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Chapter 1

Introduction

Let D be an integral domain with quotient field K and E a nonempty subset of D. The
ring of polynomials integer-valued on E, Int(E, D) = {f € K[z]|f(E) C D} is well
studied, especially for the case where D = Z. (In the case where F' = D, one usually
writes Int(D) instead of Int(D, D).) Here we will be studying the case for which
E = f(D), where f € Int(D). The motivation comes from a question in the problem
book by Pélya and Szegd, see [25]. In the section on integer-valued polynomials in
[25], one question gives a Z-basis for the subring of Int(Z) consisting of integer-valued
even polynomials. This ring is isomorphic to Int(E, Z) where E = {n?|n € Z}. Since
most of the properties are dependent on F being the image of an integer-valued
polynomial we present many of our results for the more general ring Int(f(D), D),
where D is usually assumed to be a Dedekind domain with finite residue fields, and f
an arbitrary (nonconstant) integer-valued polynomial on D. In the following sections

we present a brief account of theory related to the results proven in the later chapters.



1.1 Basis elements

As early as the seventeenth century, see the historical introduction in [5],it was known
that the functions (%) = w form a Z-basis for Int(Z). An analogue was
given for discrete valuation domains in [5, Theorem I1.2.7]. Pélya and Szegd gave a
similar result for the even and odd integer-valued polynomials in Int(Z). We will give

an analogue for these odd and integer-valued even polynomials for certain discrete

valuation domains.

1.2 The Spectrum

The spectrum of an integral domain is the set of prime ideals of that domain. For
the ring Int(Z), it turns out that the prime ideals above pZ for prime p € Z, are in
one-to-one correspondence with the p-adic integers.

The prime ideals above (0) are in one-to-one correspondence with the monic
irreducible polynomials in Q[z]. For certain integral domains similar results hold
for Int(F, D). (For example D, the completion of D in the M-adic topology, must be
an integral domain.) Among other things, our result will show that the prime ideals in
the ring of integer-valued even polynomials above pZ are in one-to-one correspondence

with the set of p-adic integers that are perfect squares.

1.3 Skolem Property

One major result in Int(Z) is that it has the Skolem property: If g1, ..., gx are integer-
valued polynomials such that gi(n),. .., gx(n) are relatively prime for each integer n,
then there exist integer-valued polynomials u, ..., ux such that uyg; +- - - +urgr = 1.

Like almost all results pertaining to Int(Z), this has been generalized. A stronger



form of the Skolem property is that the property holds for arbitrary ideals generated
by gi(n),...,gx(n). Int(E, D) has the strong Skolem property if, given two finitely
generated ideals I and J of Int(E, D), if for all a € F it is the case that I(a) = J(a)
then I = J. From [9], certain conditions on E and D ensure that Int(E, D) has the
strong Skolem property. We give conditions on the integral domain D that ensure that
Int(f(D), D) has the strong Skolem property for every nonconstant integer-valued

polynomial f.

1.4 Factorization Properties

In section VI.3 of [5], it was shown that the basis elements for Int(Z) are irreducible
in Int(Z). We will show that the Z-basis elements for the ring of integer-valued even
polynomials noted by Pdlya and Szego are irreducible in the ring of integer-valued

even polynomials.

1.5 Stone-Weierstrass Theorem

The Stone-Weierstrass theorem for discrete valuation domains tells us that continuous
integer-valued functions can be approximated by integer-valued polynomials. We
show that for certain discrete valuation domains, even (respectively odd) continuous
integer-valued functions may be approximated by even (respectively odd) integer-
valued polynomials. One consequence of this fact is that we will get an alternative
to the Mahler expansion. A p-adic continuous function can be expressed in the form
Sorco (%) where {a,} is a null sequence. This expansion known as the Mahler
expansion and it was generalized in [5, section IIL.3] to discrete valuation domains.

We give a similar expansion for both even and odd continuous functions.



Chapter 2

Integer-valued Polynomials

Let D be an infinite integral domain with field of fractions K and f a nonconstant
element of Int(D). A subset E of K is called a fractional subset if there exists nonzero
d € D such that dE C D. In this section we give results for Int(f(D), D). For general
fractional subsets E C K, the ring Int(F, D) has been studied thoroughly, including
the case where E is an infinite subset of D. We get stronger results for Int(f(D), D),
because f(D) has some special properties.

We shall begin by showing that Int(f(D), D) = Dy, where Dy = Int(D) () K[f(x)].
Note that if the characteristic of D is not 2, then D, is the ring of integer-valued
even polynomials.

If D is a Noetherian domain, then f is continuous in the I-adic topology for any
ideal I of D. From this we can describe the topological closure of f(D) in Doy, the
M-adic completion of D in K where M is a maximal ideal of D. This will be used
to give a description the spectrum of Int(f(D), D).

Suppose that for all g,h € K[z] such that g(a)|h(a) for all a € E C K we have
g(x)|h(z) in K[z]. Then E is called a d-set. We shall show that, under certain mild
condtions which we shall present later, f(D) is a d-set.

If a € E, we call a an isolated point of E if Int(F, D) C Int(F — {a}, D). Note



that, if f is integer-valued on E, then certainly it is integer-valued on any subset of
E; hence Int(E, D) C Int(F, D) for any FF C E. We will show that f(D) has no
isolated points. This property, along with being a d-set, is used to show that under
certain conditions on D, Int(f(D), D) has the strong Skolem property.

Int(f(D), D) has been previously studied. For example, [15] gave conditions on a
subset £ C Z that it be polynomially equivalent to f(F), where two sets £ and F
are polynomially equivalent with respect to the domain D if Int(E, D) = Int(F, D).
Nothing has been done on the algebraic properties of Int(f(D), D); however, algebraic
properties of Int(E, D) for certain special subsets E and domains D have been studied.
Some algebraic properties of Int(IP,Z), for example, where P is the set of rational
prime numbers, were investigated in [7], such as whether it satisfies the strong Skolem
property (it does not), as well as a description of the spectrum.

We now give the isomorphism between Int(f(D), D) and Dy.

Proposition 2.1. Let D be an integral domain with quotient field K, f € Int(D) a
nonconstant integer-valued polynomial Dy = Int(D) (" K[f(z)], then Int(f(D), D) =
Dy.

Proof. Let h(x) € Int(f(D),D) map to h(f(x)). This is the natural isomorphism
from K[z] to K[f(z)] restricted to Int(f(D), D). It is clear that the image of this

restriction is Dy. OJ

Note that Dy is closed under composition, while Int(f(D), D) is not, despite both

rings being isomorphic subrings of K[z]. For example consider, D = Z and f(z) = 22,

then h(x) =x +2 € Int(f(Z,Z) as is g(x) = %, but g(h(1)) =2 ¢ Z.



2.1 A description of the spectrum of Int(f(D), D)

Our task in this subsection is to give a description of the spectrum of Int(f(D), D).
The spectrum for Int(F, D) for a Noetherian local one-dimensional domain D, with
finite residue field, where E is a fractional subset of D, is given in (Theorem V.2.10,
[5])-

Let I be an ideal of D, the I-adic topology is the topology on D obtained by
using F = {x + I"}22, as a system of neighborhoods of z € D, which makes D a
topological ring. For information on the I-adic topology we refer the reader to [20,

Section 8§].

