sometimes

called automatic differentiation for Taylor series, or simply automatic differentia-

tion [Knu81]. The idea is to exploit the fact that the sine and cosine functions are

themselves solutions of simple differential equations.

We define for each 1 ≤ k ≤ N the functions S[k], C [k] by

S[k](θ) := sin
(
P

[k]
2 (θ)

)
,

and

C [k](θ) := cos
(
P

[k]
2 (θ)

)
,

and look for the Taylor series expansions

∞∑
n=0

s[k]
n θ

n = S[k](θ),

and
∞∑
n=0

c[k]
n θ

n = C [k](θ).
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Taking derivatives we obtain

d

dθ
S[k](θ) = cos

(
P

[k]
2 (θ)

) d

dθ
P

[k]
2 (θ),

and

d

dθ
C [k](θ) = − sin

(
P

[k]
2 (θ)

) d

dθ
P

[k]
2 (θ),

which on the level of power series gives

∞∑
n=0

(n+ 1)s
[k]
n+1θ

n =

(
∞∑
n=0

cnθ
n

)(
∞∑
n=0

(n+ 1)p
[k]
n,2θ

n

)

=
∞∑
n=0

n∑
j=0

(j + 1)c
[k]
n−jp

[k]
j+1,2θ

n

and similarly
∞∑
n=0

(n+ 1)c
[k]
n+1θ

n = −
∞∑
n=0

n∑
j=0

(j + 1)s
[k]
n−jp

[k]
j+1,2θ

n.

Immediately we have that

s
[k]
0 = sin

(
p

[k]
0,2

)
and c

[k]
0 = cos

(
p

[k]
0,2

)
,

as well as

s
[k]
1 = cos

(
p

[k]
0,2

)
p

[k]
1,2 and c

[k]
1 = − sin

(
p

[k]
0,2

)
p

[k]
1,2.

Matching like powers of n for n ≥ 2 gives

s[k]
n =

1

n

n∑
j=1

jc
[k]
n−jp

[k]
j,2 = c

[k]
0 p

[k]
n,2 +

1

n

n−1∑
j=1

jc
[k]
n−jp

[k]
j,2,

and

c[k]
n =

−1

n

n∑
j=1

js
[k]
n−jp

[k]
j,2 = −s[k]

0 p
[k]
j,2 −

1

n

n−1∑
j=1

js
[k]
n−jp

[k]
j,2.

Now let

P (θ) =


P [1](θ)

...

P [N ](θ)

 .
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Then

P (λθ) =
∞∑
n=0

λnpnθ
n,

while

f [P [k](θ)] =

 P
[k]
1 (θ) + a sin

(
P

[k]
2 (θ)

)
P

[k]
1 (θ) + P

[k]
2 (θ) + a sin

(
P

[k]
2 (θ)

)


=
∞∑
n=0

 p
[k]
n,1 + as

[k]
n

p
[k]
n,1 + p

[k]
n,2 + as

[k]
n

 θn.

The n-th coefficient of this power series is p
[k]
n,1 + as

[k]
n

p
[k]
n,1 + p

[k]
n,2 + as

[k]
n

 =

 p
[k]
n,1 + ac

[k]
0 p

[k]
n,2 + a

n

∑n−1
j=1 jc

[k]
n−jp

[k]
j,2,

p
[k]
n,1 + p

[k]
n,2 + ac

[k]
0 p

[k]
n,2 + a

n

∑n−1
j=1 jc

[k]
n−jp

[k]
j,2


=

 1 ac
[k]
0

1 1 + ac
[k]
0

 p
[k]
n,1

p
[k]
n,2

+

 a
n

∑n−1
j=1 jc

[k]
n−jp

[k]
j,2

a
n

∑n−1
j=1 jc

[k]
n−jp

[k]
j,2

 .

Matching like powers in the invariance equations gives that the homological equation

has the desired form

[DF (p0)− λnId2N×2N ] pn = Bn, (2.29)

for n ≥ 2, where Bn is given by

Bn =



B
[N ]
n

B
[1]
n

...

B
[N−1]
n



and

B[k]
n =

 −a
n

∑n−1
j=1 jc

[k]
n−jp

[k]
n,2

−a
n

∑n−1
j=1 jc

[k]
n−jp

[k]
n,2

 ,

for 1 ≤ k ≤ N .

49



Note that once (p
[k]
n,1, p

[k]
n,2) are computed as the components of the solution of the n-th

homological Equation (2.29), then s
[k]
n+1, and c

[k]
n+1 are computed and stored for use

in the solution of the (n+ 1)-th homological equation. The automatic differentiation

scheme just described allow us to compute the power series coefficients of the com-

position sin(P
[k]
2 (θ)) for the cost of two Cauchy products. However, this approach

requires us to store the coefficients s
[k]
n and c

[k]
n throughout the computation.

Further remarks on automatic differentiation: nonlinearities given by the elementary

functions of mathematical physics

The procedure discussed in Section 2.1.2 can be made quite general. We elabo-

rate briefly below, but the interested reader should also consult [JZ05, Knu81, Har,

BCH+06, Tuc11] for more complete discussion. In particular, the first reference de-

scribes a general algorithmic framework for manipulation of power series manipula-

tion in nonlinear problems. The idea is that the elementary functions of mathematical

physics, comprise the nonlinear terms in many applied problems, are themselves so-

lutions of simple differential equations. This lets us extend the ideas exploited in

Section 2.1.2 to many other situations.

To formalize the discussion suppose

P (θ) =
∞∑
n=0

pnθ
n, Q(θ) =

∞∑
n=0

qnθ
n, R(θ) =

∞∑
n=0

rnθ
n,

are power series with pn, qn, rn ∈ C, for n ≥ 0. The following gives a list several useful

results for some common nonlinear functions.

• Addition: If R(θ) = P (θ) +Q(θ) then

rn = pn + qn.

• Multiplication: If R(θ) = P (θ)Q(θ) then

rn =
n∑
k=0

pn−kqk.
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• Division: If R(θ) = P (θ)/Q(θ) then

rn =
1

q0

(
pn −

n∑
k=1

rn−kqk

)
.

• Powers: If α ∈ C and R(θ) = P (θ)α then

rn =
1

np0

n−1∑
k=0

(nα− k(α + 1))pn−krk.

• The natural exponential: If R(θ) = eP (θ), then

rn =
1

n

n−1∑
k=0

(n− k)pn−krk.

• The natural logarithm: If R(θ) = logP (θ), then

rn =
1

p0

(
pn −

1

n

n−1∑
k=1

(n− k)rn−kpk.

)

• Sine and cosine: If R(θ) = sin(P (θ)) and Q(θ) = cos(P (θ)) then

rn =
−1

n

n∑
k=1

kqn−kpk,

and

qn =
1

n

n∑
k=1

krn−kpk.

See [JZ05] for proofs. Using these formulas one could apply the techniques of the

present work to any map with nonlinearities given by the elementary functions. More-

over, similar recursion can be obtained for other elementary functions such as Bessel

functions, elliptic integrals, etcetera. Moreover, techniques of automatic differentia-

tion extend to functions of several complex variables via the radial gradient method

discussed in Section 2.3.2 of [HCF+16a].
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2.2 NUMERICAL IMPLEMENTATION AND EXAMPLE COMPUTA-

TIONS

The results of the previous section lead to numerical procedures as follows: for a

period N orbit, find the m stable (or unstable) eigenvalues, and compute associated

eigenvectors. This last involves an arbitrary choice of the scalings. Suppose that

polynomial approximation to order K ≥ 2 is desired, and that the eigenvalues are

non-resonant. Then solve the homological equations in increasing order 2, 3, . . ., up

to K. This leads a collection of polynomials P
[1]
K , . . . , P

[N ]
K : Rm → RM .

The K-th order polynomials P
[j]
K : Rm → RM for 1 ≤ j ≤ N are defined on all of Rm.

Of course we cannot expect the associated truncation error to be small on all Rm, and

so we always restrict to a numerical domain on which the approximation is reasonable.

Recall that by Claim 3 from Section 2.1.1, we are free to fix the numerical domain as

Bm
1 (0) ⊂ Rm, and choose the scalings of the eigenvectors so that the polynomial is

well behaved on this domain. Evaluating the polynomials only for variables smaller

than one leads to numerically stable results.

The only remaining question is: how to choose the scalings of the eigenvectors? We

would like to choose these scalings as large as possible so as to parameterize large

regions of the stable/unstable manifold and hence learn as much as possible about

the manifolds far from the periodic orbit. On the other hand, we also want the

approximation to be reliable on Bm
1 (0). We quantify the notion of reliability by

defining the a-posteriori error associated with the polynomials P
[1]
K , . . . , P

[N ]
K to be

the positive number

εK := max
1≤j≤M

(
sup

θ∈Bm1 (0)

∥∥∥f(P
[j]
K (θ1, . . . , θm))− P [j+1]

K (λ1θ1, . . . , λmθm)
∥∥∥) , (2.30)

where we let P
[N+1]
K (θ) = P

[1]
K (θ), i.e. impose periodicity. If the a-posteriori error

associated with PK is small this means that the conjugacy is approximately satisfied
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and we are reasonable confident (but not certain) that our approximation is good.

The following describes an algorithm which, given an approximation order K and a

desired numerical numerical tolerance εtol, adaptively rescales the eigenvectors until

the scalings are as large as possible without exceeding the numerical tolerance. The

discussion in the next section sheds further light on the procedure.

• Inputs: Choose a period N orbit, and compute its eigenvectors scaled initially

to length one. Fix a tolerance εtol and a polynomial order of approximation K.

• Step 1: Compute the Taylor coefficients of P
[1]
K , . . . , P

[N ]
K by solving the homo-

logical equations to order K.

• Step 2: Evaluate the a-posteriori error εK defined in Equation (2.30). (Or as

discussed in Remark 2.2.1 below).

• Step 3: If εK < εtol then the scale is increased and step 2 is repeated. If

εtol ≤ εK then the scale is decreased.

Repeat until εK is below but within (for example) ninety five percent of εtol.

Remark 2.2.1 (Analytic norms). In practice we can obtain efficient numerical bounds

on the a-posteriori error by computing only on the level of the coefficients. In fact if

g : Cm → C is analytic on the unit poly-disk

Dm
1 (0) :=

{
z = (z1, . . . , zm) ∈ Cm | max

1≤j≤m
|zj| < 1

}
,

then by the maximum modulus principle and the triangle inequality we have

sup
θ∈Bm1 (0)

|g(θ)| ≤ sup
z∈∂Dm1 (0)

|g(z)| ≤
∞∑
n=0

|gn|,

where gn ∈ C are the powerseries coefficients of g. Note that the inequality above

holds even when one or more of the quantities are infinite. The final quantity on the
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right is an `1 norm on the Taylor coefficient, sometimes referred to as an analytic

norm.

Consider the a-posteriori error in Equation (2.30) in the case that f is a polynomial.

Then f(P
[j]
K (θ1, . . . , θm) and P [j+1](λ1θ1, . . . , λmθm) are both polynomials so that

f(P
[j]
K (θ1, . . . , θm))− P [j+1]

K (λ1θ1, . . . , λmθm) =
K̂∑
|α|=0

eαθ
α,

for some eα ∈ RM . More over the coefficients eα are computed at the cost of an

evaluation of f (on a polynomial). Then we can bound the a-posteriori error by

εK ≤
K̂∑
|α|=0

‖eα‖.

If P
[1]
K , . . . , P

[N ]
K are good approximations then the coefficients eα will be small and

this provides a good bound. If f is not a polynomial then we must include a Taylor

remainder bound in the estimates above.

2.2.1 A detailed numerical example: eigenvector scalings and the size of

the local manifold embedding

Returning to the Hénon map as defined in Equation (2.7), consider the classic pa-

rameter values of a = 1.4 and b = 0.3, and note that the points

p0 =

 −0.475800051175056

0.292740015352517

 , and q0 =

 0.975800051175056

−0.142740015352517

 ,

have f(p0) = q0 and f(q0) = p0, i.e. they provide a period two orbit. We check that

Df 2(p0) has an unstable eigenvalue of µ = −3.010100667740269 (of course this is also

a unstable eigenvalue of Df 2(q0)) and choose associated eigenvectors are

ξ[1] =

 0.807903584327622

−0.097548838689916

 and ξ[2] =

 −0.564145799517692

−0.139698029289516

 .
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Figure 2.2: Parameterized unstable manifold of a period two orbit
of the Hénon map: polynomial approximation to order K = 50
using an eigenvector of unit length. Resulting error on the order of
10−15. LEFT: the top-left (blue) curve is the manifold attached to
p0 and the bottom-right (magenta) curve is the manifold attached
to q0. Each curve is the image of the unit interval and each has arc
length approximately 1.4. RIGHT: base ten logarithm of the Taylor
coefficients as a function of order. Each Taylor coefficient is a vector
with two components and we only plot the log of the norm. Colors
in the right frame match the convention in the left frame. Coefficient
computation takes 0.004 seconds.

Taking λ =
√
µ = 1.734964169007611i we have the necessary ingredients to solve

the homological equations (2.24) and compute polynomial charts P (θ) and Q(θ) for

the local unstable manifolds of the period two orbit to any desired finite order of

approximation K.

Suppose (somewhat arbitrarily) that, given the choice of eigenvectors above, we com-

pute the parameterizations to order K = 50. We evaluate the resulting polynomials

PK and QK on the unit domain θ ∈ [−1, 1], and obtain the approximations illustrated

in the left frame of Figure 2.2. Now several remarks.

• The simultaneous computation of the 51 two dimensional Taylor coefficients

p0, . . ., p50, q0, . . ., q50 ∈ C2 of PK and QK (i.e. solution of the homological

equations to order K) takes 0.004 seconds using MATLAB R2015b on a Mac
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Pro with a 3.7 GHz quad-core Intel Xenon E5 processor. (All the computation

times discussed in the paper are attached to this desktop).

• Checking the conjugacy for each of the two manifolds at 500 uniformly spaced

sample points in [−1, 1] yields an a-posteriori error estimate of ε = 1.33×10−15.

• The image of PK (blue curve in the left frame of Figure 2.2) has arc length

∫ 1

−1

√(
d

dθ
PK,1(θ)

)2

+

(
d

dθ
PK,2(θ)

)2

dθ ≈ 1.4,

Note that since the parameterizations are given by polynomials, the arc length

integrals can be evaluated almost exactly using a power series method. Only

computing the square root of a power series – using the powers law of Section

2.1.2 with α = 1/2 – requires truncation. The arc length for QK (magenta curve

in the frame of Figure 2.2) is also approximately 1.4.

