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How to improve existing models to 
better understand the transverse 

vibrations of beams

Introduction

• Because of the important aerospace 
applications, the problem of transverse vibration 
of beans arouses the interest of most famous 
researchers since many years: Euler, Bernoulli, 
Rayleigh, Timoshenko, Bresse, and others …

• Whereas the Euler-Bernoulli theory neglects the 
effects of rotary inertia and shear deformation, 
Bresse and Rayleigh consider the first of these 
effects. Timoshenko combines and introduces 
both. Recently, Elishakoff has proposed a 
governing differential equation, based on the 
Timoshenko’s equation that is simpler and more 
consistent.

• Euler-Bernoulli:

• Timoshenko:

• Elishakoff:

• The previous publications have obtained their 
equations in terms of the equilibrium. The 
objective here is to derive the governing 
differential equation using the Hamilton 
principle.

Method

List of the different energy contributions

• Strain energy (bending moment)

• Strain energy (shear effect)

• Kinetic energy (translator motion):

• Kinetic energy (rotary inertia)

• Work done by axial force P

Hamilton’s principle

Governing differential equations:

• Without an axial force:

• With an axial force:

Results

• The same results by using the Euler-Lagrange 
equations. The objective is to minimize the 
integral of the Hamilton principle. This method 
provides exactly the same results as previously 
and validate it

• Compared to the Elishakoff’s equation, another 
term occurs

• Using the work of Timoshenko,

The additional  term can be neglected.

• It is also possible, with this method, to et the 
governing differential equation of beams 
subjected to axial forces. This problem find 
sapplications in the study of vibrations of cables, 
guy wires, and turbine blades.

• From this equation, a critical buckling load is 
obtained, equal to 

Discussion

1. These equations serve as a basis to study the 
dynamic stability of beams

2. All textbooks list exact solutions of free and 
forced vibrations of uniform; Bernoulli-Euler 
beans based on the Timoshenko’s equation, 
which is even more approximate than the 
Elishakoff’s derivation. 

3. This work is the first step to study the dynamic 
stability of beams, a very recent problematic (the 
standard reference, book from V.V Bolotin has 
been published in 1964)

4. Thus, by investigating the parametrically excited 
transverse oscillations of a simply supported 
straight columns, it is possible to derive for 
which values of shear parameters instabilities 
occur.
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