Lemma 2.1. For any domain D with ideal I and polynomial f € D|x] with coefficients

in D, then f is continuous in the I-adic topology, (see Lemma II1.2.3,[5]).

Proof. This follows immediately from the fact that addition and multiplication are

continuous. O

Now we want to show that f € Int(D) is a continuous function. In the next lemma
we show that, for a Noetherian domain D with ideal I, if we divide a continuous
function by a nonzero constant and the result is still a function on D, then it is
continuous. Since this is the situation for integer-valued polynomials, its continuity
will follow immediately. This is [5, Lemma II1.2.3], but the result stated there is for
integer-valued polynomials, and we generalize this to continuous functions. The proof
of the next theorem will make use of the Artin-Rees Lemma which states that, for a
Noetherian domain D with ideals I and J, there exists a positive integer k such that,

for all positive integers n, I"** N J = I"(I* N J).



Proposition 2.2. Let I be an ideal of a Noetherian domain D and ¢ : D — D a
function on D. If there exists a nonzero constant d € D such that d¢ is continuous

in the I-adic topology, then ¢ is continuous in the I-adic topology.

Proof. 1t is sufficient to show that, given an element y € D and positive integer n,
there exists a positive integer m such that ¢(y + I™) C ¢(y) + I"™.

By the Artin-Rees Lemma, there exists an integer k such that I"**(\(d) =
I"(I*N(d)) € dI". Because d¢ is continuous, there exists a positive integer m
such that (d¢)(y + I™) C (do)(y) + I"**. Clearly (d¢)(y + I™) C (d), hence
dp(y+1I™) C (do)(y)+ 1" N(d)]. Now I"**(d) C dI™, by the Artin Rees Lemma,
implies (do)(y + I™) C (d¢)(y) + dI™. Dividing by d gives ¢(y + I™) C ¢(y) + I" as
desired. ]

It follows from the previous two results that the integer-valued polynomials are

continuous on a Noetherian domain D.

Corollary 2.1. Let I be an ideal of the Noetherian domain D. Then each integer-

valued polynomial f € Int(D) is continuous on D in the [-adic topology.

If D is a Noetherian domain then for any ideal I, we will show that f € Int(D) is
continuous in the I-adic topology. This was also shown in [5, Lemma II1.2.3]. Now
for i < j we can form the natural map ¢;; : D/I? — D/I" hence forming the inverse
system of rings, D/I < D/I?> « D/I? « ---. The limit of this inverse system is the
I-adic completion of D, which we denote by D. Note that the I-adic completion of
D is the set of all sequences (ay,as,...), with a, € D/I" and a,, — a,_1 € I"". We
call a domain D analytically irreducible, if its completion D in the M-adic topology
is a domain for all maximal ideals M of D. Note also that for, D =Z and I = (p) a

prime ideal of Z, we get the p-adic integers.



Lemma V.1.3 of [5] tells us the following. Let p be a prime ideal of D and a be

an element of /. Then

PBra = {f € Int(E, D)[f(a) € p}

is a prime ideal of Int(E, D) above p, and Int(E, D)/PB,. = D/p.

The proof of the lemma is clear since B, , is the kernel of the ring homomorphism
obtained by composing the evaluation map at a, followed by reduction modulo p, and
clearly the image of this map is D/p. Thus, if p is maximal, then so is Py ,.

Let D be a Noetherian local one dimensional analytically irreducible domain with
finite residue field and FE a fractional subset of D. Then the prime ideals of Int(E, D)
above the maximal ideal m of D are in one-to-one correspondence with the elements

of F, the m-adic completion of E: to each element « in E corresponds the prime

Mo = {f € Int(E, D)|f(a) € f}.

Because D is one-dimensional, these ideals M, , account for all of the prime ideals
of Int(FE, D) that do not contract to (0) in D.

To find the closure of f(D) we first show that, for Noetherian domains D, the
completion D is compact in the M-adic topology. In [5, Proposition I11.1.2] it is
shown that, if R is a Noetherian ring with an ideal I such that (,_, " = 0, then
R/I is finite if and only if the completion R of R in the I-adic topology is compact.
For this thesis, we restrict ourselves to domains. For Noetherian domains, for any
proper ideal I it is always the case that (,—,/* = (0). (This is Krull’s intersection

theorem; see [20, Theorem 8.10.ii].) Thus, the following lemma follows.

Lemma 2.2. Let D be a Noetherian domain, I a proper ideal of D such that D/I is



finite. The completion D of D in the I-adic topology is compact.

Recall that, d(z,y) = 27%, where k = sup{k|z —y € I*}, results in a metric
induced by the I-adic topology. We refer the reader to [5, Section III.1] for more
information.

Now we are ready to describe the closure of f(D) in the M-adic topology in the

case where D is a Noetherian domain with D/M finite.

Lemma 2.3. Let D be a Noetherian domain that is not a field, and M an ideal such
that D/M 1is finite. Then every infinite sequence of elements in the completion D of

D, has a convergent subsequence in the M -adic topology.

Proof. From Krull’s intersection theorem, (;—, M* = (0). Hence the Lemma follows
from Proposition I11.1.2 of [5], which tells us that D is compact, together with a

standard topological argument; for example, see the proof of [23, Theorem 28.2]. [

Proposition 2.3. Let D be a Noetherian domain with quotient field K, M an ideal
of D such that D/M is finite, and f € Int(D). Then the topological closure of f(D)

in the M-adic completion of K 1is f(ﬁ), where D is the M -adic completion of D.

Proof. Let a be an element of the topological closure of f(D), so « is the limit of some
sequence of elements of f(D), say {f(a;)}, where for each i, a; € D. By Lemma 2.3,
the sequence {a;} has a convergent subsequence with limit a. From the continuity of
f, Corollary 2.1, it follows that a = f(a), so that the topological closure of f(D) is

contained in f(D). The other containment is clear. O



We can now describe the spectrum for Int(f(D), D), in the case where D is a

Noetherian local one-dimensional domain with finite residue field.

Theorem 2.1. Let D be a one-dimensional local Noetherian domain with finite
residue field and mazimal ideal M and quotient field K and f € Int(D). The
prime ideals of Int(f(D), D) above M are in one-to-one correspondence with the
elements of f(f)) to each element o in f(f)) corresponds the prime ideal M, =
{g € Int(f(D),D)|g(a) € M}, and Int(f(D), D)/M, = D/M.

The nonzero prime ideals above (0) are in one-to-one correspondence with the
monic polynomials irreducible in K[z|: to the irreducible polynomial q corresponds
the prime P, = ¢K[z] NInt(D). If q(a) = 0 then P, is contained in M. If D is a

discrete valuation domain, then B, is contained in M, if and only if g(a) = 0.

Proof. By Proposition 2.2, the closure of f(D) is f(ﬁ), hence the results stated about

M., follow immediately from [5, Proposition V.2.1]. ]

We globalize [5, Lemma V.2.1] to get the following lemma from which we will get

a global version of the previous theorem.