• The logarithm base 10 of the magnitude of the Taylor coefficients is plotted ver-

sus the order of the coefficient in the right frame of Figure 2.2. The coefficients

decay exponentially fast, and the coefficients of order 50 have magnitude 10−60.

A closer look at the right frame of Figure 2.2 suggests that the coefficients of the

parameterization are decaying too fast to be numerically significant after order about

K = 25. (For n ≥ 25 the magnitude of the Taylor coefficients of both polynomials is

below 10−16, i.e. below double precision machine epsilon). It is therefore reasonable

to rescale the eigenvector to get a slower decay rate. Keeping the same numerical

domain of [−1, 1] we should expect the result to parameterize a larger section of the

local unstable manifold.

Running the computations a second time, keeping K = 50, and taking

p1 = 10ξ[1], and q1 = 10ξ[2],
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Figure 2.3: Rescaled local parameterizations: polynomial approx-
imation to order K = 50 using an eigenvector of length 10. Resulting
error on the order of 10−7. New curves have arc length approximately
7.3. Color conventions as in Figure 2.2. Coefficient computation
takes 0.004 seconds.

results in the parameterizations illustrated in Figure 2.3. Again, the computation

takes 0.004 seconds and results in conjugacy error on the order of ε = 10−7. However,

the arc length of the manifolds is now about 7.3. The resulting local unstable manifold

parameterizations suggest a substantial portion of the Hénon attractor, as is seen in

the left frame of Figure 2.3. Note that in this example the Taylor coefficients initially

grow, reaching a maximum length of almost 104 before the exponential decay kicks in.

The order N = 50 coefficients have magnitude approximately 10−7, which is roughly

the magnitude of the conjugacy error.

Indeed, if we keep this scaling factor of 10, but compute the manifolds to order

N = 60, then the resulting manifolds have the same length and look exactly like the

parameterizations illustrated in the left frame of Figure Figure 2.3. But the N = 60

coefficient is on the order of 10−12 in magnitude and the resulting conjugacy error is

on the order of 10−12.

We remark that, while increasing the order of the computation past N = 60 does

lead to smaller coefficients, it does not further improve the conjugacy error. But it is
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Figure 2.4: Rescaled local parameterizations: polynomial approxi-
mation to orderN = 110 using an eigenvector of length 22. Resulting
error on the order of 10−4. New curves have arc length approximately
12.1. Color conventions as in Figure 2.2. Coefficient computation
takes 0.0085 seconds.

easy to see why. Note that the largest polynomial coefficient is on the order of 104,

so that the smallest numerically significant coefficients are those of order 10−12 (a

sixteen digit spread). To obtain more accurate results we would have to use extended

precision computations.

Figure 2.4 illustrates a final result, which seems to be near the limit of what can be

done in this example using only double precision arithmetic. The local parameteriza-

tions are computed to polynomial order N = 110, with the initial eigenvectors scaled

by a factor of 22. The curves each have arc length roughly 12.1, and the computation

takes roughly 0.0085 seconds. Conjugacy error is ε = 6.9 × 10−4 and the resulting

local manifold parameterizations uncover even more of the Hénon attractor. However

increasing the eigenvector scaling further results in polynomial approximations which

diverge visibly.

Remark 2.2.2 (Numerical implementation). The interested reader can reproduce

these results by running the program

henonPer2Ex1_paper.m
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Figure 2.5: Composition versus multiple shooting: unstable man-
ifold of p0 computed two ways. Blue curve corresponds to the pa-
rameterization computed using multiple shooting. Computational
parameters the same as reported in Figure 2.3. The black stars il-
lustrate the same manifold, computed as the unstable manifold of
a fixed point of the composition map. The results look identical,
but the composition approach takes five times as long to compute
and requires more than three hundred times as many floating point
operations. The error using the composition approach is more than
an order of magnitude worse.

available for free download at the Author’s webpage for this paper [GMJ17b]. By

changing only the variables N and scale one obtains any of the results above. The

interested reader is invited to experiment with these computations.

2.2.2 Comparison with the naive approach

The computational advantages of the multiple shooting parameterization method de-

veloped in the present work are seen clearly when we repeat the computation of

Section 2.2.1 using the naive approach. More precisely, we compute the parame-

terization of the local unstable manifold associated with the fixed point p0 of the

composition map f ◦ f = g, where g is as given in Equation (2.8).

Taking the approximation order K = 60 and iteratively solving the homological

equations developed in Section 4.3.1 results in a polynomial approximation we denote
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by RK . We compare with our earlier results for the same manifold, already reported

in Figure 2.3. Carefully choosing the scaling of the eigenvector in the computation of

RK (scaling it to 6.512 where the eigenvector in the computation of PK was scaled to

8) provides the results illustrated in Figure 2.5. The Figure makes clear the virtue of

the carefully chosen scaling: we obtain almost exactly the same local parameterization

of the unstable manifold that we had before (same in the sense of both the embedding

in phase space as well as the Taylor coefficient decay). That there exists such a choice

of scaling is not a surprise: the two method compute the same manifold.

However, the Naive computation takes about 0.035 seconds –or almost a factor of five

times as long as the computation using the multiple shooting approach – after which

we obtain only one of the two manifolds computed in Section 2.2.1. Computing both

manifolds takes ten times as long as the multiple shooting approach. In addition, the

conjugacy error is an order of magnitude worse than the multiple shooting case

The poorer run time results from the need to compute the triple and quadruple

Cauchy products appearing in the composition map (composition of the quadratic

Hénon map with itself). Indeed, a more telling comparison between the two methods

is to count floating point operations in the evaluation of the right hand sides of the

respective homological equations. Recalling Equation (2.24), the right hand side of

the homological equation for the multiple shooting method requires evaluation of only

two quadratic Cauchy products. While, by Equation (2.12), the right hand side of

the homological equation for the composition approach requires two quadratic Cauchy

products as well as a cubic and a quartic evaluation. For the computations illustrated

in Figure 2.5, evaluating the right hand side of the homological equations in the naive

approach is more than three hundred times as expensive to compute than the right

hand side for the multiple shooting parameterization method.

The interested reader can repeat these computations by running the program
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Figure 2.6: Manifolds attached to a period 95 orbit for Hénon:
classic parameter values, approximation order N = 50, and eigen-
vectors with optimal scaling. A-posteriori error held below 10−14.
Unstable manifolds are tangent to the attractor and stable mani-
folds are transversal. Colors are chosen at random.

henonPer2_withComp.m.

We remark that on many laptop and desktop computers (less powerful than the Mac

Pro) the multiple shooting method over performs the naive method by an even greater

factor than reported above.

2.2.3 Long periodic orbits for the Hénon map

One strength or our algorithm is that it applies to much higher periods than two.

Figure 2.6 illustrates the results of our procedure applied to a single orbit of period

M = 95 for the Hénon map with the classic parameters a = 1.4 and b = 0.3. The

2×95 parameterization functions are approximated to polynomial order M = 50, and

we employ the adaptive rescaling algorithm with a desired tolerance of εtol = 10−14.
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The algorithm results in an eigenvector scaling of ls = 5.37 for the stable and lu = 2.74

for the unstable manifold.

Remark 2.2.3 (Finding orbits of long period). We find periodic orbits (long or

otherwise) for the Hénon map as follows. We pick any point “near” the attractor

(say x = 0, y = 1) and iterate a large number of times (say K = 105 or more).

Ignoring the first, say one hundred points on the resulting orbit segment, we have

a collection of points near the attractor. We now search this collection for orbits

which are approximately period M for every 2 ≤M ≤Mmax. For the Hénon map we

typically take Mmax < 100.

When we find an orbit segment which is approximately period M we run a Newton

method to obtain a better orbit. We also check that the orbit we obtain has not

already been found. If the orbit is new, that is if M is the least period of the orbit,

then we add it to our list. This is a typical search procedure based on the notion

that the dynamics on the attractor are uniquely ergodic, hence single long orbit

should convey the same information as sampling “uniformly” over the attractor. The

procedure just described was also used to find the orbits discussed in Remark 1.0.2

and illustrated in Figure 1.1.

2.2.4 Long periodic orbits in the standard map

In this section we consider several example results for the Standard map given by

Equation (2.28) with a = 2.1, i.e. far from the integrable/perturbative case. Recall

that this map has transcendental nonlinearity given by the sine function. Once we

choose a periodic orbit of period M we compute the Taylor coefficients by solving the

homological equations given by Equation (2.29). For example, the top frame of Figure

2.7 illustrates the local unstable manifolds attached to a period 4 point approximated

to polynomial order N = 200. The eigenvector is scaled to l = 1.6.
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Figure 2.7: The standard map with a = 2.1: elliptic island near
the fixed point at (0, π). The green points illustrate the dynamics of
“typical orbits” and are obtained by simply iterating a large num-
ber of sample points. Viewing the hyperbolic dynamics requires a
more deliberate approach. TOP: local stable and unstable manifolds
attached to a period four orbit. BOTTOM: local stable and unsta-
ble manifolds attached to a period twenty five orbit. Inlay zooms
in around a secondary torus and illustrates homoclinic intersection
points. Unstable manifolds are blue and stable manifolds are red.
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The bottom frame of Figure 2.7 illustrates the stable/unstable manifolds attached

to a period 25 orbit of the Standard map, again approximated to polynomial order

N = 200. The stable and unstable manifolds are scaled by lu = 0.95 and ls = 0.98

respectively. The inlay in the figure “zooms in” on one of the KAM islands (or

secondary tori) surrounding the primary family of invariant circles in the standard

map. This island shows yet another layer of islands (or tertiary tori) and our period

25 orbit is the hyperbolic “twin” of the (presumed) period 25 elliptic orbit in the

center of the tertiary tori. The local stable/unstable manifolds parameterized here

already show homoclinic intersections.

The interested reader can repeat these computations by running the programs

standardMapPaperEx_per4.m

and

standardMapPaperEx_per25.m.

Remark 2.2.4 (Finding long periodic orbits for the standard map). The standard

map is an area preserving map, hence it has no non-trivial attractor. The full map is

not uniquely ergodic, and the strategy described in Remark 2.2.3 will not work. More-

over, simply sampling the phase space can be misleading, as there are many invariant

circles which will be hard to distinguish from long periodic orbits numerically.

The orbits in the examples above were found by “inspecting” the phase space portrait

and looking for interesting features. For example, looking only at the green points in

Figure 2.7, the dominant feature is the period four KAM islands around the primary

family of circles about the origin.

Standard results for area preserving maps tell us to expect an elliptic period four orbit

in the middle of these islands, and also that the elliptic period four point should have

an associated twin: that is, there should be a hyperbolic period four orbit nearby.
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Figure 2.8: Quasi-periodic invariant objects for the Lomeĺı Map:
TOP LEFT: period four invariant tori encircled by invariant circles.
MIDDLE RIGHT: same tori with longer invariant circles. BOT-
TOM: period one invariant torus encasing the period four structure.
All of these invariant structures were located by phase space sam-
pling.

Simply inspecting the picture suggests that one point near this orbit is x = −0.5,

y = 2.5. We run a Newton method with this as the initial condition and obtain the

hyperbolic period 4 point accurate to machine precision. Computing the eigenvectors

and solving the homological equations is straight forward. The initial guess for the

period 25 orbit was obtained in the same manner.

2.2.5 Period four vortex bubble in the Lomeĺı map

In the planar examples mentioned in the previous sections, one can learn a great deal

about the dynamics of the system simply by phase space sampling. For example,

iterating almost any initial point in the plane for long enough under the Hénon map
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Figure 2.9: Hyperbolic invariant objects for the Lomeĺı map: TOP
LEFT: 2d local stable/unstable manifolds of the fixed points. Quasi
periodic invariant tori (period one and four) seen inside. TOP
RIGHT: 1d stable/unstable manifolds attached to the fixed points
(green and yellow spheres). Also 1d and 2d stable/unstable man-
ifolds attached to the period four points. BOTTOM: the sta-
ble/unstable manifolds of fixed points and period four orbit along
with the period four invariant tori.

yields the familiar picture of of the attractor. Similarly, the green points in Figures

2.7 give a reasonable impression of the dynamics is the standard map for a = 2.1.

For dissipative maps of R3 things are not so different. Such maps typically have

attractors, and simply iterating a collection of points provides a good picture of the

dynamics. For volume preserving maps of R3 the situation is somewhat less clear.

Consider for example the Lomeĺı map given by Equation (2.25). Plotting a typical
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bounded orbit of the system leads to an amorphous blob. And plotting many such

orbits results a “thick” point cloud that may tell us very little. The system; however,

does admit many invariant tori.

Figure 2.8 for example illustrates a number of orbits for the system with parameters

a = 0.5, b = −0.5, c = 1, τ = 1.333333333, and α = 0.3444444444. These orbits

illustrate some period four invariant tori, secondary period four tori (or invariant

circles?) about these, and finally a single invariant torus enclosing the entire structure.

For each object we are simply iterating a single point which is presumably near the

invariant torus or circle, and we do not have a parameterization of the tori.

Moreover, these orbits are not “typical”: rather they were identified by eye as “inter-

esting” results from a rather larger sampling of phase space. Such a search is both

time consuming and ad-hoc. Nevertheless it yields some interesting period four struc-

ture. The reader interested in the dynamics of the Lomeĺı map may want to review

the works of [LM98, LLM98, MJL10, DM09, MJ13, CMJ17]. Indeed the period four

tori discussed here are also seen in the forth reference just cited.

This strategy, simply iterating points and examining the results for structure, will not

directly tell us anything about hyperbolic objects. However, based on these results

we can guess that there should be a pair of hyperbolic period four points near the top

and bottom of the opening of the period four torus. Similarly we can guess (or work

out directly by hand) that there is a pair of fixed points near the top and bottom of

the opening of the larger surrounding torus.

Once we have located the period four points (or fixed points) then it is a simple proce-

dure to compute the corresponding eigenvectors and solve the homological equations

for the one and two dimensional stable/unstable manifolds attached to them. The

results are illustrated in Figure 2.9. These parameterized local manifolds, when com-

bined with the quasi-periodic structures found through phase space sampling, provide
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substantial insight into the phase space structure of the system.

The interested reader can repeat these computations by running the program

lomeliPerMScript2D.m

We remark that the computations for the two dimensional manifolds have not been

optimized for speed, but that the computations run in less than a minute.

