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Intensity modulated radiation therapy (IMRT) is a cancer treatment method in 

which the intensities of the radiation beams are modulated; therefore these beams have 

non-uniform radiation intensities. The overall result is the delivery of the prescribed dose 

in the target volume. The dose distribution is conformal to the shape of the target and 

minimizes the dose to the nearby critical organs. An inverse planning algorithm is used to 

obtain those non-uniform beam intensities. In inverse treatment planning, the treatment 

plan is achieved by using an optimization process. The optimized plan results to a high-

quality dose distribution in the planning target volume (PTV), which receives the 

prescribed dose while the dose that is received by the organs at risk (OARs) is reduced. 

Accordingly, an objective function has to be defined for the PTV, while some constraints 

have to be considered to handle the dose limitations for the OARs.
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In other words, the IMRT optimization problem is a constrained optimization problem. 

Depending on the type of the constraints that are used for the OARs, the degree of the 

complexity varies. In particular, introduction of dose-volume constraints (DVCs) changes 

the original convex optimization problem of the PTV into a non-convex problem with 

several local minima. In addition, the search space dimensionality of this optimization 

problem is high. For these reasons, the optimization methods and algorithms must be 

chosen to satisfy all conditions. 

In this research, the Simulated Annealing Algorithm (SAA) is used in three novel 

methods to optimize an IMRT plan with one PTV and two OARs. These methods were 

tested on data from five prostate patients, and they successfully achieved the IMRT goals. 
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1. INTRODUCTION 

1.1. Purpose 

Intensity modulated radiation therapy (IMRT) is one of the most common 

modalities in radiation therapy for various types of cancer. It differs from other methods of 

radiation therapy in that it has the ability to modulate the intensity of the radiation beams 

in order to produce a uniform dose distribution in the tumor’s volume. It can adjust the 

radiation dose distribution inside the tumor to conform to its shape, while organs at risk 

(OARs) are spared in order to lower their toxicity. This great ability of IMRT comes from 

the application of optimization algorithms; the clinical goals are transformed into 

mathematical formulations and the optimization algorithm finds the best intensity or 

fluence map for the radiation beams. This results in the desired dose distribution in the 

tumor. 

The main purpose of this research is to study three different methods (static, 

dynamic, adaptive) that can be used to create the mathematical formulation for the 

constrained optimization problem along with investigating the use of simulated annealing 

algorithm (SAA) as the optimization algorithm. Additionally, particle swarm optimization 

(PSO) was compared with the SAA.



 

2 

1.2. Thesis Organization 

The organization of this Thesis is in the following order: it starts by giving some 

statistics on the cancer and in particular prostate cancer. Next, the Thesis gives a 

background on radiation therapy and radiobiology. Then, it discusses the external beam 

radiation therapy and the linear accelerator system (linac). In addition, it explains IMRT 

and the treatment process of radiation therapy, as well as dose calculation methods. In the 

next parts, it discusses the optimization problem, the SAA and PSO algorithms. The next 

section explains the applied methods for the optimization in this research. Finally, the 

results and discussion are presented. 

1.3. Cancer 

Cancer is a disease that is caused when the cell reproduction process does not work 

correctly in a part of the body and causes abnormal cell growth. This may form a malignant 

tumor that can invade surrounding tissues or metastasize and spread to other parts of the 

body. 

Cancer is one of the leading causes of death worldwide. There were around 14.1 

million new patients diagnosed with cancer in 2012, and around 8.2 million patients died 

of cancer in the same year. In particular, prostate cancer is the second most common cancer 

among men after skin cancer. The prostate gland is part of the male reproductive system. 

It is located in the pelvis, in front of the rectum and beneath the bladder. The estimation of 

new patients with prostate cancer in 2012 was around 1.1 million worldwide, which 

comprises 15% of total male cancer patients. Prostate cancer is the fifth cause of cancer 

death in men, with an estimated number of 307,000 deaths in 2012 which is 6.6% of the 

total mortality of males.1, 2 
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Currently, surgery, chemotherapy, and radiotherapy are the most widely used 

methods for cancer treatment. 

1.4. Radiation Therapy Background 

Radiation therapy uses high-energy radiation to destroy the cancer cells. The types 

of radiation can be high-energy photons, such as X-rays and -rays, or charged particles 

such as electrons, protons or α-particles.  

Radiation can be delivered to cancer using different methods. For instance, External 

Beam Radiation Therapy uses a linear accelerator system, which generates the radiation 

outside of the patient’s body and delivers it towards the tumor. On the contrary, in 

Brachytherapy the radiation source is inside or near the tumor, while in nuclear medicine, 

a radiopharmaceutical is injected into the body. 

Radiation may cause excitation in an atom by raising an electron to a higher energy 

level. However, if the radiation has enough energy to eject one or more electrons from an 

atom or molecule, it may cause ionization. Ionization radiation has radiobiological effects 

on the tissue and it is used in radiation therapy.3 

Ionization radiation can be classified into two groups: directly ionizing and 

indirectly ionizing radiation. Directly ionizing radiation is when a charged particle such as 

an electron, a proton or an α-particle has enough kinetic energy to interact with the target 

atom via Coulomb force and remove one or more electrons from the target. Indirectly 

ionizing radiation occurs when the incident radiation is not a charged particle and does not 

interact strongly with the matter. In this case, the radiation effects are mainly caused 

because of the produced secondary charged particles. Neutron and photon radiations are 

examples of indirect ionization radiation.  
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Photons are considered ionization radiation if they have enough energy to break the 

chemical bonds and cause biological changes. If the photon energy is greater than 124 eV, 

the radiation type is considered ionizing radiation in the field of radiobiology. This amount 

of energy corresponds to a photon that has a wavelength smaller than 10 nm. X-rays -

rays, are photon radiations that have sufficient energy to cause ionization. They mainly 

interact and deposit their energy in the matter is by producing secondary electrons. The 

energy range of most X-rays is 100 eV to 100 keV.3 

Photons interact with the matter in several ways. The probability of occurrence of 

each type of interaction depends on the energy of the photon and the type of material. This 

probability is represented as interaction cross section. The measure of the probability of 

interaction between photons and matter per unit mass and area is called “mass attenuation 

coefficient”  
𝜇

𝜌
. The total mass attenuation coefficient is the sum of the mass attenuation 

coefficients from all type of interactions. 