Proposition 2.4. Let D be a one dimensional Noetherian domain with finite residue
field at each mazximal ideal. Each maximal ideal of Int(E, D) above a mazimal ideal

M of D 1s of the form
Mo = {f € Int(E, D)|f(a) € M}

where a is in the closure of E in the M-adic completion of Dyy.

10



Proof. Since D is Noetherian, from [5, Proposition 1.2.7 (i)], for any multiplicative
subset S C D, S7'Int(E,D) = Int(E,S™'D). Now let 9 be a prime ideal in
Int(F, D) above maximal ideal M of D. Let Sy = D — M and note that this is
a multiplicative subset of Int(FE, D). It follows that S™'Int(F, D) = Int(E, Dyy).
Now from standard results on localization (see [18, chapter II]), we know the prime
ideals above M in Int(E, D) correspond naturally to the prime ideals above M
in Int(E, D). Hence by the previous theorem gives a one-to-one correspondence
between the primes above M in Int(E, D) and the elements in E, the completion in

A~

K. O
Thus, the following corollary follows.

Corollary 2.2. Let D be a one dimensional Noetherian domain with finite residue
field at each mazimal ideal and f € Int(D). Then the mazimal ideals of Int(f(D), D)
are in one-to-one correspondence with the elements of f(D), that is, to each a € f(D)

corresponds the mazimal ideal My = {h € Int(f(D), D)|h(c) € M}.

As an example of the utility of the main result, we obtain the spectrum of Z,2,

the ring of integer-valued even polynomials on Z.

Corollary 2.3. Let p be a prime of Z. Then the prime ideals of Z,> over a prime
tdeal pZ of Z are in one-to-one correspondence with the perfect squares of the p-
adic integers: to each perfect square o in Z(p) corresponds the prime ideal 93?]";@2 =
{g9(z?) € Z,2|g(a) € (p)}. The nonzero primes over (0) are in one-to-one correspondence
with the monic irreducible polynomials in Q[z?): to each irreducible polynomial q

corresponds the prime B; = Q[x?] N Zys.

11



Proof. From Proposition 2.1 Z,2 is isomorphic to Int(F,Z) where E = {n?ln € Z}.
Now let B be a prime ideal of Int(E,Z) and PB* be the image of B under the
isomorphism obtained by mapping ¢(z) to g(z?). Therefore, the prime 9MM,, =
{g(x) € Int(E,Z)|g(c®) € (p)} of Int(E, Z) corresponds to M* | = {g(x?) € Z,2|g(r) €
(p)}. Similarly, the prime ideal B, = ¢Q[z] N Int(f(Z),Z) corresponds to P; =

q(z?) Q2% N Zyz. O

Note that, for an odd prime p, an element b € Z(p) is a perfect square if the image
of b in Z, under the natural homomorphism is a perfect square. For p = 2, bis a
perfect square if b = 1 mod 8. These results can be shown using Hensel’s lemma.

(For a proof we refer the reader to [12, Section 7.2].)

2.2 The Strong Skolem Property

We now turn our attention to another algebraic property of Int(f(D),D) for an
integral domain D: that it have the strong Skolem property. The notion of a d-ring
was introduced by Gunji and McQuillan in [16]. A ring D is a d-ring if, whenever
f and g are polynomials in D[z] with the property that f(a) divides g(a) in D for
almost all elements a in D, then f divides ¢ in K[z|. Gunji and McQuillan showed
that the ring of algebraic integers in an algebraic number field is a d-ring. Now
Chabert, Chapman, and Smith in [9] generalized the notion of a d-ring to that of a
d-subset. E is a divisor subset of D (or a d-subset) if, for all polynomials f, g € K|z]
such that f(a) divides g(a) in D for almost all elements a in E, then f|g in K|[z].
An element a € FE is an isolated point of E if Int(E, D) is properly contained in
Int(E — {a}, D). In Theorem 4.6 of [9] it was shown that if Int(E, D) is a Priifer

domain, and E a d-subset of D that has no isolated points, then Int(FE, D) has the

12



strong Skolem property. We first show that f(D) is a d-subset if D is a d-ring.

Theorem 2.2. Let D be an integral domain, and f an integer-valued polyonomial on

D. Then f(D) is a d-subset of D if and only if D is a d-ring.

Proof. Suppose first that D is a d-ring, and g and h are elements of Int(f(D), D), such
that g(a)|h(a) for almost all a € f(D). This means that g(f(a))|h(f(a)) for almost all
a € D; since D is a d-subset this implies that g(f(x))|h(f(z)) in K[z]. So there exists
a polynomial [ in K[z]| such that I(z) = h(f(x))/g(f(x)). We now show that I(z) =
m(f(x)) for some m € K|x]. Write —) = m(x) + (x) for some m,n € K[x] with

9()
deg(n) < deg(g). Then l(x) = m(f(x)) + HH with deg(n(f(x))) < deg(g(f())).

But Z((}C((g)) =Il(x) —m(f(z)) € K[x], so it must be the case that n = 0, proving that

l(x) = m(f(x)). Therefore g|h, making f(D) a d-subset.

Conversely, if f(D) is a d-subset, then since f(D) C D, it follows immediately

that D is a d-ring. O

Next we show that, if D is an integral domain that is not a field, then f(D) has

no isolated points.

Theorem 2.3. Let D be an integral domain that is not a field and f a nonconstant

integer-valued polynomial on D. Then f(D) has no isolated points.

Proof. Let E = f(D) — {a}, and suppose that ¢ is an element of Int(E, D) of degree
n. Now g(f(z)) is integer-valued for all integers with the possible exception of those

in f~'(a). Since f~!(a) is finite, the polynomial g(f(x)) is almost integer-valued, and

13



since D is infinte by [5, Proposition 1.1.5], the polynomial g(f(z)) is indeed integer-
valued. Therefore g(z) is an element of Int(f(D), D), and hence f(D) has no isolated

points. L]

Lemma 2.4. Let E C F be infinite subsets of a domain D. If a € E is an isolated

point of F', then a is an isolated point of E.

Proof. Since a is an isolated point of F', there exists h € Int(F' — {a}, D) such that

h(a) ¢ D. Since Int(F — {a}, D) C Int(E — {a}, D), a is an isolated point of E. [

Example 2.1. We now give some examples of subsets in which every point is isolated.
1. The set of rational primes P C Z

2. The set E = {ay,as,...} such that (a,) = (t)" of an integral domain D with

mazximal prime ideal (t).

3. E, ={a"|n C N} for some a € N —{1}.

Proof.

1. This was shown in [7], where they used the polynomial (x_l)'"](.#“) to illustrate

that the prime p is an isolated point.

z(x—ar) - (x—an—1)

: where k =

2. For a, € E we may use the polynomial g(z) =

n(n+1)
2

+ 1. Let a be a nonzero element of D, define v(a) = min{k|a € (t)*}.
Now v(g(a,)) = —1 hence g(a,) ¢ D. Let h be a positive integer, v(g(an1p)) =
h —1>0 hence g € Int(E —{a,}, D)

14



3. This is a special case of 2.

We can use this example to make some interesting observation about f(D) and

in particular f(Z).

Since if f is a nonzero integer-valued polynomial, f(D) has no isolated points then

the previous lemma yields the following proposition.