2.3 CHAPTER 2 CONCLUSIONS AND FUTURE WORK

This chapter presents a framework for efficient and automatic high-order computation

of polynomial approximations of local stable/unstable manifolds attached to periodic

orbits of maps. We gave example computations illustrating the application of our

method to long periodic orbits (up to period one hundred or more) to maps with

non-polynomial nonlinearities, and to manifolds of dimension one and two (though

in principle our techniques apply to manifolds of any dimension). Several features of

the method are that it recovers the dynamics on the manifold, that it can follow folds

in the embedding, and that it admits a natural notion of a-posteriori error.

We also compared the multiple shooting parameterization method with a naive appli-

cation of the parameterization method for fixed points of the composition map. Here

we see clearly that while both methods to compute the local manifolds accurately,

the multiple shooting approach is much more efficient in terms of runtime, floating

point operations, and accuracy. Moreover, from the point of view of implementation,

a major advantage of the multiple shooting approach is that – regardless of the period

of the orbit – we only deal with the nonlinearity of the original map. If on the other

hand we compute compositions we face exponential growth of the complexity of the

nonlinearity.

In practice the high order parameterizations developed here are often “global enough”
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to uncover homoclinic connections. This suggests that the method could be helpful

in computer assisted existence proofs.

Indeed, it seems possible to combine the techniques of [GZ07] with the recent work of

[Jam16, dlLMJ12] and the parameterization method of the present study to obtain

computer assisted proofs of homoclinic and heteroclinic connecting dynamics for in-

finite dimensional systems. An approach founded on this intuition is pursued in the

next Chapter.

Another interesting project would be to apply the methods of the present work to

the difficult stable/unstable manifold computations of the period 5 point discussed

in [BW14]. Unfortunately the explicit form of the map used for that study is not

given in the reference (however the authors remark that the map is an 11-th order

polynomial, a fact which already suggests that the multiple shooting approach of the

present work could be a great help).

In addition, it would be interesting to apply rigorous globalization methods such

as those of [WBG+10, NBGM08] to grow the local manifolds studied here. This

could lead to a better understanding of the connecting orbit structure and topological

entropy for discrete time systems.
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CHAPTER 3

COMPUTER ASSISTED PROOFS FOR MANIFOLDS OF

DIFFEOMORPHISMS

The work presented in this Chapter will appear in a future publication with title

“Computer assisted proof of Arnold diffusion in a simple model of time varying per-

turbations”, with Maciej Capinski, Jean-Pierre Marco and J.D Mireles-James.

Here we develop a general framework to bound the truncation errors in our param-

eterization approximation. The novelty of the approach developed here is that we

work directly with the transcendental nonlinearity rather than replacing it with an

equivalent but higher dimensional polynomial system. This requires bounding cer-

tain trigonometric functions as nonlinear operators on the space of infinite sequences.

This extra work is justified as the appended equations in this case would be differen-

tial equations, and the introduction of differential operators complicates the analysis

unnecessarily.

Specifically, after computing PN =
∑N
|α|=0 pαθ

α as described in the previous chapter,

we bound the error

H(θ) = P (θ)− PN(θ)

on a suitable Banach space of infinite sequences.

We demonstrate the application of this machinery for manifolds of the standard map

which was discussed in the previous Chapter.

f(x, y) =

 x+ y + α sin (x)

y + α sin (x)

 . (3.1)
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We briefly recall the set up of the parameterization method for manifolds associated

with the hyperbolic fixed point p = (0, 0).

Let λ > 0 denote the unstable eigenvalue of p = (0, 0), and ξ ∈ R2 denote an

associated eigenvector. To solve Equation (2.4) we begin by making a power series

ansatz, that is we look for P (θ) in the form

P (θ) =

 P1(θ)

P2(θ)

 =

 ∑∞
n=0 anθ

n∑∞
n=0 bnθ

n

 . (3.2)

Imposing the first order constraints given by Equation (2.2) leads to the conditions

P (0) =

 a0

b0

 = p, and P ′(0) =

 a1

b1

 = ξ.

The higher order terms are obtained by a power matching argument. Note that

P (λθ) =

 ∑∞
n=0 λ

nanθ
n∑∞

n=0 λ
nbnθ

n


and, since f is analytic at p, we can write

f(P (θ)) =
∞∑
n=0

fnθ
n,

where

fn =

 an + bn + αsn

an + αsn


are the power series coefficients of the composition. Here sn = [sin(P1)]n are the

power series coefficients of the composition sin(P1(θ)).

Matching like powers in Equation (2.4) leads to an + bn + αsn

an + αsn

 =

 λnan

λnbn

 (3.3)

for n ≥ 2.
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3.0.1 Reformulation in a Banach space of infinite sequences

Consider the vector space of infinite sequences of complex numbers equipped with

the ν > 0 weighted l1 norm. That is, let

`1
ν := {a = {ak}|k|≥0 : ‖a‖1,ν <∞},

where

‖a‖1,ν =
∑
|k|≥0

|ak|νk,

for ν > 0. It is a simply exercise to show that `1
ν is a Banach space.

`1
ν is also naturally related to the space of analytic functions C∞(Bν(0)) in the sense

that if a ∈ `1
ν then f(z) =

∑
n≥0 anz

n is analytic on Bν(0), and continuous on Bν(0). A

partial converse (which plays little role in the work to follow) is that if f ∈ Cω(Br(0))

then the power series coefficients of f are in `1
ν for all ν < r.

Now, with 0 < r < 1 let g(r) := (1, r, ..., rn, ...) denote the infinite sequence of power

series coefficients of the function

g(z) =
1

1− rz .

In general, for f(z) =
∑

n≥0 anz
n ∈ Cω(Br(0)) we define the map [·] : Cω(Br(0))→ `1

ν

where ν < r by

[f ] = (a0, a1, ..., an, ...),

and note that [·] is a bounded linear operator. Similarly, for a = (a0, a1, ..., an, ...) ∈ `1
ν

define the mapping 〉 · 〈 : `1
ν → Cω(Bν(0)) by

〉a〈=
∑
n≥0

anz
n,

and note that 〉[·]〈: Cω(Br(0)) ↪→ Cω(Bν(0)) is a retraction.

For a, b ∈ `1
ν define the Cauchy product a ∗ b ∈ `1

ν by

(a ∗ b)n =
n∑
k=0

akbn−k.
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Since a ∗ b = b ∗ a and

‖a ∗ b‖1,ν ≤ ‖a‖1,ν‖b‖1,ν ,

for all a, b ∈ `1
ν , we have that the pair (`1

ν , ∗) is a Banach algebra.

Lemma 3.0.1. Suppose that a ∈ `1
ν. Then [(〉a〈)m] ∈ `1

ν for any m.

Proof. For a ∈ `1
ν consider

‖[(〉a〈)m]‖1,ν =
∞∑
n=0

|[(〉a〈)m]n|νn

≤
∞∑
n=0

(
∑

l1+...lm=n

|al1|νl1 ...|alm|νlm)

≤ ‖a‖m.

(3.4)

In fact more is true.

Lemma 3.0.2. The map [(〉a〈)m] : `1
ν → `1

ν is Fréchet Differentiable.

Proof. Suppose that a ∈ `1
ν and consider

[om(h)]n := [(〉a+ h〈)m]n − [(〉a〈)m]n −
( ∑
l1+...lm=n

hl1(al2 ...alm) + ...+ hlm(al1 ...alm−1)
)
,

(3.5)

Note that A defined by [Ah]n =
∑

l1+...lm=n hl1(al2 ...alm)+ ...+hlm(al1 ...alm−1) is linear

and

‖Ah‖1,ν =
∞∑
n=0

|[Ah]n|νn

≤
∞∑
n=0

|
∑

l1+...lm=n

hl1ν
l1(al2ν

l2 ...almν
lm) + ...+ hlmν

lm(al1ν
l1 ...alm−1ν

lm−1)|

≤ m‖a‖m−1
1,ν ‖h‖1,ν

(3.6)
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Hence A is bounded.

It is also easy to see from this type of computation that

‖om(h)‖1,ν ≤
(
m

2

)
‖h‖2

1,ν‖a‖m−2
1,ν + ...+ ‖h‖m1,ν (3.7)

It follows that A = D[(〉a〈)m].

Lemma 3.0.3. Suppose that f(z) =
∑

n≥0 fnz
n is an entire function. Then [f(〉 · 〈)] :

`1
ν → `1

ν for any ν > 0.

Proof. Let a ∈ `1
ν . Notice that g(z) =

∑
n≥0 |fn|zn is also entire. Hence,

‖[f(〉a〈)]‖1,ν =
∞∑
n=0

|[f(〉a〈)]n|νn

≤
∞∑
n=0

|
∑
k

fk[(〉a〈)k]n|νn

≤
∑
k

|fk|
∞∑
n=0

|[(〉a〈)k]n|νn

≤
∑
k

|fk|‖a‖k1,ν <∞.

(3.8)

Lemma 3.0.4. Suppose that f is entire. Then [f(〉 · 〈)] : `1
ν → `1

ν is Fréchet differen-

tiable.

Proof. First notice that g(k)(z) is also entire for g(z) =
∑

n≥0 |fn|zn. Now consider,

[f(〉a+ h〈)]n − [f(〉a〈)]n =
∑
k

fk[(〉a+ h〈)k]n −
∑
k

fk[(〉a〈)k]n

=
∑
k

fk
(
[D[(〉a〈)k]h]n + [ok(h)]n

)
= [Ah]n +

∑
k

fk [ok(h)]n,

(3.9)
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with A : `1
ν → `1

ν given by

[Ah]n =
∑
k

fk[D[(〉a〈)k]h]n,

and where

‖ok(h)‖1,ν

‖h‖1,ν

→ 0,

as ‖h‖1,ν → 0 (a bound for ‖ok(h)‖1,ν is given by (3.7)).

First notice [Ah]n is well-defined. Indeed, with n fixed and amax = max{a0, ..., an},

hmax = max{h0, ..., hn} we have that

|[Ah]n| ≤
∑
k

k|fk|
(
n+ k − 1

k − 1

)
hmaxa

k−1
max

=
hmax
n!

∑
k

|fk|k(n+ k − 1)...(k)ak−1
max

≤ hmax
n!

∑
k

|fk|(n+ k)(n+ k − 1)...(k)ak−1
max

=
hmax
n!

(
zng(z)

)(n−1)

(amax).

(3.10)

Now notice that A is linear and that

‖Ah‖1,ν ≤
∑
k

|fk|‖D[(]a[)k]h‖1,ν

≤ ‖h‖1,ν

∑
k

k|fk|‖a‖k−1
1,ν

(3.11)

It follows that A is bounded since g′ is entire .

Finally, observe that

‖∑k fk ok(h)‖1,ν

‖h‖1,ν

≤
‖h‖2

1,ν

∑
k |fk|

((
k
2

)
‖a‖k−2

1,ν + ...+ ‖h‖k−2
1,ν

)
‖h‖1,ν

≤ ‖h‖1,ν

∑
k

|fk|(k − 2)

(
k

2

)
‖a‖k−2

1,ν

≤ ‖h‖1,ν‖a‖1,ν

2

∑
k

|fk|(k)(k − 1)(k − 2)‖a‖k−3
1,ν .

(3.12)

The second inequality follows after observing that the function
(
k
x

)
‖a‖k−x1,ν ‖h‖x−2

1,ν is

decreasing for a fixed k and 2 ≤ x ≤ k whenever ‖h‖1,ν < ‖a‖1,ν . The sum after the

third inequality converges since g(3) is entire. Hence A = D[f(〉a〈)].
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In light of the Lemmas above, define the Fréchet differentiable map S : `1
ν → `1

ν by

S(a) = [sin(〉a〈)],

and reformulate Equation (3.3) as a fixed point problem on X = `1
ν × `1

ν through the

mapping Φ : X → X defined as

Φ(a, b) := g

(
1

λ

) a+ b+ αS(a)

b+ αS(a)

 . (3.13)

Suppose that the parameterization has been recursively computed up to order N as

described in the previous Chapter, i.e a and b have been computed up to order N .

Our goal is now to compute rigorous error bounds on the tail. We construct a map

in terms of the tail of these sequences and show that it is a contraction in a small

neighborhood of zero.

For this purpose we define the following spaces:

XN
1,ν := {a = (ak) ∈ `1

ν : ak = 0 for k ≥ N + 1}

and X∞1,υ as the complement of XN
1,ν in `1

ν . Notice that XN
1,ν is not closed under ∗;

however, it is a Banach space with a truncated Cauchy product ∗N defined as:

(a ∗N b)n =


(a ∗ b)n for 0 ≤ n ≤ N

0 for n > N

.

On the other hand, X∞1,ν is a bona-fide Banach algebra under ∗, as shown explicitly

in [Jam17]. The observations above are clear when we think in terms of the Cauchy

product of power series. That is, the product of two N -th order polynomials is not

an N -th order polynomial, but rather a polynomial of order 2N . On the other hand

the product of two power series which are zero to order N is itself a power series zero

to order N .
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Let ΠN : `1
ν → XN

1,ν ⊂ `1
ν and Π∞ : `1

ν → X∞1,ν be the maps given by

ΠN(a)n =


an 0 ≤ n ≤ N

0 n ≥ N + 1

,

and

Π∞(a)n =


0 0 ≤ n ≤ N

an n ≥ N + 1

,

and observe that these define bounded linear projection operators on `1
ν . We write

ΠN(a) = aN and Π∞(a) = a∞, and have that a = aN + a∞ for any a ∈ `1
ν . We also

write

Φ(a, b) = ΦN(a, b) + Φ∞(a, b),

where ΦN = (ΠNΦ1,Π
NΦ1) and Φ∞ = (Π∞Φ1,Π

∞Φ2).

Let aN , bN be the computed coefficient sequences defined by solving the Homological

equations to order N , and Note that (aN , bN) is a fixed point of ΦN .

Finally, set T (a∞, b∞) = Φ∞(aN + a∞, bN + b∞). That is

T (a∞, b∞) = g∞(
1

λ
)

 a∞ + b∞ + αΠ∞S(aN + a∞)

b∞ + αΠ∞S(aN + a∞)

 , (3.14)

where aN ∈ XN
ν,1 is fixed. Observe that (a, b) ∈ X is a fixed point of Φ if and only if

a = aN + a∞, and b = bN + b∞,

with (a∞, b∞) a fixed point of T .