 𝜇𝑚 =
𝜇

𝜌
=
(𝜏 + 𝜎𝑅 + 𝜎𝑐 + 𝑘)

𝜌
  (1) 

where 𝜏, 𝜎𝑅, 𝜎𝑐, and 𝑘 are the linear attenuation coefficients for the photoelectric effect, 

Rayleigh scattering, Compton effect and pair production respectively.4 

The three primary interactions of photons with the atoms of an absorber are the 

Compton scattering, Photoelectric effect, and Pair production. In radiation therapy, the 

predominant interaction of X-ray photons with the tissue is the Compton scattering. The 

probability of each interaction depends on the photon energy, the density, and the atomic 

number of the absorber.4 

The Compton effect is the interaction of a photon with a loosely bound electron of 

an atom. After the interaction, the electron that is called a recoil electron is ejected from 
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the atom and a new photon is generated with an energy less than the energy of the incident 

photon. The kinetic energy of the recoil electron is equal to the difference of the energy of 

the incident photon and the energy of the scattered photon. The secondary electron will 

continue to have other interactions with the matter. The differential cross section for 

Compton scattering can be found using Klein–Nishina formula.4  

The photoelectric effect is the photon-atom interaction that has a great importance 

for low energy photons. It occurs when an incident photon gives all of its energy to an 

orbital electron of an atom, and ejects the electron. In this interaction, the electron is a 

tightly bound orbital electron and not a free electron. The kinetic energy of the emitted 

electron (photoelectron) is equal to the difference of the incident photon energy, and the 

binding energy of the electron. While the Compton scattering is not dependent on the 

atomic number of the matter, the photoelectric effect depends on the atomic number. In the 

case of high energy incident photons, the photoelectrons are emitted mostly forward in 

comparison to the low energy incident photons that the emitted photoelectrons are mainly 

perpendicular to the direction of the incident photons.  

Pair production is the other interaction that becomes important for higher energy 

photons. In this interaction, a photon of energy greater than 1.02 MeV is absorbed, and an 

electron and a positron are produced instead. This interaction occurs in the Coulomb field 

of another charged particle. If this charged particle is the nucleus of an atom, the interaction 

is the standard pair production. As a result, one electron and one positron are emitted. On 

the other hand, if the charged particle is an orbital electron of an atom, the orbital electron 

is ejected as well, and this interaction is called triplet production. As the energy of the 
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incident photon increases, the directions of the emitted electron and positron tend to be 

more straightforward. 

Rayleigh scattering is the elastic interaction of a photon with the whole atom. The 

photon does not lose any energy in this interaction since there is no excitation, ionization 

or transfer of energy to the charged particles. This interaction does not have any 

contribution to the radiation dose. It occurs mostly for photons with low energy and 

absorbers with high atomic number.4 

From the radiobiology perspective, the critical target of the radiation is the 

Deoxyribonucleic acid (DNA). In other words, the radiobiological effect of the radiation is 

produced mainly due to DNA damage. There are two types of radiation action on the DNA. 

First, if the radiation damages the DNA by ionizing its atoms in a direct way, it is called 

direct action. Second, if the damage to the DNA is produced indirectly through an 

intermediate agent, it is called indirect action. In other words, first the radiation interacts 

with other atoms in the cell and mainly with water molecules, since they make up 80% of 

the cell. Consequently, this produces free radicals that can diffuse farther and damage the 

DNA. Free radicals are atoms and molecules with an unpaired electron in their outer shell. 

As a result, they are very reactive. For instance, the Hydroxyl radical (𝑂𝐻 ∙) that is 

produced by the effect of radiation on the water molecules is responsible for more than 

60% of the radiobiological effects in mammalian cells. This indirect action can be 

explained with the following chain of events. First, the incident of radiation on water 

molecules produces secondary fast electrons and ion radicals (𝐻2𝑂 → 𝐻2𝑂
+ + 𝑒−). 

Second, through some chemical reactions, free radicals are produced from ion radicals 
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(𝐻2𝑂
+ + 𝐻2𝑂 → 𝐻3𝑂

+ + 𝑂𝐻 ∙). These free radicals can diffuse and reach the critical 

targets and consequently damage them.3 

1.5. External Beam Radiation Therapy 

External beam radiation therapy (EBRT) is a widely used radiation therapy 

modality. In EBRT, radiation is delivered to the cancerous regions of the patients from 

outside of their body using a source that is relatively far from the patient. A linear 

accelerator system (linac) is the most common equipment that is used for this type of 

treatment. 

1.5.1. Linear Accelerator 

The electron linear accelerator is the system that is used in external beam radiation 

therapy in order to produce high energy X-rays. In a linac, electrons are accelerated in a 

straight line and finally they collide with a heavy metal target. As a result, high energy X-

rays are produced. High energy X-rays are suitable in treating cancers that are located 

deeply inside the patient. Moreover, high-energy electrons from the linac can be used 

directly to treat superficial cancers.5 The linac system must be operated in a radiation-

shielded room to prevent harmful radiation to personnel and other people outside the 

treatment room. A linac system is shown in figure 1.  
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Figure 1. A Linear Accelerator (linac) for radiation therapy. (Source: Varian) 

 

 

One major component of a linac is the gantry. It can rotate on a stand that holds 

electronics and other components. The gantry has a horizontal rotational axis that can rotate 

around it. The radiation beam exits from the collimator. The intersection of the central axis 

of the beam with the horizontal axis of the gantry is called the isocenter.5 

After placing the patient on the treatment couch, the exact positioning of the patient 

can be achieved by moving the treatment couch. It can move linearly in three directions, 

and it can also rotate around a vertical axis that passes through the isocenter. The patient 

can be positioned accurately using the side and ceiling laser beams, which intersect at the 

isocenter along with some marks on the patient’s body.  
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The most common way of patient positioning is to have the tumor at the isocenter 

of the beams. In this way, the radiation beam can be delivered to the tumor from different 

angles and the distance from the radiation source to the center of the tumor will be fixed. 

This distance is the source to gantry axis distance (SAD) and is usually 100 cm.5 

In the linac, electrons are emitted from an electron gun and are accelerated inside 

the accelerator component using the power that is generated by a microwave generator 

such as klystron. This microwave power is conveyed to the accelerator structure using 

waveguides. Electrons are accelerated in a straight line and at the end of their path, they 

collide with a target material (usually tungsten) to produce high-energy photons. In 

addition to the klystron, waveguide, electron gun and the accelerator component, there are 

other major parts in a linac. For example, a circulator does not let the microwaves to reflect 

back into the klystron from the accelerator, and cooling water system cools the system and 

keeps it at a stable temperature. Moreover, the bending magnet deflects and focuses moving 

electrons on the target. In addition, the treatment head has several components to shape 

and localize the beam and monitor the output radiation. The radiation beam that is 

generated in the target is more intense in the center than at the edges. Therefore, to change 

this non-uniform beam into a useful uniform beam for radiation therapy, a cone-shaped 

flatting filter is used (figure 2). This filter reduces the intensity more in the center rather 

than away from the center of the beam. Additionally, there are two ionization chambers in 

the path of the beam which measure the amount of radiation.5  
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Figure 2. Components of a linac's gantry head. (Source: Karzmark) 

 

 

Another component of a linac is a field defining light that is used to make an exact 

replicate of the output radiation field, using visible light. Another helpful tool on a linac 

head is the range finder light that projects a scale using its emitted light on the patient’s 

skin to assist in measuring the SSD (radiation source to skin distance). In order to use the 

linac to deliver electrons directly to the patient, the X-ray target and the flattening filter 

must move away from the path of the electron beam.5 
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An important part of a linac that shapes the output beam is the collimating system. 

The primary collimator is located after the target and limits the size of the radiation beam. 

