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Preface

This book is based on lectures given by the author in an intensive
undergraduate course in quantum mechanics which occupies a central
role in the physics curriculum at UCLA. It is a required course for all
third-year physics and astrophysics students, but it is taken by some
seniors and many graduate students, both in physics and in related fields.

Students enrolling in the course are expected to have had an introduc
tion to elementary Hamiltonian mechanics, to the extent of knowing,
for simple systems, what the Hamiltonian function is and what the
Hamiltonian equations are. Students are also expected to have had
training in mathematics through differential equations and Fourier senes
and to have at least seen many of the special functions of mathematical
physics. In an effort to keep the mathematics as simple as possible,
however, the first two-thirds of the book is largely confined to the con
sideration of one-dimensional systems.

The stress throughout is on the formulation of quantum mechanics
and not on its applications. At UCLA the applications follow in immedi
ately subsequent courses selected from atomic, nuclear, solid state and
elementary particle physics. The last chapter is intended to pave the way
for these applications; in it a number of relatively advanced topics are
somewhat briefly presented.

The coverage is rather broad and not everything is treated in depth.
Wherever the text is frankly introductory, however, references to a
complete treatment are given. In all other respects the book is self
contained. Experience with a preliminary edition has shown that it is
accessible to students and that they can learn from it largely by them
selves. To a considerable degree the teacher is thus left free to illuminate
the subject in his own way.

One hundred and fifty problems are presented, and these play an im-
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portant pedagogical role. The problems are not exclusively illustrative
of material presented in the text; they also amplify it. A significant
number are intended to broaden the scope of the course by pointing the
way to new topics and new points of view. Many problems are too diffi
cult for the student to master in his first attempt. He is encouraged to
return to them again and again as his understanding grows. Eventually
he should be able to handle any and all of them. Answers or complete
solutions to some fifty representative problems are given in Appendix Ill.
About forty exercises are scattered throughout the text. These are mostly
concerned with the working out of details, but not all of them are trivial.

At UCLA the material in the text is presented in a sequence covering
two quarters. However, the text is also intended for use in a one-semester
course; any, or all, of the starred sections in the table of contentS can
be omitted without harm to the logical development. If it is desired, on
the other hand, to use the text for a one-year course, some supplementa
tion would be desirable. The Heisenberg and interaction representations,
and transformation theory in general, are topics which at once come to
mind. At the applied level, the Zeeman and Stark effects, Bloch waves,
the Hartree-Fock and Fermi-Thomas methods, simple molecules and
isotopic spin are a suitable list from which to choose.

The author has benefited from numerous criticisms and suggestions
from a host of colleagues and students. To each of them, he expresses
his deep gratitude and especially to Dr. Ronald Blum for his meticulous
reading of both the preliminary edition and the final manuscript. The
author wi11 be equally grateful for additional comments and for the
correction of misprints and errors.

David S. Saxon

November, 1967
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"A nd now reader, - bestir thyself-for
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assistance in difficult places, as we do
not, like some others, expect thee to use
the arts of divination to discover our
meaning, yet we shall not indulge thy
laziness where nothing but thy own
attention is required; for thou art highly
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to leave thy sagacity nothing to do, or
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HENRY FIELDING



I
The dual nature of

matter and radiation

1. THE BREAKDOWN OF CLASSICAL PHYSICS*

In the latter part of the 19th century, most physicists believed that the
ultimate description of nature had already been achieved and that only
the details remained to be worked out. This belief was based on the
spectacular and uniform success of Newtonian mechanics, combined
with Newtonian gravitation and Maxwellian electrodynamics, in de
scribing and predicting the properties of macroscopic systems which
ranged in size from the scale of the laboratory to that of the cosmos. How
ever, as soon as experimental techniques were developed to the stage
where atomic systems could be studied, difficulties appeared which could
not be resolved within the laws, and even concepts, of classical physics.
The necessary new laws and new concepts, developed over the first
quarter of the 20th century, are those of quantum mechanics.

The difficulties encountered were of several kinds. First, there were
difficulties with some of the predictions of the beautiful and general
classical equipartition theorem. Straightforward applications of this
theorem gave the wrong, and even a nonsensical, black-body radiation
spectrum and gave wrong results for the specific heats of material sys
tems. In both cases, the empirical result implies that only certain of the
degrees of freedom participate fully in the energy exchanges leading to
statistical equilibrium, while others participate little or not at all.

Second, there were difficulties in explaining the structure, and indeed
the very existence, of atoms as systems of charged particles. For any
such system, static equilibrium is impossible under purely electro-

• For a detailed discussion of the experimental and historical background of quantum
mechanics, see references [I J through [5) in the selected list of references given in Ap
pendix II.
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magnetic forces, while dynamic equilibrium, for example, in the form of
a miniature solar system, is equally impossible. Particles in dynamic
equilibrium are accelerated and, classically, accelerated charges must
radiate, thus causing rapid collapse of the orbits, whatever their precise
nature might be. Accepting the fact that atoms somehow do manage to
exist, there is still the problem of explaining atomic spectra, the charac
teristic radiation caused by the acceleration of the charged constituents
of an atom when it is disturbed from its equilibrium configuration. Clas
sically, one would expect such spectra to consist of the harmonics of a
few fundamental frequencies. The observed spectra instead satisfy the
Ritz combination law, which states that the frequencies are expressible
as differences between a relatively few basic frequencies, or terms, and
not as multiples.

A third, and more special, class of difficulties is illustrated by the
photo-electric effect. Photo-emission of electrons from an illuminated
surface takes place under circumstances which permit no classical
explanation. The essential difficulty is this: the number of emitted elec
trons is proportional to the intensity of the incident light and thus to the
electromagnetic energy falling on the surface, but the energy transferred
to the individual photo-electrons does not depend at all upon the intensity
of the illumination. Instead this energy depends upon the frequency of
the light, increasing linearly with frequency above a certain threshold
value, characteristic of the surface material. For frequencies below this
threshold, photo-emission simply does not occur. Otherwise stated, at
frequencies below threshold, no photo-electrons are emitted even if a
relatively large amount of electromagnetic energy is being transmitted
into the surface. On the other hand, at frequencies above threshold, no
matter how weak the light source, some photo-electrons are always
emitted and always with the full energy appropriate to the frequency.

The explanation of these various difficulties began in 190 I, when
Planck assumed the existence of energy quanta in order to obtain the
desired modification of the equipartition theorem. The implication that
electromagnetic radiation therefore had corpuscular aspects was empha
sized, and indeed first recognized, in 1905 in Einstein's direct and simple
predictions of the characteristics of photo-electric emission. It was also
Einstein who first realized, two years later, that the low-temperature be
havior of the specific heats of solids could be explained by quantizing the
vibrational modes of internal motion of a material object according to
Planck's rules. The first understanding of atomic structure and spectra
came in 1913, when Bohr introduced the revolutionary idea of stationary
states and gave quantum conditions for their determination. These con
ditions were subsequently generalized by Sommerfeld and Wilson, and
the resultant theory accounted almost perfectly for the spectrum and
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structure of atomic hydrogen. But the Bohr theory encountered increas
ingly serious difficulties a5 attempts were made to apply it to more
complex problems and to more complex systems. The helium atom, for
example, proved to be completely intractable. The first indication of
the ultimate solution to these problems came in 1924, when de Broglie
suggested that, just as light waves exhibit particle-like behavior, so do
particles exhibit wave-like behavior. Following up this suggestion,
Schrodinger developed, in 1926, the famous wave equation which bears
his name. Slightly earlier, and from a very different point of view, Heisen
berg had arrived at a mathematically equivalent statement in terms of
matrices. At about the same time, Uhlenbeck and Goudsmit introduced
the idea of electron spin, Pauli enunciated the exclusion principle, and
the formulation of nonrelativistic quantum mechanics was substantially
completed.

2. QUANTUM MECHANICAL CONCEPTS

The laws of quantum mechanics cannot be derived, any more than can
Newton's laws or Maxwell's equations. Ideally, however, one might hope
that these laws could be deduced, more or less directly, as the simplest
logical consequence of some well-selected set of experiments. U nfor
tunately, the quantum mechanical description of nature is too abstract
to make this possible; the basic constructs of quantum theory are one
level removed from everyday experience. These constructs are the
following:

State Functions. The description of a system proceeds through the
specification of a special function, called the state function of the system,
which cannot itself be directly observed. The information contained in
the state function is inherently statistical or probabilistic.

Observables. Specification of a state function implies a set of obser
vations, or measurements, of the physical properties, or attributes, of
the system in question. Properties susceptible of measurement, such as
energy, momentum, angular momentum, and other dynamical variables,
are called observables. Observations or observables are represented by
abstract mathematical objects called operators.

The process of observation requires that some interaction take place
between the measuring apparatus and the system being observed. Clas
sically, such interactions may be imagined to be as small as one pleases.
Normally they are taken to be infinitesimal, in which case the system is
left undisturbed by an observation. On the quantum level, however, the
interaction is discrete in character, and it cannot be decreased beyond a
definite limit. The act of observation thus introduces certain irreducible
and uncontrollable disturbances into the system. The observation of
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some property A, say, will produce unpredictable changes in some other
related observable B. The existence of an absolute limit to an interaction
or a disturbance permits an absolute meaning to be given to the idea of
size. A system may be thought of as large or small, and treated as classical
or quantum mechanical, to the extent that a given irreducible interaction
can be safely regarded as negligible or not.

The notion that precise observation of one property makes a second
property (called complementary to the first) unobservable is a completely
quantum mechanical idea with no counterpart in classical physics. The
attributes of being wave-like or particle-like furnish one example of a
pair of complementary properties. The wave-particle duality of quantum
mechanical systems is a statement of the fact that such a system can
exhibit either property, depending upon the observations to which it has
been subjected. A second and more quantitative example of a pair of com
plementary observables is furnished by the dynamical variables, position
and momentum. Observing the position of a particle, say by looking at
it, which means by shining light on it, will necessarily produce a finite
disturbance in its momentum. This follows because of the corpuscular
nature of light; a measurement of position requires at least one photon
to strike the particle, and it is this collision which produces the distur
bance. One immediate consequence of this relationship between measure
ment and disturbance is that precise particle trajectories cannot be defined
at the quantum level. The existence of a precise trajectory implies precise
knowledge of both position and momentum at the same time. But simul
taneous knowledge of both is not possible if measurement of one pro
duces a significant and uncontrollable disturbance in the other, as is the
case for quantum mechanical systems. We emphasize that these mutual
disturbances or uncertainties are not a matter of experimental technique·
they follow instead as an inevitable consequence of measurement or
observation. The necessary existence of such effects in a pair of comple
mentary variables was first enunciated by Heisenberg in his statement of
the famous uncertainty principle.

We shall return to these questions later, but now we want to begin our
development of the laws of quantum mechanics. Our approach, which
is not the historical one, will proceed in the following way. First, in the
remainder of this chapter, we shall try to make plausible some of the
ideas of quantum mechanics,' and particularly the ideas of complemen
tarity and uncertainty. We shall do this by considering some experiments
and observations which emphasize that matter is dual in nature and that,
as one immediate consequence, the precise particle trajectories of New
tonian mechanics do not exist. This at once poses the problem of how
the state of motion of a quantum mechanical system is to be character
ized and how such systems are to be described. In Chapter II we answer
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this question by introducing the state function of a system, and we then
discuss its probabilistic interpretation. In Chapter III we consider the
general properties of observables and dynamical variables in quantum
mechanics and give rules for obtaining their abstract operator repre
sentations. Next, in Chapters IV and V, we complete the first stage of
our formulation by introducing Schrodinger's equation, which governs
the time development of quantum systems. Methods of solving Schrod
inger's equation for the simplest possible system, the motion of a single
particle in one dimension, are discussed in Chapters V I and V I I. Only
in the final four chapters are we ready to treat the general problem of
systems of interacting particles in three dimensions, thus making contact
with the real world. Throughout our development we shall continually
use the principle that the predictions of the quantum laws must corre
spond to the predictions of classical physics in the appropriate limit.
As we shall see, this principle of correspondence plays a key role in
determining the form of the quantum mechanical equations.

The emphasis throughout will be on the quantum mechanical properties
of material systems. Because of its complexity, no corresponding sys
tematic development of the quantum properties of electromagnetic fields
will be presented, although relevant quantum properties will occasionally
be asserted and perhaps even made plausible. I

3. THE WAVE ASPECTS OF PARTICLES

The experiment which most nearly isolates the basic elements of the
quantum mechanical description of nature is the scattering of a beam
of electrons by a metallic crystal, first performed by Davisson and
Germer in 1927. Their experiment was designed to test the prediction
of de Broglie that, by analogy with the already well-established corpus
cular properties of light, there is associated with a particle of momentum
p a wave of wavelength A, now called the de Broglie wavelength, given
in terms of the momentum by

A = hlp.

The universal constant h is Planck's constant or the quantum of action.
Motivating de Broglie was the desire to provide a basis for understand
ing, in terms of fitting an integral number of half-wavelengths into a Bohr
orbit, Bohr's apparently arbitrary quantization condition. In any case,

I Specifically, in Section 5 of the present chapter, the corpuscular nature of light is invoked
to account for the nature of black-body radiation and of Compton scattering. We shall not
refer to radiation again until Section 6, Chapter VII, when its emission and absorption is
presented heuristically and semiclassically. Finally, in Section 4, Chapter XI, we briefly
discuss the motion of a charged particle in a classical, externally prescribed electromagnetic
field.
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Davisson and Germer observed that the electrons of momentum p scat
tered by the crystal were indeed distributed in a diffraction pattern,
exactly as would be x-rays of the same wavelength scattered by the same
crystal; and thus they directly, conclusively and quantitatively verified
de Broglie's hypothesis.

The quantum of action is seen to have the dimensions of momentum
length or, equivalently, of energy-time, and its numerical value is

h = 6.625 X 10-27 erg-sec.

In most quantum mechanical applications it turns out to be more con
venient to use the quantity h/27T, which is abbreviated as h and is called
"h bar." It has the numerical value

h == h/27T = 1.054 X 10-27 erg-sec.

In terms of h, the de Broglie relation can be rewritten in the form

A == A/27T = hlp,

where we have introduced the reduced wavelength'" (called "lambda
bar"), which is physically a more significant length characterizing the
wave than is the wavelength itself. It is also convenient to define the
wave number k (strictly speaking, the reduced wave number) as the
reciprocal of;\. Thus we can also write the de Broglie relation in the form

p= hk.

To collect these relations in a single expression let us write, finally,

p = h/A = 27Th/A = h/'A = hk. (I)

The de Broglie hypothesis, and the Davisson-Germer experiment,
are in sharp conflict with classical physics in that both particle and wave
properties are assigned to the same entity. Tht: nature and implications
of the conflict can be made much clearer by imagining the experiment
to be performed with a beam of electrons so limited in intensity that only
a single electron is scattered by the crystal and recorded at a time. In
that event, no diffraction pattern at all would be observed at first; a given
electron would be scattered in some direction or other in an apparently
random way. However, as time went on and the slowly accumulating
number of scattered electrons mounted into the thousands and millions,
it would become increasingly clear that more elel.:trons are scattered in
some directions than in others, and thus the diffraction pattern would
gradually emerge.

The following conclusions can be drawn from the results of the Davis
son-Germer experiment:



THE WAVE ASPECTS OF PARTICLES 7

(a) Electrons exhibit both particle and wave properties. The quanti
tative connection between these is expressed by the de Broglie
relation, equation (I).

(b) The exact behavior of a given electron cannot be predicted, only
its probable behavior.

(c) Precisely defined trajectories do not exist at the quantum level.
(d) The probability that an electron is observed to be in a given region

is proportional to the intensity of its associated wave field.
(e) The superposition principle applies to de Broglie waves, just as

it does to electromagnetic waves. •
Conclusions (a) and (b) require no further comment. Conclusion (c)
follows from (b), because classically a particle moves along a unique
trajectory under the influence of specified forces for given initial condi
tions. Conclusion (d) is inferred from the parallelism between the x-ray
and electron diffraction patterns from a given crystal. Finally, conclusion
(e) follows from the fact that the diffraction pattern is produced by inter
ference of secondary waves generated at each atomic site in the crystal,
that is, by a linear combination or superposition of these scattered waves.

These conclusIOns are the starting point for our whole development
of quantum mechanics. They have been reached without reference to
the specific character of the interaction between electrons (or x-rays
either, for that matter) with the atoms in the cryst~1 and without reference
to the details of the diffraction pattern formed as a result of that inter
action. This is no oversight, however, for our argument is based entirely
on the behavior of a crystal as a three-dimensional diffraction grating,
calibrated by observation of its effects upon x-rays of known properties.
Nonetheless, it is a little unsatisfying, pedagogically speaking, to have
reached such significant conclusions without exploring all the details.
Unfortunately, these details require an understanding of the interaction
of an electron with the atoms in a crystalline solid, and this interaction
cannot be understood before we understand quantum mechanics itself.
For that reason we shall now consider two highly idealized "crucial"
experiments which will force us to essentially the same conclusions in a
more or less transparent way. These experiments are one-dimensional
versions of scattering and diffraction, and they involve nothing but the
simplest kinds of systems. However, as will shortly become apparent,
our experiments are actually performable only in principle and not in
practice.

In the first experiment, as shown in Figure I(a), a particle of positive
charge e and mass m is sent with momentum p down the axis of a long
drift tube, the walls of which are at ground potential. Aligned with the
first drift tube, and infinitesimally separated from it is a second drift tube
at a higher potential Vo.
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First drift lube

--P

(a)

U
E" __ - - - - - _

Second drift tube

eV" --+-----------
E, ------------

(b)

FIGURE t. (a) The drift tube system. (b) The potential energy U as a function
of distance along the axis of the drift tube system. For simplicity, we have taken
U to change discontinuously. A classical particle is reflected if its energy is £"
transmitted if its energy is £2'

Suppose first that the energy of the particle is £, = p,2/2m and that
£, is less than eVo, as shown in Figure I(b). Classically, the resulting
motion is such that the particle is reflected at the interface and returns
along the axis of the first drift tube with its momentum unchanged in
magnitude. Next suppose the energy is increased to a value £2' which
exceeds eVo., as is also shown in Figure I(b). The classical prediction
is that the electron will be decelerated at the interface and will proceed
into the second drift tube with momentum j5 such that

j52/2m = £2 - eVo.

The results of such an experiment agree with the classical prediction
in the first instance, but not in the second. For £2 somewhat greater than
eVo, the particle is not always transmitted as predicted but is some
times reflected. However, as £2 increases, the likelihood of reflection
decreases until, eventually, the particle is almost never reflected and the
classical prediction becomes correct. If we define the transmission co-

FIGURE 2. Transmission and reflection coefficients as a function of energy for
the drift tube of Figure I. The dotted lines are the classical predictions.
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efficient T as the relative number of times the particle is transmitted, and
the reflection coefficient R as the relative number of times it is reflected,
with T + R = 1, the results are shown in Figure 2. The classical pre
diction is the dotted line, and the experimental result is the solid curve,
which is clearly impossible to explain on classical grounds. Note that,
over the energy region where either reflection or transmission can occur,
there is no way of predicting the precise behavior of, or assigning a pre
cise trajectory to, a given incident particle. The best one can do is to say
that a particle will be reflected with probability R or, equivalently,
transmitted with probability T = 1 - R.

We now go on to a second idealized and still more revealing experi
ment in which a third drift tube at ground potential is aligned with the
second. The potential U then is as shown in Figure 3. The length of the

u

E2 - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

~--------- -------~------

20

FIGURE 3. The repulsive square well potential.

middle drift tube is 2a, and the origin has been taken halfway along the
middle tube. A potential such as that in Figure 3 is called a repulsive
square well potential; if Va were negative, it would be attractive.

The classical prediction is, of course, that the particle will be reflected
if its energy is less than eVa, say £) in Figure 3, and will be transmitted
past the barrier if its energy exceeds eVa, say £2 in the figure. Again this
classical prediction is wrong, but now it is wrong in both instances, if the
barrier is sufficiently thin. Whatever the sign of £ - eVa, provided this
difference is not too large, some fraction of the particles is transmitted and
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some fraction reflected. Defining reflection and transmission coefficients
as before, the experimental transmission coefficient as a function of
energy is plotted in Figure 4. For comparison, the classical prediction
is also shown.

9"

T

1.0

4,

.--,....."",-- - -- - - --

experimental result

- - - - - classical prediction

eVo E

FIGURE 4. Transmission coefficient for the repulsive square well potential.

The results are quite remarkable and -unexpected. Particularly aston
ishing is the fact that the particle is sometimes transmitied through the
barrier when its energy is too small for the particle to cross over it, that
is, when its kinetic energy would be negative if the particle were inside
the barrier. Classically, no meaning can be assigned to a negative kinetic
energy, and motion in such a region is impossible. We thus have the
paradox that the particle somehow appears on the other side of a region
through which it cannot pass. This is commonly called the tunnel effect,
because the particle appears to have tunneled through the potential
barrier. For the moment, we merely remark that this is further evidence
that the idea of a classical trajectory loses its meaning where quantum
effects are important.

We now focus our attention on the oscillations in the transmission
coefficient. If the fir!)t maximum occurs at an energy € above the barrier
height, the second is observed to occur at 4€, the third at 9€ and so on.
If the experiment is repeated for different barrier widths, the value of €

is found to vary inversely with the square of the barrier width. We thus
deduce that the energy En of the nth maximum is such that YEn - eVo
is proportional to n/a. Introducing the momentum I' of the particle while
passing over the barrier, we see that the momentum 1'" of the nth maxi
mum satisfies the simple relation
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- h n
PII= -;j'

11

where the constant of proportionality turns out to be just Planck's con
stant. Otherwise stated, when the width of the barrier, 2a, i a half-inte
gral multiple of hlp, the transmission achieves its maximum value of
unity (and the reflection coefficient becomes zero), so that the barrier
becomes perfectly transparent only for these special values.

This behavior is exactly analogous to that for the transmission of light
through a thin dielectric slab or film, where the reflection coefficient
vanishes whenever the thickness of the film is a half-integral number of
wavelengths. This makes clear that what is being observed is a wave
phenomenon and, more explicitly, that associated with a particle of
momentum P is a wave of wavelength A, in precise agreement with de
Broglie's prediction and the results of the Davisson-Germer experiment.

Our explanation of the observations is then something like this. We
associate with the incident particle in the first drift tube a wave, which we
shall henceforth call a de Broglie wave,

(2)

When this wave impinges on the first face of the potential barrier, part
of it is transmitted into the barrier, part of it is reflected. The transmitted
wave inside the barrier has the form

ljJ = eiPx/A•

This wave is, in turn, partially transmitted out of the barrier and par
tially reflected at the second interface. The reflected wave travels back
toward the first interface where part is again reflected and part trans
mitted, and so on. The wave eventually transmitted to the right is thus
a superposition of a multiply reflected set of waves. The condition for
these to interfere constructively to give a maximum in the transmi sion
is that the barrier be a half-integral number of wavelengths thick. Implicit
in this explanation is the idea that the intensity of the final transmitted
and reflected waves is to be associated with the probabilities for trans
mission and reflection of the particle.

On the basis of this interpretation, note that negative kinetic energy,
or imaginary momentum, is no longer nonsensical. For imaginary mo
mentum the de Broglie wavelength is also imaginary. and hence the
corresponding wave are attenuated rather than propagating waves.
But such waves exist and make sense. Indeed, the tunnel effect can be
qualitatively explained on this basis. That portion of the incident wave
which is transmitted into the barrier becomes an attenuated wave. It
reaches the second interface diminished in amplitude, but upon trans
mission through the second interface becomes a propagating wave again.
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If the barrier is thick, the attenuation becomes very great and the trans
mission drops exponentiaily to zero, in agreement with observation. 2

4. NUMERICAL MAGNITUDES AND THE QUANTUM DOMAIN

It is quite instructive to examine the magnitudes of the de Broglie wave
length for some representative cases:

(a) Electron of energy £ (electron volts)

~ = !!:. = Ii = 10-8 £-1/2 cm
p Y2m£

(b) Proton of energy £ (electron volts)

A = 5 X 10-10 £-1/2 cm

(c) One gm mass moving at one cm/sec

'" = 10-27 cm.

These numbers tell us at once why quantum effects manifest them
selves only at the atomic level. On the macroscopic level all dimensions
are so enormous, compared to the de Broglie wavelength, that wave
aspects are undetectable. In the atomic and subatomic domain, the
dimensions become comparable to the de Broglie wavelength and the
wave aspects dominate.

These numbers also make clear the difficulty of actually performing
our idealized drift tube experiments in the laboratory. For simplicity,
we assumed the potentials to change discontinuously. In actuality the
potentials will change over some distance, say b. This complicates the
analysis but does not change the qualitative features of the results.
However, the magnitude of the quantum effects are crucially dependent
on the size of b. Only if b is rather smaller than, or at most comparable
with, the wavelength, will the effects be appreciable. Looking at the
most favorable case, that of the electron, we see that the gap between
drift tubes would have to be at most a few angstroms, that is, a few atom
diameters.

There are, however, analogs of our experiment on the atomic scale.
Thus thermonic emission of electrons from a metal corresponds to our
first experiment. Field emission, where tunneling plays a dominant
role, corresponds to the second. So does nuclear alpha decay. The pas
sage of an externally incident electron through an atom also corresponds
roughly to our second experiment. Resonances in the transmission are
indeed observed, as in our experiment, and are known as the Ramsauer

2 A detailed treatment is presented in Section 7 of Chapter VI.
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effect. Unfortunately, all of the e involve complex phy ical y tern
who e relevant properties cannot be fully under tood before we under
stand quantum mechanic it elf.

s. THE PARTICLE ASPECTS OF WAVES

In the preceding, we have demon trated that classical particles have a
dual nature in that they al 0 exhibit wave properties. We now briefly
de cribe orne experiments which, conver ely, demon trate that electro
magnetic wave have particle propertie . The fir t indication of this aro e
in connection with the spectral propertie of the radiation from a per
fectly absorbing, or a black, body. An approximation to such a body i
obtained as follows. Imagine a container to be co.nstructed with wall
opaque to electromagnetic radiation and uppose it to have an infinite 
imal hole in it urface. Radiation which enters the hole will not, with
appreciable probability, find it way out again, and the hole is thus a black
body. The radiation field in the interior of the container, and in thermal
equilibrium with it at a given temperature T, i then black-body radiation.
It can be studied experimentally by examining the radiation which leak
out through the infinite imal hole. It spectral distribution and volume
den ity turn out to depend only upon the temperature and not upon the
detailed properties of the wall or of anything else. We note that it i
just this freedom from dependence upon detail which makes black-body
radiation such an important testing ground for our under tanding of the
energy interchange between matter and radiation in thermal equilibrium.
Classical phy ic gives an unambiguou and almost totally wrong answer
to the question of what the pectrum of thi radiation ought to be. The
argument i a follows.

The electromagnetic field in the interior of a cavity can be completely
de cribed a a uperposition of the characteri tic mode of harmonic
vibration of the field in the given cavity. The amplitude of each mode i
independent and may, in principle, be arbitrarily assigned. Thus each
mode repre ent a degree of freedom of the radiation field, and the e
degrees of freedom are vibrational in character. According to the equi
partition theorem of clas ical statistical mechanics, each vibrational
degree of freedom has the same mean energy kT in thermal equilibrium.
Now it is not hard to show that the number of mode in the frequency
interval between II and (II + dll) is given by (87T/C3 ) V1I2dll, where Vi
the volume of the cavity. Thu we obtain the paradoxical result that the
energy den ity pectrum of the black-body radiation is given by (87T/C:I )

kTlI 2dll, which means that the density of radiation with frequency be
tween II and II + dll increa e indefinitely with the quare of the frequency
and that the total electromagnetic energy in the cavity i infinite.
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Exercise 1. Consider a cubical box of volume V with perfectly conducting
walls.

(a) Show that the number of modes with frequency between v and
v + dv is given by (87T/C 3 ) Vv 2 dv (reference [3]).

(b) Would such a box, even with the proverbial speck of dust in it,
actually behave like a black body at all frequencies? In particular, what
are its properties at very low frequencies?

We have described the classical result, which is known as the Ray
leigh-Jeans Law, as almost totally wrong; however, the low frequency
part of the spectrum is, in fact, accurately predicted by this relation. At
high~r frequencies, the observed spectrum is less intense than that pre
dicted classically, and eventually 'it falls exponentially to zero. To put it
another way, the degrees of freedom associated with the higher fre
quencies do not participate fully in the sharing of energy, and the highest
not at all.

The mystery of the non-participation of some degrees of freedom was
first penetrated by Planck when he proposed that the energy of a vibra
tional mode of frequency v could take on only discrete values, and could
not vary continuously as it would classically.a In particular, he assumed
that the energy could increase from zero only in equal steps or jumps of
magnitude proportional to the frequency. The proportionality constant
is just Planck's constant, of course, so that the energy of a quantum of
frequency v, or angular frequency w , is

E = hv = fiw (3)

and the energy of an oscillator would then have as its only permissible
values 0, fiw, 2fiw, ....

It is easy to see that Planck's idea is at least qualitatively correct. For
sufficiently low frequency modes, the energy steps are very small com
pared to thermal energies, and the classical equipartition theorem is
unaffected. For sufficiently high frequency modes, on the other hand,
the energy steps are very large compared to thermal energies, and these
modes do not participate in the energy sharing process. Specifically, it
turns out that the mean energy of a vibrational degree of freedom of
frequency v at temperature T is

- hv fiw
E = ehvlkT _ I e"wlkT _ I ' (4)

3 We present the argument from a modern point of view. Planck actually ascribed quantum
characteristics only to the material oscillators, which he introduced to represent the prop
erties of the walls of the enclosure, and not to the modes of the electromagnetic field. It
was Einstein who first realized that the radiation field is also necessarily quantized.
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(5)

which is seen to take on the classical value kT when hw/kT ~ I and to
be exponentially small for liw/kT ~ I. The corresponding energy density
of black-body radiation of frequency between v and v + dv is then

87T hv3

£(v) dV=-:3 ehvlkT_1 dv,
L •

which is the Planck radiation law. It is in excellent agreement with
experiment and historically it furnished the first, and quite accurate,
determination of Ii.

Exercise 2. (See reference (3].)
(a) Derive equation (4) and the Planck radiation law, equation (5).
(b) Denoting the wavelength at the maximum of the black-body

spectrum by Am, show that AmT = constant (Wien's displacement law).
(c) Show that the total energy radiated by a black body at temper

ature T is proportional to T4 (Stefan's Law).

Although Planck gave a completely successful solution to the diffi
culties of black-body radiation, his work attracted little attention.4 In
deed, it was not even taken very seriously before 1905, when Einstein
applied the quantum idea to the explanation of the phenomenon of
photoelectric emission by explicitly introducing the corpuscular proper
ties of electromagnetic radiation. These corpuscular properties are even
more explicitly demonstrated in the Compton effect. When x-ray of a
given frequency are scattered from (essentially) free electrons at rest,
the frequency of the scattered x-rays is not unaltered but decreases in a
definite way with increasing scattering angle. This effect is precisely
described by treating the x-rays as rclativis~ic particles of energy liw
and momentum liw/e, and applying the usual energy and momentum
conservation laws to the collision.