Proposition 2.5. If E is a subset of a domain D with quotient field K, such that E

contains an isolated point, then f(D) € E.

We now give a corollary about the image f(Z) where f is in Int(Z).

Corollary 2.4. If f(x) is a polynomial in Q[x], then
1. f(Z) P

2. f(Z) ¢ {a"In € N}

Proof. These follow from the fact that f(Z) has no isolated points, while for the other

sets, all elements are isolated. O

Recall that a Priifer domain is an integral domain D in which for every maximal
ideal M of D, D), is a valuation domain. In [3] it was established that Int(Z) is a

Priifer domain. More generally, from [5, Theorem VI.1.8], if D is a Dedekind domain
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with finite residue fields, then Int(D) is a Priifer domain. Moreover, if Int(D) is a
Priifer domain, then Int(f(D), D) is a Priifer domain (because an overring of a Priifer
domain is a Priifer domain, [13]). Conditions relating Int(D) to Priifer domains have

been studied intensively, and we refer the reader to [21],[5].

Theorem 2.4. If D is a d-ring and f is an integer-valued polynomial on D such that
Int(f(D), D) is a Prifer domain, then Int(f(D), D) has the strong Skolem property.

Proof. Since D is an integral domain, f(D) has no isolated points by Theorem 2.4,
and since D is a d-ring, f(D) is a d-subset by Theorem 2.2, so the result follows

immediately from [9, Theorem 4.6]. [

The previous theorem tells us that if D is a d-ring and a Dedekind domain with
finite residue fields, then Int(f(D), D) is strongly Skolem. We now give a consequence

of this.

Corollary 2.5. Let D be a d-ring, and a Dedekind domain with finite residue fields,
c an element in D, and fy ... f, elements of Int(D) such that for all a € D, (¢) =
(fi(a),..., fu(a)). Then there exist an integer-valued polynomial uy, ..., u such that
uy f1+- - +u, frn = c. Furthermore, if for an integer-valued polynomial h, all f; € Dy,

then we can take all u; € Dy,.

Proof. From the strong Skolem property, there exist integer-valued polynomials

Uy, . .., Uy such that uy f1+- - 4w, f,, = ¢. Now if each f; isin Dy, say fi(x) = m;(h(x)),
then each m; is in Int(h(D), D), so we can apply the strong Skolem property on
Int(h(D), D) to conclude that ¢ = uwjmy + --- + u,m,,. Substituting h for z in this

equation gives the desired result. O]
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Chapter 3

Even and Odd Integer-Valued

Polynomials

Recall that a function f(x) is called even if f(x) = f(—z), and is called odd if
f(z) = f(—=z). For an integral domain D with quotient field K, we let D,2 be the
ring of integer valued polynomials in K[z?] , and D, the D-module of odd integer-
valued polynomials. Note that in analysis, because of the symmetric properties,
breaking functions into even and odd parts is a typical technique. For instance, in
[24], a paper on the digamma function, the authors found it sufficient to reduce their
investigation to periodic even functions. Also, we note the paper by Whitney [28] on
even differentiable functions in which it was shown that, if f is an even differentiable
function, then f may be written as f(z) = g(2?), and which goes on further to give
various conditions on f and how they affect g.

It was not until the seventies that the ring of integer-valued polynomials on Z was
noticed as an interesting ring of study, see [22, Section C.11]. For example, in [3], it
was shown that Int(Z) is a Priifer domain.

In [25], Pdlya and Szegd’s famous analysis problem solving book, one question asks

to show that the sequence of polynomials F,, = £ (””) forms a Z-basis for the ring of

n \2n+1
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erkfl)

integer-valued even polynomials, and that the sequence of polynomials O,, = ( ok 1

forms a Z-basis for the module of odd integer-valued polynomials Z,. The major
goal of this chapter is to obtain analogues of these bases for some discrete valuation
domains with finite residue field. Also, we will show some factorization properties of
Z,2>. Using some of the tools developed for getting an analogue to Pdlya and Szego’s
basis elements, we will prove some factorization properties for V,2 for certain discrete
valuation rings.

Observe that, for any integral domain D, with £ = {a*|a € D}, Int(E, D) = D,»,
so some of the previous section hold for D,2.

Our first lemma gives a concrete description of the integer-valued even functions.

Lemma 3.1. If D is an integral domain of characteristic not equal to 2, then the
ring of integer-valued even polynomials on D 1is the intersection of the ring of integer-

valued polynomials with K[z?], Dy = Int(D) N K[2?].

Proof. Write f = Y "  a;a’, so that f(xz) = Y1 ja;(—x). If f is even, then f(z) =
f(—x) forces a; = 0 for odd 7, hence the ring of integer-valued even polynomials is

equal to the ring Int(D) N K[z?]. O

We show that Int(D) is integral over D,2, although it is not an overring, because
they do not have the same field of fractions. We caution the reader that many results

on integrality also depend on one ring being an overring of the other.

Theorem 3.1. For any integral domain D, Int(D) is integral over D,e.
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Proof. Let f € Int(D) be an integer-valued polynomial, e; = f(z) + f(—x) and
es = f(z)f(—z). The monic polynomial G(X) = X? — ;X + e is an element of
D,2[X]. Since G(f) = 0, Int(D) is integral over D,. O

3.1 Extendable Very Well Distributed and Well
Ordered Sequences

In [5] analogues to the binomial polynomials (¥) are defined for discrete valuation
domains, by utilizing a special sequence in a discrete valuation domain, which we

now define.

Definition 3.1. A sequence {u, }nen of elements of a discrete valuation ring V- with
valuation v and residue field of order q is said to be a very well distributed and well
ordered sequence (in short a V.W.D.W.O. sequence) if, for all non-negative integers
n and m, v(u, — uy) = vy(n —m), where v, (a) is the largest power of q that divides

a.

A V.W.D.W.O. sequence is a generalization of the sequence of natural numbers
in the ring of p-adic integers. One fact about a V.W.D.W.O. sequence {u;} which
we shall use later is that, for any polynomial f € K[z], where K is the quotient field
of the discrete valuation domain V', if deg(f) = n, then f € Int(V) if and only if
f(u;) € V for all i < n. See [5, Proposition 11.2.8].

We now describe a certain class of V.W.D.W.O. sequences which we will use to

define analogues of the functions E,, and O,, for certain discrete valuation domains.

Definition 3.2. Let V' be a discrete valuation domain, and {u,}neny a V.W.D.W.O.
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sequence of elements of V.. For any positive integer k, let

N —Up_p ifn<k

Upy—k; ifn>k

We call {u,} an extendable V.W.D.W.O. (E.V.W.D.W.O.) if {c*} is a V.W.D.W.O.

for every positive integer k, in which case we call {ck},cn the k-extension of {u,}.

We now show that a necessary condition for a V.W.D.W.O. {u,} to be an
E.V.W.D.W.O. is that uy = 0.

Lemma 3.2. Let V' be a discrete valuation domain , if {u,} is an E.V.W.D.W.O.

sequence of V', then ug = 0.