3.0.2 A-posteriori analysis via the contraction mapping theorem

The following proposition provides verifiable hypotheses, suitable for implementation

in computer assisted proofs, for the existence of a fixed point of a Fréchet differentiable

operator.
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Proposition 3.0.1. Let X be a Banach space, x̃ ∈ X, and suppose that T : X → X

is a Fretchet differentiable mapping. Suppose that Y is a positive constant and that

Z : (0,∞)→ (0,∞) is a positive function such that

‖T (x̃)− x̃‖ ≤ Y

and that

sup
x∈Br(x̃)

‖DT (x)‖ ≤ Z(r)

for all r > 0. If there is r > 0 so that

(Z(r)− 1)r + Y ≤ 0,

then there is a unique x∗ ∈ Br(x̃) with T (x∗) = x∗

An elementary proof is found for example in [Yam98]. See also [DLM07, Les07,

vdBL08].

We now proceed to compute z0 and Z1(r) in order to apply Theorem 3.0.1 with

x̃ = 0 ∈ X. We begin by computing the norm

‖T (0, 0)‖1,ν ≤
α

λN
‖Π∞S(a)‖1,ν =

α

λN

∑
n>N

|sn|νn,

and use the composition of the Taylor expansions of Sine and P to obtain bounds for

this norm. We remark that this is not the best approach for numerical computations

(automatic differentiation is much more efficient), but for the purpose of computing

the necessary bounds it suffices without forcing us to append the system of differential

equations solved by C and S.

With P1 =〉a〈, note that

sn = [sin(P1)]n =
∞∑
k=0

(−1)k[P 2k+1
1 ]n

(2k + 1)!
.
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and by (3.4)

‖Π∞S(a)‖1,ν ≤
∑
n>N

∞∑
k=0

∣∣[P 2k+1
1 ]n

∣∣
(2k + 1)!

νn

=
∞∑
k=0

1

(2k + 1)!

∑
n>N

∣∣[P 2k+1
1 ]n

∣∣ νn
≤

∞∑
k=0

‖a‖2k+1
1,ν

(2k + 1)!
= sinh(‖a‖1,ν).

(3.15)

which implies that

‖T (0, 0)‖X∞1,ν ≤
α

λN
sinh(‖aN‖1,ν) =: Y (3.16)

Noting that ‖DT‖ ≤ max
1≤j≤2

2∑
k=1

‖DkT
j‖, we have

D1T (a∞, b∞)h =

 g∞( 1
λ
)h+ αg∞( 1

λ
)DΠ∞(S(aN + a∞))h

αg∞( 1
λ
)DΠ∞(S(aN + a∞))h


and

D2T (a∞, b∞)h =

 g∞( 1
λ
)h

g∞( 1
λ
)h

 .

Consider the term DΠ∞(S(aN + a∞))h with h ∈ X∞1,ν . We now carry out the compu-

tation in 3.11 for f(z) = sin(z) and have that

[DS(a)h]n =
∞∑
k=0

(−1)k[D[P 2k+1
1 ]h]n

(2k + 1)!
.

Using (3.6) it follows that

‖DS(a)h‖1,ν ≤ cosh(‖a‖1,ν)‖h‖1,ν . (3.17)

Finally we get the bound

‖DT‖ ≤ 2

λN
+

α

λN
cosh(‖aN‖+ r) =: Z(r) (3.18)
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3.0.3 The stable manifold

Observe that the bounds obtained in the previous section will not work for the stable

manifold. To overcome this problem, we rewrite f(Ps) = Ps(λsθ) as f−1(Ps(θ)) =

Ps(1/λsθ) and because f is symplectic in this case, we have λs = 1
λu

.

Proceeding as before with

f−1(x, y) =

 x− y

y − α sin (x− y)


we obtain the equations  an

bn

 =
1

λn

 an − bn
bn − αsn

 (3.19)

where λ is the unstable eigenvalue and sn = [sin(P1 − P2)]n. Then similarly to the

case of the unstable manifold we obtain

T (a∞, b∞) = g∞(
1

λ
)

 a∞ − b∞

b∞ − αΠ∞s(aN − bN + a∞ − b∞)

 (3.20)

In this case

Y =
α

λN
sinh(‖aN − bN‖1,ν). (3.21)

Considering the derivatives leads to

D1T (a∞, b∞)h =

 g∞( 1
λ
)h

−αg∞( 1
λ
)D1Π∞s(aN − bN + a∞ − b∞)h

 ,

and

D2T (a∞, b∞)h =

 −g∞( 1
λ
)h

g∞( 1
λ
)h− αg∞( 1

λ
)D2Π∞s(aN − bN + a∞ − b∞)h

 .

Then

Z(r) =
1

λN
+

2α

λN
cosh(‖aN − bN‖1,ν + 2r). (3.22)
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3.0.4 Validated intersections of the parameterized stable/unstable man-

ifolds

To obtain computer assisted proof of the existence of transverse homoclinic connec-

tions we follow the procedure developed in [MJM13]. We remark that the advantage

of this method is that, since it is exploits C2 bounds on the parameterizations and

is based on a Newton-Cantorovich theorem, it obtains transversality for free. That

is, the transversality of the intersection between the stable and unstable manifolds is

equivalent to the non-degeneracy of the zero of the Newton map. The details are in

[MJM13].

We recall the setup. An approximation of a connecting orbit is found by numerically

solving FN = 0 with

FN(θu, x1, ..., xn, θs) =



PN
u (θu)− x1

f(x1)− x2

...

f(xn−1)− xn
f(xn)− PN

s (θs)


.

For example, the equation can be solved using Newton’s method, where

DFN(θu, x1, ..., xn, θs) =



DPN
u (θu) −I2 0 ... 0

0 Df(x1) −I2 ... 0

...

0 ... Df(xn−1) −I2 0

0 ... 0 Df(xn) −DPN
s (θs)


.

Rigorous bounds for the orbit are obtained using the following version of the Newton-

Cantorovich theorem.

Theorem 3.0.1. Let U ⊂ Rn be an open set, x̃ ∈ U , A an n×n matrix, r∗ > 0 such

that Br∗(x̃) ⊂ U , and F : U → Rn be twice continuous differentiable. Suppose that
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Y0, Z0 are positive constants and Z2(r) : (0,∞)→ [0,∞) such that

‖AF (x̃)‖ ≤ Y0,

‖Id− ADF (x̃)‖ ≤ Z0,

‖A‖‖DF (x)−DF (x̃)‖ ≤ Z2(r)r, ∀x ∈ Br∗(x̃) and r ≥ 0.

If there is 0 < r ≤ r∗ such that Z2(r)r2− (1−Z0)r+Y0 ≤ 0, then A is invertible and

there exists a unique x∗ ∈ Br∗(x̃) such that F (x∗) = 0.

In applying Theorem 3.0.1 it is important to keep in mind that we are not able to

compute with F but only with FN . The difference between the two maps involves

the truncation of the parameterizations of the stable/unstable manifolds, and is man-

aged via the following Lemmas. Again, it is important that we can easily compute

mathematically rigorous bounds on the tail of Ps,u and its derivatives.

Lemma 3.0.5. Let U ⊂ Rn be an open set, x̃ ∈ U , A an n× n matrix, r∗ > 0 such

that Br∗(x̃) ⊂ U , and F : U → Rn be continuous differentiable. Moreover, assume

that F (x) = FN(x) +H(x) where ‖H‖ < h0,‖DH‖ < h1,

‖A‖‖DH(x)−DH(x̄)‖ ≤ ‖A‖h2r, ∀x ∈ Br∗(x̃) and r ≥ 0

and there are positive constants Y N
0 , ZN

0 and ZN
2 (r) : (0,∞)→ [0,∞) such that

‖AFN(x̃)‖ ≤ Y N
0

‖Id− ADFN(x̃)‖ ≤ ZN
0

‖A‖‖DFN(x)−DFN(x̃)‖ ≤ ZN
2 (r)r, ∀x ∈ Br∗(x̃) and r ≥ 0

then

Y0 = Y N
0 + ‖A‖h0

Z0 = Y N
0 + ‖A‖h1

Z2 = Y N
0 + ‖A‖h2

satisfy the assumptions of Theorem 2
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To apply the above Lemma we set F = FN +H with

H(θu, x1, ..., xn, θs) =



Hu(θu)

0

...

0

Hs(θs)


where Pu(θ) = PN

u (θ) + Hu(θ) and Ps(θ) = PN
s (θ) + Hs(θ) and let A = DFN(z̃)−1

where z̃ is the computed connecting orbit, then compute Y N
0 and ZN

0 using interval

arithmetic.

To find ZN
2 (r) we simply apply the Mean Value Theorem which is available in this

case:

|DPN(θ)−DPN(θ∗)| ≤ |D2PN(ζ)|r ≤ r
N∑
n=2

n(n− 1)|an|ζn−2
θ

where ζθ = sup
θ∈Πθ(Br∗ (z̃))

|θ| and

|Df(y)−Df(y∗)| ≤ αζyr

with sup
y∈Πy(Br∗ (z̃))

| sin(y)| ≤ ζy = 1.

The h0 bound is obtained by rigorously bounding the errors in the approximation of

P (θ) for the unstable manifold and the stable manifold using the methods presented

in the previous section. The following lemma, whose proof is found in [Jam17], is

used to find the h1 and h2 bounds and requires giving up a portion of the domain of

analyticity of the parameterizations Ps,u.

Lemma 3.0.6 (Cauchy bounds). Let ν > 0, and a = {an}n≥0 ∈ `1
ν . Let 0 < σ ≤ 1

and ν1 = e−σν. Then

sup
z∈Bν1 (0)

∣∣∣∣ ∂∂zf(z)

∣∣∣∣ ≤ 1

νσ
‖a‖1,ν .

where f =〉a〈.
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3.0.5 Validated results

The manifolds were computed to order N = 30, ν = 1, ν1 = 0.141616282620821. The

combined runtime for the Pu and Ps computation is 2.489295 seconds. The interval

arithmetic Matlab package Intlab developed by Siegfried M. Rump in [Rum99] is

used to perform the rigorous computations. We prefer the midrad format to present

the interval approximations of the computed quantities. The rigorous errors bounds

(with respect to the norm on X ) reported in the following two theorems follow a

(center of the interval + radius) format.

Theorem 3.0.2. With 3.16

Y = 〈0.83941801521367, 0.00000000000015〉 ∗ 10−20

and Z as in 3.18 we have:

‖Pu(θ)− PN
u (θ)‖ < (0.83941801521367 + 0.00397046701338) ∗ 10−20

runtime = 0.247135s

Theorem 3.0.3. With 3.21

Y = 〈0.17060017958724, 0.00000000000024〉 ∗ 10−19

and Z as in 3.22 we have:

‖Ps(θ)− PN
s (θ)‖ < (0.17060017958724 + 0.00009926179396) ∗ 10−19

runtime = 0.230356s
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Theorem 3.0.4. Consider the approximate connecting orbit segment

x̃ =

 x1 x2 x3 x4

y1 y2 y3 y4


where

x1 = 〈0.63087534184885, 0.00000002945919〉 ,

y1 = 〈3.39190305842872, 0.00000011649868〉 ,

x2 = 〈0.76184408080823, 0.00000003102033〉 ,

y2 = 〈4.15374713923695, 0.00000013394894〉 ,

x3 = 〈0.00000000000000, 0.00000017348085〉 ,

y3 = 〈−3.39190305842872, 0.00000011664968〉 ,

and

x4 = 〈4.15374713923695, 0.00000010602774〉 ,

y4 = 〈0.76184408080823, 0.00000003402954〉 .

Taking

h0 = 1.706994413811875 ∗ 10−20,

h1 = 8.733063653813884 ∗ 10−21,

h2 = 4.467876412744388 ∗ 10−21,

Y0 = 〈0.12568386866962, 0.12568386866950〉 ∗ 10−6,

Z0 = 〈0.94992096854359, 0.94992096854353〉 ∗ 10−6,

and

Z2 = 〈33.74727882879672, 0.00000194147307〉 ,

we have that there exists a true connecting orbit x∗ with

‖x̃− x∗‖ < 4 ∗ 10−6.

We remark that the proof runs in under 0.3 seconds.
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Figure 3.1: The first intersection in the x, y plane of the stable
and unstable manifold parameterizations attached to the hyperbolic
fixed point at the origin. Solid blue and red curves are the local
unstable and stable manifold parameterizations respectively. Dotted
lines are globalizations of the manifolds by iteration until we see the
first intersections. Here α = 4.

3.1 CHAPTER 3 CONCLUSIONS AND FUTURE WORK

In this chapter we developed methods for a-posteriori error bound analysis for maps.

Specifically, we describe how to obtain bounds for high order approximations of the

invariant manifolds of maps are obtained on a Banach algebra of infinite sequences.

We also proved the intersection of the unstable and stable manifolds. These methods

are used in a working progress to proof Arnold diffusion of a simple model.

These framework is applicable to periodic orbits of maps and their manifolds using

the multiple shooting approach developed in Chapter 2. We also plan to employ these

techniques to study Poincaré return maps of ODE.
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CHAPTER 4

PARAMETERIZATION OF INVARIANT MANIFOLDS ATTACHED

TO EQUILIBRIUM SOLUTIONS OF PARABOLIC PARTIAL

DIFFERENTIAL EQUATIONS

In this Chapter we develop a general method for computing high order approximations

of manifolds for parabolic PDE over irregular domains by combining the parameteri-

zation method with the Finite Element Method; opening the door for the computation

of rigorous bounds on high order approximation of these manifolds. We hope to use

these methods to prove the existence of chaotic behavior in systems described by

PDE models.

This work is part of a recently submitted manuscript.

4.1 FINITE ELEMENT METHOD

The FEM is numerical framework for accurate and efficient approximation of solutions

of PDE. The method employs piecewise polynomial approximation of functions on

an appropriate triangulation of the domain. It has many advantages over the finite

difference method, especially when solutions are of (a-priori) low regularity. The

method mainly consists of three steps:

1. Discretizing the domain Ω by an admissible triangulation.

2. Constructing basis elements for the solution space and projecting the infinite

dimensional problem onto a finite dimensional vector space. The basis func-

tions should be supported on a small number of triangles so that their matrix
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Figure 4.1: Some non-convex, non-simply connected domains con-
sidered in the examples in Section 4.3.

representations are sparse.

3. Solving the sparse linear system for the weak formulation of the PDE projected

onto the finite dimensional space.

Throughout the present work for the sake of simplicity we consider Ω ⊂ R2, where Ω

need not to be convex or even simply connected. We will however assume that Ω is a

polygonal domain. The various domains Ω used in this paper are illustrated in Fig.

4.1.