Exercise 3. Show that for Compton scattering

1.. I - 1.. = 2~ sin2 1!.
c 2 '

where 'A c = Ii/me is the so-called Compton wavelength, m is the mass
of the electron, 1\ is the wavelength of the incident x-rays and ~ I is the
wavelength of x-rays scattered through the angle cP. The Compton wave
length plays the role of a fundamental length associated with a particle

• E. U. Condon, in Physics Today, Vol. IS, No. 10, p. 37, Oct. 1962.
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of mass m. What is its approximate numerical value for an electron?
For a proton? For a 7T-meson? For a billiard ball? (See reference [3].)

6. COMPLEMENTARITY

We have now established a certain symmetry in nature between par
ticles and waves which is totally lacking in classical physics, where a
given entity must be exclusively one or the other. But this has come at
the price of great conceptual difficulty. We must somehow accommo
date the classically irreconcilable wave and particle concepts. This
accommodation involves what is known as the principle of comple
mentarity, first enunciated by Bohr. The wave-particle duality is just
one of many examples of complementarity.

The idea is the following: Objects in nature are neither particles nor
waves; a given experiment or measurement which emphasizes one of
these properties necessarily does so at the expense of the other. An
experiment properly designed to isolate the particle properties, such as
Compton scattering or the observation of cloud chamber tracks, provides
no information on the wave aspects. Conversely, an experiment properly
designed to isolate the wave properties, for example, diffraction, provides
no information about the particle properties. The conflict is thus resolved
in the sense that irreconcilable aspects are not simultaneously observable
in principle. Other examples of complementary aspects are the position
and linear momentum of a particle, the energy of a given state and the
length of time for which that state exists, the angular orientation of a
system and its angular momentum, and so on. We shall elaborate on
these various aspects in due course. We are now, however, in a position
to give a reasonably general statement of the principle of complementar
ity. The quantum mechanical description of the properties of a physical
system is expressed in terms of pairs of mutually complementary varia
bles or properties. Increasing precision in the determination of one such
variable necessarily implies decreasing precision in the determination
of the other.

7. THE CORRESPONDENCE PRINCIPLE

Thus far we have been concentrating our attention on experiments which
defy explanation in terms of classical mechanics and which, at the same
time, isolate certain aspects of the laws of quantum mechanics. We must
not lo~e sight, however, of the fact that there exists an enormous domain,
the domain of macroscopic physics, for which classical physics works
and works extremely well. There is thus an obvious requirement which
quantum mechanics must satisfy - namely, that in the appropriate or
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State functions and
their interpretation

1. THE IDEA OF A STATE FUNCTION;
SUPERPOSITION OF STATES

We have been led to the idea that the description of the behavior of a
particle requires the introduction of de Broglie waves. These waves
exhibit characteristic interference, and the intensity of these waves in a
given region is associated with the probability of finding the particle in
that region.

We now seek to generalize these ideas, and at the same time to make
them more definite. To simplify the mathematical features, we shall
consider the motion of a single particle in one dimension under the in
fluence of some arbitrary, but prescribed, external force. As a first step
we ask how the state of motion of such a particle is to be described at
some given instant. In classical mechanics, a description is normally
given by specifying the position and momentum of the particle at the
instant in question. Newton's laws then furnish a prescription for deter
mining the development of the state of motion in time. But we have
emphasized that such a description will not do in quantum mechanics,
since particle trajectories are not well defined. We must start some
where, however, and we shall make the minimum assumption that the
state of a particle at time t is completely describable, at least as com
pletely as possible, by some function l/J which we shall call the state
function of the particle or system.

We must then address ourselves to the following questions:
(I) How is l/J to be specified? That is, what variables does it depend

on?
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classical limit, it must lead to the same predictions as does classical
mechanics. Mathematically, this limit is that in which Ii. may be regarded
as small. For the electromagnetic field, for example, this means that the
number of quanta in the field must be very large. For particles it means
that the de Broglie wavelength must be very small compared to all
relevant lengths. Of course, the statements of quantum mechanics are
probabilistic in nature, we have argued, while those of classical mechanics
are completely deterministic. Thus, in the classical limit, the quantum
mechanical probabilities must become practical certainties; fluctuations
must become negligible.

This principle, that in the classical limit the predictions of the laws
of quantum mechanics must be in one-to-one correspondence with the
predictions of classical mechanics, is called the correspondence principle.
Its requirements are sufficiently stringent that, starting with the idea of
de Broglie waves and their probabilistic interpretation, the laws of quan
tum mechanics can be more or less completely determined from the
correspondence principle, as we shall eventually demonstrate.

Problem 1. Calculate, to two significant figures, the de Broglie wave
lengths of the following:

(a) An electron moving at 107 cm/sec.
(b) A thermal neutron at room temperature, that is, a neutron in

thermal equilibrium at 3000 K and moving with mean thermal energy.
(c) A 50 MeV proton.
(d) A 100 gm golf ball moving at 30 meters/sec.

Problem 2. Consider an electron and proton each with the same kinetic
energy, T. Calculate the de Broglie wavelength of each, to one significant
figure, in the following cases:

(a) T = 30 eV.
(b) T = 30 keV.
(c) T = 30 MeV.
(d) T = 30 G eV = 30,000 MeV.

NOTE: To sufficient accuracy, the rest energy of an electron is 0.5
Me V, and of a proton it is one G eV. Note also that the relation between
ki netic energy, momentum and rest mass can be expressed as

E = T + mc2= Y(mc 2)2 + (pC)2.
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(2) How i t/J to be interpreted? That is, how are the observable
properties of a system to be inferred from t/J?

(3) How does t/J develop in time? That is, what is the equation of
motion for the system?

As a tentative an wer to the first question we shall make the simplest
possible a sumption, namely, that the state function of a structureless I

one-dimensional particle at a given time t can be expressed in terms of
space coordinates alone, t/J = t/J, (x), where the subscript t denote the
instant at which the description applies. Putting this in more conven
tional notation, we write

t/J=t/J(x,t), ( I)

whe.e t plays the role of a parameter. Our assumption that t/J can be so
expressed for a structureless particle turns out to be correct. This means
that any physical state can be specified in terms of an appropriate t/J of
the form of equation (I). What about the converse? Does every arbi
trarily chosen t/J correspond to some physical state? The answer is no.
Only a certain class of state functions, which we shall call physically
admissible, correspond in fact to realizable physical states. For example,
it turns out that t/J must be single-valued and bounded, in a sense to be
defined later, if it is to be physically admissible.

Proceeding now to the second question, which is the main business
of the present chapter, we first give a precise meaning to the probabilistic
a pects of the quantum mechanical state function. We shall make the
plausible and physically necessary assumption that the probability of
finding a particle in a given region of space is large where t/J is relatively
large and small where t/J is relatively small. Since probabilities can never
be negative, and since t/J itself takes on both positive and negative values
(and indeed turns out to be a complex function), the simplest association
we can make is to take the relative probability proportional to the abso
lute value squared of t/J, which is analogous to the intensity of an ordinary
wave field. More precisely, if P(x, t) dx is the relative probability of
finding the particle at time t in a volume element dx centered about x,
we write

P(x, t) dx = It/J(x, t)12 dx = t/J*(x, t)t/J(x, t) dx;;;. 0,

where t/J* denote the complex conjugate of t/J. We can convert to abso
lute probabilities p(x, t) dx by writing

P(x, t) dx
p (x, t) dx = I P (x, t) dx

or

I By a structureless panicle we mean a conventional ma s point. The description must be
modified for a panicle with internal degrees of freedom. such as spin. as we shall see.
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I/J* (X, t)l/J(x, t)
p(x, t) = fl/J*(x, t)l/J(x, t) dx' (2)

where the integral extends over all space. That p dx is indeed an ab olute
probability follows from the fact that, evidently,

fpdx=1.

This means that the probability of finding the particle somewhere in
space, anywhere, correctly has the value unity. The quantity p is called
the probability density. If the probability density is not to lose its mean
ing, the integral in the denominator must be bounded. Hence all physi
cally admissible state functions must be square integrable.2

Note that, according to equation (2), p is unchanged if I/J is multiplied
by any arbitrary space-independent factor, that is to say, by an arbitrary
factor c(t), which may be complex. In that sense, I/J is undetermined
up to such a factor. It is generally convenient to choose this multiplica
tive factor in such a way that

fl/J*l/Jdx=l, (3)

which can always be done for physically admissible state functions. This
condition is called the normalization condition and state functions which
satisfy it are called normalized. For normalized state functions I/J*I/J is
itself the probability density,

p(x, t) = I/J*(x, t)l/J(x, t), (4)

and I/J can then be interpreted as a probability amplitude.
The actual normalization procedure is the following: Suppose I/J to

be some given physically admissible state function. Evaluate f I/J*I/J dx
and denote the result by M, a real number. Then

I/J == \1M ei6 1/J'

defines the normalized state function I/J' for arbitrary 8. We emphasize
that normalization is a matter of convenience and that no physical sig
nificance is to be attributed to the absolute numerical magnitude of a
tate function. Only relative magnitudes are important. Otherwise stated,

a state function which is everywhere increased by an order of magnitude
is physically unchanged. This is in sharp contrast to the situation in clas
sical physics. An increase by a similar factor in the amplitude of the

"While lhis statement is correct. physicislS frequently find it convenient to work with
idealized state functions which satisfy the weaker condition, or others equivalent to it,

N*(x,t)ojJ(X,t) e-u1rl dx = M(o:,t),

where M is finite for arbitrarily small but non-zero 0:. We shall shortly ee ome examples.
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pressure in an acoustical wave, for example, results in a significantly
altered physical situation, readily apparent to even the most casual
observer.

It is important to understand the precise nature of the probabilistic
quantities we have introduced. We are discussing a system which con
sists of a one-dimensional particle moving under the influence of some
prescribed external force. Imagine now an ensemble of such systems,
identical to one another and satisfying identical initial conditions. Sup
pose that at some instant t the coordinates of the particle in each system
in the ensemble are measured. The measured values will not all be the
same, as would be the case classically, but instead will be distributed
over some range of coordinate values. The quantity p(x, t) dx then gives
the fraction of the systems in the ensemble for which the measured
coordinates lie between x and x + dx.

One important property of state functions must still be emphasized.
The existence of interference, the observation of which led us to asso
ciate wave properties with particles in the first place, implies that if lfJ)
describes one possible state of the system and if lfJ2 describes a second
possible state, then

lfJ3 = a1lfJ. + a2lfJ2'

with a. and a2 arbitrary, also describes a possible state of the system.
By extension, we see that an arbitrary superposition of any set of possi
ble state functions is also a possible state function. This is called the
principle of superposition. That this principle applies is one of our basic
assumptions; its applicability sharply differentiates the probablistic
aspects of quantum mechanics from those of classical statistical me
chanics.

To make the relationship between interference and the superposition
principle clear, consider the probability density corresponding to the
particular superposition lfJ3 defined above. We have

lfJ3*lfJ3 = la.l2lfJt*lfJ) + la21 2lfJ2*lfJ2 + a 1a2*lfJ.lfJ2* + a.*a2lfJ.*lfJ2·

The first two terms give ju t the sum of the individual probabilities for
each tate, weighted by the extent to which each is pre ent in the uper
position, exactly as would be the case classically. The last two terms
are the interference terms. These terms are not expressible solely in
terms of the individual probabilities associated with each state, but are
simultaneously and mutually a property of both states. Their sign is
determined by the relative phase of a1lfJI and a2lfJ2' and it can be either
positive or negative corre ponding to constructive or destructive inter
ference in the probabilities. The radical nature of thi behavior must not
be overlooked. It mean that a set of states, each of which independently
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describes the occurrence of orne event with finite probability, can be
combined in such a way that the given event cannot occur at all!

An interesting example is the famous double slit experiment, in which
the interference pattern of a beam of particles incident upon a double
slit system in an opaque screen is studied. The experiment is shown
schematically in Figure I(a). The first screen contains identical slits at

x

incident beam

of particles

A ____

I ..B ____

transmitted
particles

o

screen with
slits at A and B

P.\=PII

recording screen C

(a)

P.\U

---.......oL----'---"''''--'---x
slit A or slit B open slits A and B open

(b)

FIGURE I. The double lit experiment. (a) Schematic experimental arrangement.
(b) Distribution of particles recorded on the screen C.

A and at B, either of which can be opened or closed. Any electrons pa 
ing through the slit ystem are recorded on the di tant screen C. In
Figure I(b), the distribution of particles recorded when either A or B is
open i shown on the left, that when both A and B are open is shown on
the right. In the former case, the result i the typical Fraunhofer pattern,
in the latter this pattern i modulated by interference and is clearly not
the uperposition of the probability for transmission through either slit
alone. To relate this to the superposition principle, let l/JA denote the state
function of an electron for A open and B closed, l/JIJ that for B open and
A closed, and l/J.4/J that for both A and B open. Let PA, plJ and PA/J denote
the corresponding probability densities. Then, to good approximation,
we have
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PAn == Il/JABI2 = Il/JAI2 + 1l/J812+ l/JA *l/Jn + l/J8*l/JA·

Since PA = PB, we thus have, in harp contrast .to the classical result
PAB = PA + P8 = 2PA,

PAB = 2PA[1 + cos 8(x)],

where 8(x) is the phase ofl/JB relative to l/JA,

l/JB = l/JAe iIJ
•

The phase factor 8 increases linearly with distance from 0 along the
recording screen, and interference minima occur whenever 8 is an odd
multiple of 7T. We here see quite explicitly how superposition leads to
interference. Note, in particular, that when both slits are open the prob
ability of an electron arriving at the screen at an interference minimum
is zero, even though its probability of reaching the same point on the
screen is quite finite when only one slit is open!

One further aspect of this experiment deserves comment. The elec
tron's particle nature manifests itself in the fact that an electron is, after
all, a localizable entity. When detected or recorded in any way, it is
always observed as just that; one never sees only a part of an electron.
Thus an electron passing through the first screen must pass through one
slit or the other. If it pa ses through A, how can it know about Band
thus somehow adjust its behavior to give the experimental re ult? The
answer is that, in just this respect, the electron is not localized; it also
has attributes which are distributed in space like a wave. In short, it
exhibits both particle and wave properties. The complementary aspects
of this duality are emphasized by introducing an additional detector
that permits one to observe through which of the two slits a given
electron actually passes. This can be done, and sure enough, each elec
tron is always observed to pass through one slit or the other. However,
the act of observation necessarily involves an interaction of some kind
between the measuring apparatus and the electron, and this interaction
produces an uncontrollable disturbance which destroys the phase rela
tionship necessary for interference. In other words, as one observes
which slit the electron passes through, one forces it to act entirely like
a particle, and thus the wave-generated interference pattern disappears
and the cia sical result appropriate to classical particles is observed.

2. EXPECTATION VALUES

Given our probabilistic interpretation of the state function l/J (x, t), we
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now show how to extract information from it concerning the behavior
of a particle. Specifically, recalling that p (x, t) refers to the distribution
of measured values of the particle coordinate for an ensemble of systems,
we see that the (ensemble) average, or expectation value, of the position,
written (x), is simply

(x) = J x p (x, t) dx, (5)

where the integral extends over all space. We emphasize that this follows
just because p (x, t) dx is that fraction of the measured values of position
which lies between x and x + dx. Suppose now that we are concerned
about some function of the position of the particle, f(x). Then p(x, t) dx
is the fraction of the times the measured value of f(x) would lie between
f(x) andf(x + dx). Hence we have, for the (ensemble) average or expec
tation value of f(x), in the same notation,

(f(x» = J f(x)p(x, t) dx. (6)

(7)

As an example, if a particle is moving in a potential V(x), and its prob
ability density function is p(x, t), then its mean potential energy can be
computed according to equation (6), with f(x) = V(x).

Let us express these expectation values in terms of the state function
l/J(x, t). We have at once

(f( » = f l/J*(x, t)f(x) l/J (x, t) dx
x J l/J*l/Jdx

or, if the state function is normalized,

(I(x» = f l/J *(x, t)f(x)l/J(x, t) dx. (8)

Of course, the order of the factors in the integrand of these expressions
is a matter of indifference. We could equally well have written fl/J*l/J or
l/J*l/Jf, both of which are less complicated-looking than the form obtained
by insertingf between l/J* and l/J. We have chosen this last, however, for
reasons of future convenience.

We have seen how to calculate the quantum analog of the position of
a particle (or any function of its position). What about the remaining
one-dimensional dynamical variable, the momentum? One way of
proceeding might be thought to be the following. In general, since
l/J=l/J(x,t), the expectation value of x is a function of time, (x) =f(t).
Hence the quantity md(x)jdt can certainly be calculated if the time
dependence of l/J is known. This quantity ought then to correspond to
the momentum, at least in the classical limit. There are two difficulties
with this approach. The first is a fundamental one having to do with the
nature of the momentum as a dynamical variable. Classically, the exist
ence of a trajectory gives a precise meaning to the mathematical opera-
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tions involved in evaluating the Quantity m dx/dt. In quantum mechanics,
no precise trajectories exist and the quantity dx/dt mu t presently be
regarded as undefined. It thus makes no sen e at this stage to talk about
p, if it i merely defined as m dx/dt, that is, as a purely kinematical
quantity. On the other hand, p must certainly have a dynamical mean
ing, quite independently of trajectories. Regarded a a dynamical varia
ble, on the same footing as the po ition variable, we must make en e
out of the momentum and out of such related Quantities as its expectation
value (p), and indeed this is our next ta k.3

The second difficulty referred to above is more of a practical kind.
To compute a quantity like d(x)/dt, we must know the answer to the
third question asked at the beginning of this chapter: How do state func
tions develop in time? We are not yet prepared to answer that question.
Indeed, once we understand the momentum as a quantum mechanical
dynamical variable, we shall make use of the correspondence principle
requirements

() =md(x)
p dt

and

cjJpl = _/dV(x))
dt \ dx

in order to establish the time dependence of state functions.

3. COMPARISON BETWEEN THE QUANTUM AND CLASSICAL
DESCRIPTIONS OF A STATE; WAVE PACKETS

Our discussion has been rather far removed from classical physics, in
which we are accustomed to pre cribing the precise position and velocity
of a particle at some instant and not a probability distribution, much
less an intrinsically unobservable probability amplitude. Since quantum
mechanics is intended to be more general than classical mechanics,
which it must contain as a limiting case, we now discuss the sense in
which we can, in fact, recover the cla ical description, starting from the
concept of a quantum mechanical state function. Our task is not a diffi
cult one. A classical trajectory is nothing more than some curve in space
which evolves in time in some definite way. The quantum mechanical
state function has all of space and time as its domain. Although it thus

3 CIa ically, the de cription which places po ition and momentum on an equal footing a
dynamical variable i the Hamiltonian de cription. We thus anticipate that the Hamil
tonian function will bear closely on the formulation of quantum mechanical laws.
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appears to be an inherently non-localized entity, it can certainly be u ed
to de cribe a trajectory if it is simply cho en to be a very pecial and
localized space-time function-namely one which vani he everywhere
except in the infinite imal neighborhood of the trajectory in que tion.

Such localized, or harply peaked, tate function are called wave
packets. They playa key role in the i olation of many physical effects,
and particularly, of cour e, in under tanding the relationship between
etas ical and quantum mechanic. An example of a wave packet at some
given in tant is the Gaus ian function,

I/J = A exp [-(x - xo)2/2L 2] .

Noting that the relative probability distribution is then

I/J*I/J = IA 1
2 exp [-(x - XO)2/U],

(9)

(10)

we see that we have here a state localized about the point x = Xo within
a neighborhood of dimen ion L. The mailer L i , the more localized
the state function; the clas ical limit of ab olute preci ion corre ponds
to the limit in which L approaches zero.

Specification of the tate function at a given in tant i entirely analo
gou to the cIa ical pecification of the initial po ition of a particle. If
one eems more vague and my teriou than the other, it i only beeau e,
at the cia ical level, we are accustomed to the establishment of initial
conditions through our own direct and per onal involvement, at lea t in
imagination, as when we throw a piece of chalk or et into motion a
mechani m that fires a atellite. At both level , the detail by which
initial condition are e tabli hed are irrelevant to the subsequent devel
opments; all we need to know i what the initial condition in fact are.
That we are not yet able to di cus hOI\! a well-defined quantum me
chanical initial state i actually prepared thu need not be a source of
difficulty. To repeat, we need to know only what the initial tate i , not
where it came from.

Given orne initial state, it time development is, of course, determined
by the equation of motion, both cia ically and quantum mechanically.4
Suppo e the classical equation of motion upon integration yield the
trajectory

x = !(t).

It i then tempting to gue that a uitable form for the corre ponding
quantum mechanical probability function in the classical limit is

4 The initial po ilion and momentum mu t both be specified. of course. in the cia sical ca e.
In the quantum mechanical case. both ClIllllot be pre cribed with arbitrary preci ion.
Information aboul the momentum i imp/icity contained in the tate function. How to ex
tract that information i the ubject of the following chapter.



PROBLEMS

t/J*t/J = IA 12 exp {-[x - J(t) FlU}

27

for sufficiently small L. Thi expression repre ent a wave packet of
width L moving along the cia ical trajectory in accordance with the
c1as ical equation of motion. This intuitive supposition can be explicitly
tested for the special case of the motion of a free particle. For such a
particle, of mass m, say, starting from the origin with initial momentum
Po, we have classically,

X = po/1m,

and we thu are upposing that the quantum mechanical probability
distribution might be given by the moving wave packet

t/J*t/J = IAI2 exp [-(x - potlm)2/U]. (I I)

The actual re ult, obtained in Chapter IV (equation IV-22) by integra
tion of the quantum mechanical equations of motion, is precisely thi ,
except that the constant width L i replaced by the time dependent width

L(t) = YU + (h2
/
2Im2U) .

Thus the correct re ult reveals that, in actuality, the wave packet grows
in size from it initial width L. However, for macroscopic particle the
second term under the square root sign is readily seen to remain negligible
over cosmological time interval ,5 hence equation (II) deviates unde
tectably from the correct result and our intuitive expectations are ub
stantially correct. We hall return to thi ubject again in Chapter IV.

Problem 1. Consider a particle described by a Gau ian wave packet,

t/J = A exp[-(x - xo)2/2a2].

(a) Calculate A if t/J is normalized.
(b) Calculate (x) .
(c) Calculate the mean square deviation in the particle's po ition,

«x - (x) )2).
(d) Suppose the particle is moving in a potential V(x). Calculate

(V) for V = mgx; for V = ! kx2 • See Appendix I for the evaluation of
Gaussian Integrals.

Problem 2.
(a) The ame as Problem I, except for the state function

t/JI = A exp[i(x - xo)la] exp[-(x - xo)2/2a2].

(b) Consider the superpo ition state

• This follows because" is so small in macroscopic term.
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1/1± = c± [1/1\ ± 1/1]

where 1/1 is the wave packet of Problem I. 1/1\ that of part (a) above.
Evaluate c±. Plot and compare the probability density for the four cases

1/1*1/1. 1/1. *1/1., 1/1+ *1/1+. 1/1- *1/1_.



III
Linear momentum

1. STATE FUNCTIONS CORRESPONDING TO A
DEFINITE MOMENTUM

We have now come to understand some of the properties of state func
tions and have seen that our next task is to understand linear momentum
as a quantum mechanical dynamical variable. The essential clue is
provided by the de Broglie description of a free particle of definite mo
mentum p. Associated in some way with such a particle, we have argued,
is a wave of reduced wavelength 1. = hlp. We now make this vague
relationship explicit by assuming that the de Broglie wave itself is the
state function of the particle. Specifically, we write

t/J(x, t) = exp[i(xli\) - iwt]

or, expressing f... in terms of p,

t/Jp(x, t) = exp[i(pxlh) - iw(p)t], (I)

where we have attached a subscript p to t/J to denote that this state func
tion describes a particle which is moving with definite, fixed linear
momentum p. The frequency w of de Broglie waves has not yet received
any special attention, and in writing equation (I) we have therefore taken
w to be some characteristic, but as yet unknown, function of p.

The identification of that particular state function which describes a
particle with definite momentum is an absolutely crucial step in our
method of development. It i offered here as a reasonably direct, but
hardly unambiguous, deduction from the Davisson-Germer experiment.
So there will be no misunderstanding, we state as emphatically as possi
ble that the quantum mechanical rabbit is already in the hat, once equation
(I) is accepted and under tood. Except for spin and the exclusion prin
ciple, all else follows from the correspondence principle alone.

Because of the importance of this result, we shall comment on it in
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some detail. Note first that we have written l/Jp as a complex exponential
function. This choice requires elaboration because a traveling wave can
certainly be represented by a real trigonometric function as easily as
by an exponential. Indeed, all classical wave fields are actually repre
sented by such real functions, even if complex notation is used for con
venience. That this striking property is essential for quantum mechanical
state functions can be made plausible by the following argument: For
a free particle, all points in space are physically equivalent. 10 particular,
the choice of origin is irrelevant; the state of the system cannot depend
in any essential way on thi choice. Suppose, now, that the origin is
shifted to the left through some arbitrary distance b, by which we mean
that x i replaced by x + b. Then, as defined by equation (I), l/Jp is merely
multiplied by the physically undetectable constant phase factor eipb/h.

As required, the description of th~ state is seen to contain no physically
significant 'reference to the origin. This would not be the ca e were a real
trigonometric function used to represent l/Jp. In fact, if we had started
with the most general possible traveling wave,

l/J = A cos (px/h - wt) + B sin (px/h - wt)

the demand that l/J reduce to a multiple of itself under an arbitrary trans
lation then would at once have led u to the exponential form of equa
tion (I ).1

Exercise 1. Prove this la t as ertion.

Still another feature of l/Jp requires comment. It is a state function
corresponding to a total absence of localization in space. The relative
probability density is

which means that the particle is just as likely to be found in anyone
volume element a in any other. As an immediate consequence, the state
function l/Jp is not physically admissible, except in the weak sense referred
to in the footnote following equation (11-3). Nonethele s, because l/Jp does
correspond to a preci e value of the momentum p it is a useful idealiza
tion, as we shall at once show.

I A more conventional, and perhaps more convincing, argument can be given in terms of
the requirement that the probability of finding the particle somewhere in space must be
unity for all rimes. We shall return to the subject in Section 7 of Chapter IY.
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2. CONSTRUCTION OF WAVE PACKETS
BY SUPERPOSITION

We now give an important and instructive example of the utility of these
idealized non-physical states by combining them to form a wave packet,
the most intuitively physical kind of state function. We do this by con
structing a general superposition of momentum states .pp. Since there
is a continuum of possible values of p, the superposition takes the form
of an integral rather than a sum and we write

.p(x, t) = • ~Jco cf>(p) exp[i(px/h) - iw(p)t] dp (2)
V21Th -co

where the factor I/V21Th has been introduced for reasons of future con
venience. In this superposition, ,the amplitude of the state function .pp
corresponding to momentum p is denoted by cf>(p). For the present we
shall not be concerned with the time dependence of state functions or
with the relationship between wand p. We shall consider instead only
the description at some fixed instant, which we take to be t = 0 for sim
plicity. We thus write, in place of equation (2),

I Jco.p(x) = -- cf>(p) eip.r'fl dp,
V21Th -co

where now

.p(x) == .p(x, t = 0).

It is perhaps helpful at this stage to give an example, even if a purely
mathematical one, of how a physically admissible normalizable state
.p(x) can in fact be obtained by superposition of the idealized inadmissible
momentum states exp [ipx/h]. To particularize to a very simple case,

<pCp)

c

p" Po+.).P P

FIGURE I. The momentum distribution of equation (4).
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let us suppose that q, (p) is constant in some interval of width 6.p on each
side of some fixed momentum Po, and is identically zero outside of that
interval. In other words, we choose q, (p) to be a square distribution,

q,(p) = {c,
0,

Ip - Pol",,;; 6.p
Ip - Pol > 6.p,

(4)

where c is an arbitrary constant. This means that the state we are con
sidering is one in which the momentum does not have some precisely
determined numerical value but is instead distributed uniformly over a
band of width 26.p centered about Po, as illustrated in Figure I.

With this choice for q, (p), equation (3) becomes

1 JPO+6P
l/J(x) =-- c eiPx/fI dp

V2Trh Po-6p

or, factoring out the term e lPoX/fI and simplifying,

l/J(x) = cV2h/Tr sin 6.px/h eIPox/fI.
x

(5)

This example has thus yielded a state function which is a de Broglie
wave corresponding to the momentum Po, but modulated by the factor
(l/x) sin (6.px/h). This factor makes l/J(x) normalizable and thus
physically admissible. To carry the example one step further, let us
fix the constant c in equation (4) and equation (5) by actually nor
malizing l/J. We have

1 = J:", l/J*(x)l/J(x) dx = 2h;:-12 J:", sin
2
~px/h dx

whence, introducing the new integration variable u = 6.px/h, we obtain

lei = I/V2~p,

where we have made use of the known result

f'" sin2u
-2- dU=Tr.

_'" U

(6)

(7)

To summarize, the particular momentum distribution of equation (4)
yields by superposition the normalized wave packet of equation (5),
provided c satisfies equation (6).

Observe that in the limit as 6.p approaches 0, we recover a pure de
Broglie wave of momentum Po, that is to say

lim l/J(x) = V6.p/Trh eipoxlfl.
6p-O
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The appearance of the factor "'Vt1P, which means that the amplitude of
'" becomes infinitesimal, is a consequence of the fact that the state func
tion is not normalizable in this limit. We thus cannot proceed to the limit
in the usual way. If, however, the relevant physical dimensions of our
physical system are say L, then the state function need be considered
only over a domain of that dimension. Hence, if I1pLlh ~ I, the nor
malizable wave packet state deviates undetectably from the pure de
Broglie state. This means that the above limit is in fact physically achiev
able, which is to say that I1p can be regarded as effectively zero, provided
it is much smaller than hlL. We have here an illustration of the way in
which the non-physical and non-normalizable pure momentum states
can nonetheless serve as useful idealizations of true physical states.

Returning now to the general case, we seek to interpret the amplitude
</> (p) which appears in the superposition integral defined in equation
(3). Suppose we had been less ambitious and had considered the super
position of only two momentum state functions,

Evidently, this combination corresponds to a state in which the momen
tum is either PI or P2' with relative probability amplitudes al and a2,
respectively. The more general state of equation (3) is a state in which
all possible momenta are present with probability determined by </> (p) .
It is natural to assume that </> (p) is proportional to the momentum prob
ability amplitude or the probability amplitude in momentum space. If
p (p) denotes the corresponding probability density, we thus take the
probability that the particle has momentum between p and p + dp to be

p(p)dp= CD </>*</>dp ,

LCD </>*(p)cb(p) dp

where, as indicated, the integral extends over all momentum space.
If </>(p) is normalized so that

J </>*(p)</>(p) dp= I,

then we have simply

p(p) = </>*</>, (9)

and </> (p) gives the probability amplitude directly.
Accepting this interpretation, we now have a first answer to our ques

tion about the momentum as a dynamical variable. If </> (p) is given or
known, we have, in exact analogy to our procedure in x-space, or con
figuration space,
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(p ) = f pp (p) dp

= f ep*(p)pep(p) dp,

where (p) is to be interpreted as the average momentum for an ensemble
of identical systems identically prepared. More generally, for any
function of the momentum f(p), we have

(f(p) ) = f ep* (p )f(p )ep(p) dp.