Proof. Let h and ¢ be nonnegative integers such that 0 < i < h. Then

o, h
¢ +Cop i = —Up—i+up; =0

Therefore for all positive integers k, ¢ ¢ M* (else both ¢! and ¢, , would be in
M*), so that ¢! = ug € M*. Thus, ug € N2 M* = 0 ( because V is a Noetherian

domain). O

In [5] it was shown that every discrete valuation domain has a V.W.D.W.O. Not
every discrete valuation domain has an E.V.W.D.W.O; next we determine which

discrete valuation domains do have an E.-V.W.D.W.O.

Theorem 3.2. Let V' be a discrete valuation domain with maximal ideal M = (t)

and |V/M| = q.
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1. If q is odd then V has an E.W.V.D.W.O.

2. If q is even, then V has an E.W.V.D.W.O. if and only if ¢ =2 and M = 2V

Proof.

1. Let ¢ = % and {uy = 0, £uy,...,£uy} be a set of representatives of residue
classes modulo M. Every positive integer m has a unique representation in the
form

m = agq" + -+ ai1q + ao,

in which —¢' < a; < ¢ for each index i, and a; # 0. If we let
Uy = uaktk + s Ug U,

where u_; = —u;, we claim that {u, },> is an E.V.W.D.W.O. Consider v(u,, —

U ), Where

m = ad" +-+ag+ag

n = byg" +-- 4 big+ by

Then v(u, — u,,) is the smallest ¢ such that a; — b; is nonzero, which is also
equal to v,(n —m). This shows that for any integer k, {c%},cy, the k-extension

of {u,} is a V.W.D.W.O. hence {u,} is an E.V.W.D.W.O.

2. If {u,} is an EEV.W.D.W.O., then —uq,ug, uy, us, ... is a V.W.D.W.O. Note

that uy — (—uy) = 2u; € M. Now if ¢ > 2 then —uy, uy, . . ., 44— would form a
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complete set of residues (modulo M) but —u; and u; are in the same congruence
class, hence ¢ = 2. Also, —uq, ug, u1, and us forms a complete set of residues

modulo M2, hence —u; and u; must be in different congruence classes modulo
M?, 50 2u; = u; — (uy) ¢ M? which implies 2 ¢ M?, hence M = 2V.

Conversely, if ¢ = 2 and M = 2V, then N is an E.V.W.D.W.O. for V. Note
that since M* = 2V it is the case that v(m —n) = va(m — n). (To see this,

we examine the base 2 expansion as was done for the case where ¢ is odd).

Note that if V' has an E.V.W.D.W.O., then the characteristic of V' is not 2, hence
by Lemma 3.1, V2 = V..

3.2 A V-basis for V2 and V,

For a discrete valuation domain V', with finite residue field and quotient field K, [5,
Corollary 11.2.8] tells us that any polynomial f in K[z| of degree n is integer valued
if it is integer valued on the first n + 1 elements of a V.W.D.W.O. Observe that, if
{u;} is an EEW.V.W.D.O., then for f € K,2 of degree 2n, if f is integer valued on the
first n 4+ 1 elements of an E.ZW.V.D.W.O., then f is integer valued on the first 2n + 1
elements of the n-extension of the E.V.W.D.W.O., hence f € V,2. We now present an

analogue to Polya and Szego’s basis for the ring of integer-valued even polynomials.

Theorem 3.3. Let {uy}nen be a E.V.W.D.W.O. sequence of V', where V' is a discrete
valuation domain with finite residue field. The sequence of polynomials {E,}nen,

where Ey =1 and E,, = Z;(l) (M) forn >0, is a V-basis of V2.

2,2
ug—uy
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Proof. Let s be a fixed but arbitrary integer, and set

—Us_, ifn<s

Up—s fn>s

Since {u,} is a E.V.W.D.W.O., by definition {¢ } is a V.W.D.W.O. Squaring ¢ gives

(us—n)? ifn<s

(¢)?
(Up_s)? ifn>s
Observe that
0 ifn<2s
ES(CZ) =
1 ifn=2s

Hence Eq(cf), Es(c}), ..., Es(cs,) € V, and clearly Ej is a polynomial in KJz]| of
degree 2s, so by [5, Corollary 11.2.8], Fs € Int(V). Also note that E is in K[z?], and
therefore Ey € V2.

For the rest of the proof, we imitate the proof of [5, Theorem I1.2.7]. It is clear
that the sequence of polynomials F,, form a K-basis for K[z?], since the degree of E,,

is 2n for each n. So if f € V2 C K[2?] is of degree 2n, we can write

for some Ao, A1,..., A, in K. Note that \g = f(ug) € V. Suppose, by induction on

k <mn,that \; € V for ¢« < k. Then

g = MNeEp+---+ N E,

= f—(NoEo+ ...+ X1 Ep1) € Ve
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Since gy is an integer-valued polynomial, A\, = gx(ux) € V. O

Let V be a discrete valuation domain, v the valuation on the quotient field K of
V', h be an integer, ¢ be the cardinality of the residue field and f be a polynomial
in Int(V) such that deg(f) < ¢". From [5, Proposition I11.3.1], if f(0) = 0, then
v(a) > r + h implies that v(f(a)) > r + 1. This was actually proved by considering
g(x) = f(x +b) — f(b) and establishing the result that v(b — a) > r + h implies
v(gla—10b)) >r+1.

We now apply the basis elements of V,2 to relate v(a) to v(f(a)), for a € V,
but note that in V,2 we do not have the luxury of strengthening results from v(a)
to v(b — a) as was done for Int(V'), since for f € V2, g(x) = f(z + b) — f(b) is not

necessarily in V2.

Theorem 3.4. Let V' be a discrete valuation domain with finite residue field of
cardinality q, h an integer, and f a polynomial in V2 such that f(0) = 0 and
deg(f) < 2¢". Suppose that V2 has an E.V.W.D.W.O. sequence. If r is an integer

such that v(a) > r+ h then v(f(a)) > r + 1.

Proof. Let {u;} be a E.-V.W.D.W.O. sequence. Recall that the sequence E, =

n-l <$2;u§> form a V-basis for V,2. For n > 1 we have

k=0 ugL —Uy

E(z) — x_H((x—uk)(x+uk)

Uy, — Uk ) (U, + Uug)

so that
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Note that O, (z) = - | - % is integer-valued because it is a polynomial
in K[x] of degree 2n — 1 and integer valued on {—w,_1,...,ug, ..., Uy_1, Uy}, which
are 2n consecutive elements on a V.W.D.W.O. sequence. For 0 < n < ¢", we have

v(u,) = vy(n) < h; therefore

v(En(a)) = wv(a) +v(On(a)) - v(un)

> v(a) —v(u,)
> r+h—h+1
> r+1

Since deg(f) < 2¢" and f(0) = 0, we can express f as a linear combination of the
polynomials Ey, ..., E;n_q, so that f(a) = Zfi;l a;l;(a) for some ay,...,an_y €V,

and hence v(f(a)) >r+1 O

Clearly, the natural numbers N form an E.V.W.D.W.O sequence locally at every
prime of Z. We now pause briefly to look at an example related to the previous

theorem, which yields a sharper result than that given in [5, Proposition I11.3.1].