For a detailed mathematical analysis of FEM we refer the reader to any of the well

written books on the subject, for example [Cia02, BS02, Bra07]. Here, in order that

the present work be more self contained, we present a brief overview of the FEM for

elliptic PDE. Consider a uniformly elliptic linear PDE of the form

Lu = f in Ω,

with boundary conditions {Bi(u)|∂Ω = gi} where the Bi’s are the boundary operators.

Multiplying the differential equation by test functions and then integrating over the

domain Ω we obtain a weak formulation. The weak formulation is interpreted as a

variational problem as follows:

Find u ∈ V such that a(u, v) = f(v) ∀v ∈ V. (4.1)
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The Lax-Milgram Lemma guarantees that the variational problem has a unique solu-

tion u over a Hilbert space V whenever a is a continuous V -elliptic bilinear form and

f ∈ V ∗ is continuous [Cia02, BS02]. Here V ∗ denotes the dual space of V .

To approximate the solution of the variational problem, we first discretize the domain

Ω as

Ω =
ne⋃
i=1

Ti,

where Ti is the ith triangle, and ne is the number of triangular elements. We say that

the triangulation {Ti}nei=1 forms an admissible partition of the domain Ω provided that

the intersection Ti∩Tj occurs only at a common vertex or an edge. Next, we construct

finite dimensional subspace Vh ⊂ V as the span of component-wise bounded basis with

“small” compact support. These basis functions are typically chosen to be piecewise

polynomials. We use linear basis functions when approximating the solutions of the

second order Fisher and Ricker equations, and use the Argyris basis functions to solve

the fourth order Kurramoto-Shivisinsky equation. The Argyris elements, which uses

the degree 5 polynomials for the finite elements are discussed in detail in section 4.6.

For each triangle T , denote the finite elements by E = [z1, · · · , znn] ⊂ T where

the zi are control points and the Si := {Lij : 1 ≤ j ≤ si} corresponding sets of

control operators evaluated at zi. Here nn stands for ”number of nodes”. We write

lnb :=
∑nn

k=1 si to denote the total number of operators associated with the element

E. These letters appropriately stand for ”local number of basis” since these operators

are used to determine the basis elements associated with Ti. This means that once

a basis space B ⊂ V is chosen, letting S =
nn⋃
i=1

Si = {Li : 1 ≤ i ≤ lnb} for each

k, the system L(φ) := (L1(φ), · · · , Llnb(φ)) = ek has a unique solution in B. Here

ek is the kth elementary basis vector in Rlnb. Usually B is chosen to be Pk := {φ :

φ is a polynomial of degree k}.

For instance, choosing P1 leads to elements of the form E = [n1, n2, n3], where the
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ni’s are the vertices of the triangle T , and Si = {Id} for all T ’s. Similarly choosing

P5 leads to elements of the form E = [z1, z2, z3, z12, z23, z13], where the zi’s are the

vertices of the triangle T and zij = (zi + zj)/2 are the midpoints of the sides. Then

the Argyris basis (5th degree polynomials) can be uniquely determined by

S ={φ(zj), ∂xφ(zj), ∂yφ(zj), ∂xxφ(zj), ∂xyφ(zj), ∂yyφ(zj) : j = 1, 2, 3}⋃
{∂nφ(z12), ∂nφ(z23), ∂nφ(z13)}

on T .

Indeed, this is a Lagrange interpolation of the function f over the finite element E

with control set {Si}, and can be expressed as

ΠE(f) =
lnb∑
i=1

Li(f)(zn(i))
det(Ai)

det(A)
,

where Li ∈ S =
nn⋃
i=1

Si, and the index n(i) = k is such that s0 + · · · sk−1 + 1 ≤ i ≤

s0+· · · sk. Moreover, Aij =
(
Li(x

myn)(zn(i))
)

, and (Ak)ij = (1−δki)Aij+δkiLi(xmyn),

where j = (m+n)(m+n+1)
2

+ (n + 1). We let S0 := ∅ for convenience in writing the

expressions using n(i). Notice that the φi = det(Ai)
det(A)

are precisely the desired basis

functions. For each i, the basis in Φi := {φij : 1 ≤ j ≤ si} will have support equal to

N (zi) := {⋃Tk : zi ∈ Tk}.

Finally we define the interpolation space Vh := span{φi}nbi=1 ⊂ V , where nb is the

total number of basis elements. Notice that while working in Pk we must have

lnb = (k+1)(k+2)
2

. Regularity conditions imposed on the solution u will carry further

restrictions on the elements.

Let h denotes the discretization parameter, that is the mesh (triangulation) size.

The smaller the h, the larger the dimension of the finite dimensional vector space Vh.

After constructing the basis functions, we approximate the solution u ∈ V of Equation

(4.1) in the subspace Vh by solving the projected, or discrete weak formulation of the
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problem given by

Find uh ∈ Vh such that a(uh, vh) = f(vh) ∀vh ∈ Vh. (4.2)

It is a standard result that the approximate solution uh ∈ Vh converges to the unique

solution u ∈ V as h→ 0. See for example [Bra07, BS02, Cia02].

Now let V = Hk+1(Ω) and Vh ⊂ Pk for some k ≥ 1. It is a consequence of the

Bramble-Hilbert Lemma, as in [Cia02, BS02, Bra07], that the convergence rate is

‖u− uh‖H1(Ω) = O(hk).

Since uh =
nb∑
i=1

ciφi, the discrete weak formulation (4.2) is equivalent to the linear

system of equations
nb∑
j=1

cja(φj, φi) = f(φi),

which we abreviate as Ax = b. Here the matrix Aij = a(φj, φi) is the so called stiffness

matrix and is invertible for all Vh-elliptic bilinear forms a. The vector bi = f(φi) =∫
Ω

fφi is the so called load vector.

For low order polynomial basis it is feasible to evaluate the necessary integrals exactly.

For high order basis on the other hand it is more practical to use quadrature rules of

sufficiently high degree to approximate the integrals. We write∫
Ω

f =
ne∑
i=1

∫
Ti

f ≈
ne∑
i=1

nq∑
j=i

wTij f(qTij ),

where nq is the degree of the quadrature rule, qTij are the quadratures points and wTij

are the corresponding weights. These approximations lead to(
aq(φj, φi)

)
cq =

(
fq(φi)

)
,

where aq is a the quadrature approximated bilinear form. Note that if a is V -elliptic

then it is necessarily Vh-elliptic which in turn implies that
(
a(φj, φi)

)
is invertible.

The V -elliptic property of a is studied via the Sobolev embedding theorems. For

91



polynomial basis we certainly have aq(φj, φi) = a(φj, φi) for nq large enough. Notice

that in this case ‖cq− c‖ ≤ ‖fq−f‖‖a−1
q ‖. For f(φ) =

∫
Ω
gφ approximating g = p+ ε

with a polynomial p provides the rough estimate ‖fq − f‖ ≤ 2 sup(ε)‖1‖ where

1(φ) =
∫

Ω
φ whenever nq is sufficiently large.

4.2 THE PARAMETERIZATION METHOD FOR UNSTABLE MANI-

FOLDS OF EQUILIBRIA

Let H be a Hilbert (or Banach) space and F : H → H be a smooth map, which need

be only densely defined. Consider the initial value problem

∂

∂t
u(t) = F (u(t)), with u(0) ∈ H given.

Suppose that u0 ∈ H is an equilibrium solution, so that

F (u0) = 0,

and assume that A = DF (u0) generates a compact semi-group eAt so that the Morse

index of A is finite – that is: we have that there are at most finitely many unstable

eigenvalues of A, each with only finite multiplicity.

Let λ1, . . . , λM denote the unstable eigenvalues ordered so that

0 < real (λ1) ≤ . . . ≤ real (λM) .

Suppose for the sake of simplicity that each unstable eigenvalue has multiplicity one

(though this assumption can be removed – see [CFdlL03a, vdBMJR16b]), and let

ξ1, . . . , ξM ∈ H be an associated choice of eigenvectors, so that

DF (u0)ξj = λjξj, 1 ≤ j ≤M.

An orbit or solution curve for F is a smooth curve γ : (a, b)→ H having that

d

dt
γ(t0) = F (γ(t0)),
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P : M ! Rd

P (M) = N

Rd

K : M ! T M

DP � K : N ! T N

F : Rd ! Rd

M

✓0 = ⇤✓

P : B ! H

H

D✓P (✓)⇤✓

D✓P (✓)⇤✓ = F (P (✓))

F : H ! H

Figure 4.2: Schematic representation of the invariance equation.

for each t0 ∈ (a, b). Given u ∈ H we say that γ is an infinite pre-history for u,

accumulating at u0 if

γ(0) = u, and lim
t→−∞

γ(t) = u0.

The unstable manifold attached to u0, denoted W u(u0), is the set of all u ∈ H

which have an infinite backwards time orbit accumulating at u0. The intersection of

W u(u0) with a small neighborhood of u0 is a local unstable manifold for u0, and is

the set of all points near u0 which have well-defined backwards history remaining in

a neighborhood of u0 for all time t ≤ 0.

Let B = [−1, 1]M denote the M -dimensional unit hypercube. We seek a parameteri-

zation P : B→ H having that

P (0) = u0, (4.3)

∂jP (0) = ξj, 1 ≤ j ≤M, (4.4)

and that

P
(
[−1, 1]M

)
⊂ W u(u0).
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Any such P parameterizes a local unstable manifold at u0. Since any reparameter-

ization of P is again a parameterization of an unstable manifold, the problem has

infinitely many freedoms and we need to impose an additional (infinite dimensional)

constraint to isolate a single parameterization.

Write

Λ =


λ1 . . . 0

...
. . .

...

0 . . . λM

 .

In the context of the present work, the parameterization method seeks a P which, in

addition to satisfying the constraint Equations (4.3) and (4.4), is also a solution of

the invariance equation

F (P (θ)) = DP (θ)Λθ, for all θ ∈ B = [−1, 1]M . (4.5)

Figure 4.2 illustrates the geometry behind Equation (4.5), which says that the push

forward of the linear vector field Λ by DP matches the vector field F restricted to

the image of P . Loosely speaking, since the two vector fields match on the image

of P they must generate the same dynamics – with the dynamics generated by Λ

well understood. It is natural to expect that P maps orbits of Λ in B to orbits of F

on the image of P . Since P maps orbits to orbits, Equation (4.5) is also called an

infinitesimal conjugacy equation. The orbit correspondence is illustrated in Figure

4.3, and the observations of the preceding paragraph are made precise in the following

lemma.

Lemma 4.2.1 (Orbit correspondence). Assume that the unstable eigenvalues λ1, . . . , λM

are real and distinct. Suppose that P : [−1, 1]M → H satisfies the first order con-

straints of Equations (4.3) and (4.4), and that P is a smooth solution of Equation

(4.5) on B = (−1, 1)M . Then P parameterizes a local unstable manifold for u0.

Proof. First observe that the image of P is a smooth disk, as its domain B is a
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topological disk and P is smooth. Also observe that the constraint given in Equation

(4.4) implies that P is tangent to the unstable eigenspace of DF (u0) at u0.

Now fix a θ ∈ (−1, 1)M and define the curve γθ : (−∞, 0]→ H by

γθ(t) = P
(
eΛtθ

)
.

Our first claim is that γθ is a solution curve for F . To see this first observe that for

all t ∈ (−∞, 0] we have that

θ̂ := eΛtθ ∈ B,

as the entries of Λ are unstable, real, and distinct. Then consider

d

dt
γθ(t) =

d

dt
P
(
eΛtθ

)
= DP

(
eΛtθ

)
ΛeΛtθ

= DP
(
eΛtθ

)
ΛeΛtθ

= DP (θ̂)Λθ̂

= F (P (θ̂))

= F (P (eΛtθ))

= F (γθ(t)),

as desired.

In addition to being a solution curve, we have also that γθ accumulates at u0 in

backward time. Indeed

lim
t→−∞

γθ(t) = lim
t→−∞

P
(
eΛtθ

)
= P

(
lim
t→−∞

eΛtθ

)
= P (0)

= u0,
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✓0 = ⇤✓

e⇤t✓

�(x, t)

P

H H

P

Figure 4.3: The orbit correspondence induced by the invariance
Equation. The orbits generated by the vector field Λ accumulate in
backwards time to the origin in B. Then P lifts these orbits to orbits
in H which accumulate at the equilibrium u0. From this it follows
that the image of P is a local unstable manifold. (4.5)

where we have used the assumption that P is smooth and hence continuous on

(−1, 1)M . Since θ was arbitrary, we see that every point P (θ) on the image of P

has a backward orbit which accumulates at u0. That is

image(P ) ⊂ W u(u0).

Since image(P ) is an M -dimensional disk containing u0 and contained in the unstable

manifold we have that image(P ) is a local unstable manifold as desired.

We remark that if F generates a flow Φ near u0, then Lemma 4.2.1 says that P

satisfies the flow conjugacy

P (eΛtθ) = Φ(P (θ), t),

for all t such that eΛtθ ∈ (−1, 1)M . That is, P conjugates the flow generated by Λ to

the flow generated by F .

Remark 4.2.1 (Complex conjugate unstable eigenvalues). When there are com-

plex conjugate eigenvalues one proceeds just as in the finite dimensional case, as
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discussed at length in [LMJR14]. The main idea is to find associated complex conju-

gate eigenfunctions in the complexified Hilbert space and look for a parameterization

P (z1, . . . , zM) with complex variables z1, . . . , zM .

Suppose for example that the only pair of complex conjugate eigenvalues are λ1, λ2 ∈

C. That is, assume that λ2 = λ̄1. Then we take complex conjugate variables z1 =

θ1 + iθ2 and z2 = θ1 − iθ2 and arrange, just as in [LMJR14], that P (θ1 + iθ2, θ1 −

iθ2, θ3, . . . , θM) is real for all θ ∈ [−1, 1]M . This is because the Taylor coefficients

of P inherit the same complex conjugate symmetry imposed on the eigenfunctions.

Of course if there are additional complex conjugate pairs of eigenvalues we treat

them in exactly the same way. Since complex conjugate eigenvalues do not appear in

the examples treated in the present work we only refer the interested reader to the

reference already cited for more complete discussion.