It is cone-shaped with an opening and an exit. The secondary collimator that is located after 

the flattening filter and the ion chambers is made of four thick metal blocks that are called 

jaws. This collimator defines the field size and has the freedom to rotate about the beam 

axis. The maximum field that this collimator can provide is usually a (40 x 40) cm2 

rectangle .5  

The Multi-leaf Collimator (MLC) consists of pairs of tungsten leaves that are 

motorized, and can move separately. As a result, it can create different complex field 

openings for the output beam. The thickness of leaves is enough to prevent the radiation to 

go through them. MLC is an essential component of a modern linac used in intensity 

modulated radiation therapy, because it can shape the output radiation beam and modulate 

the beam fluence. Figure 3 depicts a gantry head, a MLC, and a beam’s eye view of the 

PTV. 
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Figure 3. Gantry head (Top). A Multi-leaf Collimator (MLC) consists of pairs of tungsten leaves that can 

move separately to shape the output radiation beam (Middle). (Source: Varian) A beam’s eye view of the 

PTV (red). The yellow rectangle is made by jaws and the blue rectangles are the MLC leaves which are 

moving (Bottom). 



13 

1.5.2. Intensity Modulated Radiation Therapy 

 Intensity Modulated Radiation Therapy (IMRT) is an advanced type of external 

beam radiation therapy. It modulates beam intensities and produces non-uniform radiation 

beams instead of uniform beams that were used in the conventional type of external beam 

radiation therapy. These non-uniform beams deliver the radiation dose to the target volume 

with higher conformity or spatial agreement with the shape of the target volume. 

IMRT increases the radiation dose to the target volume and reduces the dose in 

critical organs of the patient. Use of one radiation beam for IMRT causes an 

inhomogeneous dose distribution inside the target volume and produces cold and hot areas 

of radiation in it. To provide a homogeneous dose in the target volume, several beams with 

different angles must be used to generate the desired dose distribution inside the target 

volume.6 

1.5.3. Treatment Process 

IMRT treatment can be different in details for each institution. In general, it can be 

classified into the following stages7 shown in figure 4. 

Figure 4. Major steps in a radiation treatment process. 

Positioning and 
Immobilization

Image 
Acquisition

Structure 
Segmentation

Treatment 
Planning

File TransferValidation
Radiation 
Delivery
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Positioning and immobilization of the patient are crucial, since IMRT aims to 

deliver a high precision radiation dose to the tumor. For example, in prostate cancer, since 

the target volume is in the proximity of other critical organs, it is important to use some 

immobilization devices such as thermoplastic8 or rectal balloon9 to keep the target volume 

from moving.  

Image acquisition is the next step, since the whole IMRT depends heavily on taking 

medical images such as CT scans. This step is categorized in the field of medical 

diagnostics and requires image-processing procedures. 

Location and delineation of each structure have to be determined before creating a 

radiation treatment plan. While other types of medical imaging such as MRI may be used 

for diagnostics, for the purpose of dose calculation, image segmentation has to be done on 

CT scans. Presently, image segmentation is mainly done manually by experts, but there is 

a trend toward automated segmentation.10 

In the treatment planning stage, the treatment planner determines the number of 

beams as well as beam angles according to the location of the tumor, and the critical organs. 

After that, an inverse planning algorithm is used to find the optimized beam intensities. 

Inverse planning is the process of finding the beam intensities after determination of the 

prescribed dose to the PTV, and the dose limitations for the OARs.6 This process uses and 

optimization algorithm. The mathematical formulation of the treatment goals is defined for 

the optimization algorithm, and the optimization algorithm finds the best feasible solution 

for the beam intensities.11, 12 

After successful computation of the plan, and evaluation and verification of it by 

the physician, the plan information such as leaf sequences for the MLC will be transferred 
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to the linac. Before starting the radiation, MU, MLC leaf sequences, dose distribution, and 

collision avoidance must be validated. In addition, the patient position must be verified to 

assure that the treatment plan structures are aligned with the patient anatomical structures 

and the treatment plan isocenter matches with the radiation treatment isocenter.7 

In order to deliver non-uniform beams of IMRT to the patient, MLC is used to 

modulate the output beams and produce the expected fluence map for each beam. There 

are several type of algorithms to translate the fluence maps into the instructions for the 

motion of the leaves.7, 13, 14 

1.5.4. Evaluation of the Treatment Plan 

A radiation treatment plan can be evaluated graphically by looking at the colorwash 

dose distribution on the original CT images. In addition, it can be evaluated using the 

isodose curves or isodose surfaces. 

Another common way of evaluating a treatment plan is by assessing the maximum, 

the minimum and the mean dose to the target volume and nearby organs. Furthermore, it 

is predominant to use dose-volume histogram for plan evaluation. 

1.5.4.1. Dose Volume Histogram 

Dose-volume histogram (DVH) is a great tool for representation of the 3D dose 

distribution inside a volume such as the PTV or any other structure. It is one of the main 

tools for evaluation of a treatment plan. 

DVH is a 2D plot obtained by retrieving the amount of dose to all of the voxels of 

the structure. The horizontal axis of a DVH represents the radiation dose, and the vertical 

axis represents the fraction of volume of the structure that receives an amount of dose. The 

vertical axis can be absolute volume or percentage volume. The horizontal axis of a DVH 
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is divided into a set of bins, and each voxel depending on its dose will fall into one of the 

bins. The produced plot is called differential DVH and it is shown in figure 5. In radiation 

therapy, it is more prevalent to use another type of DVH that is called cumulative DVH. In 

this type, all of the voxels that are receiving a dose greater or equal to the specified dose of 

a bin will fall into that bin, as shown in figure 6. 

 

Figure 5. A differential DVH plot for a structure. 
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Figure 6. A Cumulative DVH plot for a structure. 

1.6. Radiation Dose Calculation 

Dose calculation is the fundamental part of a treatment plan process. The 

optimization process is based on the calculated dose. In addition, the final calculated dose 

has to be compared with the clinical goals for assessment of the produced treatment plan. 

Radiation dose is the mean absorbed energy from radiation per unit of mass. In the 

SI system, it is measured in joules per kilogram (J/kg) and is denoted by gray (Gy).15 

As mentioned previously, the photon beam is an indirect ionization beam, which 

deposits its energy in the tissue mainly with the aid of secondary generated charged 

particles. There are four types of dose deposition inside the patient when the radiation beam 

is high energy photons such as X-ray. The first type is the dose deposition by the primary 

photon beam inside the patient. The beam is generated at the source, and directly enters the 

patient and deposits most of its energy by the generated secondary electrons. This is called 

primary dose. 
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The second type is the energy that is deposited in the patient by secondary photons. 

These photons are the scattered photons that are produced inside the patient and they 

deposit their energy through secondary charged particles. This is called phantom scatter 

dose. The third type of dose deposition in the patient is from the contaminated charged 

particles that are produced inside the linac head and mainly in the flattening filter, or the 

air. These charged particles deposit their energy inside the patient in the build-up region. 

This type of dose deposition is called contaminant charged particle dose. The fourth type 

of dose deposition is the energy that is deposited by the scattered photons. These photons 

are generated in the linac head and mainly in the flattening filter. These photons undergo a 

similar process as the primary photons when they enter the patient, but they have different 

energies and directions. This type is named head scatter dose and contributes 

approximately to 5-15% of the total deposited energy. 16 

A dose calculation algorithm has to be fast enough to provide the dose in the clinical 

time limits, and it must be accurate enough to produce a meaningful clinical dose 

distribution inside the patient. There is a trade-off between speed and accuracy of dose 

calculation algorithms.17 

Complex field shapes, lateral electronic disequilibrium, and patient heterogeneities 

are some of the challenges in dose calculations. 