As a particular example, the expectation value of the kinetic energy is

/L)= f ep*(p) L ep(p) dp.
\2m 2m

We now see how to handle the linear momentum p in a manner analo
gous to that used for the coordinate x. Some questions still remain,
however. If ep (p) is given, we know that the corresponding I/J(x) is
uniquely determined by equation (3). What about the converse - how is
ep(p) to be determined if I/J(x) is given? Note, moreover, that the unique
relationship between ep(p) and I/J(x) implied by equation (3) means that
if one of these functions is normalized, there is no freedom left to nor
malize the other. Hence as a test of the consistency of our formulation
and its interpretation, we must demand that if ep(p) is normalized so
must I/J(x) be, and conversely. In the particular example of equations
(4) and (5), it is readily verified that this consistency requirement is
indeed satisfied. Recall that I/J(x) is normalized if lei = I/V2tip and
hence, from equation (4),

J
I JPO+6P

ep*ep dp = - dp = I ,
2tip Po-6p

so that ep is also normalized. Of course, we must demonstrate that this
is true in general and not merely for such special examples.

To answer these and similar questions, we now make a brief mathe
matical digression into the properties of Fourier integrals, a integrals
of the form of equation (3) are called.

3. FOURIER TRANSFORMS; THE DIRAC DELTA FUNCTION2

Recall that a function f(O), piecewise continuous in the interval
-7T :s:; 0 :s:; 7T, can be represented by a Fourier series. Writing such a
series in exponential form we have

2 See items [6] through [13] in the elected list of references given in Appendix 11.
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0:>

f(O) = LA" ei"e,

where

A" = _I J'" f( 0) e-i"e dO
2rr _'"

Now replace 0 by rrx/L. We then obtain

0:>

f(x) = L A" ei"",xlL

-0:>

I JLA = - f(x) e- I'l1rxlL dx
" 2L -I. •

We next want to consider the limit of these expressions when L tends to
infinity. To prepare the way, we write

kn == mr/L

11k == k"+J - k" = rr/L

whence, also,

k" = nl1k.

We next write

A" == (I/L) 'Vrr/2 g(k,,) = (I/L) v;j2 g(nl1k).

Then, putting this aJl together,

0:> v:;j2 . . 0:>

f(x) = L -- g(nl1k) e"ll1kX = YI/(2rr) L g(nl1k) e i "l1kx 11k
_0:> L _0:>

g(nl1k) = YI/(2rr) fl. f(x) e-i"l1kX dx

and letting L ~ 00, so that 11k ~ 0 while nl1k ~ k, we have, finally,
utilizing the elementary definition of the integral as the limit of a sum,

I JO:>f(x) = - g(k) e ikx dk
\/2; -0:>

I JO:>g(k) = 4 r,;- f(x) e-ikx dx.
v2rr -0:>

(II)

The symmetrically related pair of functions f(x) and g(k) are called
Fourier transforms. one of the other, and the expressions of equation
(II) are called Fourier integral representations.
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Equation (11) tells us how to calculatef(x), given g(k), and converse
ly. One interesting aspect of these relations is the following. Consider
some arbitrary f(x) and suppose g(k) to be determined from the second
of the equations in (II). Substituting the resulting expression for g(k)
in terms of f(x) back into the first equation, we then have the identity

f(x) = _I fa:> dk eikx fa:> f(x ' ) e-ikx' dx',
27T _a:> -a:>

where we have introduced x I as the dummy integration variable in the
integral representation of g(k). Now take the mathematically risky
step of interchanging the order of integration. The result can be written
in the form

f(x) = J:a:> dx' f(x ' )8(x - x') ,

where we have introduced the abbreviation

8(x - x') == _1_ fa:> eikIX-X') dk.
27T _a:>

(12)

(13)

The function 8 (x - x'), first introduced by Dirac, is called the Dirac
delta functioll. 3 Since f(x) is arbi'trary within wide bounds, the delta
function evidently has very strange properties. These properties are
readily identified from the form of equation (12), which, after all, simply
states that the product of an arbitrary function f and the 8-function,
when integrated over all space, yields as an answer the value assumed
by f at that particular isolated point where the argument of the 8-function
vanishes. In other words, 8(z), say, singles out in the integration only
the value of f(z) at the point z = O. The behavior of f(z) everywhere
else is irrelevant. This implies that 8(z) vanishes everywhere except at
the point z = O. At z = 0, it becomes indefinitely large, but in such a way
that it remains integrable. This last is easily made explicit by observing
that, if f(x) is chosen to be a constant, then equation (12) at once yields

3 Replacing x - x' by z, and k by y, our definition can be restated in the form

This means, for example, that in analogy to equation (13) we also have

,s(k - k') = J.... f~ ellk-k'l¥ dx.
27T _~
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J:a> 8(x - x') dx' = I, (14)

SO that the integral of a 8-function is normalized to unity.4
To summarize, the significant properties of the Dirac 8-function are

defined by equations (14) and (12), respectively, and equation (13) is
its Fourier integral representation. A list of additional useful properties
are the following:

8(-x) = 8(x)

a8(±ax) = 8(x), a>O

(15)

(16)

I
8(x2-a2)=- [8(x-a)+8(x+a)]

2a

fa> I(x) d8(x - a) dx = _ dfl .
-a> dx dxlx=a

( 17)

( 18)

The proof of these relations is left to the problems.
As a final mathematical point we now mention the convolution theorem.

Suppose II (x) and 12 (x) are given arbitrary functions with Fourier trans
forms gl (k) and g2(k), respectively. This theorem states that

The proof is not difficult, but it provides an instructive exercise in the
manipulation of Fourier integrals. Substitution of the Fourier integral
representations for II (x) and 12(X) gives

Jdx e-ikx II (X)/2(X) = 2~ Jdx e-ikx Jdk' gl (k') eik'x

x Jdk" g2(k") eik"X.

Noting that the dependence on x of the right side is explicit, we inter
change the order of integration and evaluate the integral over x first.
Specifically, we write

• An alternative version of our argument can be constructed as follows. Consider equation
(12) for fixed x, say x = b. Suppose f(x) to be altered by some arbitrary amount 'I)(x) in
the infinitesimal neighborhood of any point a ~ b. The left side of equation (12) is un
changed; it remains f(b), and hence the additional contribution on the right must yield
zero. This at once implies lj (a - b) = 0, b ~ a, in agreement with our conclusion above.
Incidentally, it may help the student to visualize the properties of the lj·function if he
considers it to be the limit of a sharply peaked but perfectly well·behaved function, for
example, a Gaussian, as discussed in the problems.
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J dx e-i
4".r I. (X)j;(X) = J J:", dk' dk" g. (k')g2(k")

X _I Jd i(4""+4"'-4")x271' x e .

The la t factor is now recognized as 8(k" - k + k') according to equa
tion (13). Finally, evaluation of the integral over kIf gives the stated
result. As a special ca e we note that

J:J*(x)/(x) dx= J:", g*(k)g(k) dk.

Exercise 2. Prove equation (20).

4. MOMENTUM AND CONFIGURATION SPACE

(20)

We are now in a position to provide a precise relationship between wave
functions in configuration space, t/J(x), and in momentum space, cf>(p).
We had as equation (3)

I f'"t/J(x) = -- cf>(p) e ipx/f1 dp
Y27Th -'"

whence, according to equation (I I),

I f'"cf>(p) =-- t/J(x) e- iPX/fi dx.
Y27Th -'"

(21)

Note that only in a system of units in which h = I, often used by physi
cists, is cf> the Fourier transform of t/J. More generally,

~(plh) == Vi" cf>(p)

is its transform, the transform variable being plh = 271'1>" == k, where k
is recalled to be the (reduced) wave number. With this identification,
equation (20) becomes, with/= t/J, g = Vi" cf>,

f t/J*t/J dx = f cf>*cf> dp

and the condition that t/J and cf> be imultaneously normalizable is indeed
satisfied.

We have now established two completely equivalent representations
of, or ways of writing, a given state function, one in configuration space,
one in momentum space. Neither contains more information than the
other, neither has special claims to distinction. Together, they permit
us to treat position and linear momentum on an equal footing as dynam
ical variables.
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Given some state function, t/J(x) , we now know how to calculate expec
tation values of any function of position, or of any function of momentum.
In the latter case, we must calculate the state function in momentum
space, or briefly, we must transform to momentum space. This procedure
is clearly rather roundabout and inefficient. Can we not instead calculate
expectation values of momentum from t/J(x) directly? More than a
matter of convenience is actually involved, since our present technique
will not permit us to calculate expectation values of mixed functions of
position and momentum, such as angular momentum, for example.

To answer our question, consider first

(p) = I cP* (p)PcP(p) dp.

Using equation (17) to express cP(p) in terms of t/J(x) and similarly for
cP* (p) in terms of t/J* (x), we obtain

(p) = 2:m I I I dp dx dx' t/J* (x') eiPx'lft p t/J(x) e-ipJ'lft. (22)

Now the dependence on p is explicit and we therefore seek to perform
the p integration first. This integration becomes very simple if the factor
p in the integrand is eliminated. To do so use the fact that

(23)

as is readily verified by performing the indicated differentiation on the
right-hand side. Introducing this result into equation (22), we obtain

(p) = _1- I I I dp dx dx' t/J* (x') eip-r'lft t/J(x) (-~ .!!-. e-IIJXlft).
27Th I dx

Next integrate with respect to x by parts. The integrated part i~ propor
tional to the value of t/J(x) at infinity and hence is zero for physically
admissible state functions because all such functions necessarily vanish
at infinity. Thus the result of the integration by parts is

(p) = _1- I I I dp dx dx' t/J*(x')[eiP<X'-xl/ll] ~ dt/J(x).
27Th I dx

The p integration is now easily performed and we obtain

() III d d ' .,.*( ') _fi.l d·I,(x) ~(.yl - x)p= xx'/'x '/'V"
I dx

whence, finally.

h d
(p) = I dx t/J*(x) -:- -d t/J(x).

I x
(24)
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Next consider the expectation value of p" for arbitrary n. We have,
using the same technique,

(p") = I ep*(p)p"ep(p) dp

= _1- I I I dp dx' dx l/J*(x') e,px'/A p" l/J(x) e-iPxlA
27Th

or

(p") = _1- I I I dp dx' dx l/J* (x') eiPX'/A l/J(x) (-~ ~)" e-ivxlA (25)
27Th I dx

where, in the last step, we have used the following generalization of
equation (23):

_. (h d)" _. (h)" d"(e-iVxIA )p" e IPxlA = -j dx e ,pxlA == -j dx'" (26)

Integration of equation (25) by parts with respect to x, n times repeated,
then yields, since the integrated part always vanishes,

(p") = _1- I I I dp dx' dx l/J*(x') eiP(X'-X)/A(~~)" l/J(x).
27Th I dx

Again the p integration yields 27Th 8(x' - x) and hence, after the inte
gration over x' is performed, we obtain as the final result

(
h d)" (h)"d"l/J(X)(p")=Idxl/J*(x) -;-- l/J(x)==Idxl/J*(x) -;- '(27)
I dx I dx"

To generalize still further, consider any function f(p) which can be
expanded as a power series in p. By an obvious extension ofthe argument
we then have

(f(p» = f l/J*(x)f(~ fx)l/J(x) dx. (28)

We intend to draw a deep and important conclusion from this result,
so let us first make sure we understand precisely what it says. By hy
pothesis, f(p) is expressible as a power series in p. Imagine f to be so
expressed,

f(p) = 2: G" p".

"
Then equation (28) can be written in the form

(f(p» = 2: G" (p"),
/I

each term of which can be evaluated using equation (27). Evidently
this is not a very useful or practical way to deal with complicated func-
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tions of the momentum; it is much simpler to do so by transforming to
momentum space. Indeed, we remark parenthetically, for functions
which cannot be expanded in a power series, no alternative to this latter
procedure is possible.

Our concern at present, however, is more formal than practical. Spe
cifically, we observe that we can rewrite equation (28) in the following
way,

(f(p» = J:", l/J*(x)f(p)l/J(x) dx, (29)

provided we understand that the momentum p in the integrand is to be
replaced by the differential operator (h/i)d/dx which acts on the function
l/J (x) standing to its right. This replacement can be restated as follows:
In configuration space, the linear momentum is represented by the
operation of space differentiation multiplied by hli,

by which we mean that

h d ll,
pl/J(x) ="7 ~

I dx

or, more generally, that

(hd)" (h)"p"l/J(x) = i dx l/J(x) = i d".p(x)
dx"

(30)

(31)

(32)

/

Strictly viewed, our argument appears to admit this interpretation of
the momentum as a differential operator in configuration space only
insofar as the calculation of expectation values is concerned, that is to
say, only in an expression such as that of equation (29). We now extend
this interpretation by accepting equation (30) as a general statement,
the operational content of which is expressed by equations (31) and (32)
as they stand, quite independently of the calculation of expectation
values. This generalization is a conceptual one, and an unusually useful
one as we shall abundantly show, but we emphasize that no additional
physical assumptions are implied by it. This follows because every ob
servable or measurable consequence of quantum mechanics is ultimately
expressed in terms of expectation values, and hence in terms of integrals
over quadratic functionals of the state function, as equation (29) illus
trates.

We have thus far confined our attention to the properties of the momen
tum in configuration space. What can we say about the properties of the

, position in momentum space? By exactly parallel arguments, which are
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readily traced through, it can be shown that the position is represented
by the operator of differentiation in momentum space multiplied by
(-fili) ,

Exercise 3. Starting from

fi d
x=---'

i dp
(33)

(x) = I l/J*(x)xl/J(x) dx

and using equation (3) to express l/J(x) in terms of cfJ (p), deduce equa
tion (33).

This means that, in complete analogy with the configuration space
results,

or, more generally, that

xcfJ(p) = -~ dcfJ(p)
I dp

(34)

(35)x"cfJ(p) = (_~~)" cfJ(p) == (-~)" d"cfJ(p) ,
I dp I dp"

and, therefore, that in momentum space

(f(x» = I cfJ*(p)f(x)cfJ(p) dp = I cfJ*(p)f(-~ ~)cfJ(p) dp. (36)

To restate our results in general form, we ee that in quantum me
chanics dynamical variables are not merely numbers, but are represented
by operators which act upon state functions. The particular form of the
operators depends upon the representation. In configuration space,
the position variable is just the number x, the momentum variable is
the differential operator (30). In momentum space, conversely, the posi
tion variable is the differential operator (33), the momentum variable is
a number. These results are summarized in Table I.

Dynamical variable
Representation

Position Momentum

Position space
ft d

x j dx

Momentum space
ft d

-j dp P

T ABLE I. Operator representations of position and momentum.
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Our characterization of dynamical variables at the quantum level has
led us to introduce the concept of an operator. We shall encounter such
entities with increasing frequency as our development continues. Before
going on, therefore, let LIS briefly summarize their relevant properties.

Any unambiguous rule by which one function is changed to some other
function is called an operation, and the ab tract representation of this
process is called an operator. Symbolically, we thus write

Af(x) =g(x), (37)

where the operator A is defined over a given class of functions if g is
determined for every f in that class. This may sound complicated, but
it is actually a mere formalization of what we are already thoroughly
accustomed to doing. This is perhaps made clearer by the examples
given in Table II. Observe first that although the left side of equation

Operation

Multiplication by 2
Multiplication by e1d>(x)
Differentiation
Squaring
Complex conjugation

Equation (37)

AJ= 2J
AJ= efd>J
AJ= dJldx
AJ=j2
AJ=f*

Symbolic representation

A =2
A =e1d>(x)
A = dldx
A =?
A=?

T ABLE II. Examples of operalions and operators.

(37) has the appearance of a product (and indeed is a product when A is
a number or some given function of x, real or complex), there is generally
nothing very much like an ordinary product involved. Observe also that
operators exist, and are perfectly well defined, which have no conven
tional or simple symbolic representation, as indicated by the question
marks in the right-hand column of Table II for the last two examples.

The operators we shall meet in quantum mechanics are linear opera
tors. that is to say, operators such that

(38)

All of the operators in Table II are linear except the squaring operator.
That the quaring operator is non-linear follows at once from the fact
that

which i clearly different than

Afl+Af2 =f, 2 +f/·

We shall frequently be concerned with equences of operations,
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carried out one after the next. Thus, for example, we shall encounter
situations in which an operator B acts on some function and an operator
A then acts on the result. The net result defines a new operator, say C.
Then we can write

Cfa A(Bf). (39)

It is customary to omit the parenthesis on the right and to express this
relation in the form

Cf=ABf,

which then implies the purely operator statement

C=AB,

whereby C is called the product of A and B. We emphasize that the
meaning of such a product is precisely that expressed by equation (39),
The square of an operator is to be regarded as a special case of a product.
Products of more than two operators, or higher powers of a given opera
tor, are defined by successive application of the rule for products. Thus,
for example,

C=A.A 2 ,'·A/I

means the result of successive operation~ by A /I first, then A /I-I, and so
on down to A •.

To give some specific examples, let A denote mUltiplication by eid>(X)

and B denote differentiation with respect to x. Then

A Bf= eil/>(x) df
dx'

ABAf= ei<l>(X) ix [ei<b(.rlf(x)] ,

B2f= d2f
dx 2 '

and so on.
Observe that the order of the operators in a product uniquely deter

mines the order in which these operators act. The result, in general,
depends on this order, which is to say that, in general,

AB ¥- BA

and the algebra of operators is nOll-commutative, in contra t to the
algebra of ordinary numbers. For the particular operators A and B above,
we see that
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BAf= :x [ei~x) f],
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which is clearly different than ABf, as given above. Similarly, if C is
the operator of complex conjugation, then

ACf= e icb f*(x)

but

CAf= e-icb f*(x).

On the other hand, for the particular operators Band C defined above,
the results obtained are easily seen to be indifferent to the order of
operation, whence

BC=CB,

and these operators are then said to commute with each other, or to be
mutually commutative.

6. COMMUTATION RELATIONS

An obvious aspect of the fact that dynamical variables must be regarded
as operators is that dynamical quantities which are indistinguishable
classically may become quite different in the quantum domain. An im
portant example is the product xp compared to px. Classically these are
identical, but that they are not identical in quantum mechanics follows
by letting each operate on some arbitrary state function. Thus, in con
figuration space, we have

Ii d Ii d.p
xp.p(x) = x-;- -.p = -;- x-

Idx I dx

and

-!!:!!.. -!!: !!: ~px.p(x) - . d (x.p) - . .p + . x fix'
I X I I

whence

Ii
(px - xp).p = -;- .p.

I
(40)

Since .p is arbitrary, this implies that the difference between px and xp
is the purely numerical operator hli,

Ii
(px-xp) == (p,x) =-;-.

I

The difference between the products of two operators in the two possible
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orders is called the commutator, and we have introduced a special
notation to represent this important quantity. Thus, if A and B are arbi
trary operators,

(A, B) == AB - BA =- (B,A). (41)

In contrast to ordinary multiplication, multiplication of dynamical
variables in quantum mechanics is noncommutative.

It is also instructive to examine the commutator of p and x in momen
tum space. We have

fi d fi fi deb
xPcb(p) = --;- - (pcb) = --;- cb - -;- p-

1 dp 1 1 dp

and

(
h d) fi debpxcb(p) =p --;-- cb=--;-p-,
1 dp 1 dp

whence

fi
(p, x)cb = (px - xp)cb = -;- cb·

1

Since cb is arbitrary, we again conclude that

(p, x) = fiji.

We thus see that although the particular form taken by p and x depends
on the representation, their commutator does not. The commutation
relation (40) can thus be regarded as the fundamental statement of the
properties of the quantum mechanical dynamical variables representing
momentum and position. Note that h enters as the quantitative measure
of noncommutativity. In the classical limit, where fi can be regarded as
vanishingly small, the classical commutivity is seen to be recovered.

It is easy to generalize the commutation relation (40) to functions of
the dynamical variables. Thus, for example, consider [p, f(x)] for
arbitrary f(x). We have at once

[ f()] =!!:. df(x)
p, x i dx '

which is most easily verified in configuration space. Similarly,

(42)

(43)[f(p) , x] = ~ dfd(p) ,
1 P

as is easily verified in momentum space. On the other hand, of course,

[p,f(p)] = [x,f(x)] = 0 (44)
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whence it also follows that, if f(x, p) is a well-defined operator,S

[f( )] =!!:. af(x, p)
p, x, P i ax

while

[f(x,p),x] = ~ af~,p).
I p

These latter are equivalent to

f(x, p) = f(x, ~ :J
in configuration space and to

f(x,p) =f(-~ ~,p)

in momentum space.

7. THE UNCERTAINTY PRINCIPLE

47

(45)

(46)

(47)

(48)

The noncommutativity of quantum mechanical operators, some special
examples of which we have just been studying, has direct physical
significance in terms of measurements or observations. The specifica
tion of a particular state function implies that the system in question
has been prepared by a sequence of observations. Measuring the value
of a given dynamical variable is equivalent to operating upon the state
function with the operator representing that variable, as we shall elabo
rate upon later. In general, measurement produces a disturbance of the
system at the quantum level. Consequently, measurement of property
A need not yield the same result if carried out after property B is mea
sured than if carried out before, since the disturbance produced by
measuring B may well cause changes in the value of A. If that is the case,
then A and B do not commute. If, on the other hand, there is no inter
ference, then A and B do commute.

The uncertainty principle is concerned precisely with the question
of the interference produced by observation. Later we shall establish
an exact general relationship between the mutual uncertainty in a pair
of observables and their commutator. We now give a somewhat quali
tative discussion in terms of the simultaneous determination of the
particular variables position and momentum.

At the beginning of thi chapter we saw that the state function .pI} of

• By a well-defined operator. we mean one for which the order of the non-commuting
elements is unambiguously specified in every term of it power series development.
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equation (1), which describes a particle with precisely defined momen
tum, contains no information at all about the location of the particle. To
describe a localized particle, it was necessary to construct a wave packet.
From the form of equation (3), representing such a packet, we see that
the momentum is then no longer precisely fixed but is distributed over
a range of values, determined by the structure of <f>(p). This behavior,
in' which one of the variables p or x becomes Jess sharpLy fixed as the
other becomes more so, is a significant general feature that we now
briefly examine.

As a starting point, we discuss two particular wave packets as ex
amples.

(a) Square-Wave Packet. Consider first a normalized square-wave
packet defined by

=0 Ixl > L,
(49)

which is seen to consist simply of a piece of a plane wave, corresponding
to momentum Po, of length 2L and centered at the origin. According to
equation (21) we then have

I fL ei(/?o-p)x/fl

<f>(p) = Y2'TTn -L V2L dx

or

and

<f>(p) = Yh/'TTL sin [(Po - p)Lln]
Po-P

(50)

(51 )<f>*<f> =!!:.- sin 2 [(Po - p) Lin] ,
'TTL (Po - p)2

which is plotted in Figure 2. As indicated in the figure, the height of the

---------r-----

p" p

FIGURE 2. Distribution of momenta for a square-wave packet.
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main peak, centered at Po, is proportional to L and its width is inversely
proportional to L. 6 The area under it is thus seen to be independent of
L and close to unity. In other words a wave packet which localizes a
particle within a distance !:u = 2L is localized in momentum within a
range 6.p = fmlL. Hence 6.x6.p is of the order of Ii and is independent
of L. For large L, the momentum becomes well defined, the space loca
tion poorly defined, and conversely for small L, and always in such a
way that the product of the uncertainty in x and that in p is of the order
of ~.

(b) Gaussian Wave Packet. As a second example, we consider a nor
malized Gaussian wave packet

"'(x) = vIILV"7r exp [iP()X -~]
'I' Ii 2V' (52)

which describes a particle localized about the origin within a distance
L and with mean momentum Po. In momentum space it turns out, using
the techniques of Appendix I, that this packet is given by

(53)

which is again a Gaussian, of width inversely proportional to L. More
precisely, it is seen that the momentum is localized within a range fi/L,
centered about Po. Thus once again, the product of the uncertainties is
of the order of Ii .

Exercise 4. Calculate (x) and (p) in both the configuration and momen
tum space representations for the square wave packet [equations (49)
and (50)] and the Gaussian packet [equations (52) and (53)].

The relationship between the width of a wave packet in configuration
space and its width in momentum space has been shown to be approxi
mately the same for both square and Gaussian wave packets. We now
verify that this is a general feature by examining a general wave packet,
which we write in the form

(54)

We shall take f(x) to be a real, relatively smooth function of x, of width

6 The height of the peak is obtained by taking the limit as (p - Po) approaches zero in
equation (5 I). The width is measured by the location of the first zero of the sine function,
which occurs when its argument is 7T.
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L, centered about the origin. We shall also assume'" to be normalized,
which means that

f:", J2(x) dx = I.

It is easily verified that for such a wave packet, the expectation value
of the momentum is Po.

Exercise 5. Verify that (p) = Po for the wave packet of equation (54).

For this wave packet, the state function in momentum space is given
by, according to equation (21),

c/>(p) = _1- f f(x) ei(P......P)Xlfl dx.
Y2'TTfi -'"

By hypothesis, f(x) is a relatively smooth function peaked about the
origin and of width L. This means that the principal contribution to the
integral comes from the domain Ixl ~ L. Hence if

the argument of the exponential factor is negligible over the effective
domain of integration and c/>(p) is roughly constant and proportional to
the area under the function f(x). As (Po - p) increases, the exponential
begins to oscillate and eventually it oscillates very rapidly over the
effective domain of integration, so that the integral, and thus c/>(p) ,
becomes very small. The dividing line between these two regions of
behavior comes for

(Po - p) L/fi = I,

which is when the oscillations begin to occur. In other words, when this
condition is satisfied, c/>(p) begins to significantly decrease from its
maximum value at p = Po. Thus the width of the wave packet in momen
tum space is approximately

t::.p = filL.

But the width in configuration space, t::.x, is just L and hence

t::.pt::.x = fi, (55)

providedf(x) is smooth.
Supposef(x) is not smooth but contains some structure. Then (Po - p)
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must become larger than before if the oscillations of the exponential
are to become rapid compared to the distance characterizing this struc
ture and cf>(p) is to begin to decrease significantly. Thus the width t::.p
of the wave packet in momentum space becomes correspondingly larger,
and equation (55) represents the best we can do in the sense that, more
generally,

t::.pt::.x ~ Ii. (56)

Later we shall define precisely what we mean by t::.x and t::.p and hall
obtain a correspondingly precise inequality. For now, we simply regard
each of these quantities as some reasonable measure of the width of a
wave packet in configuration and momentum space, respectively.

The physical interpretation of this mathematically trivial relation is
the following. If a particle is localized in some region t::.x, no matter the
means, then its momentum will necessa!"ily be localized at most within
t::.p and conversely. In other words, the position and momentum of a
particle cannot be simultaneously known (or determined or measured)
with arbitrary precision, but only within the limits of the relation, equa
tion (56), which is a mathematical, if not yet very accurate, version of
the uncertainty principle, first enunciated by Heisenberg. The uncer
tainty principle convincingly demonstrates that clas ical trajectories
have no precise meaning in the quantum mechanical domain.

More generally, the uncertainty relation holds between any pair of
canonically conjugate, or complementary, dynamical variables. As a
second example, if the energy of a system is mea ured within t::.E, the
time to which the measurement refers is uncertain within an interval t::.t
such that

t::.Et::.t > Ii. (57)

It takes increa ingly longer to measure the energy of a system to in
creasing accuracy. An important aspect of this result is the information
it provides about the decay of excited state. In particular, the mean
lifetime and the energy width of such states are related by equation
(57). For an example, ee Section 3 of Chapter V II.

From our discussion, we see that the uncertainty relation are auto
matically built into quantum mechanics. In term of measurement,
the e relations are a consequence of uncontrollable transfers of energy
and momentum which necessarily take place, during the proce s of mea
surement, between the measuring apparatus and the system whose prop
erties are being measured. As an example, consider localization of the
y-coordinate of a particle by a slit (Figure 3). If the lit has aperture L,
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p,,------~~

FtGURE 3. Localization of a particle by a slit.

as indicated, so that .iy = L, the diffraction pattern produced will have
angular width 0 = A/L = h/PoL = h/po.iy. The uncertainty of the y com
ponent of momentum is .ip" = Po sinO = PoO. Hence .ip".iy = h, in
agreement with the uncertainty principle. A second standard example
is the use of a microscope to locate a particle. To localize a particle
within a distance .ix, the wavelength of the light in which it is viewed
must be of order ~ < .ix. The momentum of the photon is then of order
p ;::: h/.ix. The particle is seen- because of the photon it scatters or
absorbs, and the momentum transferred to it in the scattering process
is seen to be of the order h/.ix, as the uncertainty principle demands. 7

As implied earlier, it is important to recognize that the uncertainty
principal is an integral part of quantum mechanics, as well as a natural
and direct consequence of it. In a purely quantum mechanical treatment
of a problem, the question of violating the uncertainty principle never
arises. To the extent that quantum mechanics in its present form is
correct, then the uncertainty principle necessarily follows. This is not
to say, of course, that even within the framework of quantum mechanics
the uncertainty principle is in any sense empty. On the contrary, it is
an extremely useful guide to the understanding of the quantum mechan
ical properties of a system. Indeed, for ystems too complicated to permit
complete or exact solutions, it often provides a basi for deciding whether
given effect exist or not.

As an example of where it provides very significant qualitative, and
even semi-quantitative, understanding, consider a particle confined to

7 For a detailed di cu ion of this and other examples, see Reference [18].
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some region of radius a by an attractive potential V(r). For each of its
coordinates, the uncertainty in position is of the order a, and hence
t::.p = Ma. The mean momentum being zero, this is of the order of the
momentum itself and hence the mean kinetic energy (T) of the particle
cannot be less than Ii 2/2ma2. The mean potential energy (V) is of the
order V(a). Hence the total energy £ is approximately given by

li2
£(a) = (T) + (V) = 2 2 + V(a).

ma
(58)

We observe in this expression a clear competition between kinetic and
potential energies which is strictly quantum mechanical in origin. As
a becomes smaller, the potential energy decreases for attractive inter
actions, but the kinetic energy always increases. A rough estimate of
the minimum possible energy of the system, or ground state energy,
is obtained by differentiating equation (58) with respect to a and setting
the result equal to zero. As a specific example, consider the hydrogen
atom where the confining potential is the Coulomb potential, (-e2/r).
The total energy is thus approximately

li2 e2
£(0) = ----.