Example 3.1. Ifn < %h (hence deg(E,) < ¢"), then from Proposition II11.3.1 of [5]
we know that v(a) > r + h implies v(E,(a)) > r + 1. The previous theorem sharpens
this result to n < ¢". For exzample, since 5 < %, from [5], if 3"3|a then 3" |E5(a).
On the other hand, from the previous theorem, since 5 < 32, we are able to improve

the result to 3""2|a implies 3" Es(a).

We now note an analogue for discrete valuation domains of Pélya and Szegd’s

basis elements for the Z-module of odd integer-valued functions on Z .
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Theorem 3.5. Let {u,}nen be a E.V.W.D.W.O. sequence of V', where V' is a discrete
valuation domain with finite residue field. The sequence of polynomials {O, }nen,

Ou(z) = & |- rmw)etun) g s () s a V-basis of V,, the V-module of odd

k=1 (un—ug)(un+ug)

integer-valued polynomials on V.

Proof. The fact that O, is an integer-valued polynomial is stated (with reason) in the
proof of Theorem 3.4. Note that these polynomials have the property that O,,(u,) = 1
and O, (ug) = 0 for k < n, hence the proof is similar to that for the case of the integer-

valued even polynomials. O]

3.3 The irreducibility of the basis elements of V.

We now show that Pélya’s basis elements Fj, are irreducible in Z,2, for all integers k.

Theorem 3.6. Let f = Y ,_ aprEx € Zy,2 for some ag,...,a, € Z. Suppose that
ged{ag, ...,a,} =1 and a, is not divisible by @Z) for allr <n. Then f is irreducible

mn Lige.

Proof. It f = ag for a € 7Z, then a divides ay,...,a, in Z, hence a = +1. Now
suppose that f = gh for nonconstant polynomials g, h € Z,2, and let n,r, s be the
degrees of f, g and h respectively. Suppose g = > . b;E; and h = >""_ ¢;E;; observe

that 2n = 2r + 2s. Then comparing the leading coefficients of f, g, and h yields

2a, 2b, 2c,

(2n)! — (2r)!(29)!
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so that

contradicting the assumption that @’;) does not divide a,,. O]

We immediately get the following consequence.

Corollary 3.1. For each n > 1, the polynomial E,, is irreducible in Z,>.

The following definition is taken from [10], which describes a certain factorization

property.

Definition 3.3. Let R be an integral domain and n a positive integer. We define
®(R,n) to be the supremum of the number of possible lengths of decompositions into

products of irreducible elements which otherwise factor as a product of length n.

We show that ®(Z,2,2) = oc.

Corollary 3.2. 2k(2k —1)E)(z) = E_i(z)(z*— (k—1)?), and hence ®(Z,2,2) = oo.
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Proof.

(x—l—k;—l)

2k — 1

(+k—1)(z+k=2)---(x—k+1)
(2k — 1)!

>8] 8

211, (% — i)
(2K)!
2T (2 — i) 2 — (k — 1)?
2(k—1)  (2k—1)2k
Ep_1(z)(2* — (k—1)?)
2k(2k — 1)

Therefore,
2k(2k — 1)Ep(z) = Ep(z)(2* — (k—1)?).
Note that 22 — (k — 1)? is irreducible in Z,2. O

For further results on factorization of integer-valued polynomials we refer the
reader to [1].

Now we show that for a discrete valuation domain with finite residue field of odd
order, the basis elements F, are irreducible. We use an analogue of the factorial

function.

Definition 3.4. Given an E.V.W.D.W.O. {u,} for the discrete valuation domain V,

let u,! = (u2 —u2_ ;) (u2 —ud)(u2) forn > 1, and uy! = 1.

The definition is an instance of the Bhargava factorial; see [2]. Note that, with

this notation, the leading coefficient of F is u%,
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Lemma 3.3. Suppose that V' is a discrete valuation ring with an E.W.V.D.W.O.

sequence {u;}. Let q be the cardinality of the residue field. Then for n any power of

Up!
uplug!

q, and all positive integers r,s, such thatn =r+s, 1s a non-unit element of V.

Proof. First assume ¢ is odd. Let {c;} be the n-extension of {u;}. We will make use
of the fact that, since ¢ is odd, for any integer a, v,(2a) = v,(a). Also without loss of

generality we may assume 2r < ¢q. Then

n—1 n—1
v(u,!) = Z v(u, — u;) + ZU<Un + u;)

1=0 =0
n—1 n—1

= Z v(con — Cnyi) + Y v(con — i)
1=0 =0
n—1 n—1

= > vgln—i)+ > vg(n+i)
1=0 =0

= Y+ Y )
_ <qu<z>> +y(n)

i=1

= Z Vg (%)
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Hence

Up,!
uug!

D vali) = D wai) = 3 gli)
qu(i) - qu(2q — i) - qu(z)
D vali) = 3 vg(i) = D va(i)

Ug(q") — vq(25) > 0

Recall that if ¢ is even, then ¢ = 2 because V has an E-W.V.D.W.O. sequence.

The result for ¢ = 2 is proved in a similar way. We provide the details for the reader’s

convenience. Here we will use the fact that vy(2n) = va(n) + 1

v(uy,!)

n—1 n—1

Z v(u, — u;) + Z v(up, + u;)
=0 =0

n—1 n—1

gvg(n —1i) + §v2(n + 1)
Zzn;vg(i) + 251@2(@)

(%Z_: v2(i)> + va(n)
iznlvg(z') -1
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Hence

W) = o) — o) = o)
- iw(i) - ivg(i) - iw(i) 41
= ivz(i) - im@’f“ — i) — iw@) 1
- iw(i) - 221@(@‘) - ivz(i) 1

= (2" —w(28) + 1=k —wy(s) +1 >0

Theorem 3.7. Let V be a discrete valaution domain with an E.W.V.D.W.O. sequence
{w;} and f =3";_,axEy in Vi, where Ey are the basis polynomials associated with
the EW.V.D.W.O. {u;}, [V/M| = q. If n = ¢* for some positive integer k, if for all

r,s such that n = r + s, it is the case that a, ¢ (UZ_‘!Z!S!), and if there exists ay, for

which ay is a unit, then f is irreducible.

Proof. If we can factor f = ag for some constant a € V', then since a; is a unit
for some k, it follows that a also has to be a unit. Now suppose that we can factor
f = gh for some nonconstant polynomials, g = >\_b;E; and h = Y _;_, ¢;E;; hence

2n = 2r + 2s. Comparing leading coefficients of f, g, and h yields

ap b, cs

Up! (TMETA
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so that

a, = b Un
wug!
contradicting the assumption that a, ¢ (ufl’;!sl). O

The case a,, = 1 yields the following consequence.