First dose calculation algorithms were able to calculate the dose in a homogeneous 

patient, which was considered water. Their function was based on a set of measured 

quantities such as output factors, tissue air ratios, tissue phantom ratios and off-axis ratios 

for some specified treatment fields in a water phantom. The radiation dose for any desired 

radiation field can be calculated by extrapolation of these measured quantities and by an 
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implementation of some type of corrections such as the approximation of tissue 

heterogeneities. These type of algorithms are called correction-based algorithms.17 

Another method for dose calculation is the model-based method, which calculates 

the dose in a two-step process. The first step is modeling the energy fluence of the primary 

photons exiting the linear accelerator and determining TERMA (total energy release per 

unit mass) from it. The second step is modeling of the dose distribution inside the patient 

which is obtained by utilizing dose kernels.17, 18 

The most accurate method that also requires more time for dose calculation is the 

Monte Carlo method that simulates all the physical interactions and track of the photons 

and secondary particles inside the tissue. This method is a stochastic method which uses 

random numbers and requires the knowledge of physical interactions and their probability 

of happening.19, 20, 21 

1.6.1. Pencil Beam 

The pencil beam dose calculation is in the class of model-based dose calculation. It 

calculates the dose using a dose kernel. 

In order to calculate the total dose to each voxel of the patient, the beam has to be 

divided into smaller sub-beams (beamlets), and the dose from each beamlet to each voxel 

has to be found. The total dose to each voxel is the summation of doses acquired from all 

of the beamlets to that voxel. Figure 7 shows a beam that is divided into smaller beamlets. 

The intensity of each beamlet can be different. In figure 7, the black color shows the highest 

intensity and white represents zero intensity. 
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Figure 7. A fluence map for a radiation field. The beam is divided into smaller beamlets. The intensity of 

each beamlet is to be found in the optimization process. 

 

 

The deposited energy from a mono-directional beamlet in a semi-infinite medium 

can be represented as a pencil kernel. The pencil kernels are mainly determined using 

Monte Carlo simulations, but they can also be measured experimentally.16 The dose at a 

point 𝑟 inside the patient can be calculated by integrating the combination of TERMA and 

dose kernel in the following way.17 

 𝐷(𝑟) = ∫𝑑𝐸′∫𝑑3𝑟′ 𝑇(𝑟′, 𝐸′) 𝑘(𝑟, 𝑟′, 𝐸′) (2) 

This integral is the superposition of all dose kernels from all primary interaction points 𝑟′, 

and is calculated for an energy spectrum. The contribution of each dose kernel to the total 

dose is determined by its corresponding TERMA.17 

The above integral is used for the inhomogeneous medium, where the shape of the 

dose kernel is not translational invariant. On the contrary, if the dose is calculated in a 

homogeneous medium, the dose kernel is translational invariant and, the above integral can 

be simplified to a convolution integral. This integral can be expressed in the following 

way.17 
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𝐷(𝑟) = ∫𝑑𝐸′∫𝑑3𝑟′  𝑇(𝑟′, 𝐸′) 𝑘(|𝑟⃑⃑⃑ ⃑−𝑟′|, 𝐸′) (3) 

Computational Environment for Radiation therapy Research (CERR)22 uses 

Quadrant Infinite Beam (QIB) algorithm. This algorithm is based on the semi-analytical 

pencil beam dose calculation that was proposed by Ahnesjo.23   

This model is an empirical poly-energetic pencil beam kernel for megavoltage 

photon beams. It can be described by the following expression and calculates the dose at a 

radial distance 𝑟 from the beamlet axis, and at a depth of 𝑧. It uses a set of precomputed 

coefficients (𝐴𝑧 ,𝑎𝑧 , 𝐵𝑧 , 𝑏𝑧 ) that depend on the depth and radial distance from the central 

beamlet axis.23, 24 

𝑘

𝜌
(𝑟, 𝑧) =

𝐴𝑧𝑒
−𝑎𝑧𝑟

𝑟
+
𝐵𝑧𝑒

−𝑏𝑧𝑟

𝑟
(4) 

Figure 8 was obtained in CERR. It shows a calculated dose distribution for a single 

(1 x 1) cm2 beamlet for a 6 MeV photon beam. 

Figure 8.  Calculated dose of a 6 MeV photon beam for a single (1x1)cm2 beamlet using pencil beam dose 

kernel in CERR. Dark red is the highest dose and dark blue is the lowest dose. 



 

22 

1.7. Optimization 

Optimization is the process of finding the best possible solution to a problem. This 

best solution is called the optimum solution that can be a maximum or a minimum 

depending on the type of the problem. 

1.7.1. Optimization Problem 

An optimization problem, in particular the minimization problem generally can be 

defined using the following notation. 

minimize 𝑓(�⃗�)  

  subject to          𝑔𝑖(�⃗�)  ≤  0,                  𝑖 =  1, … ,m         (5) 

                           ℎ𝑖(�⃗�)  =  0,                  𝑖 =  1, … , k   

Here, �⃗� is the optimization variable (�⃗� ∈  𝑅𝑛), 𝑓(�⃗�) is the objective function or the cost 

function (𝑅𝑛 → 𝑅), 𝑔𝑖(�⃗�) is the inequality constraint function (𝑅𝑛 → 𝑅), and ℎ𝑖(�⃗�) is the 

equality constraint function (𝑅𝑛 → 𝑅). 

The domain of the problem is the set of all the points 𝑥⃑⃑⃗, which the objective function 

and all the constraints are defined for them. A point �⃗� in the domain is called feasible, if it 

satisfies all the constraints. A problem that has at least one feasible point is a feasible 

problem, otherwise it is infeasible.25 The set of all the feasible points are called the 

constraint set or the feasible set, which can be denoted by 𝑋. The global optimal value can 

be defined as 𝑓𝑜𝑝𝑡. The following expressions show the feasible set and the global optimum 

value in the mathematical form. 

 𝑋:= { �⃗� ∈  𝑅𝑛: 𝑔𝑖(�⃗�)  ≤  0    𝑖 =  1, … ,𝑚,    ℎ𝑖(�⃗�)  =  0     𝑖 =  1, … , 𝑘} 

 

(6) 

 𝑓𝑜𝑝𝑡  =  𝑖𝑛𝑓{ 𝑓(�⃗�) |  𝑔𝑖(�⃗�) ≤ 0   𝑖 = 1, … ,m   , ℎ𝑖(�⃗�) = 0     𝑖 = 1, . . . , 𝑘 } (7) 
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The solution or the optimal point �⃗�𝑜𝑝𝑡 is a feasible point that its objective function value is 

equal to 𝑓𝑜𝑝𝑡 , that is to say 𝑓(�⃗�𝑜𝑝𝑡 ) = 𝑓𝑜𝑝𝑡 . 

If there exist a point �⃗� that minimizes the objective function only in its vicinity and 

not globally, it is called a local optimum to distinguish it from the global optimum. 