2ma2 a

This expression is easily found to assume its minImum value when
a = Ii2/me2 , which is recognized to be just the Bohr radius, and the
minimum energy is (-me4/2h 2 ), which is recognized to be the correct
energy of the ground state.8 The mere existence of a ground state already
completely explains why atoms do not collapse, as the classical predic
tion would have it. Because the energy is an absolute minimum, the atom
simply cannot lose energy, by radiation or any other means, and the
system is stable.

This example is a most instructive one. The uncertainty principle has
been used to explain the existence of a ground state, and thus to account
for the existence and stability of atoms, and it has provided us with a
simple method for estimating what that energy is, at least for the hydrogen
atom. With reference to the hydrogen atom, in particular, the uncertainty
principle has enabled us to identify the essential characteristics of a rela
tively complex system, ufficiently complex that we shall not be in a posi
tion even to formulate the problem. let alone solve it, until Chapter IX.

" Our apparently casual choice of numerical factors in estimating (T) and ( V). each of
which is actually uncertain by a factor of two or more. was in fact designed to provide
us with the correct answers for the hydrogen atom. This minor swindle in no way affects
the essential nature of the results.



54 LINEAR MOMENTUM

Problem 1.
(a) Consider the function 11 (x) defined as

l1(x) = _I ft eik:r dk.
27T _I.

Evaluate the integral and show that l1(x) has the properties of 8(x) when
L --+ 00.

(b) Consider the function

11 (x) = _1- foo eik:r-nlk'l dk.
27T -00

Show that l1(x) behaves like 8(x) in the limit a --+ O.
(c) Consider the function 11 (x) = A e-x2

/
b2

• Show that if A i prop
erly chosen, l1(x) behaves like 8(x) when b --+ O.

(d) Show the following:
(I) 8(-x) = 8(x).
(2) a8(±ax) = 8(x), a> O.
(3) 8(x2

- (
2

) = ~ a[8(x - a) + 8(x + a)].
(4) J~oof(x)8'(X-a) dx=-f'(a), where the prime denotes

differentiation.

Problem 2. Find the Fourier series representation of the following
functions in the interval - L < x < L:

(a) f(x) = x.
(b) f(x) = Ixl.
(c) f(x) = I.
(d) f(x) = e-n1xl .

For case (d), compare the behavior of the Fourier series amplitudes
in the limit aL ~ I with the behavior of the Fourier transform of e-nl:rl.

Problem 3. Find the Fourier transforms of the following functions:

(a) f(x) = {x ,Ixl < I
o ,Ixl ;;;. I.

(b) f(x) = {ixi ,Ixl < I
o ,Ixl ;;;. I.

(c) f( r) = { I - lxi, Ixl < I
. 0 ,Ixl ;;;. I.

Problem 4. Consider the wave packet IjJ = A exp[-( Ixll L) + ipoXlli] .
(a) ormalize 1jJ.
(b) Calculate cf>(p) and verify that it is properly normalized.
(c) Examine the width of the wave packets in configuration pace

and momentum space and verify that the uncertainty relations are
sati fied.
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Problem 5. Calculate the following commutators, using whichever
representation is most convenient.

(a) (p, x 2 ).

(b) (p3,X).
(c) (p2, x 2).
(d) [p2,J(X)].

Problem 6. The operators A I, A 2 , ••• , A 6 are defined to act as follows
upon an arbitrary function tjJ(x): AI multiplies tjJ(x) by x 2 , A 2 squares
tjJ, A 3 averages tjJ(x) over an interval 2L centered about x, A 4 replaces
x by x + a, A 5 replaces x by -x, and A 6 differentiates tjJ twice.

(a) Write out an explicit expression for A itjJ(X) in each case.
(b) Which of the A I are linear operators?
(c) Which pairs of the A I commute?

Problem 7. Use the uncertainty relation to estimate the ground state
energy of the following systems:

(a) A particle in a box of length L.
(b) A harmonic oscillator of classical frequency w.
(c) A particle sitting on a table under the influence of gravity.

Problem 8. Let Xo and Po denote the expectation values of x and p for
the state tjJo (x). Consider the state tjJ (x) defined by

tjJ(x) = e-fPoJlh tjJo(xo+ x).

Show that both (x) and (p) vanish for this state. Does this violate the
uncertainty principle? Explain.

Problem 9. A particle of mass m moving in a potential V(x) is in its
ground state tjJo(x). Suppose tjJo to be known, but not necessarily nor
malized.

(a) Write an expression for the probability that a measurement of
the particle's momentum would yield a value between p and p + dp.

(b) Write an expression for the probability that a measurement of
the particle's kinetic energy T would yield a value between T and T + dT.
Check your result by verifying that you get the correct expression for
the expectation value of T.

Problem 10. Consider a state function which is real, tjJ(x) = tjJ*(x).
(a) Show that (p) = O. What about (p2)? (x)?
(b) Under what conditions on tjJ(x) is cP(p) real, and what then

is (x)?



IV
Motion of a free particle

1. MOTION OF A WAVE PACKET; GROUP VELOCITY

We have thus far been concerned with the state function of a system at
some fixed instant. We now begin our discussion of how such states
develop in time. In the present chapter we shall consider the simplest
possible problem, namely that of the motion of a particle free from
external influences. As a starting point, we return to equation (2) of
Chapter Ill, which provides a general description of a free particle wave
packet

I fOCl [iPX ]l/J(x, t) = V27Th -0Cl c/>(p) exp h - iw(p)t dp, (I)

where w(p) is as yet unknown. We shall assume that l/J is prescribed
at t = 0, and we shall denote its initial value by l/Jo(X) ,

I f'"l/Jo(X) = l/J(x, t = 0) =~ c/>(p) e IPz,,, dp.
V27Tfi -'"

(2)

Our problem then is, given an initial wave packet l/Jo (x), how does it
develop in time? That is, what is l/J(x, t)?

As a preliminary step, and as an example, we first consider disper
sionless propagation (as in the propagation of light in free space) where
w is proportional to p/fi. The constant of proportionality has the dimen
sions of a velocity and we denote it by c. Thus, in this example,

w = cp/fi = 27TC/"A

and (I) becomes

I fOCll/J(x, t) =-- c/>(p) eiP(z-cm" dp.
V27Th '"
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Comparison with equation (2) then shows that ljJ(x, t) is exactly the same
function of (x - ct) as ljJo is of x. In other words,

ljJ(x, t) = ljJo(x - ct),

and the wave packet simply travels to the right with velocity c, without
distortion, whatever its initial shape. I

We now go back to the general case where w(p) is unknown. We
cannot, of course, calculate anything for arbitrary w(p) and for a com
pletely arbitrary wave packet. However, we do not need to particularize
too much in order to determine the essential features. The first assump
tion we shall make is that c/> (p) is a smooth wave packet in momentum
space, centered about Po, say, and of width li.p. To emphasize this
behavior we rewrite c/>(p) in the form

c/>(p) = g(p - Po),

where g is a smooth function which falls rapidly to zero when its argu
ment exceeds t:.p in magnitude. This means that the main contribution
to the integral in equation (I) comes from a region of width t:.p about the
point Po.

Secondly, we assume that w(p) is a smooth function of p. If so, we
can expand w in a Taylor series about Po.

dw (p ) d 2w
w(p) = w(Po) + (p-Po) dpo 0 +t (p_pO)2 d

p0
2 + ..

== wo + (p - Po) ~ + (p - Po)2 a + .. "

where

wo = w(Po)

dwv =h-
g dpo

d 2w
a = t dp02'

Introducing also the new variable s = p - Po. we can now rewrite equa
tion (I) as

ljJ(x, t) = f(x, t) exp [ ip;x - iwot] ,

'Our treatment of this problem in optical propagation is considerably over implified.
The case where wand p have opposite sign, w = -cp/". must al~o he considered. The mo
tion of a wave packet in optics accordingly is /lot determined if only l/Jo(x) is given. In
addition, it turns out that al/J/at (x. t = 0) must be prescribed. This is a consequence of the
fact that the electromagnetic wave equation is of second order in the time.
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where f(x, t), which determines the envelope of the wave packet, is
given by

I foo [is ]f(x, t) = •~ ds g(s) exp ""i: (x - vot) - ias2t + . .. .
v 27Th -00' fL

At the same time, equation (2) becomes

l/Jo(x) = fo(x) eiPoxll,

where fo(x), the initial envelope function, is given by

I foofo(x) = f(x, t = 0) = -- ds g(s) eisx"I.
Y27Th -00

(3)

(4)

Now the main contribution to these integrals comes when s is less
than 6.p in magnitude, because of the assumed behavior of g (s). Hence,
if t is small enough that

the term in the exponent of equation (3) which is quadratic in s can be
neglected and the envelope function is approximately

I foo .f(x, t) = -- ds g(s) e'·...x-l.'of)J~.
Y27Th -00

Comparison with equation (4) then shows that, to this approximation,
f(x, t) is the same function of (x - vot) as isfo of x, that is to say,

f(x, t) = fo(x - Vgt).

We have thus demonstrated that for t ~ to, where

I 2t - ~.,..----,-: - ...,....,---,--=-:-:,..--,--,----:
0- a(6.p)2 - (6.p)2d2w/dp02

the wave packet travels undistorted with velocity Vg , where

Vo = hdw/dpo·

(5)

(6)

(7)

The quantity Vo is called the group velocity of the waves, since it repre
sents the velocity of propagation of a group of waves, namely those which
make up the wave packet. It should be contrasted with the phase velocity,
which is the velocity with which the phase of a given pure harmonic
wave advances and which is given by Vp = hw/po. For dispersionless
propagation, where w is proportional to p, .these two velocities are equal,
but in general they are quite different.

We emphasize that our result holds only for times short compared to
to, defined in equation (6). Eventually, when t exceeds to, the exponen
tial begins to oscillate very rapidly for s smaller than 6.p. When that
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happens, the effective domain of integration in p is reduced in size and
this produces a corresponding increase in the width of the wave packet
in configuration space. This means that, in general, a wave packet
initially travels undistorted with the group velocity vg, but eventually
begins to spread out in space. We shall give some examples later.

2. THE CORRESPONDENCE PRINCIPLE REQUIREMENT

We now use the following argument to deduce the form of w(p) for
quantum mechanical waves. If we have a well-defined wave packet in
configuration space, we have seen that it travels with the group velocity
V g , at least for short enough times. In the classical limit, this limitation
on the time must become unimportant, that is, to must become very large
compared to all relevant times. Assuming this to be so, we accordingly
demand that

v - v - Po
9 - classical - m .

Hence, from equation (5)

Ii dw =Po
dpo m

and, dropping the subscript on Po,

2

liw=L=E
2m '

(8)

which is the Planck relation. In a sense, we have thus deduced the Planck
relation as a consequence of our formulation and its interpretafion.2

Note that equation (8) is arbitrary up to a constant of integration,
which we have simply set equal to zero. This is related to the freedom of
choice of the zero of energy and implies a similar freedom in the choice
of quantum mechanical frequency. Only differences in energy, and also
therefore in frequency, are physically significant.3

We next examine the time to at which a quantum mechanical wave
packet begins to spread out significantly. We have, from equations (6)
and (8),

2 Our argument demonstrates that equation (8) must hold in the classical domain. At the
quantum level, one might suppose that additional terms could logically enter, provided
they contribute negligibly in the classical limit. However, it is not hard to show by dimen
sional arguments that for free particles no such terms can exist and that equation (8) is
therefore unique, up to an additive constant.

3 We saw earlier that the absolute amplitude of quantum mechanical waves has no physical
significance and we now see that the absolute frequency has none either. The contrast
with classical waves is remarkable and complete.



60 MOTION OF A FREE PARTICLE

2mh
to = (ap)2' (9)

An instructive way to rewrite this is to use the uncertainty relation to
express 6.p as h/ax, where ax is the spatial extent of the initial wave
packet. Thus

2m(6.x)2
to = h .

For a macroscopic particle, say of mass one gram, whose position is
defined to even 10-4 cms (I micron), we have

to = 1019 sec.

The age of the universe is about 3 x 1010 years or about 1018 sec. Hence,
a wave packet for a macroscopic particle holds together without spread
ing for a period comparable to the age of the universe. This establishes
that classical trajectories for macroscopic systems are not in conflict
with quantum mechanics. On the other hand, for an electron whose posi
tion is defined to say 10-8 cm,

to = 10-16 sec,

and a classical description is meaningless.
It is possible to give a simple physical interpretation of the time to

along the following lines. The group velocity of propagation of de Broglie
waves is p/m. In a time t, two segments of a wave packet differing in
momentum by 6.p/2, say, will differ in distance traveled by an amount
apt/2m. When this distance becomes comparable with the width 6.x of
the initial packet, the width of the packet will begin to increase signifi
cantly. Hence the packet begins to spread at a time 10 defined by

ap 1 = ax = .!!:.-
2m 0 ap'

which is equation (9). This argument implies that once wave packets
start spreading they do so at a rate linear in the time. We shall shortly
verify that this is indeed the case.

3. PROPAGATION OF A FREE PARTICLE WAVE PACKET IN
CONFIGURATION SPACE

With our identification of w(p), we can now rewrite equation (I) as

I foo [iPX ip2/]l/J(x, I) = .~ cf>(p) exp - - - dp,
v 27Th -00 h 2mh

( 10)

which is a general representation of a time-dependent state function for
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a free particle. If ljJo(x) = ljJ(x, 0) is prescribed, c/>(p) is given, according
to equation (111-21), by

I foo .c/> (p) = -- ljJo (x) e-IPrln dx.
v'21Th -00

We can now express ljJ(x, t) in terms of its initial value by substituting
this expression back into equation (10). The result is

- I JJoo , , [iP(X-X') ip2t]ljJ(x, t) - 21Th _00 dp dx ljJo(x) exp h - 2mh .

Noting that the dependence upon p is explicit, we invert the order of
integration and rewrite the result in the form

ljJ(x, t) = J~oo ljJ(x', 0) K(x', x; t) dx' ,

where K is given by

I foo [iP(X - x') ip2t ]K(x',x; t) == - dp exp - - .
21Th _00 h 2mh

This integral is readily evaluated by the methods cf Appendix I, and we
obtain, finally,

K (x', x; t) = v'm/ (21Tiht) exp [i(x - x' )2m/2ht]. (13)

Equation (II) is an important result and we now analyze it in some
detail. The initial state function ljJ(x', 0) specifies the probability ampli
tude that a measurement of the particle's position will reveal it to be
x' at t = O. The state function ljJ(x, t) specifies the corresponding ampli
tude at x at time t. Equation (II) shows how the latter is to be com
pounded from the former through the intermediary function K. This
implies that K can be interpreted as the probability amplitude that a
particle originally at x' will propagate to the point x in the time interval t.
The function K is thus called the propagator, in this particular case, the
free particle propagator. With this interpretation, the entire process can
be described in the following way: The initial amplitude for finding the
particle at x' multiplied by the amplitude for propagation from x' to x
during the time interval t yields, when summed over all x', the amplitude
for finding the particle at x, just as it should. This, then, is the physical
content of equation (II).

The general properties of the free particle propagator are not hard to
discern. Note from either equation (12) or equation (13) that

K(x', x; 0) = 8(x - x'),

which simply means that for infinitesimal time intervals, the amplitude
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for propagation to any point x is negligible except from points in the
immediate neighborhood of x. As time goes on, however, K is seen to
spread out more and more, and contributions come from an increasing
range of values of (x - x'). 4

Equation (II) and (13) provide a complete, general and explicit
solution to the problem of the quantum mechanical motion of a free
particle. It is precisely analogous to the solution of the corresponding
classical problem,

x = Xo + pot/m.

Were our only intere t the study of free particle motion, nothing more
would have to be said. However, our actual aim is to pave the way for
eventual generalization to the motion of a particle under external in
fluences; we must still take the step from the quantum analog of New
ton's first law to the second.

4. PROPAGATION OF A FREE PARTICLE WAVE PACKET
IN MOMENTUM SPACE; THE ENERGY OPERATOR

We now discuss the time development of a free particle wave packet in
momentum space. For this purpose, we first define time-dependent
momentum space state functions cf>(p,1) by writing the obvious gen
eralization

I foocf>(p, t) =~ t/J(x, t) e-iIJ-cill dx.
Y21Th -00 •

( 14)

Of cour e t here simply plays the role of a parameter, which was taken
to be zero for convenience in our earlier discu sion. Otherwise stated,
the quantity we previously denoted by cf>(p) i merely cf>(p, t = 0). By
the Fourier integral theorem, we then have

I foot/J(x, t) = -- cf>(p, t) eiJ)xIII dp.
21Th -00

( 15)

Comparing this expres ion with equation (10), we see at once that

cf> (p t) = cf> (p) e-iJ)21/211111 = cf> (p, t = 0) e-iJ!21/2111I' ( 16)

while

p(p,t) = 1cf>(p,t)!2= 1cf>(p)12=p(p,t=0).

In other words, only the phase of an arbitrary free particle wave packet

4 Note that the amplitude from remote point i finite, though small. for even very short
time intervals. This reflects the non-relativistic character of our treatment. The relatil'istic
propagator, on the other hand, properly vanishes outside the light cone.
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in momentum space changes in time. The probability density is inde
pendent of time or is stationary and therefore the expectation value of
any function of momentum is also independent of time. This result is no
surprise. We are talking about the states of a free particle and the momen
tum classically is a constant of the motion. In view of our use of the
correspondence principle, the momentum of a free particle must be a
constant of the motion in quantum mechanics, as well, and so it has
turned out.

We have emphasized that the expectation value of any function of
the momentum is simple for free particles. As a particular and important
example, consider the energy E which is just p2j2m. We have

f'" p2
(E) = -00 cP*(p,t) 2m cP(p,t) dp.

Now, according to equation (16),

p2 cP(p t) = _!!:. acP(p, t)
2m ' i at

and hence this expression can be rewritten as

(E) = foo cP*(p, t) [-~ ap(p, t)] dp.
-00 I at

Indeed, for any function f(E), we have, by an obvious extension of the
argument,

(f(E» = J:oo cP* (p, t)f(-~ :J cP(p, t) dp. (17)

Since cP(p, t) is an arbitrary free particle state function, we conclude
that in momentum space the energy E can be represented by the opera
tion of time differentiation multiplied by (-fiji), that is,

fi a
E=-; at'

What about E in configuration space? Since t enters only as a param
eter with respect to the transformation between momentum and configura
tion space, it is clear that E must have exactly the same representation
in both spaces. That this is correct follows upon expressing cP(p, t) and
cP * (p, t) from equation (17) in terms of l/J and l/J*, using equation (14),
and evaluating the integral over p. As asserted, one obtains almost at
once

(f(E» = J:oo l/J*(x,t)f(-~ :t) l/J(x,t) dx. (19)
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Exercise 1. Deduce equation (19) in the way indicated.

5. TIME DEVELOPMENT OF A GAUSSIAN WAVE PACKET

Before continuing with the general discussion, it is helpful to work out
a specific example in some detail. We shall now do so for the case of a
wave packet which, initially, is Gaussian in form. In particular we con
sider the wave packet of equation (II I-52),

20)

and the probability density is

which describes a particle initially localized about the origin within a
distance L and whose momentum ha!> the expectation value Po. Using
equations (II) and (13), we then obtain, upon evaluating the integral by
the methods of Appendix I,

_ [~ I ( ifit) TI /2 [L(-x
2
/2V + ipoX/h - iPo2t/2mh) ]

I/J(x, t) - V7T L + mL exp L + iht/mL '

(21)

Exercise 2. Consider the Gaussian initial wave packet, equation (20).
(a) Derive equation (21).
(b) Derive equation (22) from (21).
(c) Write out <!>(p, t) .
(d) Calculate (E) and its fluctuation «E- (E»2).

Comparing equation (22) to p(x, t = 0), which is simply

I
p(x t = 0) = -- e-:r2

/L2
, v:iiL '

we see that p(x, t) involves only two changes. First, the center of the
wave packet moves with the group velocity po/m. Second, the width of
the wave packet increases with time. Calling this width L(t), we have

L(t) = VV + h 2t2/m 2V.

The result is seen to be entirely in agreement with our earlier predictions
concerning the propagation of wave packets. In particular, it is seen
that the wave packet is initially undistorted and begins to spread appre-
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ciably only when fit/rnL2 is of the order of unity, in agreement with equa
tion (9). Further, when t becomes very large, the width of the packet
grows linearly at the rate

also as predicted.
The behavior of p(x, t) for a Gaussian wave packet is sketched in

Figure I below. The area under the curve, of course, remains the same.

Y;Lp (x, I)

xX=pOI,/m

-------L VI + (h'I'/III·L·)

1
-_0 ---------- --- --- - ---

x=o

1.0

FIGURE 1. Spreading of a Gaussian wave packet with time.

This example is particularly well-suited to a discussion of the classical
limit. All quantum effects must disappear, of course, if we let fi ~ O.
That this is indeed so in our example follows at once, since in that limit
equation (22) becomes

1
p(x, t) = -:r--:- exp [-(x - pot/m)2/V],

v'TT'L

which describes the classical motion of a free particle, the initial momen
tum of which is precisely Po but the initial position of which is distributed
about the origin according to a Gaussian of width L. The conventional
classical initial condition, in which the position and momentum are both
precisely defined, is achieved by letting L ~ 0, and we then obtain

p(x, t) = ()(x - pot/m) ,

which is the classical trajectory expressed in the language of probability
densities. This last expression simply means that the probability of
finding the particle anywhere except on the classical trajectory is pre
cisely zero, as it ought to be.

There are two comments we would like to add. First, observe that two
limiting processes were involved in recovering the conventional classical
result and that the order in which they are made to occur is crucial.;

• The student will find it instructive to examine the result obtained if this order is reversed
and first L and then h are allowed to go to zero.
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In this example, and in general, it is essential in obtaining the classical
limit to let Ii vanish before prescribing the precise initial conditions of
the classical description. Second, observe that although the limit of
vanishing Ii has a meaning for the probability density, it has no meaning
for the state function, or at least no readily discernible one at this stage
of our understanding. Otherwise stated, the amplitude of the state func
tion is well-defined in the classical limit; at present the phase is not.
This should be no surprise, because only the former is a directly observ
able quantity. In Chapter V II, Section I, we shall present a more sys
tematic analysis of the classical limit and of its meaning for the phase,
as well as the amplitude, of the state function.

6. THE FREE PARTICLE SCHRODINGER EQUATION

We return now to a discussion of the time development of an arbitrary
free particle state function. We have derived several equivalent integral
representations for the state function I/J(x, t), and we now seek a differ
ential description. This desire is motivated by the following considera
tion. An integral representation is a global characterization; it requires
the specification of a function, the initial state, over all of space at some
given instant. With this information, the solution at some later time can
be found. We are more accustomed, however, to a local characterization
in which information about the properties of the system in an infinitesimal
space-time neighborhood is sufficient to define the solution. Such a local
description is achieved through the intermediary of differential equa
tions. More than custom is involved, of cour e because differential
equations provide a powerful and largely independent approach which
turns out to be indispensable in treating problems more complicated
than that of the free particle.

The local characterization we seek is most easily obtained from
equation (10). We need merely note that, differentiating under the
integral sign,

_!!: al/J(x, t) = I foo,l,.() ~ ex [iPX _ ip2t] d
i at "\127T1i -00 'I' P 2m p Ii 2ml'" p ,

and that the same result is obtained upon evaluating - (Ii 212m) rPI/J/ax2,
again by differentiating under the integral sign. We thus conclude that
any function I/J (x, t) defined by equation (10), and therefore any free
particle state function, satisfies the partial differential equation

(23)
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Otherwise stated, equation (10) is simply a way of writing the general
solution of equation (23), which is Schrodinger's equation in configuration
space for a free particle in one dimension. Note that it i explicitly
complex and that it is of the first order in time, and not of second order
as in optics.6

The interpretation of this equation is quite simple and direct if we
recall that, in configuration space, the momentum operator is

according to equation (111-30), while the energy operator is

Ii a
E=--

i at'

according to equation (18). Hence, Schrodinger's equation is the operator
equation

p2
2m l/J(x, t) = El/J(x, t) . (24)

Classically, of course, for a free particle

E= p2/2m,

and we see that the corresponding quantum mechanical equation re
quires the state function for a free particle to be such that it yields the
same result when operated upon by the total energy operator E as when
operated upon by the kinetic energy operator p2/2m. This condition en
sures that the expectation value of any function of total energy is exactly
the same as the expectation value of the same function of the kinetic
energy,

(f(E» = (f(p2/2m)) ,

which, in turn, ensures that the requirements of the correspondence
principle are satisfied.

Of course, Schrodinger's equation can also be written in momentum
space as

p2 Ii a</>
2m </>(p, t) = E</>(p, t) = -j at' (25)

which is actually much simpler than equation (24) because p is now a
purely numerical operator. Since equations (24) and (25) have exactly
the same form, it is not necessary to explicitly identify the representation

6 These aspects are discussed in the next section.
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and we can write symbolically

L 'I' = £'I1
2m '

26)

which is intended to convey the idea that the representation is unspeci
fied. In configuration space 'I' = ljJ(x, t), in momentum space 'I' = cP(p, t).

Because of its simple form, the solution to equation (25) is trivial and
immediate. We can rewrite that equation in the form

whence

cP(p, t) = cP(p, to) exp [-ip2(t - to)j2mh] ,

where cP(p, to) is arbitrary. This is recognized as an obvious generaliza
tion of our earlier result to arbitrary initial times, to' The solution of
Schrodinger's equation in configuration space, where it is a partial and
not an ordinary differential equation, is more complicated, and we defer
this question for the moment.

7. CONSERVATION OF PROBABILITY

In our development of the quantum mechanical laws, we have identified
1jJ*1jJ as a probability density and have assumed that IjJ is normalizable.
In particular, we have assumed that, at any arbitrarily chosen instant t,
we can choose IjJ in such a way that

J:"" 1jJ*(x,t)ljJ(x,t) dx= I,

and similarly in momentum space. Now the time dependence of the state
functions appearing in the integrand is not at our disposal but is prescribed
by Schrodinger's equation. Hence, we must verify that this condition,
if imposed at one instant, will continue to be satisfied as time goes on.
Given our interpretation of IjJ as the probability amplitude, the normaliza
tion condition is simply the statement that the probability of finding the
particle somewhere is unity. We are thus seeking to verify that this
probability remains unity as time goes on, which is to say that, as it must
be, probability is conserved.

The proof of this is straightforward. Writing

P(t) == J:"" 1jJ* (x, t)ljJ(x, t) dx,

we want to show that dPjdt is zero for any arbitrary solution of Schrod-
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inger's equation. We have

dP Joo a
(fi = _00 at [l/J*(x, t)l/J(x, t)) dx

=Joo [~l/J+l/J*!!!k] dx.
_00 at at

Now according to Schrodinger's equation in configuration space, equa
tion (23),

al/J ih a2l/J
at = 2m ax2 '

while, upon taking the complex conjugate,

at/J* -ih a2l/J*
iit= 2m ax2 '

Thus,

dP ih Joo [l/J* a
2

l/J -l/J a2l/J*] dx
{fi = 2m _00 ax2 ax2

=~ Joo ~ [l/J* al/J - l/J al/J*] dx
2m _00 ax ax ax

=~[l/J*~-t/Jal/J*] 1

00

2m ax ax_oo
Because the normalizability of l/J requires that it vanish at ±oo, we see
that the right side vanishes and dP/dt is indeed zero.

This is a crucial point for our whole interpretation and we want to
emphasize that the proof would have failed had Schrodinger's equation
been other than first order in the time derivative. This is even more
apparent in momentum space, where we have

=0.

If, instead of (25), Schrodinger's equation were, for example,

the proof fails, as is readily verified.
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Exercise 3. If .p*.p is interpreted as a probability density, verify that
probability is not necessarily conserved for an equation of the type

(L)2 'I' = £2 'I'2m .

Try to isolate the specific origin of the difficulty, bearing in mind that
every solution of Schrodinger's equation is also a solution of the above
equation.

We have emphasized both the importance of probability conservation
and the fact that it holds only because of the particular form assumed
by Schrodinger's equation. When we generalize from the free particle
case to that of a particle under the influence of external forces, we shall
turn the argument around by starting from the requirement that the
generalized Schrodinger's equation we seek be so constructed that
probability conservation is guaranteed. As we shall see, this is a stringent
condition indeed, and therefore a very useful and informative O·le.

From this point of view, one might well ask how we have been so
lucky in our development of the free particle equations that we have
arrived at just the right result. Where, in short, was the essential step
taken? The answer is, as we remarked at that time, when we defined
momentum states at the very beginning as complex exponentials and
not as the real trigonometric functions appropriate to classical fields.
If the arguments are traced through, it is readily seen that this definition
led us first to the identification of the momentum and energy operators,
and then to Schrodinger's equation as a first-order differential equation
in the time and, therefore, as an explicitly complex equation.

The fact that quantum mechanics involves complex numbers in such
an essential way is often regarded as a rather mysterious manifestation
of the difference between the classical and quantum descriptions. Per
haps it is worth emphasizing, however, that in quantum mechanics, as
in classical mechanics, the introduction of complex numbers is a matter
of convenience and economy, not of necessity. Quantum mechanics can
readily be reformulated, in terms of real functions only, in the following
way. Let .pI denote the real part of.p and .p2 denote its imaginary part;
that is, write

where .pI and .p2 are both real. Using this expression, Schrodinger's
equation (23) then becomes, upon separation of its real and imaginary
parts,
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_~ a2.p. = -Ii a.p2
2m ax2 at

71

which are seen to be a pair of coupled equations in .pI and .p2' Evidently,
every relation we have derived and used can be laboriously rewritten
in this notation. Thus, we obtain as the normalization condition

I = f (.p.2 + .pl) dx

and, as the expectation value of the momentum,

(p) = Ii f (a.p2 .p -.p. a.p.) dx
ax I 2 ax '

and so on. In short, quantum mechanics can be completely transcribed
into the language of real two-component states.'

For comparison, a similar decomposition of any cia sical field into its
real and imaginary parts yield a pair of identical uncoupled differential
equations, one for each part. The real and imaginary parts of classical
fields are thus equivalent and either can be used to completely charac
terize the field. In contrast, as we have seen, the quantum mechanical
state requires two interrelated functions for its specification. This i

7 Those familiar with matrix notation will have already perceived that this transcription i
not quite so awkward or inconvenient as we have made it appear. Introduction of the two
component column and row matrices

and the two-by-two matrix

permit an immediate transcription of all our result according to the simple rule: replace
i everywhere it appears by y. Specifically,

p=-hy (a/ax)

x = f,y (a/ap)

E = hy (atill).

and the operator form of Schrodinger's equation is unaltered in appearance. one of this
is surprising since it is easily verified that

y2=_I,

and we have simply provided an alternative to the conventional designation of v=T as an
imaginary number. It is instructive to compare Ihis two-component theory with the two
component Pauli theory of spin presented in Chapter X.
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the essential content of the statement that Schrodinger's equation is
intrinsically complex.