4.2.1 Formal power series and the homological equations for parabolic

PDE

In this section we narrow the discussion to focus a specific class of example prob-

lems. The discussion in this section generalizes to parabolic equations involving more

general elliptic operators, higher dimensional domains, more general boundary condi-

tions, and even to systems of PDE. Our goal is not to describe the most general pos-

sible setting but rather to illustrate the application of the parameterization method,

and especially the solution of Equation (4.5), for an interesting class of PDE. To this

end let Ω ⊂ R2 a bounded, planar, polygonal domain and f : R×Ω→ R be a smooth

function. We consider the class of scalar parabolic PDE given by

∂

∂t
u(t, x, y) = ∆u(t, x, y) + f(u(t, x, y), x, y), (4.6)

with the Neumann boundary conditions:

∂

∂n
u(t, x, y) = 0 for (x, y) ∈ ∂Ω
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(where ∂
∂n
u(t, x, y) represents the normal derivative of u(t, x, y) at a point (x, y) ∈

∂Ω).

Let H = H1(Ω) and suppose that u0 : Ω → R is in H and is a weak solution of the

elliptic nonlinear boundary value problem

∆u0(x, y) + f(u0(x, y), x, y) = 0,

subject to the Neumann boundary conditions. Moreover, suppose that λ1, . . . , λM ∈

(0,∞) and ξ1, . . . , ξM : Ω→ R are weak solutions in H of the eigenvalue problems

∆ξj + ∂1f(u0)ξj = λjξj,

again subject to the boundary conditions.

We look for P : [−1, 1]M → H given by a formal power series

P (θ1, . . . , θM , x, y) =
∞∑

n1=0

. . .
∞∑

nM=0

pn1,...,nM (x, y)θn1
1 . . . θnMM ,

and solving the invariance equation (4.5). Here each pn1,...,nM (x, y) ∈ H is required

to satisfy the boundary conditions. Moreover, imposing the constraints of Equations

(4.3) and (4.4) gives that the first order coefficients of P will have

p0,...,0(x, y) = u0(x, y),

and

p1,...,0(x, y) = ξ1(x, y), . . . p0,...,1(x, y) = ξM(x, y).

To work out the remainder of the coefficients we proceed as follows. We calculate the

push forward of Λ by DP on the level of power series and find that

DP (θ, x, y)Λθ =
∞∑

n1=0

. . .

∞∑
nM=0

(n1λ
n1
1 + . . .+ nMλ

nM
M )pn1,...,nM (x, y)θn1

1 . . . θnMM .

Observe that the value of this series at θ = 0 is zero.
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Now define the vector field F : H → H by

F (u) = ∆u+ f(u, x, y),

and consider

F (P (θ, x, y)) = ∆P (θ, x, y) + f(P (θ, x, y), x, y)

Formally we have that

∆P (θ, x, y) =
∞∑

n1=0

. . .
∞∑

nM=0

∆pn1,...,nM (x, y)θn1
1 . . . θnMM .

If f is analytic then it admits a power series representation. If f is of only Ck

regularity then it has a Taylor series expansion to order k and the argument below is

modified accordingly. Focusing on the analytic case we suppose that

f(P (θ, x, y), x, y) =
∞∑

n1=0

. . .
∞∑

nM=0

qn1,...,nM (x, y)θn1
1 . . . θnMM ,

where the qn1,...,nM are the formal Taylor coefficients of the composition depending

on the coefficients of P . Efficient computation of the qn1,...,nM is a calculation best

illustrated through examples. For the moment we only remark that for any given

multi-index (n1, . . . , nM) ∈ NM the dependence of qn1,...,nM on pn1,...,nM has

qn1,...,nM = D1f(u0(x, y), x, y)pn1,...,nM + Sn1,...,nM .

where Sn1,...,nM depends only on coefficients of P of lower order.

Matching like powers in Equation (4.5) leads to

(n1λ
n1
1 + . . .+ nMλ

nM

M )pn1,...,nM
(x, y) = ∆pn1,...,nM

(x, y) + qn1,...,nM

= ∆pn1,...,nM
(x, y) +D1f(u0(x, y), x, y)pn1,...,nM

+ Sn1,...,nM
,

so that

∆pn1,...,nM
(x, y)+D1f(u0(x, y), x, y)pn1,...,nM

− (n1λ
n1
1 + . . .+nMλ

nM

M )pn1,...,nM
(x, y) = −Sn1,...,nM

,
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or equivalently (and similar to the case of maps)

(DF (u0)− (n1λ
n1
1 + . . .+ nMλ

nM
M )IdH) pn1,...,nM (x, y) = −Sn1,...,nM . (4.7)

Equation (4.7) is referred to as the homological equation for the unstable manifold

of F at u0. Observe that Equation (4.7) is a linear elliptic PDE with the same

boundary conditions as the original reaction/diffusion equation (4.6). The moral of

the story is that each Taylor coefficient of P is the solution of a linear problem no

more complicated than the linearized equation at u0, and these equations are amiable

to finite element analysis under mild assumptions on the domain Ω.

Remark 4.2.2 (Non-resonance conditions and existence of a formal solution). Ob-

serve that Equation (4.7) has a unique solution if and only if the non-resonance

condition

n1λ
n1
1 + . . .+ nMλ

nM
M /∈ spec(DF (u0)), (4.8)

is satisfied. Since λ1, . . . , λM are the only unstable eigenvalues of DF (u0), and since

DF (u0) generates a compact semi-group, we have that the countably many remaining

eigenvalues are stable. Since the n1, . . . , nM are all positive, there are only finitely

many opportunities for n1λ
n1
1 + . . . + nMλ

nM
M to be an eigenvalue. If Equation (4.8)

is satisfied for all multi-indices (n1, . . . , nM) ∈ NM with n1 + . . . + nM ≥ 2 then we

say that the unstable eigenvalues are non-resonant, and in this case we have that the

parameterization P is formally well defined to all orders. That is, Equation (4.5) has

a well defined formal series solution satisfying the first order constraints of Equations

(4.3) and (4.4).

Remark 4.2.3 (Uniqueness up to rescaling of the first order data). The unique solv-

ability of the homological equations, assuming non-resonance of the unstable eigen-

values, gives that the solution P at u0 is unique up to the choice of the scalings of the

eigenvectors. The choice of the scaling of the eigenvector directly effects the decay

of the coefficients pn1,...,nM as discussed in [BLMJ16b, MJR19]. For this reason we
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always fix the domain of the parameterization to be B = [−1, 1]M , and choose the

scaling of the eigenvectors so that we have small errors on this domain. Of course

while choosing smaller scalings for the eigenvectors provides faster coefficient decay,

it also means that the image of B is smaller in H. That is, smaller scalings stabilize

the numerics but reveal a smaller portion of the local unstable manifold. In practice

we must strike a balance between the polynomial order of the calculation (at what

order do we truncate the formal series?) the scaling of the eigenvectors and the size

of the local unstable manifold we compute.

4.2.2 Automatic differentiation of power series

The most challenging step in the formal calculations of the previous section is to work

out the power series coefficients qn1,...,nM of f(P (θ, x, y), x, y) in terms of the coeffi-

cients pn1,...,nM of P . This challenge reduces to repeated application of the Cauchy

product formula of f(·, x, y) has polynomial nonlinearity.

For example consider the case where f is a quadratic function of the form

f(u, x, y) = a(x, y)u2.

Then

f(P (θ, x, y), x, y) =

a(x, y)

( ∞∑
n1=0

. . .

∞∑
nM=0

pn1,...,nM
(x, y)θn1

1 . . . θnM

M

)( ∞∑
n1=0

. . .

∞∑
nM=0

pn1,...,nM
(x, y)θn1

1 . . . θnM

M

)

= a(x, y)

∞∑
n1=0

. . .

∞∑
nM=0

(
n1∑

k1=0

. . .

nM∑
kM=0

pn1−k1,...,nM−kM
(x, u)pk1,...,kM

(x, y)

)
θn1
1 . . . θnM

M

=

∞∑
n1=0

. . .

∞∑
nM=0

(
n1∑

k1=0

. . .

nM∑
kM=0

a(x, y)pn1−k1,...,nM−kM
(x, y)pk1,...,kM

(x, y)

)
θn1
1 . . . θnM

M

=

n1∑
k1=0

. . .

nM∑
kM=0

qn1,...,nM
(x, y)θn1

1 . . . θnM

M ,
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and we see that

qn1,...,nM (x, y) =

n1∑
k1=0

. . .

nM∑
kM=0

a(x, y)pn1−k1,...,nM−kM (x, y)pk1,...,kM (x, y)

= 2a(x, y)p0,...,0(x, y)pn1,...,nM (x, y) + “lower order terms”

= 2
∂

∂u
f(u0, x, y)pn1,...,nM (x, y) + “lower order terms”,

as promised above. Indeed the “lower order terms” have the explicit form

Sn1,...,nM =

n1∑
k1=0

. . .

nM∑
kM=0

δk1,...,kMn1,...,nM
a(x, y)pn1−k1,...,nM−kM (x, y)pk1,...,kM (x, y)

where the coefficient

δk1,...,kMn1,...,nM
=


0 if k1 = . . . = kM = 0

0 if k1 = n1, . . . , kM = nM

1 otherwise

,

appears in the sum to indicate that both of the pn1,...,nM (x, y) have been removed.

When f contains non-polynomial terms the calculation of the qn1,...,nM are more del-

icate. We employ a semi-numerical technique based on the idea that many typical

nonlinearities appearing in applications are themselves solutions of polynomial differ-

ential equations. This fact can be exploited to develop fast recursion schemes.

Consider for example the case of

f(u, x, y) = a(x, y)e−u.

Let

P (θ, x, y) =
∞∑

n1=0

. . .
∞∑

nM=0

pn1,...,nM (x, y)θn1
1 . . . θnMM ,

and write

f(P (θ, x, y), x, y) = Q(θ, x, y) =
∞∑

n1=0

. . .

∞∑
nM=0

qn1,...,nM (x, y)θn1
1 . . . θnMM . (4.9)
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Following the procedure discussed in Chapter 2 of [HCF+16b] we define the radial

gradient to be the first order partial differential operator given by

∇θ = θ1
∂

∂θ1

+ . . .+ θM
∂

∂θM
.

Applying the radial gradient to both sides of Equation (4.9) leads to

∇θf(P (θ, x, y), x, y) = ∇θQ(θ, x, y).

That is

∇θf(P (θ, x, y), x, y)

= θ1
∂

∂u
f(u, x, y)

∣∣
u=P (θ,x,y)

∂

∂θ1

P (θ, x, y) + . . .+ θM
∂

∂u
f(u, x, y)

∣∣
u=P (θ,x,y)

∂

∂θM
P (θ, x, y)

= −a(x, y)e−P (θ,x,y)

(
θ1

∂

∂θ1

P (θ, x, y) + . . .+ θM
∂

∂θM
P (θ, x, y)

)
= −Q(θ, x, y)∇θP (θ, x, y)

= −
( ∞∑

n1=0

. . .

∞∑
nM=0

qn1,...,nM
(x, y)θn1

1 . . . θnM

M

)( ∞∑
n1=0

. . .

∞∑
nM=0

(n1 + . . .+ nM )pn1,...,nM
(x, y)θn1

1 . . . θnM

M

)

= −
∞∑

n1=0

. . .
∞∑

nM=0

(
n1∑
k1=0

. . .

nM∑
kM=0

(k1 + . . .+ kM)qn1−k1,...,nM−kMpk1,...,kM

)
θn1

1 . . . θnMM ,

on the left, and

∇θQ(θ, x, y) =
∞∑

n1=0

. . .
∞∑

nM=0

(n1 + . . .+ nM)qn1,...,nM (x, y)θn1
1 . . . θnMM ,

on the right. Matching like powers and isolating qn1,...,nM leads to

qn1,...,nM =
−1

n1 + . . .+ nM

n1∑
k1=0

. . .

nM∑
kM=0

(k1 + . . .+ kM)qn1−k1,...,nM−kMpk1,...,kM .

The implication is that the complexity of computing the power series coefficients

of a(x, y)e−P (θ,x,y) is the same as the complexity of a single Cauchy product. The

additional cost is that the coefficients of Q have to be stored. In the applications

considered in the present work the additional use of memory resources is never pro-

hibitive.
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Such methods for formal series manipulations are referred to by many authors as

automatic differentiation for power series, and they facilitate rapid computation of

the formal series coefficients of compositions with all the elementary functions. A

classic reference which includes an in depth historical discussion is found in Chapter

4, Section 6 of [Knu81]. See also the discussion of software implementations found in

[JZ05].

4.3 APPLICATIONS

4.3.1 A first worked example: Fisher’s Equation

As a first example consider the parabolic PDE

∂

∂t
u = ∆u+ αu(1− u),

with Neumann boundary conditions on the L-shaped domain Ω (leftmost domain in

Fig. 4.1). This reaction-diffusion equation was introduced by Ronald Fisher in the

context of population dynamics as a toy model for the propagation of advantageous

genes [Fis37]. To find an equilibrium solution we set the left hand side to zero and

solve the equation

∆u+ αu(1− u) = 0.

The weak formulation follows by multiplying the steady state equation with a test

function φ ∈ H1(Ω) and then integrating over Ω. Using Green’s identity we get,

−
∫

Ω

∇u · ∇φ+

∫
Ω

αu(1− u)φ = 0.

We now triangulate Ω and solve for the projection uh =
nb∑
j=1

cjφj of u to a finite

dimensional vector space with linear basis functions φj defined as:

φj(ni) =


1 j = i

0 j 6= i

.
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Figure 4.4: Left: Equilibrium solution u0, ne=515. Center: Eigen-
function for λ1 = 9.04. Right: Eigenfunction for λ2 = 7.16.

Here ni is the ith vertex , and the number of basis nb is the number of nodes in the

triangulation.

Letting φ = φi for 1 ≤ i ≤ nb leads to the nb by nb system

Fi(c) = −
∫

Ω

(
nb∑
j=1

cj∇φj
)
· ∇φi +

∫
Ω

α

(
nb∑
j=1

cjφj

)(
1−

nb∑
j=1

cjφj

)
φi = 0,

which we solve using the Newton’s Method where F = (F1, ..., Fnn) and

c(k) − c(k−1) = −DF
(
c(k−1)

)−1
F
(
c(k−1)

)
.

Here

DF (c) = −
(∫

Ω

∇φj · ∇φi
)

+ α

∫
Ω

∂
(∑nb

j=1 cjφj

)(
1−∑nb

j=1 cjφj

)
∂cj

φi

 .

Solving F (c) = 0 by Newton’s Method with ne = 515 linear finite elements, we

obtain the equilibrium solution u0 =
nb∑
j=1

cjφj illustrated in the left frame of Fig 4.4.