If the objective function and inequality constraint functions are convex and the 

equality constraint functions are affine, the optimization problem is a convex optimization 

problem, and local optimal points are also global optimal points.25 

1.7.2. Optimization Algorithms 

Optimization algorithms are the step-by-step process of finding the optimum 

solution to an optimization problem. In general, these algorithms can be classified into two 

types. 

The first class of algorithms is calculus based. These algorithms are using calculus 

rules to find the optimum. They may use the gradient information of the problem (gradient-

based algorithms) or they may not use gradient information (non-gradient algorithms). An 

example of the gradient-based algorithms is the Newton-Raphson algorithm that works 

well with the objective functions that do not have a discontinuity, and it uses both the 

function values and the derivatives of the function. An example for the non-gradient based 

algorithms is the Nelder-Mead downhill simplex that uses only the function values to find 

the optimum solution. Calculus-based algorithms are deterministic algorithms and always 

follow the same path and points to find the best answer if they begin at the same starting 

point.26 

The second class of algorithms is stochastic or random based algorithms that can 

be classified into two types, Heuristics and meta-Heuristics. Heuristic is an ancient Greek 
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word meaning “find” or “discover.” Heuristic algorithms do not always find the best 

solution to the problem, instead they find an acceptable solution that is very close the best 

solution. These algorithms are used with the aim to find the good enough solutions but not 

necessarily all the time.26, 27 

The latter and more advanced algorithms are called meta-Heuristics. These 

algorithms have another specification as well as their trial and error nature. This 

specification is their ability to explore globally to find the global optimum, instead of doing 

only a local search and find a local optimum. Their aim is to find a high quality solution 

most of the time for a complex problem in a reasonable amount of time.26 

The first time the word meta-Heuristics was used by Glover in 1986 to define 

algorithms that are a modified version of Heuristics algorithms to find the global optimum 

instead of finding a local optimum.28 These algorithms have two characteristics. One is 

their ability to explore the search space, and the other is to improve the best-found solution 

by local searching. There is a trade-off between these two features, and to have an efficient 

algorithm they must be defined correctly. 

One way of classifying meta-Heuristics algorithms is to put them in population-

based or trajectory-based categories. Particle swarm optimization (PSO)29 can be 

mentioned as an example of population-based algorithms since it uses several agents to 

search the space and these agents share information with each other. On the other hand 

simulated annealing algorithm30 is a trajectory-based algorithm, because it uses only one 

agent to explore the search space.26, 27 
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1.7.3. Simulated Annealing Algorithm 

Simulated annealing algorithm (SAA) is a global optimization algorithm for finding 

the global minimum of large-scale optimization problems that may contain several local 

minima. SAA is a stochastic and metaheuristic optimization algorithm that emulates the 

physical annealing process in metallurgy. In this process, the solid reaches its minimum 

energy state by dislocation of atoms through a slow cooling process that starts from a high 

temperature.30–32 

Similar to the annealing process that the system is reaching its minimum energy 

state, in simulated annealing algorithm the objective function 𝑓(�⃗� ) is supposed to reach to 

its global minimum. 

The important feature of the simulated annealing algorithm is that it can escape 

from local minima by accepting changes in the system that worsen the value of the 

objective function. 

The algorithm starts from an initial guess for the state variable (�⃗�) and begins from 

a relatively high initial temperature (𝑇0). It decreases the temperature according to a cooling 

schedule after a number of iterations in each temperature. Each iteration is the transition of 

the state variable from a previous point (�⃑�𝑜𝑙𝑑) to a new point (�⃑�𝑛𝑒𝑤) using a random walk 

that can be expressed as the following. 

�⃑�𝑛𝑒𝑤 = �⃑�𝑜𝑙𝑑 + 𝑠𝑡𝑒𝑝 ∗ 𝑟 (8) 

Where “𝑠𝑡𝑒𝑝” is the step size and 𝑟 is a random number vector from standard normal 

distribution. In each iteration, the new value of the objective function is evaluated and 

compared with its value in the previous iteration. The change in the state may be accepted 

or rejected. If the change in configuration is leading to a decrease in the value of the 
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objective function(∆𝑓 < 0), the change is accepted, but if the change is not minimizing the 

objective function (∆𝑓 ≥ 0 ), it might be accepted or rejected based on a probability. The 

likelihood of accepting worsening moves follows the Boltzmann probability: 

 𝑃(∆𝑓, 𝑇) = 𝑒
−∆𝑓
𝑘𝑇 > 𝑅 (9) 

Here 𝑅 is a random number from a uniform distribution 𝑈~ [0,1]. The probability of 

acceptance depends on both the temperature and the change in the objective function. The 

Boltzmann constant can be set equal to one. The cooling schedule can be geometric, in 

which the new temperature is the multiplication of the previous temperature with a number 

smaller than one. 

 𝑇𝑛𝑒𝑤 = 𝛼. 𝑇𝑜𝑙𝑑     ,        0 < 𝛼 < 1 (10) 

The initial temperature (𝑇0), the number of iterations in each temperature, and the 

rate of temperature decrease (α) are important parameters that are determined by fine tuning 

of the algorithm and they will affect the quality of the final solution , as well as the speed 

of the algorithm. 
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Figure 9. Pseudocode of the simulated annealing algorithm. 
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1.7.4. Particle Swarm Optimization 

Particle swarm optimization (PSO) is a metaheuristic algorithm that can be 

classified as a population-based algorithm. The inspiration for this algorithm is the swarm 

intelligence of animals such as birds and fishes. In this algorithm, a number of particles 

start their motion from random positions in the search space and move through the search 

space while they can share information with each other.26, 29 

The position of particle 𝑖 in iteration (𝑡 + 1) is obtained from the following 

equations:  

 
�⃑�𝑖(𝑡 + 1) = �⃑�𝑖(𝑡) + �⃑�𝑖(𝑡 + 1) 

 

(11) 

 �⃑�𝑖(𝑡 + 1) = 𝑤(𝑡). �⃗�𝑖(𝑡) + 𝐶1. 𝑅𝑎𝑛𝑑. ( �⃑�𝑖
𝐵𝑒𝑠𝑡−�⃑�𝑖(𝑡) ) + 𝐶2. 𝑅𝑎𝑛𝑑. ( �⃑�𝑔𝑙𝑜𝑏𝑎𝑙

𝐵𝑒𝑠𝑡 −�⃑�𝑖(𝑡) ) 

 

(12) 

 

 

Figure 10. A vector diagram showing how the new position of each particle is determined in PSO 

algorithm. 

 

 

Here, �⃑�𝑖 and �⃑�𝑖 are the position and velocity of the 𝑖𝑡ℎ particle, 𝑡 is the iteration number, 

𝑤(𝑡) is the inertia weight that can also decrease with a damping ratio. 𝐶1 is the personal 
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learning coefficient, and 𝐶2 is the global learning coefficient. �⃑�𝑖
𝐵𝑒𝑠𝑡 is the best position

found by the 𝑖𝑡ℎ particle, and �⃑�𝑔𝑙𝑜𝑏𝑎𝑙
𝐵𝑒𝑠𝑡  is the best position found by all of the particles. 𝑅𝑎𝑛𝑑

is a random number in the interval [0,1]. 