8. DIRAC BRACKET NOTAnON

We have consistently developed our formulation in both momentum and
configuration space and have attempted to present the basic laws in a
form independent of the particular representation under consideration.
We now introduce a notation, originated by Dirac, which Will permit us
to write our equations in a representation-independent way. Dirac's
notation is actually far more general than we require at present, or are
prepared to understand. We shall merely introduce one or two defini
tions and will generalize these, and add others, as the need arises.

First, we introduce a representation-independent way of writing the
expectation value. Let 'I' denote some arbitrary, but definite, state
function, in whatever representation. Let A be some arbitrary operator.
The expectation value of A in the state 'I' is written as the bracket
expression

(A) == ('I' IA 1'1' ).
In the position representation, say,

('I'IAI'I') = I .p*(x, t)A.p(x, t) dx.

while in the momentum representation

('ltIA I'It ) = I cf>* (p, t)Acf>(p, t) dp.

Suppose A is the numerical operator unity. We then introduce, as
our second definition,

('ltl'lt) == ('ltlll'l')·

In configuration space, we have

('I'I 'It ) = I 1/1* (x, t).p(x, t) dx

and similarly in momentum space. In this notation, the normalization
condition is simply

('I'I'It) = I.

If it is desirable, or nece sary, to specify the representation in this
bracket notation, this is easily accomplished by explicitly giving the argu
ment of the state function. Thus, in the position repre entation, we can
write (.p(x, t) IA l.p (x, t) and so on. One note of caution i in order.
Ob erve that as a matter of definition 'It i written as the left factor, not
'It*. The operation of complex conjugation i implicit, not explicit, in
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Dirac notation. Thus, in writing out the expectation value as an integral,
the complex conjugate of the left-hand state function in the bracket must
always be used.

9. STATIONARY STATES

We now return to the question of solving Schrodinger's equation (23)
in configuration space. For this purpose we use the conventional method
of separation of variables. Thus we seek a special solution in the form of
a product

t/J(x, t) = t/J(x) T(t) .

Substitution into equation (23) yields

h2 d2 t/J h dT
- 2m dx 2 T = - T t/J di

or, rearranging,

(28)

h2 I d2t/J h I dT
- 2m ;j; dx2 = - T T dt'

The left side depends only upon x, the right side only upon t, but the two
must be equal to each other for all x and t. Hence each must equal the
same constant, say a, which is called the separation constant,

h I dT
-- - -=a

i T. di

and, also,

h 2 I d2 t/J----=a
2m t/J dx 2 •

The solution to equation (29) is immediate:

T(t) = e-fal/ft •

Hence, from equation (28),

t/Ja(x, t) = t/Ja (x) e-ial/ft
,

(29)

(30)

(31)

where t/Ja(x) must satisfy equation (30) and where the subscript denotes
that we are diSCUSSing the solution corresponding to the particular
separation constant a.

The interpretation of a is the following. Consider the state function (31)
and suppose it to be normalized. Then no matter what the particulars of
t/Ja(x) , we have
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(E) = (l/Jo(x, t)!EIl/Jo(x, t» = Jl/Jo*[-~ a~o] dx= a.

Similarly, for any function of energy ,J(E) , which can be expanded in a
power series,

(l/Jolf(E) Il/Jo) = f(a) ,

which means that l/Jo is a state in which the energy E has the precise and
definite numerical value a. 8 To remind ourselves of this fact, we shall
replace ex by the number E, which is simply the numerical value of the
energy for the state in question. Compare this notation with that for the
states l/Jp defined earlier. It will be recalled that these were states in which
the linear momentum had the precise numerical value p. In either case
this notation is somewhat unfortunate, since the symbol which is being
used to denote a numerical value is the same as that used to denote an
operator in other contexts. However, it is standard practice to do this,
and the literature can hardly be read without keeping this ambiguity in
mind. The reader cannot proceed blindly, but must distinguish which is
meant from the context. Fortunately, this is relatively easy to do.

In any case, we now write our solution in the form

l/JE(X, t) = l/JE(X) e-iEI/~,

while equation (30) can be rewritten as

Ii 2 d2l/JE
- 2m dx2 = El/JE(X).

(32)

(33)

Equation (33), which no longer contains the time, is called the time
independent Schrodinger's equation, in this case, for a free particle.

The states l/JE(X, t) have one very important property. The expectation
value of any operator A is independent of time provided A does not itself
explicitly depend on t. For example, if A =f(p,x), then (l/JEIAIl/JE) does
not change with time. For this reason, the states l/JE are called stationary
states. Stationary states are solutions of the time dependent Schroding
er's equation; they are states of definite energy. Accordingly, they are
particularly simple states quantum mechanically. On the other hand, they
are very complicated states, or at least singularly inappropriate ones, from
the classical point of view.. This follows because the expectation values
of x and p are independent of time and hence bear no discernible relation
to a classical state of motion. Classical states are necessarily super
positions of many stationary states.

8 This is certainly a sufficient condition on .po. It can also be shown to be necessary as
follow : Any statistical distribution is uniquely defined by a complete set of appropriate
moments. Ours has the property (£") = a" = (E)". for all n. All fluctuations of E about
a = (E) accordingly vanish and the conclusion follows.



A PARTICLE IN A BOX 75

We now complete our discussion by exhibiting the solutions to equa
tion (31). We have at once

a i ea ily verified. Hence

[
iY2mEx iEtJ

t/JE(x,r) =exp ± Ii -Y'

Note that E must be positive if t/JE is not to increase exponentially in one
direction or the other. Now, since

p = Y2mE,

where p is the numerical value of the momentum corresponding to the
energy E, we can equally well write

[
ipx ip

2
t J

t/JE(X, t) = exp ± y - 2mli '

where the two signs in the exponent make explicit the two possible value
of linear momentum corre ponding to a given energy E. This is then a
solution of Schrodinger' equation (23) for any positive value of E or,
equally, for any value of p, po itive or negative. The general solution
of equation (23) is a uperpo ition of these stationary states with arbi
trary amplitudes. Our original representation, equation (10), is recog
nized a just such a superposition. We have thus demonstrated that
equation (10) is a repre entation of the general solution of equation (23),
as claimed.

10. A PARTICLE IN A BOX

A an example of the u e of Schrodinger's equation, we now examine
the stationary tate of a particle which is constrained to move in the
interior of a (one-dimensional) box, but which is otherwise free. This
con traint is intended to mean that outside of the box the probability of
finding the particle is zero, and hence that t/J must vanish. If t/J i not to
be discontinuou . then it behavior in the interior mu t be such that it
is zero at the constraining wall Y Taking the walls of the box to be at

"We are not in a position to !Jrol'C' that tiJ must indeed be continuou,. as assumed. The
prollcm under consiueration is not in actuality a free particle problem. since the wall of
the container exert impulsive forces on the particle. In the next two chapters we discuss
motion under the influence of external forces. The case of a particle in a box can be con
sidered as the limiting case of motion in a square well potential as the potential becomes
in.finitely deep. When so considered. the stated continuity and boundary conditions can be
verified.
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x- = 0 and x = L, we thus seek those solutions of the free particle Schrod
inger's equation (33) which are such that

t/JE(X = 0) = t/JE(X = L) = O.

We saw earlier that for a fixed energy E,

t/JE = e:iV2iiIExl" .

(34)

The most general solution for a given E is thus the linear combination

Applying the boundary conditions, equation (34), we obtain

A+B=O

A eiV2iiIE Lin + B e-iV2iiIE 1./" = 0,

or, from the first,

B=-A

and, from the second,

sin Y2mE Lift = O.

This latter condition is not satisfied for arbitrary values of E, but only
if E has particular, discrete values En such that

n=O, 1,2, ...

or

(35)

The corresponding stationary state functions are, after normalization,

t/JEn= v'2ii sin (nzx) , (36)

whence it is seen that solutions are obtained only if a half-integral
number of de Broglie waves can exactly fit into the box. Note, however,
that for n = 0, the state function vanishes identicaIly. Hence the state
of lowest energy is that for n = I,

t/JE. = v'2ii sin (~)
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In terms of E, we can conveniently express En as

En =n2 E,.

We have thus found that, in contrast to classical physics, a particle in
a box can exist only in a discrete set of states.'o Further, we note that no
state of zero energy exists, in agreement with the requirements of the
uncertainty principle. A particle in a box cannot simply sit on the floor;
it must always be in at least some minimal state of motion.

The spectrum of allowed energies and the corresponding wave func
tions are shown in Figure 2. In spite of the fact that the spacing of these
energy levels increases with n, for a macroscopic particle this spacing
is infinitesimal for all achievable energies.

£

£.= 16£,

£, - - - ~~-------"";;:::o.j

o x L

FIGURE 2. Energy spectrum and state functions for a particle in a square well.
In exhibiting the state functions, the following convention is used, here and
throughout. The spatial axis x for the nth state is drawn at a height representing
the energy E,.. The ordinate, measured from that x-axis, represents the prob
ability amplitude l/In .

For example, consider a one-gram particle in a box one cm in length.
Its ground state energy is about 5 X 10-54 ergs. For the n = 1030 state
its energy will be about 107 erg = one joule and for the n = 1033 state
its energy will be about one million joules. The distance between adjacent
states is about 10-24 ergs in the former case and 10-2 ' ergs in the latter.
These are enormously larger than the 10-53 erg spacing in the neighbor-

to 11 lurns out that the spectrum of states is discrete whenever the motion of a particle is
bounded. that is, confined to a finite domain. The reason is essentially the same as in the
present example, the necessity of fitting an appropriate number of de Broglie wavelengths
into the domain in question.
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hood of the ground state, but both are still undetectably small on the
macroscopic energy scale. On the other hand, for an electron in a box
two angstroms in size, E 1 = 10-11 ergs = 6 eV, which is roughly of the
order of the spacing actually observed in atoms.

We conclude with a di cussion of the properties of a wave packet, or
time dependent state, for a particle in a box. The most general possible
such state is an arbitrary superposition of the discrete set of stationary
states,

l/JEIl (x, t) = l/JEn(x) e- iE.·ll l/fl,

where Ell and l/JEIl are given by equations (35) and (36). We thus write

l/J(x, t) = L AIll/JEn(X) e-iE"l/fl,
II

(37)

which evidently describes a state in which the energy of the particle is
not precisely fixed but can take on any of the values En with probability
determined by the extent to which the nth state is represented in the
superposition. More precisely, if l/J(x, t) is normalized, we expect that
a measurement of the energy will yield the value Ell with a likelihood
which is just IA n I2. This is an important result and we now show that
our interpretation is indeed correct.

As a preliminary step, note that the stationary state functions l/JEn,
which are simple sinusoids according to equation (36), are such that

fL {I m=n
l/J~m(x)l/JE..(x)dx= 0' .J. =amll ·

o 11 ,m r n
(38)

For brevity, we have introduced the Kronecker delta symbol amn , which
is defined to be unity when m is equal to n and to be zero when m and n
differ from one another. Any set of functions satisfying an equation of
the type of equation (38), that is, such that each function in the set is
normalized and such that different functions in the set are orthogonal to
one another, is called an orthonormaL set.

Supposing l/J(x, t) to be normalized,

f l/J* (x, t)l/J(x, t) dx = I,

we obtain from equation (37)

f (~ A :l/J;n(x) e iE"I/fl ) (~ A ml/JEm(X) e-iE.'ml/fl ) dx = I,

where we have used n as the summation index in the expression for
l/J* (x, t) and m in the expression for l/J(x, t). Interchanging the order of
summation and integration, we now have
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~ A*A ei(EII-EIII)I/~ fL .1.* (x)·/' (x) dx = I£.J n m 'I' Ell 'I' Em .
m,n 0
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Hence, using the orthonormality condition of equation (38), this becomes

~ A*A e'(EII-Em)l/~ (j = I
~ Ii m 11111
m,ll

and, finally, the normalization condition is seen to require that

(39)
III

Next we calculate the expectation value of the energy. We have

(ljJIElljJ)= (I' ljJ*(x,t) [-~ aljJ(x,t)] dx,
Jo I at

whence, using equation (37),

(ljJIElljJ) = L(f.: A,iljJflll (x) eiEIII/~)(L A mE",ljJEm (x) e-it;,"I/~) dx.

Thus, again using the orthonormality of the ljJn, we obtain

(ljJIElljJ) = L E III IA III 12.

I ndeed, by the same argument, it follows that for every s

(ljJl£"lljJ) = L EmS IA ",1 2

111

and hence that, for any function f(E) ,

(40)

(41)

Since f(E) is arbitrary, we thus see that, as asserted, ljJ is a state in which
a measurement of the energy yields the value Em with probability IA",12.
Otherwise stated, A 111 is the probability amplitude and IA 11I1 2 the probabil
ity that the system will be found upon observation to be in its mth ta
tionary state, with energy Em.

Suppose now that the state function of a particle in a box is prescribed
at some instant, which we take to be t = 0 for simplicity. Denoting this
initial state by ljJo(x) we thus have

ljJ(x,t=O) = ljJoCr) ,

where ljJo(x) is assumed to be known. The behavior of the system can
now be readily determined, at least formally. From equation (37), setting
t = 0, we have

II
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(42)

Multiplying this expression by t/lEm(x) and integrating over the box, we
obtain

LL t/ltm(x)t/loCr) dx = ~ A" J J t/lim(X)t/lEII (x) dx.

By virtue of the orthonormality of the t/lEn, the right side reduces to the
single term A m and hence we find

Am = f t/llm(x)t/lo(x) dx = (t/lEmlt/lo).

For the given initial state t/lo(x) , equation (42) then gives the probability
amplitude that the system is the mth stationary state.

The evolution of the system in time can be studied in the following
way. Substitution of equation (42) back into equation (37) yields the
expression

t/I(x, t) = f.: (f t/li,,(x')t/lo(x') dx') t/lEn(X) e-1t:"l/n,

where we have used x' to denote the dummy variable of integration
in the expression for the amplitudes A ". Rearranging this result, we thus
have

t/I(x, t) = Jo
L

t/lo(x')K(x',x; t) dx',

where the propagator K for a particle in a box is given by
00

K(x', x; t) = L t/ltll(X')t/lE,,(X) e-iE"tln.
n=1

(43)

(44)

These results should be compared with those for a free particle, equa
tions (II) and (12).

The specific form of K is of some interest. From equations (35) and
(36), we have

2 00 ,

K (x', x; t) = L Lsin n~x sin n~x exp [-in 2
7T

2ht/2mU] . (45)
,,=1

In the limit in which L - 00, the sum can be replaced by an integral and
the resemblance of the result to that for a free particle is not hard to
discern.

Unfortunately, it is not possible to obtain K in closed form for a par
ticle in a box. However, in the classical limit, it is possible to show that
a wave packet propagates without distortion and bounces successively
off the walls of the container, just as it should. The algebra involved is
quite tedious, however, and we shall not work out the details.
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It may be helpful to briefly recapitulate our progress to this point, espe
cially because we have been working more or less simultaneously on
two reasonably distinct conceptual levels. On the surface, our primary
concern has been with the behavior of a free particle. This we formu
lated the equation of motion, Schrodinger's equation, for such a particle,
and gave its complete and general solution in terms of the free particle
propagator. The result was then applied to an elucidation of the relation
ship between the quantum and classical solutions. The technique of
separation of variables was introduced and applied to the motion of a
particle in a box. Again, a complete solution was obtained.

At a deeper level, however, our primary concern was with the under
lying general features of the quantum mechanical description of nature,
features which recur again and again in subsequent developments. First
among these in importance were the identification of the energy operator
and the understanding we achieved of the essential parts played by
probability conservation and the correspondence principle in fixing the
form of the quantum mechanical equations. In the course of our analysis
we were led to the notion of a stationary state, the simplest possible
quantum state function. Finally, we saw that for a bound particle, the
stationary states form a discrete and ortho-normal set.

Problem 1.
(a) In deep water, the phase velocity of water waves of wavelength

lI. is vp = V gll./27T. What is the group velocity of such waves?
(b) The phase velocity of a typical electromagnetic wave in a wave

guide has the form

c
vp = VI - (WO/W)2'

where c is the velocity of light in free space and where Wo is a certain
characteristic frequency. What is the group velocity of such waves?
Note that the phase velocity exceeds c. Does this violate special rela
tivity? What about the group velocity?

Problem 2. Consider a wave packet which at t = 0 has the form

1/J(x,O) = A eiPoXlft e-1xIl1••

(a) Normalize 1/J(x, 0).
(b) Calculate <f>(p, 0) and <f>(p, t). Verify that each is normalized.
(c) Calculate (p) and discuss its time dependence. Do the same

for (E >.
(d) Plot I<f>(p, t) 12 against p, assuming that L ~ h/po and that
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L ~ fi/po. Explain the difference in the two cases using the uncertainty
principle.

(e) Calculate (x) at t = O. At any time t > O. [Hint: Do this in
momentum space.]

Problem 3. A particle is confined in a box of length L.

(a) Calculate

Discuss your results in each case.
(b) The motion of a classical particle in a box is periodic with

period T = 2Lfv, where v is the particle's speed. The quantum mechanical
motion exhibits no such periodicity. Explain how the classical periodic
motion is attained in its appropriate limit. (This is a non-trivial problem.
It requires more thought than algebra for its solution.)

Problem 4. A particle is in its ground state in a box of length L. The
wall of the box at x = L is suddenly moved outward to

(a) x = 2L,
(b) x = IOL,
(c) x = looL.

In each case, calculate the probability that the article will be found in the
ground state of the expanded box. In each case, find the state of the
expanded box most likely to be occupied by the particle. Explain. [Hint:
What is the initial, prescribed state function of the particle in each case?]

Problem 5. A particle is in its ground state in a box of length L. The
walls of the box are suddenly dissolved so that the particle can move
freely.

(a) What is the probability that, after the walls are dissolved, the
particle's momentum will be between p and p + dp?

(b) Plot the momentum probability density against p and discuss
the qualitative nature of your result. What would you expect classically?
[Hint: What is the initial state function of the particle?]

(c) Calculate (x) at t = 0 and at any time t > O. [Hint: Do this in
momentum space.]

(d) The same assuming the particle to have been in the IOOth state
of the box initially.

Problem 6. A particle in a box is in the state

ItP (x, t) = V2 [tPo(x, t) + tP. (x, t)],

where tPo is the normalized ground state, tPI the normalized first excited
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state. Calculate (E), (x), (p). Di cu the time dependence of each
of the e quantities.

Problem 7. Show that, for an arbitrary free particle wave packet,

(x) / = (x) /=/0 +(p) (1 - 10 ) ,
m

in agreement with the corre pondence principle. Do this
(a) In momentum space, using equation (16).
(b) In configuration pace, u ing equations (I 1) and (12); using

equation (I I) and (13).



(I)

v
Schrodinger's equation

In the preceding we have obtained the quantum mechanical equations
of motion for a free particle. These results will now be generalized to
the case of a particle moving under the influence of an external force.
Only forces which are conservative, and thus derivable from a potential
V(x), will be considered. We shall show that the combined requirements
of probability conservation and the correspondence principle essentially
determine the result. We begin by considering the conservation of
probability.

1. THE REQUIREMENT OF CONSERVAnON
OF PROBABILITY

In our analysis of free particle motion, we saw that the appearance of
no higher than a first-order time derivative in Schrodinger's equation
is essential if probability is to be conserved. We shall therefore assume
that, in the generalized equation we seek, the time derivative again enters
to the first order only. Specifically, we shall assume that Schrodinger's
equation has the form, in configuration pace,

Ii al/J
HI/J(x, t) = -i at'

where H is some as yet unknown operator. Of cour e, if the particle is
free, H must reduce to the kinetic energy operator p2/2m. We shall
also assume that H is linear, 0 that the superposition postulate is
maintained.

Probability conservation now requires that for any phy ically admis 1

ble state function I/J, sati fying equation (I), we must have

dP d foo
-d == -d I/J*(x, t)l/J(x, t) dx = O.t t_oo

Carrying out the differentiations, we obtain
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dP = Joo (at/J* t/J + t/J* at/J) dx
dt -00 at at

or, using equation (I) to eliminate the time derivative,

dP Joo-= (i/f~) [(H*t/J*)t/J-t/J*Ht/J] dx.
dt -00

8S

The parentheses in the first term are used to indicate that the operator
H *, the complex conjugate of H, act only upon the function t/J* and not
upon t/J. If this expre sion is to vanish then we must have

or, alternatively,

(2)

Since this equation must hold for all times, it must equally hold for
arbitrary admissible t/J and hence is a restriction on the operator H. This
condition i called the H ermiticity condition and any operator satisfying
it is called an Hermitian operator (after the mathematician Hermite).
We have thus proved that H must be Hermitian.

2. HERMITIAN OPERATORS

Before proceeding, we pause briefly to discus the properties of Hermi
ticity and to give some examples. Consider some arbitrary operator A.
If A represents a physically observable quantity, then its expectation
value must always be real. Now

(A) = f-oooo t/J*At/J dx

while

If (A) is to be real, these two expressions mu t be equal, and this require
ment is seen to be precisely the definition of Hermiticity.' We have thus

I The reader must be careful not to confuse (A) * and (A *). The former is wrillen above.
The Jailer, by definition, is

(A*)= f ojI*A*ojI dx.

which generally is seen to be entirely different.
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shown that any operator which represents a physical observoble must be
Hermitian.

Next we generalize our definition of Hermiticity by showing that if
A is Hermitian, and if t/J. and t/J2 are any two admis ible state functions,
not necessarily the same, then

(3)

The proof follows by considering the state function

t/J = a.tPI + a2t/J2,

which is an arbitrary superpo ition of t/JI and t/J2' By the definition of
Hermiticity, we have

J(At/J) *t/J dx = JtP*At/J dx

or, substituting for t/J and carrying out the multiplication,

10 1 12 I (At/JI)*t/J1 dx+ 10212 I (AtP2)*t/J2 dX+O.*02 I (AtP.)*t/J2 dx

+ 0.02* I (At/J2)*t/J. dx

= la.l2 I t/J. *AtPI dx + 10212 I tP2*At/J2 dx + 0.*02 I tPl*AtP2 dx

+ 0.02* I t/J2*AtP. dx.

Since A is Hermitian, the first term on the left is equal to the first term
on the right, and similarly for the second term . Hence, after rearrange
ment, we are left with

0.*a2 [I (AtPl)*tP2 dx- I tPl*AtP2 dx] =

0.Q2*[J tP2*At/J. dx - I (At/J2)*t/J. dx].

Now o. and O2 are arbitrary, and, in particular, their relative phase is
arbitrary. But thi equality must hold no matter what the relative phase
and hence we conclude that eoch bracketed expression vanishes.2 This
completes the proof. Henceforth, we shall take equation (3) as the gen
eral definition of Hermiticity.

We can rewrite equation (3) in Dirac bracket notation as follows.
First, we generalize the notation by writing

Next, since AtPj and AtP2 are themselves state function, we can write,

2To put it another way, the right side is the complex conjugate of the left. But the pha e
of each side is arbitrary because a, and lI 2 are arbitrary. The equality can thu hold if, and
only if, each side is identically zero.
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using the same notational definition,

(l/JIIAl/J2) = f l/JI *Al/J2 dx

and

Hence, if A is Hermitian, from equation (3) we obtain

87

(4)

as the definition of Hermiticity in Dirac bracket notation.
Again, it should be observed that the complex conjugate of the left

hand function is always understood when the Dirac bracket expression
are translated into the language of integrals.

The fact that only operators which are Hermitian have real expecta
tion values is an important one. It means that the opera to!", representing
any physically observable dynamical variable must be Hermitian. It is
easily verified that the linear momentum and the position of a particle
each satisfy this requirement: The former is a real number in momentum
space, the latter in configuration space, and real numbers are trivially
Hermitian.

Exercise 1.
(a) Prove that p and x are Hermitian. In each case carry your proof

out in both configuration and momentum space. (Hint: Integrate by parts
in the nontrivial cases.)

(b) Prove as simply as you can that any arbitrary real function of
p alone is Hermitian, of x alone.

(c) I px Hermitian? Is xp? Is (p,x)? Is (px+xp)? Based on
your results, by what quantum mechanical operator might you expect to
represent the product of linear momentum and position?

The dynamical variables we are typically concerned with at this stage
of our development are some function or other of the Hermitian oper
ators, position and momentum. What can we say about the properties
of such operator functions, that is, those con tructed from operators
known to be Hermitian? We approach the problem by looking at some
examples. It follows trivially from the definition of Hermiticity that
the sum of Hermitian operators is Hermitian, but if we con ider the more
general case of an arbitrary linear combination of Hermitian operators
A and B,

C = aA + f3B, (5)
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then C is not Hermitian unless a and f3 happen to be real numbers. To
see this, note that

(t/1IICt/12) = (t/1II(aA + f3B)t/12) ,

while on the other hand

(6)

(7)

which are evidently different. This last equation follows by observing
that, because A is Hermitian,

(aAt/1IIt/12) = a* (At/111 t/12) = a*(t/1IIAt/12) = (t/1da*At/12)

and similarly for the term in B.
As a second example consider the product AB of two Hermitian oper

ators. Writing

we have

D=AB (8)

The effect of operating upon t/12 with B is to produce some new function
which we temporarily abbreviate as 1>2' Thus we write

where, in the last step, we have used the fact that A is Hermitian. Re
expressing 1>2 as BljJ2' we then obtain

Thinking of At/11 as some new function 1>1' we thus write

where we have now used the fact that B is also Hermitian. Finally, re
expressing 1>1 as At/11 and putting all of this together, we see that

(9)

On the other hand, we have

(10)

and hence D is not Hermitian unless A and B happen to commute.
These apparently random results can be put into a systematic and

unified framework by introducing the concept of the adjoint, or Hermi
tian conjugate, of an operator. Let E denote some operator, not neces
sarily Hermitian. Its adjoint, written Et, and called "E adjoint" or "E
dagger," is defined by
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(II a)

( lIb)

for arbitrary admissible ljJl and ljJ2' Note that it follows from this definition
that the adjoint of the adjoint of an operator is the operator itself,

(Et)t = E.

That equations (II a) and (II b) are equivalent is easily seen by going
to a specific representation in either configuration or momentum space.
Equation (II a) assumes the form

f ljJl *EtljJ2 dx = f (EljJI) *ljJ2 dx,

while equation (II b) states that

f ljJI*EljJ2 dx= f (EtljJ.)*ljJ2 dx,

and similarly in momentum space. The second is merely the complex
conjugate of the first, provided the arbitrary functions ljJl and ljJ2 are re
labeled. To put all of this into words, we see that the adjoint of an oper
ator acting on one function in a Dirac bracket expression is equivalent
to the operator itself acting on the other function. In the language of
integrals, the definition is basically a generalization of the concept of
integration by parts in which the adjoint symbol attached to an operator
means that the complex conjugate of that operator is transferred from
one function to the other.

The fact that equations (II a) and (II b) must hold for arbitrary ad
missible ljJ. and ljJ2 guarantees that these equations indeed provide at
least a formally complete definition of the adjoint of an operator. How
ever, the definition may seem so formal as to appear useless, because
it contains no clear prescription for actually constructing an explicit
representation of Et when E is regarded as known. We now show that
such a prescription can, in fact, be readily given for the class of operators
of interest, namely those constructed from Hermitian operators. In
addition, the notion of the adjoint permits us to give a purely operator
characterization of the properties of operator so constructed and of
Hermiticity itself. For this latter, we see at once from equation (4) that
every Hermitian operator is its own adjoint. In other word,

A =At (12)

if A is Hermitian. For this reason, Hermitian operators are often called
self-adjoint or self-conjugate.

Next consider an operator such as C in equation (5). Recalling that,
according to our definition,
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we see from equation (7) that

Ct = a*A + {3*B,

which is to say that

(aA + {3B)t = a*A + {3*B.

More generally, if A i are a set of Hermitian operators and ai a set of
number,

( 13)

As a pecial case, we ee that the adjoint of a numerical operator is just
it complex conjugate,

at = a *,

so that Hermitian conjugation can be regarded as the operator analog
of complex conjugation for ordinary complex numbers. As a further
expression of this idea, observe that R + Rt is Hermitian and so is
(R - Rt)/i. Hence an arbitrary operator R can always be expre sed in
terms of two Hermitian operator by writing

R = [(R + Rt)/2] + i[(R - Rt)/2i], ( 14)

in analogy with the familiar way of writing complex numbers in terms
of two real numbers.

Finally, considering products of operators, equation (9) shows that

Dt = BA,

which is to ay that

(AB)t = BA.

More generally, the adjoint of a product of any number of Hermitian
operator i simply that product written in rever e order,

(ABC' .. QR)t = RQ ... CHA. ( 15)

Equations (13) and (15) are the prescription we seek. They tell us
how to construct the adjoints of arbitrary sums and products of operators
and thus of arbitrary functions of operators expre ible in power series
form.

Exercise 2. Suppose A, B, C, ... , R are arbitrary operator , not neces
sarily Hermitian.

(a) Show that (ABC, .. QR)t = RtQt ... CtBtAt.
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(b) Show that (aA + f3B)t = a*At + f3*Bt.
(c) Show that if A and B are Hermitian, 0 are i(A, B) ; AB + BA ;

ABA.
(d) Show that if A is Hermitian, 0 i A".

With thi under tanding of how to con truct the adjoints of operators,
equation (II b) now mean that (t/J.JAt/J2) and (A' t/Jllt/J2) can be regarded
as two completely equivalent expressions for the same quantity. To
express this equivalence, we now introduce the ingle ymmetrical
bracket symbol (t/J.JA 1t/J2) to denote both, by writing, as a notational
definition,

( 16)

This notation makes explicit the complete freedom we have gained to
transfer operators from one state function to another at will, or to inte
grate by parts, using the rules of equations (13) and (15). In essence,
then, the symbol (t/JIIAIt/J2) implies no prior commitment as to which
function is to be operated upon. Of course, in actually evaluating such an
expression, some choice must ultimately be made, but we are always
free to do this as it suits our convenience.

3. THE CORRESPONDENCE PRINCIPLE REQUIREMENT

Returning now to our main task, that of determining the Hermitian
operator H of equation (I), we examine the correspondence principle
requirements that

and

d
(t/Jlplt/J) = m dt (t/Jlxlt/J) ( 17)

(18)

where t/J is any solution of equation (I). The first of these expresses the
classical relation between momentum and velocity, the other is just
Newton's second law of motion.

As a preliminary step, we examine dldt (t/JIA It/J) for an arbitrary oper
ator A (p, x, t). We have

d d J'"
d
- (t/JIAIt/J) =d- t/J*(x,t)A(p,x,t)t/J(x,t) dx

t t _'"
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=f'" [a1/1* A1/1 + 1/1* aA 1/1+1/1*A a1/1] dx.
_'" at at at

Separating out the middle term, which is recognized as the expectation
value of aA fat, and using equation (I) to eliminate the time derivatives
in the remaining terms, we obtain

Looking now at the first term in the integral, we see that, as a conse
quence of the Hermiticity of H,

f (H 1/1 )*A 1/1 dx = f 1/1 *H A 1/1 dx,

whence

In this form the integral is recognized as the expectation value of the
commutator of H and A, and we thus obtain the very important result

It is worthy of note that if A does not explicitly depend upon the time,
the first term vanishes and the time rate of change is determined solely
by the commutator of H and A. The first term involves the rate at which
the operator A itself varies with time; the second term is generated en
tirely by the change of the state function with time.