Corollary 3.3. If V is a discrete valaution domain with an E.W.V.D.W.O. sequence
{u;},q the cardinality of the residue field of V' and k a postive integer then the basis

element Ey. associated with {u;} is irreducible in V2.
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Chapter 4

Application: Stone-Weierstrass

Theorem

Weierstrass in 1885 [27], showed that, for any finite interval I = [a,b] in the real
numbers, the set of all polynomials is dense in the ring of continuous functions on
I. This result has spawned countless variations and generalizations (for example, the
famous one by Stone, [26]), and it could be argued that this result is the start of
approximation theory. One such variation is that every continuous periodic function
can be approximated by a trigonometric polynomial, which is now used in many
applications, such as time series and signal processing. One technique of finding the
trigonometric series of a function entails splitting it as a sum of even and odd parts;
then even functions are written as cosine series and odd functions are written as
sine series. An analogue of the Stone-Weierstrass theorem for the p-adic integers was
given by Dieudonné in [11], and this was generalized by Kaplansky in [17] to rank-one
valuation rings. Mahler in [19] gave a more concrete variation of Dieudonné’s result,
showing that every p-adic continuous function can be expressed as a series of the the
form Y7, a; (f) This has been generalized to discrete valuation domains by using

the fact that every DVR has a V.W.D.W.O. sequence (see [5]).
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In this section we use the basis elements for the even and odd integer-valued
polynomials from the last section to give analogues of the Stone Weierstrass theorem
for odd and integer-valued even polynomials. This representation is similar to that of
a continuous periodic function as the sum of sine and cosine series. The proofs
are inspired by the case for the ring of integer-valued polynomials on a discrete
valuation ring, which can be found in [5, Chapter III]. In [5] it was shown that, if the
characteristic functions of cosets of ideals can be approximated, then all continuous
functions can be approximated. Since the characteristic function is neither even nor
odd, we use the odd and even parts of the characteristic function, coupled with
the existence of an E.V.W.D.W.O. sequence and the basis elements of the previous
chapter, to get our results. Note also that [5] has results for all discrete valuation
domains, while we use discrete valuation domains with an E.V.W.D.W.O. sequence ,
in order to use the results of the previous chapter.

Using the V-basis for V.2, we now provide an analogue to the Stone-Weierstrass
theorem for even continuous functions. That is, we show that every even continuous
integer-valued function can be approximated by an integer-valued even polynomial.
Note that, if ¢ is a continuous function on V', then we may extend ¢ to a continuous
function ¢ : V — V by letting ¢(f) = d(limy o tn) = lim, oo ¢(t,), where {t,}
is a sequence in V' such that lim, . t, =t € V. For completness, we first define

“approximated”.

Definition 4.1. Let V' be a discrete valuation ring with maximal ideal M and 1%
its completion. Let ¢ be a continuous function on V. We say that a polynomial f

approximates ¢ modulo M™, if for all a € V', we have f(a) — ¢(a) € M"

We will also use the characteristic functions on cosets.

34



Definition 4.2. Let M be the maximal ideal of a discrete valuation domain V. For

any element a € V' and any integer h, let

1 ift—aecM"
Xa+Mh(t):
0 ift—ag¢ M"

Definition 4.3. Let M be the maximal ideal of a discrete valuation domain V. For

any element a € V' and any integer h, let

XatMh ifa+ M"=—a+ M"

€q —

Xasmh + X_qrmn  Otherwise

Definition 4.4. Let M be the maximal ideal of a discrete valuation domain V. For

any element a € V' and any integer h, let

Ya = Xa+MP — X—a+Mh

4.1 Approximation theorem for even continuous
integer-valued functions

We first show that, in order to be able to approximate all even continuous functions
on the completion, it is suffices to be able to approximate the even part of the

characteristic functions. We denote the ring of even functions continuous on the

domain D by C¢(D, D).
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Theorem 4.1. Let V' be a discrete valuation ring with maximal ideal M and |V/M| =

q < oo. For all positive integers n, the following assertions are equivalent.

1. Every even function continuous on V in the M -adic toplogy can be approrimated

by an integer-valued even polynomial f € V2 modulo M.

h

v can be approrimated,

2. For all positive integers h and a € V', the functions €

modulo M™, by a polynomial f € V2.

Proof. (1=2) For any h, the extension ¢ of €?, is the sum of characteristic functions
on a+ M" and —a+ M" in V and hence is an even continuous function. Let f be an
integer-valued even polynomial on V; we show that f approximates € on V modulo
M™ if and only if f approximates €* on V modulo M™.

If f approximates ¢ modulo M™ on V, then in V, f(r)—é"(r) € M forallr € V

implies f(r) — e(r) € M™ for all r € V. If f approximates ¢ modulo M™ on V, then
f(r)—e(r) € M"™ for all r € V. Since f — " is continuous and V is a compact metric
space, [ — € is actually uniformly continuous and hence extends to the completion;
that is, (f — ") (z) € M for all z € V.
(1<=2) Conversely, let ¢ be an even function continuous on V. Again since V is
compact, and ¢ is uniformly continuous, for all positive integers n there exists an
integer h such that a—b € M" implies o(a)—o(b) € M™. In other words, there exists
an integer h such that ¢ is constant modulo M™ on a + M", since b € a + M" if and
only if a — b e M".

Note that since ¢ is even and constant on a + M" mod M". it follows that,
d(x) = 3 eu(2)d(a)( mod M™), where a ranges over coset representatives for M"
such that if a + M" # —a + MP", then we include only one representative for both

cosets. Now by hypothesis, for each a there exists a polynomial f, € V,2 such that
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fo =€ mod M™; hence, 3 ¢(a)fo(x) = ¢(x) mod M". Since V is dense in V, (2)
implies (1). O

We will now show that every even continuous function can be approximated

modulo M™ by an integer-valued even polynomial f € V2. From the previous theorem

h

~ can be

it is sufficient to show that for each integer h, the characteristic function e

approximated modulo M™.

Theorem 4.2. Let V' be a discrete valaution domain with an E.V.W.D.W.O. sequence,
maximal ideal M and ¢ be an even continuous function on V, the completion of Vin
the M-adic topology. Then for all positive integers n, ¢ can be approximated modulo
M™ by an integer-valued even polynomial f € V,2; that is, for all ¢ € Ce(f/, V), and
all positive integers n, there exists f € V2 such that ¢(a) = f(a) mod M™ for all

~

aeV.

Proof. We first show the approximation for continuous functions modulo M. Let
|V/M| = q. From [5], for each integer-valued even polynomial f such that deg(f) <
q", we have that @ = b mod M" implies that f(a) = f(b) mod M; in other words,
for any a € V, if deg(f) < ¢" then f is constant modulo M on a+ M". Let {u;} be an
E.W.V.D.W.O. and {E,} be the V-basis for V,2 associated with this E.-W.V.D.W.O.
Thenfor0<n<%,letq’:qh—_lifqisoddandq’:%ifqzz We have

2

q/
En = Z En(uz)XulJrMh

i=—q’
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Since for n > 1, E,(up) =0

q/ _q/
Z En(ui)XuH-Mh + Z En(”i)Xui—l—Mh
i=1 i=—1

/

q
Z En(ul) (Xu¢+Mh + XfuiJrMh)

i=1

i=1

For the case that ¢ = 2 (which implies that M = 2V), —a + M" = a + M" =
20 € MM = 2"V = a € 271V = M" ! so there are only two such cosets 0 4+ M"
and 2"~! + M" which makes the sum range over ¢’ + 1 coset representatives. Note
also that this equation also holds for n = 0, and thus, for n = 0,...,¢’ we have
¢ + 1 relations E, = 3/:1 En(ul)ezl + 0, where 9, € MV,2. These relations may
be represented in matrix form, E = MY + A, where E, T and A are (¢ +1) x 1
column matrices whose coefficients are, respectively, the functions E,,, €,, and d,,, and
M is the (¢ + 1) x (¢’ + 1) matrix (a;;) such that a;; = E;(u;). Note that M is
upper triangular with coefficients on the diagonal equal to 1; hence M is invertible
over V. So T = M'E — M 'A. Therefore, the functions ¢! are approximated by
integer-valued even polynomials modulo M. The result for M now follows from the
previous theorem.