In each iteration, each particle’s velocity is updated based on its previous 

velocity �⃑⃑�𝑖(𝑡), the best location found by the particle (�⃑�𝑖
𝐵𝑒𝑠𝑡), and the global best

location (�⃑�𝑔𝑙𝑜𝑏𝑎𝑙
𝐵𝑒𝑠𝑡 ) until that iteration . Then, the new velocity is used to update the

position of the particle. The objective function (OF) is evaluated for the particle in its new 

location. If the OF has a better value at this location compared to its value at �⃑�𝑖
𝐵𝑒𝑠𝑡, this

new position will be used to update �⃑�𝑖
𝐵𝑒𝑠𝑡. Also, if the objective function has a better value

at the updated �⃑�𝑖
𝐵𝑒𝑠𝑡  compared to its value at �⃑�𝑔𝑙𝑜𝑏𝑎𝑙

𝐵𝑒𝑠𝑡 , the �⃑�𝑖
𝐵𝑒𝑠𝑡 is used to update �⃑�𝑔𝑙𝑜𝑏𝑎𝑙

𝐵𝑒𝑠𝑡 .

After enough number of iterations, the particles converge to the optimum.33 A flowchart of 

the PSO algorithm is shown in figure 11. 

The parameters of the PSO algorithm must be determined by fine-tuning of the 

algorithm for each optimization problem. 
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Figure 11. Flowchart of the PSO algorithm. 
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1.7.5. Constraint Handling 

In many optimization problems, the objective function has to be optimized while 

satisfying some constraints. 

One method to solve an optimization problem with constraints is called the penalty 

method. In this method, the problem is transformed into a single objective function with 

no constraints, and the optimization is performed for this new objective function.27, 34 

The new objective function can be defined by summing the initial objective 

function, 𝑓(𝒙), with a penalty term. This penalty term penalizes the objective function 

when there are unsatisfied constraints. It will be zero if all the constraints are satisfied, or 

in other words, when the current solution is in the feasible set of the problem. The new 

single objective function can be expressed in the following way: 

𝜓(𝒙) = 𝑓(𝒙) + 𝑝𝑒𝑛𝑎𝑙𝑡𝑦(𝒙) (13) 

One common approach of defining the penalty term is by summing over the squares 

of the unsatisfied penalty functions multiplied by a penalty coefficient. Then, the new 

objective function 𝜓(𝑥) can be written in the following way: 

𝜓(𝑥) = 𝑓(𝑥) +∑𝛼𝑖
𝑡

𝑚

𝑖=1

𝐻𝑖[ℎ𝑖(𝑥)]ℎ𝑖
2(𝑥) (14) 

The penalty coefficients are denoted by 𝛼. The superscript 𝑡 denotes the iteration 

number. The total number of constraints is equal to 𝑚, 𝐻 is the Heaviside step function 

which has a zero value, if its corresponding constraint is satisfied, or it is 1 when the 

constraint is not satisfied.27 



 

32 

1.7.5.1. Penalty Coefficients 

Several ways of defining penalty coefficients have been proposed for constraint 

optimization using penalty method.35 Three methods that were utilized in this project are 

called static, dynamic and adaptive. 

Static Penalty is the approach in which the penalty coefficient doesn’t depend on 

the iteration number and remains constant during the optimization process.34 Each 

constraint can have a different penalty coefficient. However, this coefficient can be chosen 

to be the same for all the constraints. 

In the Dynamic Penalty approach, the penalty coefficient of each constraint is not 

constant. If the constraint is not satisfied in the previous iteration, the penalty coefficient 

will increase in the following way.36 

 𝛼𝑖
𝑡+1 = 𝛼𝑖

𝑡 + 𝐶 . |ℎ𝑖
𝑡(𝑥)| (15) 

𝐶 and 𝛼𝑖
1 (initial penalty coefficient) are constant values which must be set by fine tuning 

the code. 

In the Adaptive Penalty approach, the penalty coefficient is adjusted according to 

the previous iterations. It may be increased, decreased or remain unchanged based on the 

condition of the constraint function in the previous iterations.36 The number of previous 

iterations to be examined is 𝑁, which is determined at the time of fine tuning of the code. 

The adaptive penalty coefficient is defined in the following form. 

 𝛼𝑖
𝑡+1 =

{
 
 

 
 
1

1
𝛼𝑖
𝑡        𝑐𝑎𝑠𝑒 𝐴

2𝛼𝑖
𝑡         𝑐𝑎𝑠𝑒 𝐵 

𝛼𝑖
𝑡             𝑐𝑎𝑠𝑒 𝐶 

   (16) 
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Where 1 and 2 are two constants higher than one. If in all of the last 𝑁 iterations (𝑡 −

𝑁 + 1, 𝑡 − 𝑁 + 2,… , 𝑡), constraint 𝑖 is satisfied, the code follows 𝐶𝑎𝑠𝑒 𝐴 and the penalty 

coefficient will decrease, however if in all of the last 𝑁 iterations, the constraint 𝑖 is not 

satisfied the code follows 𝐶𝑎𝑠𝑒 𝐵 and the penalty coefficient will increase. In 𝐶𝑎𝑠𝑒 𝐶 the 

constraint is both satisfied and not satisfied in the last 𝑁 iterations. Consequently, the 

penalty coefficient does not change. The starting coefficient (𝛼𝑖
1), 1 and 2 are set during

fine tuning of the code.
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2. METHODS 

2.1. Preparation 

The first step in radiation treatment planning is to obtain the CT scans of the 

cancerous regions of the patient’s body. For this research, the CT scans of five prostate 

patients were provided by Lynn Cancer Institute of the Boca Raton Regional Hospital. The 

original CT scan volumes were divided into a grid of 512, 512, and 230 in x, y and z 

directions. 

Each patient’s CT scan was imported into CERR (Computational Environment for 

Radiation therapy Research)22, and then their CT scan was down sampled to 128 voxels in 

x and y directions. 

The segmented structures for this project were prostate, bladder, rectum, and PTV. 

The optimization goal is to give the prescribed dose to the PTV and minimize the dose to 

the critical organs. Critical organs in this project are bladder and rectum for which Dose-

volume constraints (DVCs) were used. 

After importing the CT scans and defining the structures, the number of beams was 

defined, and the dose deposition matrix was calculated for each structure.
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Figure 12. Transverse view of a patient CT image with 512*512*230 voxels in the x, y and z directions. 

Prostate is contoured in green color, bladder in red, rectum in blue and PTV in yellow. 
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Figure 13. Sagittal view of a patient CT image with 512*512*230 voxels in the x, y and z directions. 

Prostate is contoured in green color, bladder in red, rectum in blue and PTV in yellow. 
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Figure 14. Coronal view of a patient CT image with 512*512*230 voxels in the x, y and z directions. Prostate 

is contoured in green color, bladder in red and PTV in yellow. 

In this IMRT optimization project, nine equally space radiation beams were used. 

The first beam was set at zero degrees. Additionally, PTV was assigned as the target 

volume and CERR used the center of the PTV as the isocenter of the beams. Figure 15 is 

an example of only 2 beams at angles 60 and 300 degrees. 
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Figure 15. Example of CT image of a prostate case on the transverse plane. Prostate is delineated in green, 

PTV in yellow, bladder in red and rectum is depicted in light blue. The orientation of the two beams is 60 

and 300 degrees. 