We have just emphasized that it is the explicit time dependence of A
which is relevant in these considerations. Now we are accustomed to
thinking of dynamical variables such as position and momentum as
functions of the time because they indeed are in the classical domain.
At the quantum level, however, the symbols x and p refer to operators
which do not alter in form with time; in short, they are time independent
operators. This means precisely and explicitly that

ax =0
at

and

ap = 0
at '
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and similarly for any other operators whose specification contains no
reference to the time. 3

The particular application of equation (19) we have in mind involves
just these time independent position and momentum operators. Thus,
considering first x, we obtain at once

(20)

The right-hand side can be rewritten using the commutation relations
derived in Chapter III. Recall that

(f ) =~ af(x,p)
,x i ap , (111-46)

where f is any operator function of x and p. Hence, equation (20) becomes

(21 )

In this form, all reference to h having disappeared, the passage to the
classical limit may be taken at once. Comparison with the correspond
ence principle requirement expressed by equation (17) then shows that,
at least in the classical limit, we must have

Now at any given instant, l/J is a perfectly arbitrary (admissible) state
function and hence this result implies the operator equation

p aH
m = ap' (22)

(23)

Next, consider the momentum operator p. Equation (19) at once gives

d i
dt (l/J!pll/J) =-,; (l/JI(H,p)Il/J)·

This time, using the alternative commutation relation

3 Our version of quantum mechanics i one in which all of the time dependence of the ob
servable represented by such operators is carried by the state function. It was introduced
by Schrodinger and is usually called the Schriidinger I"l'presentlllion. An alternative, intro
duced by Heisenberg, is also possible. In the Heisenberg represenwtion. the state function
is time independent and all of the time dependence is carried by the dynamical operators.
through the equations of motion. Thi representation thus bears a close resemblance to the
classical description. Versions intermediate between these extreme are also possible.
All of these are completely equivalent and each has its own domain of simplicity and utility.
We have chosen the Schrodinger representation because it is the easiest to work with at
the elementary level.
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Ii, af
(p, f) = i ax'

d !aHIdt (1/IIpll/l) =-(1/1 dx 1/1).

(111-45)

(24)

Comparison with the correspondence principle requirement expressed
by equation (18) then shows that, again at least in the classical limit, we
must have

which implies the operator equation

aH dV
-=-. (25)
ax dx

Equations (22) and (25) thus express conditions on the quantity H
which must hold in the classical limit. It is easily verified that these
conditions on H are satisfied, provided that

H = :; + V (x) . (26)

The operator H, which is the total energy of the system expressed in
terms of momentum and position variables, is recognized as the Hamil
tonian function and equations (21) and (24) as the classical equations of
motion in Hamiltonian form. 4 We thus conclude that the correspondence
principle will be satisfied provided that the quantum mechanical operator
H is the same function of the quantum mechanical dynamical variables
p and x as is the classical Hamiltonian of the corresponding classical
dynamical variables. The operator H is seen to be Hermitian and to
reduce to p2/2m for a free particle, as required.

Our argument, of course, does not rule out the possibility that H could
contain terms which vanish in the classical limit, because their effects
would be significant only on the quantum level. It turns out, however,
that no such terms occur and that equation (26), which merely gives H
its simplest form consistent with the correspondence principle, is correct
as it stands.5

• See any of References [14]-[17].

• More precisely, equation (26) is correct for particles without spin. For particles with spin,
some modifications are in fact required, as we shall eventually see.
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4. SCHRODINGER'S EQUATION IN CONFIGURATION
AND MOMENTUM SPACE

95

We have shown that the state function of a particle in one dimension
must satisfy Schrodinger's equation (I), where H, the Hamiltonian
operator, is given by equation (26). In configuration space this equation
takes the form

h 2 a2l/J h al/J-- --+ V(x)l/J=---'
2m ax2 i at

(27)

What about in momentum space? If V(x) can be expanded as a power
series in x, then according to our general prescription, we have

p2 ( h a) h a</>- </>(p, t) + V --:- - </>(p, t) = --:- _.
2m I ap I at

(28)

Since, in general, V(x) will contain terms of all orders in x, this repre
sents a differential equation of infinite order and hence is hardly useful.
A better procedure is to start with equation (27) and transform it directly
to momentum space, using the convolution theorem to evaluate the
transform of the product V(x)l/J(x, t). In this way we obtain the integral
equation

L </>(p, t) + I J W(p')</>(p - p', t) dp' = _~ a</>(p, t) , (29)
2m Y27Th I at

where W is the transform of V (x) ,

I 100

W(p') =~ V(x) e-iP'xlfl dx.
Y27Th -00

(30)

The connection between the forms of equations (28) and (29) can be
established by expanding </> (p - p', t) in a power series in p' and iden
tifying the coefficient of the nth derivative of </>(p, t) with the nth term
in the power series expansion of V(x). In any case, unless the potential
is a very special function, the momentum space equation is considerably
more complicated than that in configuration space. Hence we shall
concentrate mainly on the latter. The reason for the complications in
momentum space, compared to the utter simplicity of the momentum
space equations for a free particle, is that the momentum is no longer
a constant of the motion. The presence of external forces means that
the state function necessarily contains a broad mixture of pure ~omen

tum states and this mixing is explicitly represented by the integral in
equation (29).
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Exercise 3. Verify the equivalence of equations (28) and (29) in the way
suggested above.

It is easy to see that the operator identification

h aE=--
i at'

(31 )

which we obtained earlier, retains its validity for a particle which is not
necessarily free. This follows since, evidently,

( E) == (f~) + (V) = (H) .

Hence, using equation (I),

(E) = f t/J*Ht/J dx= f t/J*(-~ a~)t/J dx,

where t/J is any admissible solution of Schrodinger's equation, and
similarly for any function of E, which verifies our assertion. Note, too,
that the requirement that the energy be a constant of the motion (if it
does not contain the time) is automatically satisfied. This follows upon
setting the operator A in equation (19) equal to an arbitrary function
of H. We obtain at once

d(J(H» = 0
dt '

since [H, f(H)] = 0, for arbitrary f.
Schrodinger's equation (I) can thus be written as the operator equation

Ht/J=Et/J, (32)

where the Hamiltonian operator H is the classical Hamiltonian function
of the dynamical variables p and x, regarded as quantum mechanical
operators, and where E is the operator (3 I). Classically, of course,

2

H =L+ V(x) = E
2m '

and we thus see that Schrodinger's equation requires that the state
function t/J be such that it yield the same result when operated upon by
the Hamiltonian operator H as when operated upon by the total energy
operator E. This then ensures that the expectation value of any function
of the total energy is exactly the same as the expectation value of the same
function of the Hamiltonian, as required by the correspondence princi
ple. Explicitly,
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(t/Jlf(H)It/J) = (t/Jlf(E)It/J) ,
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where t/J is any solution of Schrodinger's equation.
Our formulation of quantum mechanics is now more or less completed.

We must still generalize it to three dimensions and to systems of par
ticles. Neither of these is difficult to do, although we shall postpone these
generalizations for now. We must also eventually introduce the idea
of spin.

The particular procedure we have followed in our development is
only one of many possible schemes. At this point, it might be instructive
to outline a rather more direct procedure which is a rough approximation
to the historical development. Starting with the Planck relation and the
de Broglie relation, the free particle Schrodinger equation (which is the
equation of a de Broglie wave, exp [27Tix/A]) can be quickly written
down as

For a particle moving in a potential V(x),

L=E-V(x)
2m '

and hence it may plausibly be argued that, more generally,

h2 a2t/J
-2m ax2 + V(x)t/J = Et/J.

Now, according to the Planck relation, the time dependence is e-jEllh

whence, finally, the result can be rewritten in the time dependent form

h2 a2t/J h at/J
-2m ax2+ V(x)t/J=-j at'

which is recognized as Schrodinger' equation (27) in configuration space.
One can then use this result to examine the time dependence of expecta
tion values and hence to consider the classical limit. A proof that the
correspondence principle is satisfied is required under this scheme of
development. Such a proof was first given by Ehrenfest and is known as
Ehrenfest's theorem. We have more or less reversed this entire line of
reasoning in our approach.

5. STATIONARY STATES

Just as in the free particle case, a basic set of solutions of Schrodinger's
equation can be constructed by using the method of separation of varia-
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(34)

bles to isolate the time dependence. In this way we obtain, as is readily
verified, the set of stationary states

l/JE(X, t) = l/JE (x) e-iEl/fl,

where l/JE (x) is the solution of the time independent Schrodinger's equa
tion for energy E,

[
p2 ] fi2 d 2 l/JE

Hl/JE == -2 + V(x) l/JE = - -2 dx2 + V(X)IfJE(X) = El/JE(X),
m m (33)

The general solution of the time dependent Schrodinger's equation is
an arbitrary superposition of stationary states. Depending upon V(x),
these states may exist for only a discrete set of energies, for a continuous
set or for a mixture. We shall nonetheless write this superposition in the
form of a summation

l/J(X, t) = L CEl/JE(X) e-iEl/fl,
E

but it must be understood that equation (34) is symbolic. If the spectrum
of energy values is continuous, the superposition sum must be replaced
by an integral. If the spectrum contains both discrete and continuous
states, a general superposition involves a sum over the discrete states
and an integral over continuum states, as they are called. No conceptual
difficulties are involved, but these aspects are best explained by con
sidering specific examples, as we shall later do. For now, we shall simply
treat the general superposition as if it were a simple summation, because
it is algebraically simpler to do so.

The general state described by equation (34) is one in which the energy
of the system is not precisely fixed but can take on any of the values E
with a likelihood determined by the amplitude, CE , of the Eth state in
the superposition. More precisely, if l/J(x, t) is normalized, a measure
ment of the energy yields the value E with probability IC£12, whence
IC£12 is the probability that a measurement of the energy of the system
will reveal it to be in the Eth state. We shall shortly give a proof of these
assertions in a rather general context.

We now make the fundamental assumption that whatever the character
of the energy spectrum, it represents the totality of physically realizable
energies for the system under consideration. This assumption means
that the set of functions 1fJ£ forms a complete set in the sense that any
physical realizable state function must be expressible as a superposition
of stationary states.

It is' convenient to choose the stationary states to be normalized, and
we shall generally do so,
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We now show that these states are also orthogonal, so that the l/J E form
a complete, orthonormal set,

where 8 EE' is the Kronecker 8-symbol

{
I E=E'

8EE , = 0: E # E' .

The proof proceeds as folIows. We have

Hl/JE= El/JE

and hence, multiplying by l/J E'* and integrating,

J l/JE'* Hl/JE dx = EJ l/JE'*l/JE dx.

Similarly, since

or

(Hl/JE') * = E'l/JE'*

we have, upon multiplying by l/JE and integrating,

Because H is Hermitian, this can be rewritten as

(35)

(36)

J l/JE,*Hl/JE dx= E' J l/JE,*l/JE dx.

Comparison with equation (36) then shows that

(E - E') J l/JE' *l/JE dx = 0

and hence the integral vanishes if E' # E, as was to be proved.
It is instructive to carry out the proof in Dirac notation, as an illus

tration of its use. We have at once, using equation (16) and the fact that
H is Hermitian,

whence, from Schrodinger's equation,

and hence, as before,

E' # E.

It may turn out, and in three dimensions it generally does, that there
can be more than one stationary state corresponding to a given energy E.
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The states are then called degenerate. Suppose the set of degenerate
states, however many they may be, are denoted by l/Jt:( I), l/J/:..l2J, ....6

Our proof, then, furnishes no information on whether the degenerate
states are orthogonal to each other, and in general they are not. How
ever, these degenerate tates can alway be cho en in uch a way that
tt}ey become orthogonal. One procedure for doing this, known as the
Schmidt orthogonalization procedure, is the following. Suppose the
normalized degenerate state functions l/Jt:{\), l/J/:..(2) , ... to be given, but
suppose they are not orthogonal. Define a new et 1fJt:{\), 1/i/2), ... by
writing

lii/:."(I) = l/Jt:(I)

1fJt:(2) = a ll/JE{\) + (/2l/Jt:(2)

IjiE( 3l = b1l/J t: (\) + b2l/JE(2) + b3 l/J E( 3) ,

where the coefficients are as yet unknown. These coefficients are now
determined successively by requiring that the set lJit: be orthonormal.
Thus, we demand first that

(lJit:(2 lllJit:( I) = 0

(lJi E(2l llfJt:(2» = 1,

and these two equations then determine al and a2 and hence IjiE(2). Next,
we demand that

( lJiE( 3)liiiE( I) = (iJIE(3)llJiE(2l) = 0

(lJiE(3l llJi E(3» = I ,

which furnishes three equations for the determination of b l , b2 and b3.
This process is continued until all the functions are found.

Note that because the initial ordering of the degenerate states is arbi
trary, the set of orthogonalized states is far from unique. Indeed, there
are infinitely many possible sets, even in the simplest case. In practice,
one takes advantage of this freedom to choose a set convenient to the
problem at hand. In the future we shall assume that, if there are degen
erate states, these have been orthogonalized in one way or another.

We next demonstrate another important property of the set of sta
tionary states, namely that of closure. Closure is a mathematical state
ment of the completeness of the set. Let l/J denote some arbitrary ad
missible function and expand it in the complete set l/JE,

6 The notation i intended to emphasize the fact that we are dealing with a group of states,
each member of which has the same energy E. The different members of this group of
degenerate states are specified by the superscripts (I), (2) and 0 on.
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I/J(x) = L C/::I/JECr) .
f:
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(37)

(39)

From equation (35),

CE= f I/JE*(X)I/J(x) dx= (I/J/,·II/J)· (38)

Substituting this expression back into equation (37), we obtain, after
interchanging the order of summation and integration,

I/J(x) = f I/J(x') dx' (t: I/JE*(X')I/JE(X)).

Since I/J(x) is arbitrary, this implies that

L I/JE *(x')l/Jdx) = 8(x - x'),

which is the desired result. Any complete set of functions satisfies the
closure condition (39). Conversely, any set of functions which satisfies
the closure condition is complete.

6. EIGENFUNCTIONS AND EIGENVALUES OF
HERMITIAN OPERATORS

Stationary states are those for which the energy has a definite, precise
value E. It is also of great interest and importance to discuss states in
which other physically observable quantities, such as linear momentum
or angular momentum, have a definite, precise value. Let the observable
in question be represented by the Hermitian operator A, and let I/Ja denote
the normalized state in which the observable has the precise (real) value
a. This means that for any n,

(l/JaIA"ll/Ja) = a"

or that, for all n,

f l/Ja*(x)[A"-a"]l/Ja(x) dx=O, (40)

which implies that operating upon I/Ja with A is equivalent to multipli
cation by a, that is,

AI/Ja = al/Jn· (41)

This is clearly a sufficient condition that equation (40) be satisfied; it
can be shown to be a necessary condition as well.

The quantity a is called an eigenvalue of the operator A and I/Ja is called
the eigenfunction of A corresponding to the eigenvalue a. Equation (41)
is called an eigenvalue equation. In this language, the stationary state
function I/JE(X) is the eigenfunction of the Hamiltonian operator corre
sponding to the energy eigenvalue E.

The eigenvalues of A represent possible values of the observable
represented by A. Whatever the character of the eigenvalue spectrum
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of a given observable may be, we shall assume it to contain the totality
of physically realizable values of the observable in question. Stated
mathematically, we shall assume the ljJa to form a complete set. Repeating
the arguments of the last section, with H replaced by A and ljJe by ljJa,
we find at once that, corresponding to equation (35),

( ljJa·lljJa) = oaa'

and, corresponding to equation (39),

~ ljJa*(x')ljJa(x) = o(x - x').
a

(42)

(43)

Indeed, equations (35) and (39) are now to be regarded as special cases
of equation (42) and equation (43).

According to our assumptions, any arbitrary admissible state func
tion ljJ(x) can be expressed in terms of the ljJa by the general superposition

where

C,,= J ljJa*(x)ljJ(x) dx= (ljJalljJ)·

(44)

(45)

Equations (44) and (45) are thus seen to be generalizations of Fourier
series (or integrals).

The physical significance of the expansion coefficients Ca can be seen
as follows. Assuming ljJ(x) to be normalized, we have

1= (ljJlljJ) = (~c,,·ljJa.l~ c"ljJa)
a' "

= ~ c",*ca (ljJ,,·lljJl/) '
a.a'

and hence, using the orthonormality condition, equation (42),

~lc(l12= I.

Next consider the expectation value of A. We have

(ljJIAlljJ) = ~ cl/.*ca (ljJa·IAlljJa)
a~a '

whence, since ljJ" is an eigenfunction of A with eigenvalue a,

(ljJIAlljJ) = ~ aca,*c/l (ljJ,,·lljJ,,)·
a,a'

Once again using the orthnormality condition, we finally obtain

By exactly the same argument we see that, more generally,



EIGENFUNCTIONS AND EIGENVALUES 103

We thus conclude that lcal 2 is the probability that in the state t/J, the
observable represented by the operator A has the numerical value CI.

This is then the proof, and the generalization, of our assertions about
the meaning of the analogous coefficients which are obtained when an
arbitrary state function is expressed as a superposition of stationary
states.

As a specific example, suppose that A is the momentum operator,

Equation (41) becomes

!!: dt/Jp(x) = t/J ( )
i dx P p x ,

whence

,I, (x) =_1- eipx/f1
",p Y27Th '

in agreement with our earlier discussion of state functions correspond
ing to a definite momentum p. Since these states exist for all real values
of p, the spectrum is continuous and the superposition sum must be
replaced by an integral. The momentum eigenfunctions are not normal
izable, and the multiplicative factor I/Y27Th has been chosen to main
tain the closure relation (43), which takes the form

I t/Jp*(x')t/Jp(x) dp=8(x-x')

or

2~h f eilxx-x'l/f1 dp = 8(x - x').

The orthonormality condition (42) is

2~h f ei(/J-p')x/f1 dx = 8(p - p'),

the Kronecker 8 being replaced by a Dirac 8-function, since p is con
tinuous.

The expansion of an arbitrary wave function as a superposition of
momentum eigenfunctions is expressed as an integral, as we have said,
and we rewrite equation (44) as

t/J(x) = I cpt/Jp(x) dp
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where the expansion coefficient cp must now be considered as a function
of the continuous variable p. Writing cp = cf> (p) to make this apparent,
and inserting the explicit form of .pp, we obtain the familiar result

.p(x) =Y~7Th Jcf>(p) e ipx
'f1 dp,

while equation (45) becomes the equally familiar expression

cf>(p) =_I_J e-iPx'f1 .p(x) dx.
Y27Th

Finally Icf>(p) 1
2 is to be interpreted as the probability density that the

momentum have the value p for a system in the state .p. Thus we have
again derived the features of momentum space representations, physically
speaking, or of Fourier transforms, mathematically speaking, from this
general point of view.

7. SIMULTANEOUS OBSERVABLES AND COMPLETE SETS
OF OPERATORS

We have seen that if an observation is performed on some system it will
lead to a definite and precise result only if the system is in a special state,
namely, an eigenstate of the observable in question. If, as before, the
operator representing the observable is denoted by A, then its eigenstate
.p" corresponding to the eigenvalue a is defined by equation (41), which
we rewrite here for reference,

A.p" == a.p".

Thus far, our understanding of such an equation has mainly been some
thing as follows. If the operator A, representing some observable, is
taken as known, that is, if the effect it produces when acting upon any
arbitrary admissible function is given, then equation (41) is a mathe
matically precise recipe for constructing the abstract states .p" in which
the observable in question has the definite value a. Our appreciation of the
physical content of such quantum mechanical equations can be greatly
enhanced, however, if we also regard these equations as abstract repre
sentations of the physical process of measurement itself. More specifi
cally, operation upon some state function with an operator A can be
thought of as equivalent to actually measuring the observable to which
A corresponds. In this view, equation (41) is directly and simply a
statement that .p" is that state for which measurement of the observable
represented by A always yields the value a.

The complete specification of a quantum mechanical state, just as of
a classical state, requires some number of measurements or observa
tions, this number being determined by the degrees of freedom of the
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system. As an immediate generalization of our previous results, it
follows that simultaneous measurement of two or more observables will
lead to a definite result for each only if the system is, at one and the same
time, an eigenfunction of each. This implies that such simultaneous
observations are mutually independent or do not interfere with one
another. If that is the case, the order in which the measurements are
made is irrelevant and the operators representing the observables (or
observations) must mutually commute. We now give a formal proof that
this is so.

Consider first the situation in which there are only two observables.
Denote the corresponding operators by A and B and let I/JUb be a state in
which the observables represented by A and B have the precise values
a and b. Such a state is called a simultaneous eigenfunction of A and B
and is defined by

AI/JUb = al/Jab

BI/Jab = bl/Jab'

Now, evidently, we have

BA I/JUb = abl/Jub

ABI/Jab = abl/Jab

whence

(A, B) I/Jab = O.

If the set I/Jab is complete, then any arbitrary state I/J can be expressed as
a superposition of the I/Jab' This means that (A, B) gives zero when
acting upon an arbitrary state and hence, as was to be proved, (A, B) = O.

Note that the state I/Jab is degenerate with respect to a or b alone. For
given a the eigenfunctions of B, with differing values of b, are all degener
ate with respect to A, and conversely.

By an obvious extension of the argument, we see that a complete set
of simultaneous eigenfunctions of a set of operators can exist only if the
operators mutually commute. Bearing in mind the degeneracy associated
with such simultaneous eigenfunctions, we say that a set of mutually
commuting operators is complete if that set uniquely defines a complete
set of states. For a structureless particle, for example, the momentum
operator by itself forms such a complete set. So does the position opera
tor. The Hamiltonian operator H generally does not. Along with H, the
complete set of operators which commute with H defines the quantum
mechanical constants of the motion. As we shall see, most but not all of
these are analogous to classical constants of motion.

It is important to note that if, say, A and B commute, then our analysis
in no way implies that an eigenfunction of A is necessarily an eigen-
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function of B or vice versa. What we have demonstrated is that it is
possible to define a set of simultaneous eigenfunctions of operators if
they mutually commute. All this is obvious when expressed in terms of
measurements. Commutivity means that independent, noninterfering
observatiuns are possible, but not, of course, that such observations
have necessarily been carried out.

8. THE UNCERTAINTY PRINCIPLE

Observables take on definite and precise values only in their eigenstates.
For more general states, observation yields values which fluctuate about
the average or expectation value from one measurement to the next. For
some given admissible state t/J and some given observable A, we now
introduce the uncertainty 6A as a quantitative measure of these fl'uc
tuations. The uncertainty is defined as the root mean quare deviation of
the observed values of A from the expected value. Thus we write7

(48)

where all expectation values are taken with respect to the state t/J, which
we shall assume to be normalized as a matter of convenience.

Con ider now a pair of observables represented by the Hermitian
operators A and B. If A and B commute, and thus are noninterfering
observations, we have seen that states exist for which each has a definite
value. However, if A and B do not commute, so that measurement of
one introduces a disturbance into the measurement of the other, then both
cannot be simultaneously known with arbitrary precision. This mutual
uncertainty is not a matter of experimental technique but is a question
of principle, the uncertainty principle. As a precise statement of that
principle, we now prove that for any admissible state t/J,

(49)

7 The equivalence of the two expressions given in equation (48) is established by squaring
out the first. Thus

«A - (A )2) = «A2_2A (A) + (A)2)).

Now (A) is some. ordinary number and the expectation value of any number i. just the
number itself. Hence. for all II,

( ( (A)") ) = (A )" .

Proceeding term by term,

«A- (A))2) = (A 2)-2(A)2+ (A)2

= (A2) - (A)2.

as was to be proved.
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where again all expectation values are taken with respect to l/J. We shall
show further that the equality sign in equation (49), which indicates the
minimum possible uncertainty, holds only for states such that, with c
some constant,

[A - (A)]l/J=c[B- (B)]l/J

and such that, at the same time,

(50)

([A - (A)][B - (B)] + [B - (B)][A - (A)]) = O. (51)

The starting point of the proof is the observation that for any arbitrary
pair of functions J and g,

Because the integrand can never be negative, the equality sign holds
only if the integrand is identically zero, that is, if

J= cg, (53)

where c is an arbitrary constant.
Squaring out the integrand of equation (52) and combining terms, we

obtain, after some algebra,

f JJ* dx f gg* dx ~ f Jg* dx f J*g dx, (54)

which is the famous Schwartz inequality. Now replace J by Fl/J and g by
Gl/J, where

F=A-(l/JIAIl/J)

G = B - (l/JIBIl/J). (55)

Since A and B are Hermitian, and thus have real expectation values,
F and G are also Hermitian. Consequently, referring back to equation
(48), equation (54) becomes

(~A)2(~B)2 ~ f Fl/JG *l/J* dx f F*l/J*Gl/J dx

= f l/JF*G *l/J* dx f l/J*FGl/J dx

or

(~A)2(~B)2 ~ I f l/J*FGl/J dxl 2= 1(l/JIFGIl/J)I2·

Now the quantity (l/J IFGIl/J) is complex,because FG is not Hermitian.
To separate it into its real and imaginary parts, we introduce the identity 8

8 See Section 2. particularly equation (14), and also Exercise 2. part (c). page 91.
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whence we obtain
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Because the first term under the absolute value squared sign in equation
(56) is real and the second imaginary, the right side of that equation is
just the sum of the squares, and we thus obtain

The first term involves the expectation value of the quantum analog of
the classical dynamical variable which is the product of A and B. This
expectation value is certainly state dependent and at any instant can be
made to vanish. The right side, involving the commutator, often may have
a state independent character because, as we have seen, the commutator
of operators representing dynamical variables is, in at least some cases,
a pure number. Hence the essential content of equation (57) is that there
is a fundamental limitation on the simultaneous determination of A and
B which is beyond our control because, no matter what, we must always
have

(58)

or, using equation (55),

(~A)2(~B)2;;:;.t l(ljIl(A,B)lljI)12,

which is equation (49). Further, the equality holds if, and only if, the
first term of equation (57) vanishes, which is recognized as equation (51),
and if, in addition, equation (53) is simultaneously satisfied. Recalling
thatfand g are FljI and GljI, respectively, this condition is imply

FljI=cGljI,

which is recognized as equation (50).
As a particular example, consider the position and momentum,

A =p, B=x.

Equation (49) then states that
fi2

(~p)2(~X)2 ;;:;'4'
which is the precise inequality promised in our earlier discussion in
Section 7 of Chapter III. Further,(~p)2(~x)2 takes on its minimum
po sible value, fi 2/4, only if the state ljI is such that

(59)

and
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where we have used the abbreviations

(t/Jlplt/J)=po

(t/Jlxlt/J) = Xo'

The state function defined by equations (59) and (60) is called the wave
packet of minimum uncertainty. We now determine this state.

Equation (59) is equivalent to

h dt/J
-;--d =[Po+c(x-xo)]t/J
I x

whence

"'=A [iPOX+ic(x-xo)2]
'I' exp h 2h .

Next consider equation (60). Perhaps the simplest procedure is the
following: The commutation relation between p and x permits us to write

whence equation (60) becomes

Using equation (59), this expression can be rewritten in the form

whence

ih (t/Jlt/J )
c=2' (t/JI(X-XO)21t/J)'

This shows c to be a positive, purely imaginary number. Writing there
fore

c == ih/U,

we finally obtain, upon putting all of this together,

f (x - X )2 e-<x-xo)2/V dx
L 2 = 2 0f e - (X-XOP/L2 dx '

which is identically satisfied for all L. The minimum wave packet is .
therefore simply a general Gaussian
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,f, = A [iPOX _ (x - XO)2]
'i' exp fi 2U '

which can be normalized by proper choice of A.

9. WAVE PACKETS AND THEIR MOnO

We have assumed that the eigenfunctions of any Hermitian operator,
say A, form a complete set and have seen that these functions can al
ways be chosen to be orthonormal. This means that any arbitrary state
function, lfJ(x, t) can be expressed as the superposition

lfJ(x, t) = L Ca (t)lfJa(x) ,
a

where the lfJa are eigenfunctions of A with eigenvalue a, and where
lea (t) 12 is the probability that the particle will be found in the state a
at time t. If lfJ(x, I) is prescribed at some initial instant, say to, then in
virtue of the orthonormality of the lfJa, we have

Ca(to) = I lfJa *(x)lfJ(x, to) dx

and the ca(t) can thus be presumed known initially. What about the
subsequent development of the Ca with time? This development is deter
mined by Schrodinger's equation, and no useful general prescription
can be given. Only if A = H and a = E is the description simple. In that
case,

and

whence

CE(t) = e-lEtt-tol/fl I lfJE* (x)lfJ (x, to) dx.

Substitution into the superposition

lfJ(x, t) = LCE(t)lfJE (x)
E

then gives, as the generalization of our earlier results for a free particle,

lfJ(x, t) = I lfJ(x' , 10)K(x', x; t - to) dx', (61)

where the propagator K is given by

K(x',X;I-lo) = L lfJe*(x')lfJe(x) e-IEtt-tol/fl. (62)
e

Of course, as before,



SUMMARY: POSTULATES OF QUANTUM MECHANICS III

K(x',x; 0) =cS(x-x'),

so' that K is initially sharply localized, but as time goes on, K spreads
out over a broader and broader region.

Equations (61) and (62) provide a complete formal solution to the
problem of a particle's motion under the influence of external forces, a
solution expressed in terms of the complete set of eigenfunctions of the
Hamiltonian. We emphasize that the solution is a formal one because,
even if these eigenfunctions are explicitly known, the infinite summation
in equation (62) cannot be evaluated in closed form except in special
cases. Thus we were able earlier to find the free particle propagator,
equation (IV-13), and we shall eventually obtain K for a uniformly accel
erated particle and for the harmonic oscillator.9 These special cases
together furnish at least a reasonable qualitative guide to the general
characteristics of propagators. We remark, finally, that, as might be
expected, K can generally be constructed, and is very useful, in the
classical limit.

10. SUMMARY: THE POSTULATES OF
QUANTUM MECHANICS

We now give a brief summary in the form of a list of basic postulates.
These are:

(I) Every physically realizable state of motion of a system is de
scribed by a state function lfJ. Physically admissible state functions are
normalizable and single-valued. Any superposition of state functions
is also a state function.

(2) Dynamical variables are represented by Hermitian operators
which act on state functions. The spectrum of eigenvalues of a given
operator comprises the totality of physically realizable values for the
observable in question. The simultaneous eigenfunctions of any complete
set of mutually commuting operators is a uniquely determined complete
set of state functions. For a structureless particle in one dimension, the
position variable is itself such a complete set. So is the linear momentum
variable. These two operators are characterized by the commutation
relation (p, x) = hli.

(3) The time development of a state function is given by Schrodinger's
equation, HlfJ = ElfJ, where H = p2/2m + V(x) is the Hamiltonian oper
ator and where

Ii a
E=--

i at

• For the former, see Problem VI-8; the latter is derived in Chapter VI, Section 6.
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is the energy operator.
(4) The expectation value of any dynamical variable A when the

system is in a state l/J is (l/JIA Il/J). The expectation value is to be inter
preted as the average of a series of measurements of A performed upon
an ensemble of identical systems each of which is in the same state l/J.