Next, we proceed to solve the linearized eigenvalue problem at the equilibrium u0,

∆ξ + α(1− 2u0)ξ − λξ = 0,

and again solve for the projection ξ =
nb∑
j=1

cjφj in the weak formulation leading to

−
∫

Ω

(
nb∑
j=1

cj∇φj
)
·∇φi+

∫
Ω

α(1−2u0)

(
nb∑
j=1

cjφj

)
φi =

∫
Ω

λ

(
nb∑
j=1

cjφj

)
φi i = 1, . . . , nb
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(
−
∫

Ω

∇φj · ∇φi + α(1− 2u0)φjφi

)
c = λ

(∫
Ω

φjφi

)
c i = 1, . . . , nb.

We obtain two positive eigenvalues, and the corresponding eigenfunctions illustrated

in the middle and right frames of Fig 4.4.

Having found the equilibrium solution u0(x, y) as well as the unstable eigenvalues

λ1 and λ2 and corresponding eigenfunctions ξ1(x, y) and ξ2(x, y), we now solve the

invariance equation (4.5) specialized to the present situation. That is, we consider

F (P (θ)) = λ1θ1
∂

∂θ1

P (θ) + λ2θ2
∂

∂θ2

P (θ),

where

P (θ) =
∞∑
m=0

∞∑
n=0

pm,n(x, y)θm1 θ
n
2 ,

with p0,0 = u0, p1,0 = ξ1 and p0,1 = ξ2. Comparing powers in the weak formulation,

and taking the projection pm,n =
nb∑
i=1

c
(m,n)
i φi we obtain

(
−
∫

Ω

∇φj · ∇φi + α(1− 2u0 −mλ1 − nλ2)φjφi

)(
c

(m,n)
i

)
=
(∫

Ω

s(m,n)φi

)
(
DF (u0)− (λ1m+ λ2n)

∫
Ω

φjφi

)
c(m,n) =

(∫
Ω

s(m,n)φi

)
,

for m+ n ≥ 2 with

s(m,n) = α
m∑
i=0

n∑
j=0

δ(i, j)pi,jpm−i,n−j.

Here

δ(i, j) =


0 (i, j) = (0, 0) or (i, j) = (m,n)

1 otherwise

,

is a coefficient which expresses the fact that the terms of order (m,n) have been re-

moved from the sum. As expected, the homological equations are elliptic PDE which

we solve recursively to any desired order using the Finite Element Method. A numer-

ical representation of the fast and slow unstable manifolds obtained by evaluating the

sub-parameterizations P (θ1, 0) and P (0, θ2) are illustrated in Figure 4.6.
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Figure 4.5: Left: The scaling of the eigenvector is too small and
only a few coefficients contribute to the computation. Center: The
chosen eigenvector scaling is now too large and the pm,n’s do not
decay. Right: The scaling is chosen so that the last coefficient in P
is of machine precision order.

The effect of the non-uniqueness of the solution P on the decay of the coefficients is

shown in Figure 4.5. Recall that the non-uniqueness is due only to the freedom of

the choice in scalings for the eigenvectors. The important observation is that a poor

choice of scaling leads to either too rapid growth or too rapid decay of the power

series coefficients. When computing P to a desired polynomial order N we always

choose the scaling so that the N -th coefficients are below some prescribed tolerance.

A good rule of thumb is that the magnitude of the truncation error – measured on

the domain [−1, 1]M – has the same order as the magnitude of the N -the coefficients.

Even better heuristics are obtained by looking at the exponential best fit applied to

all the coefficients. Algorithms for choosing the best scalings in an automatic way

are treated in [BLMJ16b].

4.3.2 A reaction diffusion equation with non-polynomial nonlinearity:

one unstable eigenvalues

In this section we derive the homological equations for a non-polynomial problem.

We consider the following reaction diffusion equation with exponential nonlinearity,

sometimes referred to as a Ricker nonlinearity

ut = ∆u+ αu
(
0.5− e−u

)
.

107



Figure 4.6: Left: 10 pts on the fast manifold, N = 30, L2 error on
the invariance equation 1.09e-08 Right: 10 pts on the slow manifold,
N = 30, L2 error on the invariance equation 2.99e-07

The equilibrium solutions solve

Fi(c) = −
∫

Ω

(
nb∑
j=1

cj∇φj
)
· ∇φi +

∫
Ω

α

(
nb∑
j=1

φj

)(
0.5− exp{

nb∑
j=1

cjφj}
)
φi = 0,

and the corresponding eigenvalue-eigenfunction problem is

DF (u0)c = λ
(∫

Ω

φjφi

)
c.

Assume that an unstable eigenvalue λ and corresponding eigenfunction ξ are known

and write P (θ) =
∞∑
n=0

pnθ
n. The Invariance Equation (4.5) is

∞∑
n=0

∆pnθ
n + α

(
∞∑
n=0

pnθ
n

)(
0.5− exp{−

∞∑
n=0

pnθ
n}
)

= λ
∞∑
n=0

npnθ
n.

To obtain an equivalent polynomial problem we use automatic differentiation as dis-

cussed in Section 4.2.2.

That is we define Q(θ) := e−P (θ) =
∞∑
n=0

qnθ
n, and observe that Q′ = −QP ′. Comparing

like powers leads to

(n+ 1)qn+1 = −
n∑
j=0

(j + 1)pj+1qn−j,

and isolating the n-th term gives that

qn = −pnq0 −
1

n

n−2∑
j=0

(j + 1)pj+1qn−1−j,
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a relation allowing us to compute qn to any desired order.

Returning to the Invariance Equation we now exploit the formula for qn just derived,

so that

∆pn + α(0.5− q0 − λn)pn − αp0qn = α

n−1∑
j=1

pjqn−j,

∆pn + α(0.5− q0 + p0q0 − λn)pn = sn,

with

sn = α

n−1∑
j=1

pjqn−j −
αp0

n

n−2∑
j=0

(j + 1)pj+1qn−1−j,

or (
DF (u0)− λn

∫
Ω

φjφi

)
c(n) =

(∫
Ω

snφi

)
.

Notice that sn only depends on pk’s and qk’s with k < n, and with p0, q0 and p1

computed a-priori. Then pn is computed to any desired order using this recursion.

4.3.3 A reaction diffusion equation with non-polynomial nonlinearity:

two unstable eigenvalues

A simple modification of the method just discussed is used in the case of higher

dimensional manifolds for problems with non-polynomial nonlinearities. Consider

again

∂

∂t
u = ∆u+ αu(0.5− e−u),

and assume the Equilibrium, λ1 and λ2 are computed along with the corresponding

ξ1 and ξ2.

The Invariance Equation (4.5) is

F (P (θ)) = λ1θ1
∂

∂θ1

P (θ) + λ2θ2
∂

∂θ2

P (θ),

with

P (θ) =
∞∑
m=0

∞∑
n=0

pm,n(x, y)θm1 θ
n
2 ,
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Figure 4.7: Left: Equilibrium solution, ne=515. Center: Eigen-
function ξ1 with λ1 = 2.34. Right: Eigenfunction ξ2 with λ2 = 0.07.

and where pm,n are to be determined. As per the discussion of the radial gradient in

Section 4.2.2 we define

Q := exp{−P (θ)} =
∞∑
m=0

∞∑
n=0

qm,n(x, y)θm1 θ
n
2 ,

and consider

∇θQ(θ) = ∇θ exp(P (θ)),

so that

θ1
∂

∂θ1

Q+ θ2
∂

∂θ2

Q = −Q(θ1
∂

∂θ1

P + θ2
∂

∂θ2

P ).

Comparing like powers leads to

∑
m,n≥1

(m+ n)qm,nθ
m
1 θ

n
2 = −

( ∑
m,n≥1

(m+ n)pm,nθ
m
1 θ

n
2

)( ∑
m,n≥0

qm,nθ
m
1 θ

n
2

)
,

qm,n = − 1

(m+ n)

m∑
i=1

n∑
j=1

(i+ j)pi,jqm−i,n−j,

a recursive expression for the qm,n.

Returning to the Invariance Equation and using the recursive formula for qm,n we

obtain

∆pm,n + α(0.5− q0,0 − λ1m− λ2n)pm,n − αp0,0qm,n = α

m∑
i=0

n∑
j=0

qi,jpm−i,n−jδ(i, j)

∆pm,n + α(0.5− q0,0 + p0,0q0,0 − λ1m− λ2n)pm,n = sm,n
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Figure 4.8: Left: Fast manifold with N = 30. L2 error on the
invariance equation 4.08e-08. Right: Slow manifold with N = 30.
L2 error on the invariance equation 1.68e-06

with

sm,n = α
m∑
i=0

n∑
j=0

qi,jpm−i,n−jδ(i, j)−
αp0,0

(m+ n)

m−1∑
i=1

n−1∑
j=1

(i+ j)pi,jqm−i,n−j,

or (
DF (u0)− (λ1m+ λ2n)

∫
Ω

φjφi

)
c(m,n) =

(∫
Ω

sm,nφi

)
and solve to any desired order. Numerical results are illustrated in Figure 4.8.

4.3.4 Higher order PDEs: Kuramoto-Sivashinsky type equation

In this section we demonstrate the use of our methods for a higher order PDE, and

consider a problem whose diffusion operator is bi-harmonic Laplacian rather than

the Laplacian. The Kuramoto-Sivashinsky equation is such an equation, and models

the propagation of a flame front. It is known to exhibit complicated dynamics like

periodic oscillations, heteroclinic/homoclinic connecting orbits and spatiotemporal

chaos. We refer to [LC08, JJK01, Zgl15, NST85, KT76] for more complete discussion

of the equation and its dynamical properties.

Define

F (u) = −∆2u−∆u− 0.5|∇u|2.
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The difference between this example and the previous ones is that higher order Fi-

nite Elements are now required. To simplify the location of equilibrium solutions,

we modify the KS equation and view it as a perturbation of the Fisher’s equation

with natural boundary conditions. This facilitates computation of the equilibrium

solutions by continuation from the Fisher problems already considered. We stress

that this is a computational convenience rather than a fundamental limitation of the

method.

So, let

F (u) = α∆2u+ β∆u+ γ|∇u|2 + εu(1− u), (4.10)

or

F (u) = α∆2u+ β∆u+N(u),

with N(u) = γ|∇u|+εu(1−u). We will refer to the corresponding 4th order equation

as Kuramoto-Sivashinsky-Fisher (KSF). We use the Argyris elements which guarantee

C1 solutions and offer high convergence rate. We refer to [Cia02] for the mathematical

theory of the Argyris elements and to [DS09] for a useful discussion of the numerical

implementation.

The Argyris basis are first order polynomials in two space variable constructed as

follows: Define the operators L1 = Id, L2 = ∂10, L3 = ∂01, L4 = ∂20, L5 = ∂11

and L6 = ∂02. For an element [n1, n2, n3,m1,m2,m3] with nodes n1, n2 and n3 and

midpoints m1, m2 and m3, the nodal basis φnik are defined by

L`(φ
ni
k (nj)) = δijδ`k.

∂

∂n
φnik (mj) = 0,

and the basis associated to the midpoints by

∂

∂n
φmi(mj) = δij,

112



L`φ
mi(nj) = 0,

where 1 ≤ i, j ≤ 3 and 1 ≤ k, ` ≤ 6.

These are 21 constraints for each φ which uniquely defines a fifth order polynomials

in x, y that is

φ(x, y) =
∑

0≤i+j≤5

cijx
iyj.

We solve a 21 × 21 linear system Ac = b for the coefficients cij for each of the 21

basis associated with an element. In practice, we only do this for a reference triangle

and transfer these basis to an arbitrary element using the method of Dominguez and

Sayas [DS09]. Indeed, our implementation is very similar to that described in the

reference just cited.

In the notation presented earlier, Si = {Lk : 1 ≤ k ≤ 6} for i = 1, 2, 3 and Si = { ∂
∂n
}

for i = 4, 5, 6 and after indexing
⋃
i

Si = {Lk}

φi =
det(Ai)

det(A)
,

for 1 ≤ i ≤ 21. The global representation of u becomes:

u =
6∑

k=1

∑
all ni

cnik φ
ni
k +

∑
all mi

cmiφmi .

Going back to the KSF equation, we derive the weak formulation. Starting with∫
Ω

α
(
∆2u

)
φ+

∫
Ω

β(∆u)φ+

∫
Ω

N(u)φ = 0,

apply Green’s formula to obtain∫
Ω

−α∇(∆u)·∇φ+

∮
∂Ω

α(∇(∆u)·n)φ−
∫

Ω

β∇u·∇φ+

∮
∂Ω

β(∇u·n)φ+

∫
Ω

N(u)φ = 0.

Assume the boundary integrals vanish and apply Green’s formula again so that∫
Ω

α∆u∆φ−
∮
∂Ω

α(∇φ · n)∆u−
∫

Ω

β∇u · ∇φ+

∫
Ω

N(u)φ = 0.
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Figure 4.9: Left: Equilibrium solution, ne=705. Right: Eigenfunc-
tion ξ with λ = 3.57.

Again imposing the boundary conditions leads to∫
Ω

α∆u∆φ−
∫

Ω

β∇u · ∇φ+

∫
Ω

N(u)φ = 0.

From this expression we solve for the projection

u =
nb∑
j=1

cjφj,

with nb = 6nv + ned, where nv is the number of vertices and ned is the number of

edges in the triangulation.

After computing an equilibrium solution and eigendata λ and ξ we proceed to solve

Equation (4.5) in the case of Morse index one so that

F (P (θ)) = λθ
∂P

∂θ
,

where

P (θ) =
∞∑
n=0

pnθ
n.

Comparing powers and solving for

pn =
nb∑
j=1

c
(n)
j φj,

leads to

α∆2pn + β∆pn + 2γ

(
∂p0

∂x

∂pn
∂x

+
∂p0

∂y

∂p0

∂y

)
+ ε(1− 2p0)pn − λpn = sn,
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Figure 4.10: Unstable manifolds for the KSF equation. Left: 10
points on the 1d manifold, N = 30. L2 error on the invariance
equation 1.06e-07. Right: 10 points on the 1d manifold, N = 120.
L2 error on the invariance equation 2.14e-07

where

sn = −γ
(
n−1∑
k=1

∂pk
∂x

∂pn−k
∂x

+
∂pk
∂y

∂pn−k
∂y

)
+ ε

n−1∑
k=1

pkpn−k,

and the weak formulation of the homological equation is(
DF (u0)− λn

∫
Ω

φjφi

)
c(n) =

(∫
Ω

snφi

)
.