 

 

In IMRT, the goal is to find the best possible intensity map (fluence map) for each 

radiation beam. Therefore, each beam is divided into a number of smaller beamlets with a 

specific size. The beamlet size for this project was 1x1cm2. The total number of beamlets 

from all radiation beams is the total number of optimization variables. Figure 16 shows a 

schematic example of a beam that is divided into beamlets along with 3D rendering of the 

PTV, bladder, and rectum. 

 



39 

Figure 16. 3D rendering of PTV (yellow), bladder (red) and rectum (blue) when one beam is used. The 

fluence map is plotted in grayscale coloring. 

In order to do the optimization, it is necessary to find the dose distribution for 

uniform beams with intensity equal to one. This is done by using IMRTP GUI of CERR. 

The number of beams and their orientations must be defined, and the structures that the 

dose has to be calculated for them must be selected. The following parameters were set for 

the beams: beam modality is 6 MeV photon beam, isodistance is 100 cm, collimator and 

couch angles are set to zero. 

In CERR, the QIB dose calculation algorithm was utilized to calculate the dose 

deposition matrix for each structure. Dose deposition matrix is the dose delivered to the 

structure from unit intensity beams. If the total number of beamlets is 𝑛, and the total 
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number of voxels in the structure is 𝑚, then the dose deposition matrix can be expressed 

in the following way: 

 𝐼𝑚×𝑛
𝑆𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒 = [

⋯
⋮ ⋱ ⋮

⋯

]

𝑚×𝑛

      (17) 

In this matrix, the element in row i, column j shows the amount of dose to voxel i from unit 

intensity beamlet j. 

To find the delivered dose in the structure from non-uniform intensity beams, the 

dose deposition matrix (𝐼𝑚×𝑛
𝑆𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒) must be multiplied by the beamlet intensity 

vector [𝑃𝐵]𝑛×1. Therefore, the result is the dose vector for the structure. 

 𝐷𝑚×1
𝑆𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒 = 𝐼𝑚×𝑛

𝑆𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒 × [𝑃𝐵]𝑛×1 (18) 

2.2. PTV Objective Function 

The goal for the PTV (planning target volume) is to receive the prescribed radiation 

dose to each voxel of it. The following quadratic function is used as the objective 

function (𝑂𝐹𝑃𝑇𝑉) for the PTV. 

 𝑂𝐹𝑃𝑇𝑉 =
1

𝑁𝑃𝑇𝑉
∑(𝐷𝑖 − 𝐷𝑝𝑟𝑒𝑠𝑐𝑟𝑖𝑏𝑒𝑑)

2

𝑁𝑃𝑇𝑉

𝑖=1

 (19) 

Here 𝑁𝑃𝑇𝑉 is the number of voxels of the PTV, 𝐷𝑝𝑟𝑒𝑠𝑐𝑟𝑖𝑏𝑒𝑑 is the prescription dose, and 

𝐷𝑖  is the dose to voxel of the PTV. This objective function is calculated in every iteration 

of the algorithm, until it is minimized. It is usually impossible to minimize this function to 

zero, because of the constraints for the critical organs. However, it can be reduced to a 

value very close to zero. 

 

 

i
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2.3. Dose-Volume Constraint (DVC) 

Dose-volume constraint (DVC) is used very often in IMRT to reduce the radiation 

dose to the organs at risk, and to lower toxicity in them. DVC assigns a limit to the 

percentage of the structure’s volume that can receive a threshold dose. It can be defined as 

“No more than 𝑉𝑚𝑎𝑥%  of the volume should receive more than 𝐷𝑚𝑎𝑥” 12

𝑉𝐷𝑚𝑎𝑥% ≤ 𝑉𝑚𝑎𝑥% (20) 

For example, in the treatment of a prostate patient the DVC for the bladder can be 

expressed as “no more than 50% of bladder volume receives a dose that exceeds 65 Gy.” 

To implement DVC, the ratio of the structure volume that receives a dose higher 

than 𝐷𝑚𝑎𝑥 is used. Dose-volume constraints may change the original convex optimization 

problem of the PTV into a nonconvex optimization problem that may have several local 

minima. Therefore, the optimization algorithm must be able to find the global minimum of 

the problem.37 

2.4. Objective Function with Constraints 

As mentioned earlier, to solve an optimization problem that includes constraints, 

the objective function and constraints can be combined to form a single objective function. 

This can be done by assigning penalty coefficients for the constraints. By combining the 

objective function for the PTV and constraints using equation 14, objective function in 

equation 21 is produced. This objective function has to be minimized in order to find the 

best solution for the beamlet intensities that produce the desired dose distribution in the 

patient. 

𝑂𝐹 = 𝑂𝐹𝑃𝑇𝑉(𝒘) + ∑ 𝛼𝑖
𝑡 𝐻𝑖[𝑐𝑂𝐴𝑅𝑖(𝒘)]𝑐𝑂𝐴𝑅𝑖

2(𝒘)

𝑂𝐴𝑅#

𝑖=1

(21) 
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In this equation, 𝒘 is the beamlet intensity vector, 𝑐𝑂𝐴𝑅𝑖 is the dose-volume constraint for 

the 𝑖𝑡ℎ organ at risk, and 𝛼𝑖
𝑡  is the penalty coefficient for 𝑐𝑂𝐴𝑅𝑖 in iteration 𝑡. The penalty 

coefficient can be chosen in three different ways as mentioned in section (1.7.5.1). 
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3. RESULTS AND DISCUSSION

3.1. Planning and Optimization Parameters 

In this part, the planning and optimization parameters that are used for the SAA are 

addressed. 

For the IMRT planning of the prostate, the prostate PTV was considered as the 

target volume, while the bladder and rectum were the nearby critical organs (OARs). The 

prescription dose for the PTV was 70 Grays, and the DVCs for both the rectum and bladder 

were set to V45 ≤ 45%. In addition, nine equispaced beams were used, and the size of each 

beamlet was set to (1x1) cm2. The following parameters were set for the simulated 

annealing optimization algorithm: initial temperature was set to 1, max number of iterations 

in each temperature was 500, max accepted iterations in each temperature was 380, and the 

cooling factor was set to 0.90. The algorithm terminated if the PTV objective function (eq. 

19) reduced to 6. The penalty coefficient 𝜎 was set to 1000 in the static method, initial

penalty 𝛼1 and constant C were set to 1000 and 0.01 respectively in the dynamic method.

In the adaptive method, the initial penalty 𝛼1 was set to 1000, and the number of last

iterations N was set to three; 1 and 2 were both set to 1.0005.
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3.2. Optimized IMRT Plan 

After the optimization process for one randomly chosen prostate patient case, the 

dose was calculated in the whole CT scan to examine the treatment plan. Figures 17, 18, 

and 19 depict the dose distribution on transverse, sagittal, and coronal planes respectively. 

 

Figure 17. Transverse image of dose distribution inside a patient with prostate cancer. 
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Figure 18. Sagittal image of dose distribution inside a patient with prostate cancer. 