Problem l. Consider an operator A and its eigenfunctions l/Ja, defined
over the interval 0 ~ x ~ L and satisfying the boundary conditions
l/Ja(x = 0) = l/Ja(x = L). [These are called periodic boundary condi
tions.] Determine the eigenvalues and eigenfunctions of A, if any, for
the fOllowing cases:

d
(a) A = dx'

(b) A = i : + k, k is real, positive and fixed.

(c) A = th: integral operator defined by Al/J == i J: l/J(y) dy.

In each case, prove whether or not A is Hermitian. Is the set of l/Ja com
plete in each case?

Problem 2. Consider the eigenvalue'equation

defined over the interval - L ~ x ~ L and subject to the boundary con
ditions

(a) If A = (d/dx)/I, for what values of tI, if any, is A Hermitian?
Explain.

(b) Find the eigenfunctions of A corresponding to a = 0 for each
of the cases n = 3,4,5. If there are any degeneracies for a given n, use
the Schmidt procedure to orthogonalize the degenerate states.

Problem 3. Give the time dependence of the state function for
(a) a system which is in an eigenstate of its Hamiltonian with

eigenvalue {3 ..
(b) a system which is an unspecified mixture of an n-fold degen

erate set of eigenstates of its Hamiltonian with eigenvalue {3.

Problem 4. Find the smallest interval in x over which sin 1TX/Xo and
cos 1TX/XO are orthogonal. Over this same interval are sin 1TX/Xo and sin
21T x/xo orthogonal? sin 1TX/Xo and exp [i1TX/Xo]? sin 1TX/Xo and sin 1TX/2xO?

Problem 5. Let </>/1 denote the ortho-normal stationary states of a system
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corresponding to energy E". At time t = 0, the normalized state function
of the system is l/J = ~ c"cP". Assuming the cP" and c" to be given,

(a) write the state function of the system for t > o.
(b) what is the probability that a measurement of the energy at

time t will yield the value E" ?
(c) what is the expectation value of the energy at any time t?

Pr~!llem 6. A and B are two arbitrary Hermitian operators. Work out
which, if any, of the following operators (i) A B, (ii) A 2, (iii) A B - BA,
(iv) AB + BA, (v) ABA

(a) are Hermitian.
(b) have real non-negative expectation values.
(c) have pure imaginary expectation values.
(d) are purely numerical operators.

Problem 7.
(a) A and B are Hermitian operators and are such thatA 2 = B2 = 2.

Deduce the eigenvalues of each.
(b) Let l/JIJ denote the eigenfunctions of B corresponding to the

eigenvalues b. Suppose A to be such that (l/JIJIAIl/JIJ) = O. From the defi
nition of uncertainty, calculate the uncertainty in A for a state of def
inite B.

(c) Use your result and the uncertainty principle to deduce the
value of (l/JIJI (A, B) Il/JIJ). Verify your answer by direct evaluation of the
expectation value of the commutator.

Problem 8.
(a) If A, Band C are arbitrary operators, prove that

(A,BC) = (A,B)C+B(A,C).

(b) Use your result to show that

d aA aB; ;
dt (AB) = (at B) + (A at) +h «H,A)B) + h (A(H, B».

Problem 9. For a system described by the Hamiltonian H = p2/2m
+ V (x), obtain an expression for d (p2/2m) /dt. Discuss the relation of
your result to the classical work-energy theorem.

Problem 10. We have asserted that the commutation relation (p, x) = hi;
is fundamental. In configuration space, where x is a numerical operator,
we have represented p as the differential operator

fi d
P =7 dx'

which is consistent with the commutation relation. More generally, one
could equally well write
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Ii a
p = -;- -a + f(x) ,

I X

where f(x) is arbitrary, without violating this commutation relation.
Suppose this is done.

(a) Find the new momentum eigenfunctions .pp.
(b) Express an arbitrary state function .p(x) as a superposition

of these momentum eigenfunctions.
(c) Verify that no physically observable properties of the system

depend on f(x) and hence that the most convenient choice, f(x) = 0
generally, is always permissible.

Problem 11. Consider the propagator K of equation (62).
(a) Show that K satisfies the integral equation

K(x',x;t- to) = J K(x',x",t- t,)K(x:',x;t , - to) dx".

(b) rnterpret this equation in terms of the time development of a
state function first from to to t. and then from t. to t.

(c) Equation (61) was derived from the time dependent Schrod
inger's equation and is entirely equivalent to it. Verify this by deriving
Schrodinger's equation from equation (61). Assume the .pdx) are known
to be solutions of H.pE(X) = E.pE(X) with H given.

Problem 12. Let .p1l(X) denote the orthonormal stationary states of a
system corresponding to energy Ell' Let .p(x, 0) denote the normalized
state function of the system at time t = O. Suppose .p(x,O) to be such
that a measurement of the energy of the system would yield the value
E. with probability t, E2 with probability t, and E3 with probability t·

(a) Write the most general expression you can for .p(x, 0) in terms
of the .pn (x), consistent with the given data.

(b) Write an expression for the state function .p(x, t) at time t > O.
(c) Which of the following quantities have expectation values

which are independent of the time for this system when it is in the state
.p(x, t) of part (b)?

(i) position, (x). (iv) Hamiltonian, (H).

(ii) kinetic energy, (p2/2m). (v)' I ( dV)
(iii) potential energy, V(x) . Impu se, - t dx .

(d) The same as (c) when the system is in one of its stationary
states .pll'

Problem 13. Let C denote the operator which changes a function into
its complex conjugate,

C.p == .p*.

(a) Determine whether or not C is Hermitian.
(b) Find the eigenvalues of C.
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(c) Do the eigenfunctions of C form a complete set? Are they
orthogonal? Briefly explain your answers.

Problem 14. Show that if the potential energy V(x) is changed by a
constant amount everywhere, the stationary state wave functions are
unaltered. What about the energy eigenvalues?

Problem 15. Show that the expectation value of the square of an Hermi
tian operator can never be negative.

Problem 16.
(a) Using the result given in problem 8, part (b), find an expression

for did! (t/Jlpxlt/J) and then, by considering a stationary state t/JE, prove
the so-called virial theorem

(b) Find the corresponding virial theorem for classical mechanics
by translating your proof into classical language.

Problem 17.
(a) Find an expression for (~X)2(~T)2 where T = p2/2m is the

kinetic energy operator.
(b) Find an expression for (~p)2(~H)2; for (~x)2(~H)2.

(c) Why are the results so much less useful and interesting than
those obtained in the text for the mutual uncertainties in x and p?



VI
States of a particle

one dimension

1. GENERAL FEATURES

.
In

(I)

We now consider the stationary states 1JJE(X) of a particle moving in a
potential V(x). Such states are solutions of the time independent Schrod
inger equation H1JJE = E1JJE' which. when written out in configuration
space, is the ordinary second-order differential equation

fi2 d21JJE _
- 2m dx2 + V(X)1JJE - E1JJE'

Before going on to consider the solutions of this equation for particular
potentials, we discuss the character of its solutions for some more or less
general potential, which we suppose to have the form sketched in Figure
I. In drawing the figure, the zero of energy has been chosen in such a

£~

-----------+-------,#--------x

£, -------------------

FIGURE I. States of motion in a potential V(x) for various energies.
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way that V(x) vanishes for x -+-00. As x increases, we have taken V(x)
to become increasingly negative until it attains some minimum value
V2 , after which it is taken to increa e and eventually to attain the value
VI when x -+ +00. A potential uch a this is quite general enough for
our purposes.

The character of the state of motion, both classically and quantum
mechanically, is completely determined by the energy. We di tinguish
four regions of energy as follows:

(I) £ > V., for example £. in the figure.
(2) °< £ < V., for example £2 in the figure.
(3) V2 < £ < 0, for example £3 in the figure.
(4) £ < V2 , for example £4 in the figure.

We now take these up in order.
(I) £ > VI' In this region the kinetic energy £- V(x) is every

where positive. Classically there are two independent states of motion,
one in which the particle moves toward the right, the other in which it
moves toward the left. Quantum mechanically there are also two inde
pendent, if more complicated, states of motion which are just the two
independent solutions of the second-order differential equation (I).
Since the kinetic energy is everywhere positive, we see from equation
( I) that d2tPE/dx2 and tPE have opposite sign everywhere. Hence tPE i
always concave toward the x-axis or, in other words, oscillatory. Conse
quently tPE is bounded but extends to infinity in both directions.· These
properties it shares with the eigenfunctions of momentum tPP' and, like
them, it is not strictly physically admissible. Also like the tPP' the estates
represent very useful idealizations from which the true physical states,
wave packets, can be constructed. The two independent quantum me
chanical states do not corre pond to motion solely to the left or right; a
particle incident from the left, for example, does not necessarily continue
indefinitely; it is sometimes reflected. The states are thu rather compli
cated. Nonetheless, these state occur for any energy £ which exceeds
V., and we thus conclude that the energy spectrum is continuous and
doubly degenerate in this region.

(2) °< £ < V.. In this region the kinetic energy is positive to the
left of the intersection of £ and V(x), negative to the right. The point of
intersection, where £ = V(x) and the kinetic energy vanishes, is the
classical turning point of the motion. Classically, a particle moving to
the right is reflected at the turning point and returns to the left; this is
the only general type of motion. Quantum mechanically there are still
two independent solutions of Schrodinger' equation, but only one is
admi ible (even as an idealized state), a we now show. To the left of
the classical turning point, the solutions of equation (I) are oscillatory.

1 The olution labeled o/lt·, in Figure I illu trate this behavior.
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To the right, however, where d2tJJ,Jdx2 has the same sign as tJJE, the solu
tions are convex with respect to the x-axis and hence either increase
without limit or decrease strongly to zero as x increases. The general
solution to equation (1) contains an arbitrary superposition of these two
types of terms, but only the particular solution which decrea es to zero
is permitted by the requirements of physical admissibility. One such
solution, labeled tJJE., is illustrated in Figure !. We thus conclude that
the spectrum is continuous and nondegenerate in this region. The solu
tions resemble the classical ones in the sense that a particle is always
reflected.

(3) V 2 < E < O. In this region there are two classical turning points
and the kinetic energy is positive between them, negative elsewhere.
Classically, the motion is periodic. with the period uniquely determined
by the energy. There is thus only one type of motion for a given energy.
Quantum mechanically, no motion is possible at all unless the energy
has exactly the right value, one of a set of proper values which comprises
a discrete, nondegenerate spectrum. The argument is the following. The
general solution of equation (I) contains both increasing and decreasing
terms in the region to the right of the right-hand turning point. The same
behavior occurs in the region to the left of the left-hand turning point.
A physically admissible solution, however, must decrease to zero in
both these domains. Suppose we choose that solution which has the
desired property on the right. Call this particular solution, which is
uniquely specified, tJJE. right. Now suppose we choose instead that solution
which decreases to zero on the left. Call it tJJE, left. It is also unique. Both
tJJE. right and tJJE. left oscillate in the region between turning points, and in
general they will not join smoothly together in their common domain of
existence. As E is varied, however, the curvature of these functions,
and therefore their rate of oscillation, is altered and hence, if E has
exactly the right value, tJJE. left and tJJ E. right can be made to join smoothly
together. In a rough sense, this corresponds to choosing E in such a way
that a definite member of de Broglie wavelengths will fit between the
turning points. (See the solution labeled tJJE'3' Figure I.) The particular
discrete values of E for which this happens are the allowed energies.
Because the particle is confined to a finite domain, these states are called
bound tates. We thus conclude that the bound state spectrum in one
dimension is discrete and nondegenerate.

(4) E < V2 • In this region the kinetic energy is everywhere negative
and no classical motion is po sible. No quantum mechanical states exist
either, becau e the solutions of equation (1) are everywhere convex
with respect to the x-axis and hence must increase without limit in one
direction or the other.
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2. CLASSIFICATION BY SYMMETRY; THE PARITY OPERATOR

Most of the potentials of interest in the microscopic domain describe the
interactions between pairs of particles. Such potentials are usually sym
metric functions of position and this feature permits a considerable sim
plification of the analysis. We thus consider now the special case in
which V(x) is symmetric,

V(x) = V(-x). (2)

The simplification we refer to is a consequence of the fact that when
V is symmetric, so is the Hamiltonian H. Hence, when Hoperates
upon any function it does not change the symmetry properties of that
function. This means that Schrodinger's equation can be separated into
two independent equations, one involving only symmetric state functions,
the other only antisymmetric state functions, as we now proceed to
demonstrate.

For this purpose we introduce a new operator P, called the parity
operator, which is defined by

Pf(x) = f(-x), (3)

where f(x) is arbitrary. Thus, the parity operator simply changes the
sign of the space coordinates in any function upon which it operates.

Note that P is Hermitian since we have, for arbitrary admissible I/JI
and 1/J2'

r.. 1/J.*(X)PI/J2(X) dx= L.... 1/J.*(X)1/J2(-X) dx

=r.. I/J.*(-X)1/J2(X) dx=r.. (PI/J.)*1/J2 dx,

where we have changed integration variables from x to - x in going to
the second line.

Let us now find the eigenvalues and eigenfunctions of this Hermitian
operator. We seek, that is, the solutions of

PI/Ja= al/Ja'

Now, operating on this equation with P, we obtain

p2I/Ja = aPl/Ja = a2I/Ja

but, for any function f(x) ,

P2f(x) == P[Pf(x)] =Pf(-x) =f(x).

Hence upon comparison we see that a 2= I and the eigenvalues of the
parity operator are plus or minus unity. Denoting the corresponding
eigenstates by I/J+ and I/J _, we then have
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Pl/J- =-l/J-, (4)

which is to say that

l/J+(-x) = l/J+(x)

l/J-(-x) = -l/J-(x).

Accordingly, l/J+ is any even function, l/J- is any odd function. Note that
l/J+ and l/J- are properly orthogonal. We thus have the curious spectacle
of an Hermitian operator with only two eigenvalues, each of which is
infinitely degenerate.

The eigenfunctions of P are obviously complete, that is to say, any
function can always be expressed as a sum of its symmetric and anti
symmetric parts. Specifically, we write

f(x) = f+(x) + f-(x) ,

where f+ is defined as

f ( ) :=f(x) + f(-x)
+ x 2'

and is obviously symmetric, while f- is defined as

f-(x) := f(x) ~f(-x) ,

and is obviously antisymmetric.
An interesting way of rewriting these expressions is to replace f( - x)

by Pf(x). We then obtain

1 + P
f+ (x) = -2-f(x)

I-P
f-(x) = -2- f (x).

The quantities

= I ±P
P~ - 2 (5)

(6)

are called projection operators; P+ projects out of a general state its
symmetric or even part, P _ its antisymmetric or odd part. Note that

P +P_ = P _P+ = 0

P++P_=I,

which exemplify the general properties of such projection operators. In
any case, we have, succinctly,
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(7)

Exercise 1. Verify the expressions in equation (6) by substitution of
equation (5).

To proceed, we need only remark that P commutes with the Hamilton
ian if V(x) is symmetric. This is so because

P(H.p) = H(-x).p(-x) = H(x).p(-x) = HP.p.

Of course, the P:t also commute with H and hence, operating on Schrod
inger's equation with P:t, we finally obtain the independent pair of
equations

H.pE.+ = E.pE. + (8)
H.pE. - = E.pE. _.

This then tells us that the stationary states in a symmetric potential can
always be classified according to their parity, that is, they can always
be chosen to have definite symmetry, without loss of generality. More
particularly, since bound states in one dimension are non-degenerate,
each bound state in a symmetric potential must either be even or odd.

3. BOUND STATES IN A SQUARE WELL

As a specific example, we now consider bound states in one of the sim
plest possible potentials, the square well. This potential is defined by

V(x) = {-Vo, -a < x < a (9)
0, Ixl > a,

and is sketched in Figure 2. Note that V(x) is symmetric, so that the
bound states must have a definite symmetry, which greatly simplifies
the algebra, as we shall see.

Region III :
I

x = -G

I
Region II

X=G

Region I

-----r----+----r-----x
V=o

1.-__...... ... V = - Vo

FIGURE 2. The square well potential.



122 STATES OF A PARTICLE IN ONE DIMENSION

Since we are seeking bound states, the energy E must be negative.
It is therefore convenient to introduce the binding energy E, defined as

E=-E, (10)

whence SchrOdinger's equation becomes

h 2 ti _
-2m dx2 + V(X)l/JE--El/JE' (II)

In the region to the right of x = a, which we call region I (see Figure 2),
V (x) vanishes and equation (I I) reduces to

d
2

l/JE _ 2mE .f. = 0 (12)
dx2 h2 'l'E ,

which has the general solution l/JE - e:±v"Eiilxl". However, only the nega
tive exponential is permitted if l/JE is not to increase without limit as x
approaches infinity. Hence, in this region

l/JE = C( e-v"Eiil XI". (13)

Similarly, in the region to the left of x = -a, region III, l/JE also satisfies
equation (12), and hence has the form

l/J E = Cm ev"Eiil xl" , (14)

where now only the positive exponential appears since otherwise l/J
would increase without limit as x approaches minus infinity.

Finally, in the central region between x = -a and x = a, region II,
where Vex) = - Vo, equation (11) becomes

~ 2m _
dx2+¥ (Vo-E)l/JE-O.

Hence l/JE is oscillatory in this region, and we express its general solution
in the form

l/JE = Cu(+l cos eY2m(Vo - E)xlh) + Cul-lsin (Y2m(V0 - E)xlh). (15)

We thus see that the state function l/JE has a different form in each of
the three regions. Since Vex) is discontinuous in crossing from one region
to the next, equation (11) tells us that the second derivative of l/JE must
also be discontinuous, but that l/JE itself and its slope are continuous.
Hence we have two continuity conditions which must be satisfied at
each boundary between regions, and these yield four linear and homo
geneous equations in the coefficients C" Cu(+l, Cu(-l and Cm. If these
equations are to have a solution, then the determinant of the coefficients
must vanish. The condition that this be so then determines the allowed
value or values of E.

To reduce the algebra, we now make explicit use of our prior knowl
edge that the bound states in a symmetric potential have a definite sym
metry; they must be either even or odd. We take up these two possibilities
in order.

Even States: l/JE(X) = l/JE(-X). For the even states, we have at once
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that C III = C. and that, in equation (15), CIII-) = O. Further, any con
tinuity condition imposed at x = a is automatically satisfied at x = -a,
by ymmetry. We thus need apply these conditions only at, say, x = a.
Doing so, we obtain:

continuity of ljJ

c. e-V2nIEll/~ = CIII+l cos CV2m(Vo - E) a/h)

continuity of dljJ/dx

-~ C -V2nIEll/~ - - v'2m(Vo - E) C l+l . (,12 (V _ ) /~)hie - h II Sin v moE a T£ •

Taking the ratio of the second equation to the first, we see that

~=v'Vo-Etan (v'2m(Vo-E) a/h) , (16)

and this is the equation which determines the energy spectrum of the
even states. It is a transcendental equation and its roots cannot be deter
mined algebraically. A straightforward graphical procedure, which gives
a complete characterization, is to simply plot the left-hand and right
hand sides of equation (16) as a function of E; the roots are then the
points of intersection of the two curves. This is illustrated in Figure 3.
Since the left side becomes imaginary for negative E, while the right side
is real, roots exist only for positive E. This is entirely consistent with
our expectations, of course, since negative E, or negative binding energy,
means that the state is, in fact, not bound. On the other hand, the right
side becomes and remains negative for E > Vo, as shown in the figure,

,; (3.".)2 r/
E = Vo - 2' 2ma2

,.-, = V.,
( )

2 r/
Vo - ~ -'-

2 2ma'

,
I
I,
I
I _-

--r- 
I
I
I
I,
I,
• ."."fi1

Vo --
·2ma'
I
I
I
I
I

E =

I,,
I
I
I,
'--....-~

FIGURE 3. Graphical solution of equation (16) for the allowed energies of the
even states of a particle in a quare well. The solid curve is the right side of
equation (16), the dot-dash curve is the left side. The intersections give the
allowed energies. For the particular Vo chosen, there are two such energies. The
energy of the ground state is labeled E1, that of the next higher even state Ea.
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and hence there are no states with binding energy which exceeds the
depth Vo of the well, also in agreement with expectation. Taken together,
we see that these two limitations mean that the even bound state energies
are confined to the interval 0 ". E < Vo. The number of roots and, there
fore, the number of even bound states, are seen from the figure to depend
only upon the number of zeros of the right side of equation (16) for
E ". O. As indicated, the zeros of the right side occur when

1'1=0,1,2, ... ,

that is, when E = Vo, E = Vo- 1T2fi2/2ma 2, and so on. In the illustration
there are two zeros and therefore two such states. The energy of the most
tightly bound even state is labeled E" the energy of the other state is
labeled E3. The reason for this choice of numerical subscripts will shortly
become clear. As Vo is decreased, the curve representing the right side
of equation (16) is translated to the left, and when Vo < 1T2fi2/2ma 2,
there is only one zero and one even bound state. Similarly, when Vo in
creases, the curve is translated to the right and when Vo ;;. (21T )2fi2/2ma2,
there are three zeros and three even bound states, and so on. To sum
marize, when

( 17)

there are 1'1 + I even bound states. Note that so long as Vo is positive,
there is always at least one such state.

Odd States: tPE(X) = -tPE(-X). For the odd states, Cm = -C( while
C n(+) in equation (15) must vanish. Again, any continuity condition im
posed at x = a is automatically satisfied at x = -a by symmetry. Pro
ceeding in the same way as before, we find that for the odd states, E is
determined by the equation

Vi. = - YVo- E ctn (Y2m(Vo - E) a/fi),

which we again solve graphically, as illustrated in Figure 4. We have
used the same Vo as in Figure 3, and it turns out that there are again two
allowed states. We have labeled their energies E2 and E4. Comparison
with Figure 3 shows that E( > E2 > E3 > E4. Turning to general values
of Vo, we see, by the same arguments as before, that the number of odd
bound states equals the number of zeros of the right side of equation
(18) for E ;;. 0 and that, more specifically, there are exactly (1'1 + I) odd
bound states for

Note, however, that there are no bound odd states at all for

(
1T)2 fi2V < - --.

o 2 2ma 2 (20)
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, I I

1 I 1
1 I 1
1 I 1
1 I 1
I I 1 1
1 1 _ ... ...L-

1 1 - I, - -, I
1 - I 1
I.- 1 1

/"1 I
11 1, 1 1

I
1
1
I
I
1,
1
I

~'
E =

( )

2 1/
Vo - ?:. --.

2 2ma-

FIGURE 4. Graphical solution of equation (18) for the allowed energies of the
odd state of a particle in a quare well. The olid curve is the right side of equa
tion (18), the dot-da h curve is the left side. The intersections give the allowed
energie . The energy of the lowe t odd tate is labeled £2, that of the next highest
odd tate £4.

This i quite an important result, as we shall see when we come to the
di cus ion of three-dimensional problems.

We can sum up our results in the following way. Suppose we consider
what happen as we gradually increase Vo from zero. At first, we have
only one bound state, an even state. As soon as the point is reached at
which

(
7T)2 ft2V - - -

0- 2 2ma 2 '

the fir t odd state appears. Then, when

the second even state appears. When

the second odd state appears, and so on. For any given Vo, the pectrum
con i ts of an interlacing of even and odd states, the lowest or ground
tate always being even, the next odd, and 0 on, with the total number

of state depending on the magnitude of Vo. In Figure 5 we ketch the
spectrum and state functions for the particular case illustrated in Figures
3 and 4, where Vo is such that there are two even and two odd tates.
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From this figure we can sense that as Vo is decreased, that is, as the well
is made gradually shallower, the highest state, labeled £4' is pushed out,
then the next state, and so on, just as our previous analysis indicated.
Note, however, that equations (17), (19) and (20) are really restrictions
on the quantity Vo a2

, and not on Vo alone, as we have assumed for im
plicity in our discussion. Thus a decrease in a2 is indistinguishable in its
effect on the energy (but not on the state functions) from a decrease in
Vo. If a2 is gradually decreased, thereby making the well narrower, we
again successively squeeze out the higher states.

....--.....
odd

-~ ~ 1/;,
£, E.

1/;3 -even --- - ....... ...... £3 = -E"--"'"
1/;2

odd £2 = -E

even .--- --.l.1
£1 = -E

v=o
x = -a

v = - vo

x=a
v=o

FIGURE 5. Bound state energies and wave functions in a square well. Note
that each higher energy state has one more node than the preceding one.

Note also that the state functions extend into the classically forbidden
region beyond the walls of the potential well. According to equations
(13) and (14), the wave functions fall off exponentially in this region, as
e-v'2iiiElxI/A. Hence the distance extended, say b, is roughly given by

h
b = V2m£'

which is the distance over which the exponential decreases by lIe. For
the lowest states, where £ is large, this distance is very small and the
state function is correspondingly small at the boundary. In the limit of
an infinitely deep potential, these states actually vanish at the boundaries,
and their energies, measured with respect to the bottom of the well, can·
easily be shown to increase as 11 2, in agreement with our previous analysis
of the states of a free particle in a box.

On the other hand, when £ is small, as for example £4 in Figure 5, the
distance b becomes very large and the particle is by no means confined
to the interior of the potential, as would be required classically.

4. THE HARMONIC OSCILLATOR

We next consider the most important single problem in quantum mechan-
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(21)

ics, the harmonic oscillator. Not unrelated to its importance is its sim
plicity; it is one of the two or three non-trivial examples which can be
explicitly solved in complete generality. We shall devote to it the full
attention it thereby merits.

The potential energy of an harmonic oscillator, of classical frequency
w, is most conveniently written in the form

V(x) = t mw2x 2
,

whence the time independent Schrodinger's equation is

h2 d 2 ,'t I--~ + - mw2x2.p = £.p.
2m dx 2 2

From the general discussion of Section I, we thus see that the states of
the harmonic oscillator have positive energy and that they are discrete
and nondegenerate. We now proceed to find these states by two quite
different methods. The first is the power series method, the second is the
m~thod of factorization.

The Method of Power Series. We introduce the dimensionless variable
Y by writing

(22)

in terms of which Schrodinger's equation becomes

d
2
.pdY) + (2£ _y2).p (y) = 0
dy 2 hw E •

For y approaching infinity, the term in £ is negligible compared to the
term in y2 and it is easy to verify that .pE(y) behaves like e±1I

2/2, multi
plied by some algebraic factor. The physically admissible solution must
contain only the minus sign and we thus write, without loss of generality,

(23)

(24)

Substitution into Schrodinger's equation then gives, after some manip
ulation,

d
2
u du (2£ )--2y-+ --I u=O.

dy 2 dy hw

We shall solve this equation by expanding u in a power series in y.
Since the harmonic oscillator potential is symmetrical, we know in ad
vance that the states must have definite parity. We thus consider sep
arately the even and odd states.

Even States: u(y) = u(-y). We seek a solution in the form ofa power
series. Since II is symmetrical, only even powers of y enter and we there
fore write
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'"
u(y) = L asY2S .

o
(25)

Substitution into equation (24) then gives

'" '" (2£ )L 2s(2s - I) asY2
(o-!l + L hw - 1 - 4s asY2S = O.

o 0

Replacing s by s + 1 in the first summation, this can be rewritten as

:i [2(S + 1)(2s + l)as+1+ (~~ - 1- 4S) as]y2S= O.
o

The coefficient of each power of y must separately vanish and hence we
obtain the recursion relation,

4s + I - (2£/hw)
a8+ 1 = 2(s+ 1)(2s+ I) as' (26)

Given ao, all of the expansion coefficients can be successively deter
mined.2 Thus,

1( 2£)al = '2 1 - hw ao

1(2£) 1( 2£)( 2£)a2 = T2 5 - hw a\ = 24 5 - hw 1- hw ao

and we have now obtained a series representation of the general sym
metrical solution of equation (24). Let us next examine the form of this
solution for large y. Its behavior is determined by the character of as
for large s. From equation (26), we see that

as+ 1 I-=-,
as s

S ---4 (Xl •

This ratio is exactly the same as that of the coefficients in the power
series expansion of the exponential function. We thus conclude that,
for y2 approaching infinity, u (y) diverges like ell', whence, from equa
tion (23), l/Je(Y) diverges like eJ/'/2. This is no surprise, since we have
already argued that the general solution of Schrodinger's equation
behaves like e±J/'/2 for large y. Because the general solution must contain

2 The e ential role of the transformation of equation (23) can now be made clear. The
reader will readily verify that if l/J,;, rather than II, is expanded in a power series, the recur
sion formula obtained connect t!tree expan ion coefficients and not two, as in equation
(26). Such three-term recursion relation are, in general. extremely difficult to olve.
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1'= 0,1,2, ... ,

terms of both signs, the positive exponential necessarily dominates, and
so we have found. This catastrophe can be avoided only if the series
representation terminates after, say, I' terms. From equation (26), we
see that this will be so if, and only if, E has one of the discrete values

fiw
E = T (41' + 1) = (21' + i) fiw,

since ar+J , and therefore all subsequent as, then vanish. We have thus,
finally, obtained an infinite set of solutions, one for each value of the in
teger r. These symmetrical states, still unnormalized, are given ex
plicitly by

1'=0, E = fiw/2, .pE = ao e- y2
/2

I' = 1, E = 5hw/2, .pE = Go(J - 2y 2) e-y2
/2 (27)

1'= 2, E = 9hw/2, .pe = ao( 1 - 4y2+ f y4) e- y2
/2.

Before discussing these solutions further, we go on to consider the odd
states.

Odd States: u(y) = -u( -y). For this case we express u as a series
in odd powers of y,

ClO

u(y) = L asy2S+J.
o

Substitution into equation (24) then yields, after the same kind of manipu
lation as before, the recursion relation

4S + 3 - 2E/fiw
as+1 = 2(s + 1) (2s + 3) as·

Again the solution diverges unless the series terminates after I' terms,
say, and hence E can only take on the discrete values

E= (2r+i)hw; 1'= 0, 1,2, ... ,

and the corresponding unnormalized solutions are

1'=0,

1'= I,

E = 3fiw/2,

E = 7fiw/2,
(28)

Putting this all together, we see that the lowest state is even and its
energy is fiw/2, the next state is odd with energy 3fiw/2, the next even with
energy 5fiw/2, and so on. The complete spectrum i thus expre ible as

E" = (11 + -4-) fiw; 11 = 0,1,2 ... , (29)
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and the states are even or odd, according to whether n is even or odd.
This spectrum is just that adduced by Planck, except for the additive
constant, fiw/2. The necessity for such a term in the spectrum, the famous
zero point energy, is quite clear from the uncertainty principle.

Exercise 2. Use the uncertainty principle to deduce the order of magni
tude of the zero point energy.

The most convenient and customary way to write the normalized
state functions3 is the following. Letting t/Jn denote the state with energy
En' we write

.1. ( ) = -.SL h ( ) -y212
'f'n X - 2"/2 n y e ,

= (v'mW/fi7T)112
en I .n.