Figure 4.10 illustrates the resulting numerical approximation of the unstable manifold

when α = −10−2, β = 1, γ = −5 ∗ 10−4, and ε = 2.61 It is interesting to note that

the equilibrium solution for the Fisher equation persist for a relatively large range of

ε.

4.4 SOME ADDITIONAL EXAMPLES AND PERFORMANCE RE-

SULTS

Figure 4.11 illustrates two additional unstable manifold calculations for an equilibrium

solution of the KSF equation posed on other domains. The results show that the

method works in principle on non-convex, not simply connected domains.

The tables below show the effect of decreasing the mesh size of the triangulation on
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Figure 4.11: Unstable manifolds for the Kuramoto-Fisher type
equation posed on non-convex domains with holes (middle and right
domains illustrated in Figure 4.1). Left: 10 points on the 1d mani-
fold, N = 30. L2 error on the invariance equation 1.40e-06. Right:
10 points on the 1d manifold, N = 30. L2 error on the invariance
equation 1.45e-07

ne Fisher 1d manifolds Fisher 2d manifolds

515 2.65e-08 5.20e-08

984 1.44e-08 2.41e-08

1963 6.53e-09 1.32e-08

Table 4.1: L2 norms of the error in the conjugacy equation for 1d
and 2d manifolds in the Fisher equation.

the conjugacy equation error.

We also compared the L2 errors in the conjugacy equation of the second order Fisher

equation using linear and Argyris basis. Using linear basis we obtained an error of

2.65e-08, while using Argyris basis we approached machine precision errors.

4.5 CHAPTER 4 CONCLUSIONS AND FUTURE WORK

We have combined the parameterization method with finite element analysis to ob-

tain a new approximation method for unstable manifolds of equilibrium solutions for
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ne Fisher-Ricker 1d manifolds Fisher-Ricker 2d manifolds

515 1.53e-07 1.03e-06

984 2.39e-08 5.88e-07

1963 1.01e-08 2.38e-07

Table 4.2: L2 norms of the error in the conjugacy equation for 1d
and 2d manifolds in the Fisher equation with exponential nonlinear-
ity.

ne KSF on L domain ne KSK on domain 3 ne KSF on domain 2

100 6.62e-07 122 5.57e-07 123 8.23e-07

200 3.46e-07 214 3.43e-07 260 3.21e-07

423 1.74e-07 443 2.44e-07 522 1.71e-07

Table 4.3: L2 norms of the error in the conjugacy equation for 1d
manifolds in the Kuramoto-Sivashinsky-Fisher equation over several
irregular domains.
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parabolic PDE. The method works for PDE defined on planar polygonal domains

and is implemented for number of example problems with both polynomial and non-

polynomial nonlinearities, for unstable manifolds of dimension one and two, for a

number of non-convex and non-simply connected domains, and for problems involv-

ing both Laplacian and bi-harmonic Laplacian diffusion operators. The method is

easy to implement for computing the approximation to arbitrary order: the same

code that computes the second order approximation will compute the approxima-

tion to order 50 – this is just a matter of changing a loop variable. The method is

amenable to a-posteriori analysis of errors and we employ these indicators to show

that our calculations are accurate far from the equilibrium solution.

Interesting future projects would be to apply the method to problems with other

boundary conditions such as Dirichlet or Robin, to apply it to problems formulated

on spatial domains of dimension 3 or more, to extend the method for the computation

of unstable manifolds attached to periodic solutions of parabolic PDE, or to extend

the method to study invariant manifolds attached to equilibrium or periodic solutions

of systems of parabolic PDE.

Finally, we mention that there is a thriving literature on mathematically rigorous com-

puter assisted proof for elliptic PDEs based on finite element analysis. See for example

the works of [Nak88, NW94, Nak92a, Nak90, Nak92b, NHK07, YN95, NH08, NW04,

BMP03, Plu08b, Plu95, MPPR12, WPN09, WNPN14, PPR17] for validated numer-

ical methods for solving nonlinear elliptic PDE (equilibrium solutions of parabolic

PDE) and their associated eigenvalue/eigenfunction problems. We refer also the ref-

erences just cited for more complete review of this literature. From the point of view

of the present discussion the important point is this: that the present work reduces

the problem of computing jets of unstable manifolds to the problem of solving elliptic

boundary value problems, and moreover that a number of authors have developed

powerful methods of computer assisted proof for solving such problems.
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A very interesting line of future research would be to combine the results of the

present work validated numerical methods for elliptic BVP. We outline our current

work in this direction in the next Chapter which combines methods appearing in the

works mentioned above with a set up in a Banach algebra of infinite sequences similar

to our treatment of a-posteriori analysis of manifolds of maps.
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CHAPTER 5

EXTENDING COMPUTER ASSISTED PROOFS TO MANIFOLDS OF

PDE

In this Chapter we discuss a program for obtaining rigorous enclosures of this compu-

tations generalizing some of the ideas in Chapter 3 in combination with the methods

in [Plu08a]. This is part of ongoing work to rigorously proof chaotic behavior in

applications described by PDE.

First, we recall the set up in Chapter 4.

Starting with the invariance equation (4.5)

F (P (θ)) = DP (θ)Λθ, for all θ ∈ B = [−1, 1]M . (5.1)

where F (x) = Lx+N(x) with operators L linear and N non-linear.

We look for P : [−1, 1]M → H given by a formal power series

P (θ1, . . . , θM , x, y) =
∞∑

n1=0

. . .
∞∑

nM=0

pn1,...,nM (x, y)θn1
1 . . . θnMM ,

and solving the invariance equation (4.5). Here each pn1,...,nM (x, y) ∈ H is required

to satisfy the boundary conditions. Moreover, imposing the constraints of Equations

(4.3) and (4.4) gives that the first order coefficients of P will have

p0,...,0(x, y) = u0(x, y),

and

p1,...,0(x, y) = ξ1(x, y), . . . p0,...,1(x, y) = ξM(x, y).
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5.1 BANACH SPACE OF INFINITE SEQUENCES FOR PDE PROB-

LEMS

Let

h 1
ν := {p = {pk}|k|≥0 : ‖p‖H,1,ν <∞},

where

‖p‖H,1,ν =
∑
|k|≥0

‖pk‖Hνk,

for ν > 0.

Remark 5.1.1. Notice that every linear bounded operator L : H → H naturally

extends to a map L : h 1
ν → h 1

ν

L{pk}|k|≥0 = {Lpk}|k|≥0

Now extending our definitions from the previous chapter.

For a, b ∈ h 1
ν define the Cauchy product a ∗ b ∈ h 1

ν by

(a ∗ b)n =
n∑
k=0

akbn−k.

Since a ∗ b = b ∗ a and

‖a ∗ b‖H,1,ν ≤ ‖a‖H,1,ν‖b‖H,1,ν ,

for all a, b ∈ h 1
ν , we have that the pair (h 1

ν , ∗) is a Banach algebra.

Now Lemma 3.0.1, Lemma 3.0.2, Lemma 3.0.3 and Lemma 3.0.4 naturally extend to

this case.

For example we can state the following:

Lemma 5.1.1. Suppose that a ∈ h 1
ν . Then [(〉a〈)m] ∈ h 1

ν for any m.

The proof is again an easy generalization of the version for diffeomorphisms.
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Remark 5.1.2. It is easy to notice that the lemmas mentioned above also extend to

the maps [(L〉a〈)m] and [f(L〉a〈)] for any linear bounded operator L on H.

5.1.1 Rigorous bounds for invariant manifolds of equilibria of parabolic

PDE, Outline of work in progress

For simplicity we illustrate the method with the Fisher’s equation as a specific case

of the dual and symmetric case in Theorem 1 in [Plu08a]. Consider:

ut = ∆u+ αu(1− u) =: F (u)

where F : H1
0 → H−1 := (H1

0 )′.

The goal is to give rigorous error bounds to the approximation of the computation of

the parameterization of the invariant manifold.

That is, PN(θ) =
∑N

k=0 pnθ
k is computed along with a bound on

P∞(θ) := P (θ)− PN(θ).

This entails the computation of rigorous bounds for the approximations p̃n of pn

obtained with the Finite Element Method.

The bounds are computed using the abstract formulation in [Plu08a].

For n = 0 the Newton-Cantorovich argument is applied to the equilibrium solution

of Fisher, and for n ≥ 1 we return to the homological equation

(∆− λn)pn + [αP (1− P )]n = 0.

Finally, we bound P∞ by recasting the homological equation as a fixed point finding

problem on h 1
ν with the map:

T (p∞) =
h

λ
(∆(p∞) + α(pN + p∞) ∗ (1− pN − p∞))
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and where (h)n = 1
n
.

Again, following [Plu08a] and interpreting div(pn) as a H1
0 functional. We have

‖∆pn‖H−1 = ‖div(∇pn)‖H−1 ≤ ‖∇pn‖L2 ≤ ‖pn‖H1 , which implies that ‖∆p‖H−1,1,v ≤

‖p‖H1,1,v.

Remark 5.1.3. From the above Lemmas and Theorem 3.0.1 we can deduce an asymp-

totic constraint on analytic nonlinearities to ensure the success of the method using

T :

lim
N→∞

g′(‖pN‖H,1,v)
N

< λ.

Notice that this inequality is trivially satisfied when g′ is continuous; and hence, it is

not a concern for most applications.
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CHAPTER 6

PROSPECTS FOR FUTURE WORK

6.1 MODELING CARDIAC ARRHYTHMIA

In a groundbreaking study, Alan Turing explained a mechanism for pattern formation

in biological systems from reaction/diffusion equations. To some extend inspired

by this success, we believe that the tools developed here to study PDE systems

and their long-time behavior could become productive in the description of circadian

arrhythmia patterns, specifically in the context of the human heart. We may need to

generalize our tools to study limit cycles and their basin of attraction.

6.2 PROVING TURBULENCE IN DYNAMICS

A long-term goals of this project is to rigorously establish the existence of chaotic

behavior resulting from equations such as the fourth order Kuramoto-Sivashinsky

and predator-prey models. This ambitious project entails the rigorous (enclosures)

computation of stable and unstable manifolds as well as proof of their transversal

intersection.

6.3 DYNAMICS OF NETWORKS WITH APPLICATIONS TO THREAT

DETECTION

Branching from the work in [GCB19] and [GB19] explaining self-similarity and long

range dependence in network traffic; we plan to study the dynamics associated with

the semi-group of renormalization operators with applications to network traffic.
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Alpha-stable distributions arise as distributions of fixed points of these operators.

We intent to study and proof the hyperbolic properties of renormalization operators

observed in [dlLOP11, dlLOP07]. This project will require generalizing computer

assisted proof and renormalization analysis to infinite dimensional settings.
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arcs with application to the volume preserving Hénon family. SIAM
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C. Garćıa-Gómez. Invariant manifolds as building blocks for the for-
mation of spiral arms and rings in barred galaxies. In Chaos in as-
tronomy, Astrophys. Space Sci. Proc., pages 85–92. Springer, Berlin,
2009.

[RGSMM14] Mercè Romero-Gómez, Patricia Sánchez-Mart́ın, and Josep J. Mas-
demont. How invariant manifolds form spirals and rings in barred
galaxies. Butl. Soc. Catalana Mat., 29(1):51–75, 110, 2014.

[Rob95] Clark Robinson. Dynamical systems: stability, symbolic dynamics,
and chaos. Studies in Advanced Mathematics. CRC Press, Boca Ra-
ton, FL, 1995.

[Rob01] James C. Robinson. Infinite-dimensional dynamical systems. Cam-
bridge Texts in Applied Mathematics. Cambridge University Press,
Cambridge, 2001. An introduction to dissipative parabolic PDEs and
the theory of global attractors.

[Rum99] S.M. Rump. INTLAB - INTerval LABoratory. In Tibor
Csendes, editor, Developments in Reliable Computing, pages 77–104.
Kluwer Academic Publishers, Dordrecht, 1999. http://www.ti3.tu-
harburg.de/rump/.

[Sim90] C. Simo. On the Analytical and Numerical Approximation of In-
variant Manifolds. In D. Benest and C. Froeschle, editors, Modern
Methods in Celestial Mechanics, Comptes Rendus de la 13ieme Ecole
Printemps d’Astrophysique de Goutelas (France), 24-29 Avril, 1989.
Edited by Daniel Benest and Claude Froeschle. Gif-sur-Yvette: Edi-
tions Frontieres, 1990., p.285, page 285, 1990.

137



[Sma67] S. Smale. Differentiable dynamical systems. Bull. Amer. Math. Soc.,
73:747–817, 1967.

[SY02] George R. Sell and Yuncheng You. Dynamics of evolutionary equa-
tions, volume 143 of Applied Mathematical Sciences. Springer-Verlag,
New York, 2002.

[TFR+10] Marco Tantardini, Elena Fantino, Yuan Ren, Pierpaolo Pergola, Ger-
ard Gómez, and Josep J. Masdemont. Spacecraft trajectories to the L3

point of the Sun-Earth three-body problem. Celestial Mech. Dynam.
Astronom., 108(3):215–232, 2010.

[Tuc21] Warwick Tucker. A rigorous ODE Solver and Smale’s 14th Problem.
Foundations of Computational Mathematics, 2(1):53–117–117, 2002-
12-21.

[Tuc11] Warwick Tucker. Validated numerics. Princeton University Press,
Princeton, NJ, 2011. A short introduction to rigorous computations.

[TW09] Warwick Tucker and Daniel Wilczak. A rigorous lower bound for the
stability regions of the quadratic map. Phys. D, 238(18):1923–1936,
2009.

[vdBL08] Jan Bouwe van den Berg and Jean-Philippe Lessard. Chaotic braided
solutions via rigorous numerics: chaos in the Swift-Hohenberg equa-
tion. SIAM J. Appl. Dyn. Syst., 7(3):988–1031, 2008.

[vdBMJR16a] Jan Bouwe van den Berg, Jason D. Mireles James, and Christian Rein-
hardt. Computing (un)stable manifolds with validated error bounds:
non-resonant and resonant spectra. J. Nonlinear Sci., 26(4):1055–
1095, 2016.

[vdBMJR16b] Jan Bouwe van den Berg, Jason D. Mireles James, and Christian Rein-
hardt. Computing (un)stable manifolds with validated error bounds:
non-resonant and resonant spectra. J. Nonlinear Sci., 26(4):1055–
1095, 2016.

[WBG+10] A. Wittig, M. Berz, J. Grote, K. Makino, and S. Newhouse. Rigor-
ous and accurate enclosure of invariant manifolds on surfaces. Regul.
Chaotic Dyn., 15(2-3):107–126, 2010.
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