Figure 19. Coronal image of dose distribution inside a patient with prostate cancer. 
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In order to evaluate the 3D dose distribution in each structure, cumulative DVHs 

were plotted. Figure 20, 21, and 22 display the DVHs for the three penalty methods for the 

PTV, bladder, and rectum respectively.38 The PTV plot shows the satisfactory dose 

distribution in the PTV, shown by the nearly sharp fall-off close to the prescribed dose (70 

Gy). In addition, from DVH plots for the bladder and rectum, it is observed that the DVCs 

are satisfied for both. In other words, the DVH plots confirm that no more than 45% of 

each OAR volume receives a dose greater than 45 Gy. 

 

Figure 20. DVH for PTV using three different penalty methods. 

 

 

 

Figure 21. DVH for Bladder using three different penalty approaches. 
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Figure 22. DVH for Rectum using three different penalty methods. 

3.3. Numerical Assessment of Penalty Methods 

In order to investigate the performance of each penalty method (Static, Dynamic 

and Adaptive) for IMRT optimization using SAA, each method was used for five prostate 

patient data. The optimization was performed ten times using each method for each patient 

data. Finally, the average results of using different penalty methods were compared. 

The following metrics were used for the comparison: 5% of the PTV receives a 

dose at least equal to D5, 95% of PTV receives a dose at least equal to D95. Dmin and 

Dmax are the minimum and maximum doses in the structure. V40, V50, and V60 are the 

percentages of the OAR volumes that receive a dose equal or greater than 40 Gy, 50 Gy, 

and 60 Gy respectively. 

Tables 1, 2, and 3 show that all of the three penalty methods had similar performances 

according to the dose coverages in the PTV and OARs. 
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Table 1. Average PTV statistics of five prostate patient data. The value is given along with their standard 

deviations. 

Method D95(Gy) D5(Gy) Dmin(Gy) Dmax(Gy) 

Static 66.0 ± 0.2 73.8 ± 0.3 54 ± 3 79 ± 2 

Dynamic 65.9 ± 0.2 73.8 ± 0.3 54 ± 3 79 ± 2 

Adaptive 66.0 ± 0.2 73.8 ± 0.3 55 ± 3 78 ± 2 

 

 

 

 

 

Table 2. Average bladder statistics of five prostate patient data. The value is given along with their standard 

deviations. 

Method V40(%) V50(%) V60(%) Dmax(Gy) 

Static 53% ± 2% 39% ± 3% 28% ± 4% 80 ± 6 

Dynamic 52% ± 3% 38% ± 3% 27% ± 3% 80 ± 6 

Adaptive 52% ± 3% 38% ± 3% 27% ± 3% 81 ± 6 

 

 

 

 

 

Table 3. Average rectum statistics of five prostate patient data. The value is given along with their standard 

deviations. 

Method V40(%) V50(%) V60(%) Dmax(Gy) 

Static 57% ± 3% 37% ± 2% 23% ± 5% 78 ± 7 

Dynamic 58% ± 3% 37% ± 3% 22% ± 5% 76 ± 6 

Adaptive 57% ± 3% 37% ± 2% 23% ± 4% 79 ± 7 
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3.4. Parameter Sensitivity Analysis 

In order to investigate the dependence of each penalty method on its parameters, 

sensitivity analysis was utilized. From Figure 23 for the static method, it can be observed 

that DVCs for bladder and rectum were satisfied, when the penalty coefficient  was 

greater than ~500. By increasing the penalty coefficient, the constraints are more  satisfied. 

For the dynamic method, there are two parameters that determine the value of the penalty 

coefficient. It can be seen from figures 24, and 25 that by increasing either α1 or C, the 

DVCs are more satisfied. 

The adaptive method depends on the starting penalty coefficient α1, parameters λ1, 

and λ2. The plots of DVCs are provided as a function of λ1, and λ2. There are separate 

graphs for the initial penalty α1 equal to 1 and 100. Figures 26, and 27 illustrate the DVC 

plots of bladder and rectum when α1 is equal to 100, and figures 28, and 29 are the plots 

when α1 is equal to 1. The shapes of the graphs are mainly dependent on the initial penalty 

α1. It is apparent that DVCs are more dependent on λ2 rather than λ1. In addition, it is worth 

mentioning that adaptive method depends heavily on its parameters to be able to do the 

SAA optimization. 

Figure 23. Effect of penalty coefficient σ of the static method on V45 for rectum and bladder. 
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Figure 24. Effect of coefficient C and α1 on V45 of bladder for the dynamic method. 

Figure 25. Effect of coefficient C and α1 on V45 of rectum for the dynamic method. 

Figure 26. Effect of λ1 and λ2 on V45 of bladder for the adaptive method (α1=100). 
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Figure 27. Effect of λ1 and λ2 on V45 of rectum for the adaptive method (α1=100). 

Figure 28. Effect of λ1 and λ2 on V45 of bladder for the adaptive method (α1=1). 

Figure 29. Effect of λ1 and λ2 on V45 of rectum for the adaptive method (α1=1). 
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3.5. Comparison between SAA and PSO algorithms 

Particle swarm optimization (PSO) and simulated annealing algorithm (SAA) were 

used for IMRT optimization on one patient’s data. The number of CT voxels in the x and 

y directions were 256, and the beamlet size was (1 x 1) cm2. The number of particles for 

the PSO algorithm was 10, and the inertia weight (𝑤) was equal to 1 with a damping ratio 

of 0.9997. Personal learning coefficient (𝐶1) and global learning coefficient (𝐶2) were set 

equal to 1.6 and 2.5 respectively. Parameters for the SAA were set as: initial temperature 

1, max number of iterations in each temperature 500, max accepted iterations in each 

temperature 380, and cooling factor 0.90. 

The stopping criteria for both algorithms were set to minimize the total objective 

function to 6. The static penalty method was used for the total objective function with the 

penalty coefficient (𝜎) equal to 1000. 

Both algorithms were run ten times, and both successfully achieved the 

optimization goals in all trials. The average execution times for both algorithms were very 

close. 



53 

4. SUMMARY/CONCLUSION

Three different penalty methods were utilized for the constrained optimization 

problem of the inverse IMRT planning. The simulated annealing algorithm (SAA) was 

used as the optimization algorithm. After tuning the parameters of the SAA and penalty 

methods, the optimization was successfully performed for data from five prostate patients. 

The output showed that all three methods generated similar treatment plans. 

Comparison of the sensitivity analysis of the three penalty methods illustrated the 

dependence of each penalty method on its parameters. It can be observed that in the static 

and dynamic methods, the constraints are less violated as the parameters increases. On the 

other hand, in the adaptive method, λ2 was the leading parameter, especially for the case of 

small initial penalty coefficients. 

In addition, a comparison was made between the simulated annealing algorithm and 

particle swarm optimization for a specific optimization goal and patient case using the 

static penalty method as the penalty approach. Both algorithms resulted to similar 

execution times and they both successfully achieved the optimization goals.



 

54 

5. FUTURE WORK 

Instead of transforming the constrained IMRT problem into a single objective 

function and finding only one solution for the optimization problem, it is possible to 

use a multi-objective optimization algorithm such as MOPSO (Multi-Objective Particle 

Swarm Optimization) and create a Pareto set of solutions. This would give the radiation 

oncologist the ability to choose an optimized treatment plan from a set of plans, which 

have different trade-offs between the radiation therapy goals. 
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