Now we consider the approximation for M™. Let S Ce(V, V), the ring of even
continuous integer-valued functions on V. Then by the case already proven, ¢ =
go + 09, where gy € V,2 and ¢y takes its values in M. Let t be a generator for

the ideal M, hence, ¢ = gy + t¢1 where ¢; € Ce(V, V) Applying the same result to

1,0 = go+tg, +t2¢y. By induction, it follows that ¢ = go+tg;+- - -+t"g"+t" 1, 1.
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Therefore, ¢ is approximated modulo M by an even polynomial. O]

For a discrete valuation domain with an E.V.W.D.W.O., every even continuous

function may be expressed as a series using the basis for integer-valued even polynomials.

Theorem 4.3. Let V' be a valuation domain with an E.V.W.D.W.O. sequence. Every

continuous function ¢ € C¢(V, V) can be expressed as a sum of series

¢ = ZaiEz’, where a; € V and v(a;) — +0oc.

=0

Moreover, the coefficients a; are uniquely determined by the recursive formula
n—1
¢(UZ) = a, + Z &iEi(un),
i=0
where {uy,} is the E.V.W.D.W.O. sequence corresponding to the basis {E;}.

Proof. Let (t) be the maximal ideal of V. Now for each n, there exists an integer-
valued even polynomial f/ such that f)(x) = ¢(x) modulo M™. We may write
¢ =1t f; +t" ¢, for integer-valued even polynomials fy, ..., f, and continuous
function ¢,; hence, we have ¢ = Y t"f,(z), where f, are integer-valued even
polynomials.

Now for each n, f, = Zf;o a;nF; where a;,, in V. For i > k, set a;,, = 0. Let

a; = > 00 @in, and k™ = sup{ko, ..., k,}. If i > k) then a; = >°° a;,, and hence
v(a;) > r and so v(a;) — +oo. Now > ° a;E; is convergent since a;f; — 0, so
¢ =, a;E; is convergent. Also >~ _ t"f, — Zf;o a;F; is divisible by t**1, and so

¢ = Zjio Cl,lEZ L]
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4.2 Approximation theorem for odd continuous
integer-valued functions

In this section we prove analogues of the results in the previous section for odd
continuous functions. The purpose of this is to obtain an expansion for discrete
valuation rings with odd residue field. We will show that every odd continuous
function can be approximated by an odd integer-valued polynomial. We denote the
set of odd continuous functions on D by C°(D, D). The next theorem tells us that
if we can approximate the odd part of all characteristic functions by odd integer-
valued polynomials, then we can approximate all odd continuous functions by odd

integer-valued polynomials.

Theorem 4.4. Let V' be a discrete valuation domain and M the mazimal ideal of V.

For each integer n, the following assertions are equivalent.

1. Fach continuous function ¢ € C"(V, V) can be approrimated by an odd integer-

valued polynomial f € V, modulo M™.

2. For each integer h, and each a € V ,the function v, = Xarmh — X—armh 0V

can be approzimated by an odd integer-valued polynomial f € V, modulo M™.

Proof. (1=2) For any h, and a € V, the extension 4" of " is Xqiam — X—aymn
hence is an odd continuous function. Let f be an odd integer-valued polynomial, f

approximates 4% in V modulo M™ if and only if f approximates 7" in ¥V modulo M™.

(1 < 2) Conversely, let ¢ € C"(V, V) Since V is compact, ¢ is uniformly

continuous, so there exists an integer k such that a —b € M implies that ¢(a)—@(b) €
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M™. Now ¢ is odd and constant on each a + M" modulo M™. Thus the result follows

as in the proof of Theorem 4.1. O

Theorem 4.5. Let V' be a discrete valuation domain with an E.W.V.D.W.O. sequence

For all integers n, each odd continuous function ¢ € C°(V, V) can be approzimated

modulo M™ by an odd integer-valued polynomial f € V.

Proof. Let h be an integer. From [5, Proposition II1.3.1], if 2n — 1 < ¢" (that is
n < thH) then O, (r) = = 1=, M is constant on wu; + M", where {u;}

T un Un—up ) (un+ug)

the EW.V.D.W.O. associated with O,,. Now

h

g =1
2
On(r) = Z On<ui)Xui+Mh
Z':_qh;l
2
-1 _g"-1
2 2
=1 i=—1

qh—l

2
S 0t (ursars — Xcwsart)
i=1

-1

> Oulu)(3)

So we have thfl relations O,, = >_ On(ui)y(u;) + 6, where 8, € MV,. These

1<ic?=1
relations may be represented in matrix form, O = MI' + A, where O, ® and A are
column matrices whose coefficients are, respectively, the functions O,,, 7,, and d,,, and

M is the matrix (a;;) such that a;; = O;(u;) note that M is upper triangular with

coefficients on the diagonal equal to 1; hence, M is invertible. So I' = MO - M™!A.
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Hence the functions ~; are approximated by odd integer-valued polynomials modulo
M. The result for n = 1 follows from the previous theorem. Now we consider the
approximation for M™. If ¢ € C"(V, V), then by the previous theorem ¢ = gq + 0o,
where gy € V, and &, takes its values in M. Hence ¢ = g + t¢1 where ¢ € CO(V, V)
Applying the same result to ¢1,¢ = go + tgi + t2¢9. By induction it follows that
¢ =go+tg +---+t"g" +t""1¢, 1. Therefore ¢ is approximated modulo M by an

odd integer-valued polynomial. O]

Theorem 4.6. Let V' be a discrete valuation domain with an E.W.V.D.W.O. Every

odd continuous function ¢ € C(V, \7) can be expressed as the sum of series

gb - Za’ioia where a; € V and U(ai) — +00.

=1

Proof. Same proof as that for the even continuous functions, using [5, Theorem I11.3.7]

O
We end with a corollary that gives an analogue of Fourier series expansion.

Corollary 4.1. LetV be a discrete valuation domain with residue field of odd cardinality.

Every continuous function ¢ € C( ! ,V), can be expressed as the sum of series

o= Z a; E; + Z b;0;, where a;,b; € V, and v(a;),v(b;) — +oo.

=0 i=1

Proof. 2¢(x) = ¢(x) + ¢(—x) + ¢(x) — ¢(—x) which is the sum of an even and odd
continuous function each of which can be written as the relevant series. That is from

Theorem 4.3 we have ¢(z) + ¢(—x) = > = a;E; and from Theorem 4.6 we have
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d(x) — ¢(—x) = >_2, b;O; Since the characteristic of V//M is odd, 2 is a unit in V,

hence dividing both sides by 2 yields the result. O]
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