(30)

The h" (y) are polynomials of degree n, in even or odd powers of y accord
ing to whether n is even or odd. These polynomials are called Hermite
polynomials, and the first few are4

ho(y) = I

h1(y) = 2y

h2 (y) = 4y 2 - 2

h3= 8y3 - 12y

h4 = 16y 4 - 48y 2 + 12

hs = 32ys - 160y3 + 120y.

(31 )

The first four states of the harmonic oscillator are sketched in Figure 6.
Note that, as usual, the number of nodes in the wave function increases
by one as we go from one energy level to the next higher one.

odd --¥==:::::::........=--:::::;;~==::::::.."""===-=,I..--n = 3, E3 = 71iw/2

even ---~t=::=::::::~:::::=="""':::::::=~"''''-- n = 2, E. = 51iw/2

odd .....=-__-:....c:::.._--.,;::::..,.t.- n = I, E1 = 31iw/2

even-----~~;::::==::::;i-'----- n = 0, Eo = ftc42

FIGURE 6. Energy states and wave functions for the harmonic oscillator.

3 The normalization of the state functions will be discussed in Sections 4 and 5.

4 See Reference [7] for a more extensive list.
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One curious feature of the harmonic oscillator is its complete symmetry
with respect to configuration and momentum space. Since the Hamil
tonian operator is simply

(32)

we see that Schrodinger's equation in momentum pace i identical to
that in configuration space, provided m is everywhere replaced by l/mw2•

It is then easy to verify that the normalized state functions in momentum
space are given by

,/,. () d)/ I ( ) -q'/2
'PII P = 2)//2 1)/ q e , q= p

Ymwh
(33)

(
I )1/2

d)/=.~ .
v mwfl1T n!

A plot of these functions, superposed on a plot of the kinetic energy
p2/2m, has exactly the same appearance as Figure 6.

The Method of Factorization. The second method, which we now pre
sent, is a purely operator method for obtaining the eigenstates of the
harmonic oscillator. This scheme, introduced by Dirac, is called the
method of factorization.

We introduce two new operators, which we define in the following
way. The first, denoted by a, is expressed in the form

a == Ymw/2h x + i YI/2mwh p, (34)

while the second is defined as the adjoint of the first. 1t is thus the operator
analog of the complex conjugate. According to equation (V-13), it is
given by

at = Y mw/2h x - i YI/2mwh p, (35)

where, as in Chapter V, we have used the dagger to denote the adjoint.
For future reference we note that in configuration space a and at are

simply expressed, in terms of the dimensionless variable y of equation
(30), by

a = _I (y + .E.-)
Vi dy

at = _1 (y _.E.-)
Vi dy'

(36)

and similarly, in momentum space, in terms of the variable q of equa
tion (33), by
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i ( d)at = - V2 q - dq .

ext, we ob erve that

I (2 I ).
aat = fiw f,n + 2 mw

2
x

2 + 2
1
fi (p x),

(37)

as is easily verified by using equation (34) and (35) to expres the left
side in terms of x and p and carrying out the indicated multiplication.
Recognizing the term in parent he e a the Hamiltonian and evaluating
the commutator, we then obtain

I I
aat = fiw H + 2' (38)

where H is the Hamiltonian operator.5 In exactly the same way we also
find

I I
ata=-H--'

fiw 2 (39)

Subtracting equation (39) from equation (38), we see that a and at satisfy
the commutation rule

(a,at)=I,

while adding these two equations we see that

2
aat + ata = fiw H.

(40)

(41)

Schrodinger's equation can thus be written in three different but
completely equivalent ways, corresponding to equations (38), (39)
and (41):

(aat -4) ~E =,: ~E

( ata + ~) ~E = fi: ~E

2£
(aat + ata) ~E = fiw ~E'

(42a)

(42b)

(42c)

• Giving the method its name i the fact that. except for an additive constant. the Hamil
tonian ha now been faclored into a product or the new operators a and lit.
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A the essential step in actually solving Schrodinger's equation, we
now show that if we know t/JE for some given E, we can successively con
struct an infinite set of solutions from it. To do this, we operate on equa
tion (42a) from the left with at, that is, we write

at (aat - 4) t/JE = h: aNE

or

( ata - 4) aNE = ~ aNE'

Next, adding aNE to each side, we obtain

Cumparison with equation (42b) then shows that aNE is also a solution
of Schrodinger's equation, but with energy eigenvalue E + hw, that is,

(43)

where C+ is a constant. Repeating this procedure, we thus generate from
the given state an infinite ladder of equally spaced states of energies
E + hw, E + 2hw, E + 3hw, and so on. Since operating with at raises
the energy by one step, at is called the raising operator, or more com
monly, the creation operator.

We next show that from the given t/JE we can also successively construct
states of lower energy. To do this, we operate on Schrodinger's equation
in the form equation (42b) with a. We then find, in exactly the same way
as before,

( I) E - hw
aat - 2 at/JE = hw at/JE,

whence we can write

(44)

(45)

For obvious reasons the operator a is called the lowering operator, or
the annihilation operator.

Repeated operation with a thus extends the ladder downward from E,
again in steps of hw. However, the energy of an harmonic oscillator
state can never be negative,6 and hence the ladder must have a bottom

6 This i clear from our discussion in Section I. It also follows from the fact that the har
monic oscillator Hamiltonian is positive definite and hence so must be its expectation
value in any state.
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rung. Call the energy of this lowe t state Eo, the corresponding eigen
function tjJo.

For E= Eo, equation (44) becomes

( I) Eo - nw
aat - 2" atjJo = nw atjJo·

Unless atjJo vanishes, this equation states that atjJo is an eigenstate with
eigenvalue Eo - nw, in contradiction to the fact that Eo is the lowest
state. We thus conclude that tjJo must be such that

atjJo= 0, (46)

(47)

(48)

whence, from equation (42b), we see that Eo is uniquely determined to be

Eo = nw/2.

Assuming tjJo known for the moment, we also see that the remaining
states of the harmonic oscillator can be constructed by successive appli
cation of at to tjJo, the energy increasing at each step by nw. For the nth
state, we thus have

tjJ" = ~: (at)" tjJo,

where CIt is a normalizing constant, and where, as before,

E,,= (n+i) fiw.

To explicitly construct tjJo in configuration space, we use equation (36)
to rewrite equation (46) in the form

which is easily solved to give

in agreement with our earlier result. Again using equation (36), equa
tion (47) becomes

_SL( _L)" -y'/2
tjJ" - 2"/2 Y dye.

It turns out, as we show later, that Cn is the same normalizing constant
as in equation (30). Comparison of our result with that equation then
shows that

( d)"h,,(y) = e
y2

/
2 y - dy e-

y2
/2 , (49)
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which is a very compact and convenient representation of the Hermite
p~lynomials. We shall shortly give an even simpler and more convenient
representation.

Equations (43) and (45) are very useful in a number of applications,
and we now evaluate the proportionality constants contained in these
relations. From equation (48) we have

C C
attP" = -.!! (at) "+1 tPo =-"- tP"+I'

Co C"+I
(50)

whence, from the explicit expression for the c" given in equation (30),

aNII = Vii+I tP"+I' (51)

Next consider the more difficult case of operation upon tPlI with the
annihilation operator a. We shall obtain the result in two different ways,
just to illustrate how manipulations can be carried out entirely in the
language of these operators. The first is straightforward. It starts with
equation (47), from which we obtain, upon operating with a,

It follows from the fundamental commutation relation, equation (40),
that

(52)

Exercise 3. Prove this result using the commutation relation, equation
(40). (We remark that the proof can also be carried out, and trivially,
by the methods of the next section.)

Because a annihilates tPo, the first term gives no contribution and we
thus obtain

.1. - C" t II-I .f. - .-£!L .1.a'l'lI-n a 'I'o-n 'I'll_I,
Co C"_I

whence, finally, again using equation (30),

atP" = \In tPlI-I' (53)

The second method is less direct. Consider equation (42a) for the
(n - I)st state, that is, for E = (n - i) fiw. We have, rearranging terms,

aattPlI_1 = ntPlI-1 .

However, from equation (51),
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aNn-t = vn l/Jn'

and the result follows at once.

Exercise 4. Verify the commutation relation, equation (40), by operating
with the commutator on l/Jn and using equations (51) and (53) to evaluate
the result.

The reader may be tempted, at this stage, to regard the algebraic
operator techniques of the factorization approach as merely a device
for circumventing the inelegant power series method of solution. It
should be recognized, however, that it has also furnished us with a
representation independent solution of the harmonic oscillator problem
which is complete in every way. Not only is it complete, it is, in fact,
generally much more convenient than the explicit configuration space
representation involving, as it does, the unwieldly Hermite polynomials.
The essential feature here is that the state functions are very simple
expressions in terms of a and at, and so are the dynamical variables,
according to equations (34) and (35). Hence expectation values can be
readily computed in the language of these operators. As an example,
we briefly discuss the normalization of the harmonic oscillator eigen
functions.

Consider then, for arbitrary n,

Transferring at" from the second factor to the first, we obtain, by the
definition of the adjoint,

To evaluate this expression, we observe that, according to equation (52),
and because al/Jo = 0,

Similarly, u ing this result, we find

a2at"l/Jo = naat'l-Il/Jo = n(n - I )at'l-2l/Jo.

Repeating this process n times, we then obtain

a"at"l/Jo = n !l/Jo,



. whence
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Thus, if t/Jo is normalized, so will the t/J" be normalized, provided that

Ie 12 = lcol2
" n! '

in agreement with equation (30).
As a second example, consider the expectation value of the kinetic

energy for the nth state. Inverting equations (34) and (35) we have

v'2mwft
p = 2i (a - at) ,

whence

(t/J"I;;It/Jn) = - ft: (t/Jnl (a - at)21t/J,,)

ftw
= -4 (t/Jnl a2 - aat - ata + at21t/Jn)'

Now a2operating on t/J" yields the state t/J"-2' whence that term vanishes
because the states form an orthonormal set. Similarly, at2 operating on
t/J" yields t/J"+2' and again there is no contribution. We thus obtain, re
taining only the contributing terms,

which is one-half the expectation value of the Hamiltonian according
to equation (42c). Thus we find

( t/J" I;~ It/Jn) = ~n = 4(n+ 4) ftw,

in agreement with the classical relation between the mean kinetic energy
and the total energy of an oscillator.

Even if one fails to recognize the particular combination of operators
above as the Hamiltonian, the calculation can easily be worked out
directly using equations (51) and (53). Thus we have

atat/J" = Y;; att/JII-I = nt/J"

and

aatt/J" = v;:+T at/Jn+1 = (n + I)t/J,,,
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whence the result follows at once.7

These examples illustrate the kind of manipulations of the creation
and annihilation operators which must be carried out when quantities
of physical interest are to be calculated. In the next section we develop
a new representation in which the algebra becomes entirely trivial.

5. THE CREATION OPERATOR REPRESENTATION

In the preceding we introduced a transformation from the dynamical
variables p and x to a new set of dynamical variables a and at, satisfying
the commutation relation (40). We now introduce a new representation,
the creation operator representation, in which at is a purely numerical
operator and a is the operator of differentiation in at space.s Of course,
a and at are somewhat peculiar dynamical variables classically, since
each is complex. Although some complications are encountered as a
result, these turn out not to be very serious.

To develop the representation we seek, we first obtain the eigenfunc
tions !/Jat of the creation operator in configuration space. In terms of
the dimensionless variable Y, using equation (36), we seek the solutions of

(54)

where at is a (complex) number. The states !/Ja t are thus states in which
the creation operator has the definite numerical value at. Such states
are nonphysical because at is not a physical observable, but we can
nonetheless use them to construct physical states, as we shall see. In
any case, the solution of equation (54) is easily seen to be

!/Jat(Y) - eU2/2-V2uat.

Note that !/Ja t is a strongly divergent function of Y, so that these states
are clearly unnormalizable. We are, of course, free to multiply this solu
tion by an arbitrary factor, independent of Y, and it turns out to be con
venient to do so. Specifically, we introduce the factor eatz/2 , in which
case the solution to equation (54) is written as

!/Jat(Y) = exp [y 2/2 - V2 yat + at 2/2].

7 It may help the reader to appreciate the remarkable simplicity of the operator methods if
he attempts to work out either of these examples in the configuration pace repre entation
of equation (49), or of equations (30) and (3 I).

8 We are motivated here by the observation that the commutator of a and at is the same as
that of p and x up to the factor hli. That this factor is imaginary has important r::onsequences,
as we shall see. However, our procedure is quite analogous to that followed in treating
momentum and configuration space repre entations.
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With thi choice, the annihilation operator a assumes its simplest form
in at space consistent with the commutation relation (40), namely

(55)

as we shall shortly verify.9
We now want to represent an arbitrary state function ljJ(x) as a super

position of the eigenfunctions of at, just as we earlier represented arbi
trary state functions as superpositions of momentum eigenfunctions or
of energy eigenfunctions (stationary states). Since at is complex, we are
free to specify a convenient path of integration in the complex at-plane
when making this superposition. We choose it to lie along the axis of
imaginaries and thus write

I JiOOljJ(y) = " ~ f(at) exp [y2/2 - V2 yat + at2/2] dat.
I V 27T -;00

(56)

To make the meaning of this expression clear, we introduce a new real
variable a by writing

at = ia,

whence ljJ(y) assumes the more comfortable form

ljJ(y) = .~ foo f(a) exp [y2/2 - iV2 ya - a2/2] da
v 27T -00

or

(57)

(58)

which is simply a Fourier integral representation of ljJ(y) e-y2
/
2 in terms

of f(a) e-a2
/2. This relation can be inverted to give

f(a) e-a2 /2 = _1- Joo ljJ(y) e- y2 /2 eiV2ya dy
V; -00

or, reintroducing at,

I Joof(at) = V; _00 ljJ(y) exp [-y2/2 + V2 yat - at2/2] dy. (59)

These expressions demonstrate the completeness of the eigenfunctions
of at in view of the known propertie of Fourier integral representations.

The pair of functions IjJ (y) and f(a t) provide completely equivalent
descriptions of any state of the harmonic oscillator system, the former,

9 See Problem 10. Chapter V. for a discu sion of the same que tion with respect to the
repre entation of the momenum operator in configuration pace.
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of course, in configuration space and the latter in creation operator space.
According to equation (46) and (59) each i uniquely defined if the other
is given, and each therefore contains precisely the same information.
We can thus speak of f(at) as the creation space representation of a
state function. Note, however, that normalization in configuration pace
doe not lead to normalization, in the usual sen e, in creation pace, a
may be seen from equations (57) and (58) with the aid of the convolution
theorem, equation (111-19), Indeed, a direct meaning cannot even be
assigned to normalization integrals of the standard form in creation
space, This feature, which is a consequence of the unphysical character
of that space, causes no c:fficulty provided that all questions of normaliz
ation are simply referred to configuration space, and that is what we
shall do. IO

We next verify that in creation space the annihilation operator is just
the operator of differentiation, as given by equation (55). To do so, recall
that, according to equation (36),

aljJ(y) = ~(y + Jy)ljJ(y).

Hence, from equation (56), differentiating under the integral sign,

I JiOO

aljJ(y) = '.~ J(at)( V2 y - at) exp [y2/2 - V2 ya + at 2/2] dat
I v 271' -ioo

I Ji OO (d)= '. j- . J(at) d- t exp [y2/2 - V2yat + at2/2] dat.
I v 271' -,00 a

Integrating by parts, we then obtain, because the integrated part vanishes,

I Ji OO

[ d ]aljJ(y) = '. j- . -dtJ(at) exp [y2/2 - V2yat + aF/2] dat.
I v 271' -,00 a

In other words, this states that if J(at) is equivalent in creation space
to ljJ(y) in configuration space, then dj7dat is equivalent to aljJ. In hort,
the creation space representation of aljJ(y) is seen to be dJ(at)/dat. In
the same way, it can be seen that, for an arbitrary function g, the creation
state representation of g(a)ljJ(y) is g(d/dat)J(at). Hence it follows
that, in creation space, the operator a is indeed represented by d/da t ,
as was to be proved,

We are now in a position to trivially construct the harmonic oscillator
eigenfunctions in at space. Recall that, according to equation (47),

10 Normalization integral can be defined by introducing a second set of functions, .pa, the
eigenfunctions of the annihilation operator a, It can be shown that the .pat and .p. form what
is called a bi-orlhogol/al set of function . The mathematical properties of bi-orthogonal
sets are well known. and, in fact, are only a little more complicated than the familiar prop
erties of ordinary orthonormal sets,
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these are expressible in terms of the ground tate l/Jo(Y) by
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l/J,,(Y) = ~: (at) "l/Jo(Y) ,

where the C" are normalizing constants and where l/Jo(Y) is such that

Hence in at space,

I,,(at) = c"at'1o(at) ,
Co

where !,.(at) is the creation space representation of l/J,,(Y) and where,
therefore,fo (at) is such that

aIo(at) = o.
Because a is the operator of differentiation with respect to· at, this tells
us that 10 is a constant, namely Co, and the harmonic oscillator state
function in creation space, corresponding to the energy

E" = (n + i) hw,

is the monomial

(60)

which is incomparably simpler than the Gaussian multiplied by Hermite
polynomials which we found in configuration (or momentum) space.

Using equation (56), we can now write a very useful and elegant rep
resentation of the harmonic oscillator eigenfunctions. Specifically, this
representation is

C Iiool/J,,(Y) =.,~ at" exp [y2/2 - Y2yat + at2/2] dat.
I v 27T -joo

(61)

As a first demonstration of the utility of these results, we again calcu
late the normalization constant C". As an exercise, we also verify that,
as they must be, the l/J" are orthogonal to each other. In the light of our
earlier discussion we must normalize in configuration space, and we con
sider therefore

J l/J",*(Y)l/J,,(Y) dy = C(~:r" J (at"'l/Jo) * at"l/Jo dy.

Recalling that at" operating under the complex conjugation sign on the
first function in such an integral can be replaced by a" operating on the
second function, according to the definition of the adjoint, we then obtain
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Jl/Jm*(Y)l/J,,(Y) dy= C(~:I~"Jl/Jo*amat"l/Jo dy.

Next we express the factor amat"l/Jo(Y) in the integrand in terms of its
creation space representation. Using equation (55) and equation (61)
we have

a1l/at"l/JoCv) =~ JiOO

[(~)mat"] exp [y2/2 - Y2 yat + at2/2] dat
,"\!2; -ioo' dat

which clearly vanishes for m > n. On the other hand, for m < n, we
obtain the same result by carrying out the procedure in the opposite
sense, transferring at, operating on the second function in the integrand,
to a operating on the first. We thus see that the integrand vanishes for
m ~ n and the ~/" are indeed orthogonal. Now finally, for m = n, we have,
performing the differentiations,

n' JiOO

a"at"l/Jo(y) = ., /' Co exp [y2/2 - Y2 yat + at2/2] dat
I v 277" -ioo

and thus,

Hence if the l/J" are to be normalized, we find as before,

Ic 12 = ICol
2
.

" n!

We must still determine Co, but this is easily done. We require normaliza
tion in x-space,

f l/Jo*(x)l/Jo(x) dx = I.

Recalling that x = Yh!mw y, we thus obtain the normalization require
ment in the form

According to equation (48), we had, with n = 0,

so that, upon evaluating the integral, we find at once,

Co = (mw/'m) 1/4

and, finally, in agreement with equation (30),
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= (vimw/fm) 1/2
e,l I .n.
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As a second example of the utility of the integral representation, equation
(61), we now construct the so-called generating function for the Hermite
polynomials h,. (y). From equation (30), we have

hn (y) = 2"/2 e1l2/2 t/JIIC(y) ,
II

whence, from equation (61), we obtain the integral representation

I Ii'"h,.(y) = ~ r-:- (v'2 at)" exp [y2 - v'2 aty + at2/2] dat.
,v27T' -;00

(62)

Multiplying this expression by s"/n! and summing over n, we obtain

'" h,.( ) I '" II'" (v'2 ats)nL -~- t' = .~ ~ L ,exp [y2 - v'2 aty + at2/2] dat.
n=O n. ,v27T'n=0 -/'" n.

Interchanging the order of summation and integration on the right, the
summation is easily carried out, and it then follows that

To evaluate the integral, write at = ia, whence we obtain, after com
pleting the square in the exponent,

~ h,.~) s" = _1- e-S2+2SII J'" exp [--}EO' - iv'2(s - y»)2] dO'
n=O n . "\/h -'"

or, finally, upon evaluating the Gaussian integral,

e-32+2311 = ~ hll (~) s".
n=O n.

(63)

The quantity on the left is called the generating function for the Hermite
polynomials because these polynomials are generated as the coefficients
in an expansion of that function in powers of s, that is,

hll (y) = [d n

n
(e-S2+2SII)]

ds 3=0'

Exercise s. For n = 0, 1,2,3, verify that the hn(y) given in equation
(31) are actually obtained from equation (62); from equation (63); from
equation (49).
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6. MOTION OF A WAVE PACKET IN THE HARMONIC
OSCILLATOR POTENTIAL

We now consider the motion of an arbitrary wave packet in an harmonic
oscillator potential. To obtain the general solution we must evaluate the
propagator of equation (V-62),

K (x', x; 1- (0) = L I/IE* (x')l/Ie(x) e-iE(t-/olfl,
e

in terms of which

I/I(x, t) = J:oo I/I(x', (0)K(x',x; 1- (0) dx'. (64)

For the harmonic oscillator specifically, we must thus find

K(x',x;7") = L 1/1"* (x')I/I"(x) e-i<"+1I2lwT, (65)

"
where for brevity we have introduced the elapsed time 7", given by

7" = 1 - 10 • (66)

Before going on, we note one remarkable feature, peculiar to the har
monic oscillator alone among quantum mechanical systems. Because
the energy states are equally spaced, the motion of a wave packet is
periodic. The period is seen to be twice the classical period for 1/1, and
exactly the classical period for 11/11 2. Thus, no matter the initial conditions,
wave packets do not spread indefinitely, but alternately spread and shrink.
We shall exhibit this behavior in an example shortly.

The expression, equation (65), for the propagator is not too difficult
to evaluate in closed form using the creation state representation.
Working in y-space, we have from equation (61)

K (y' , y; 7") =~ e(II'+J/"-iwTl/2

f
i OO I-ioo (atat')" e-i"wT

x ~ -100 dat 100 da t' ~':"""";'-n"'----!'-----

X exp [-v'2(yat + y'at') + (at2+ at'2)/2].

Recognizing that

(atat')" e-i"wT = [atat' e- IWT]"

and performing the summation over n, we then obtain

K(y', y; 7") = Vmw/h7T e(II'+II"-lwTl/2 fioo dat 1-;00 dat'
27T -~ ~

x exp [-v'2 (yat + y'at') + (aP + at'2)/2 + atat' e- IWT].

(67)
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Replacing at by a new variable ia, and replacing at' by -i{3, the integrals
are seen to be of the standard Gaussian type. After the usual manipula
tions (see Appendix I) we eventually find, re-expressing y and y' in terms
of x and x',

K(x',x;r) = v'mw/(1Th 2i sin wr) exp [i~w (x2+ X'2) cos wr - 2xx'J
2 sin wr '

(68)

(69)

which is the desired closed-form resultY
In this expression, the multiplicative factor (2i sin wr)-1/2 is to be

interpreted as

(2i sin wr) -1/2 = e-iWT/2 (I - e-2iwT )-1/2,

so that K is seen to exhibit the predicted periodicity. Specifically, we
observe that, as was already obvious from equation (65),

(
2m1T)K x',x;r+--;- = (-1)mK(x',x;r).

Additionally, it also follows from equation (65) that

(2m + 1)1T) .K(x',x;r+ w = (-I)2m+IK(x',-x;r). (70)

That this last follows equally from equation (65) may be seen directly.
We have

K(x', x; r + (2m + 1)1T/W)

= 2:,l/Jn*(x')l/Jn(X) exp [-i(n+t)[wr+ (2m+ 1)1T]]
n

= (_i)2m+1 2:, l/Jn *(x')l/Jn(x) (_1)n e-iln+I/2)wT.
n

Recalling that l/J" (x) is even for even n and odd for odd n, and hence that

l/Jn(-x) = (-I)"l/J,,(x),

we thus can write

K (x' ,x; r + (2m + I )1T/W) = (_i)2m+1 2:, l/Jn *(x') l/Jn (-x) e-i(,,+1/2)WT
n

= (-i)2m+1 K (x', -x; r),

II Observing that, in the limit w -> 0, the harmonic oscillator becomes a free particle, we
can check our algebra by examining the form assumed by the propagator in that limit. We
obtain at once

K(X',X;T)=J m.. exp[im(x-x')2/2hT],
271"1"T

in precise agreement with equation (IV-I3).
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(71)

in agreement with equation (70).
The meaning of equations (69) and (70) can be understood as follows.

Using equation (64), we see that equation (69) gives

l/J(x, to + 2nm/w) = (-I ) Inl/J (x, to),

while equation (70) gives

l/J(x, to + (2m + l)7T/W) = (_I)2m+1l/J(_x, to). (72)

Suppose now that l/J(x, to) describes a particle centered at Xo and moving
with mean momentum Po. An example of such a wave packet is the
expression

l/J(x, to) = eiPoxtft f(x - xo) ,

where f is real and attains its maximum when its argument is zero. After
a time interval 7T/W, equal to one-half of the classical period, equation
(72) tells us that

l/J(X,tO +7T/W) =-i e-iPox/ft f(-x-xo),

so that the wave packet is centered at x = _·xo, is unaltered in shape
and is moving with mean momentum -Po' After one period, 21T/W,
equation (71) shows that

l/J(x, to + 27T/W) = _eiPoxtft f(x - xo),

so that the wave packet has returned to its original position, unaltered in
shape, and with its original mean momentum Po. Thus the motion pro
ceeds indefinitely, and in this respect the wave packet moves exactly
as would a classical particle. 12

As a particular example, we consider a Gaussian wave packet initially
centered at the origin and with initial mean momentum Po,

Substituting this expression into equation (64), and evaluating the usual
Gaussian integrals, we eventually find

!l/J(x,t)12=,jl -exp[-[x- (po/mw) sin WT]2/V(T») , (73)
v7TL(T)

where T = t - to, and

L(T) = \Iv cos2 WT + (h/mwLF sin2
(J.IT. (74)

12 These conclusions do no! depend on the particular form chosen for l/J(x, to); they apply
to an arbitrary wave packet.
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In agreement with our prediction, the particle is seen to oscillate pre
cisely as would a classical particle which starts from the origin with
initial momentum Po. The width of the wave packet L(T) also oscillates,
with twice the classical frequency, w, between its two extreme values
L, at the origin, and himwL, at the classical turning point. Note that if
the initial width L is larger than Yhlmw, the wave packet actually
diminishes in size as it moves away from its initial position. No violation
of the uncertainty principle is involved, of course, since the width of the
wave packet in momentum space always changes in such a way as to
exactly compensate for the change in width of the wave packet in con
figuration space. The wave packet in this example is always Gaussian
and therefore always a minimum uncertainty wave packet.

Even more remarkable, perhaps, is the fact that if the initial Gaussian
packet is such that

L= Yhlmw

then, according to equation (74),

L(T) = L = Yhlmw

and is constant. In other words, the shape of such a wave packet is
independent of time! Note that with this choice of L, the shape of the
wave packet is exactly that of the ground state eigenfunction. In effect
then, if a particle in the ground state of an harmonic oscillator could be
given some initial momentum Po, it would oscillate indefinitely with the
classical frequency and amplitude, and the shape of its state function
would be unaltered with time.

Exercise 6.
(a) Obtain equation (68) from equation (67).
(b) Derive equation (73).

7. CONTINUUM STATES OF A SQUARE WELL POTENTIAL

So far we have considered only bound states, first in a square well, and
then in the harmonic oscillator. In the harmonic oscillator, bound states
constitute the entire spectrum. However, for the square well potential,
there also exist a continuous set of states of positive energy, which we
now examine.

Using the same notation as in Section 3, and referring to Figure 2, we
seek solutions of
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where

E > 0, (75)

V(x)={-Vo,o ,
-a < x < a

Ixl >a.

(76)

The square well potential has bound states only for Vo > 0 (attractive
potentials), but of course continuum states exist for Vo < 0 (repulsive
potentials) as well, and we shall consider both cases.

There is no difficulty in constructing the solutions we seek, only a
difficulty in interpreting them once we have them. The nature of this
difficulty is the following. For Ixl > a, that is, in regions I and III of
Figure 2, equation (75) takes the form

d 2
ljJE+ 2mE ljJ = 0

dx2 h 2 E ,

and hence the solutions are oscillatory. They can be expressed as linear
combinations of the de Broglie waves exp [±i Y2mE x/h]. These solu
tions thus extend to infinity and are not normalizable. Accordingly, the
stationary states are not physically admissible. To obtain a true physical
state one must construct a wave packet as a superposition of such states.
As an example, let us consider a wave packet centered at some large
negative value of x and traveling toward the potential with mean momen
tum p = Y2mE. Such a wave'packet will travel very nearly as a free
particle wave packet until it reaches the region of the potential. As a
result of its interaction with the potential, some fraction of the wave
packet will be transmitted through the potential well and some fraction
will be reflected. In other words, a particle incident upon the potential
will sometimes be transmitted and somtimes reflected. 13 Note that in
region III, x < -a, there appears in the course of time a wave packet
traveling to the left, in addition to the incident wave packet traveling
to the right. On the other hand, in region I, x > a, only a wave packet
traveling to the right is encountered.

Now suppose we let the initial wave packet become broader and
broader. As it does so, its width in momentum space, and therefore also
its energy spread, becomes narrower and narrower. Indeed, by making
the wave packet broad enough, the energy spread can be made infinitesi
mal. Further, the time required for the incident wave packet to complete
its interaction with the potential becomes longer and longer. Hence, in
the limit of an enormously broad wave packet, the description reduces to

13 See Section 10, particularly Figures 8-13, for a description of the numerical solution to
the problem of a wave packet incident upon a square well potential.
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that of a stationary state in which incident, reflected and transmitted
waves coexist in time. Specifically, in the example under discussion, we
have

(77)

(78)

Region III, x < a:

Region I, x> a: IjJE = C eiV2mEXlft,

where A, Band C are the amplitudes of the incident, reflected and trans
mitted waves respectively. Writing

R = IB/AI2

T=!C/AI2,
the reflection coefficient R is the probability an incident particle will be
reflected, and the transmission coefficient T is the probability that it
will be transmitted. 14

The calculation of the stationary state wave function, a tedious calcula
tion indeed, now proceeds as follows. In region II, -a <,x < a, which
is the region in which the potential differs from zero, Schrodinger's
equation (75) becomes

d 2ljJE 2m (
dx2 + h2 E + Vo) IjJE = 0,

and the general solution in this region is thus

IjJE = b l exp [iY2m(E + Vo) x/h] + b2 exp [-iY2m(E + Vo) x/h]. (79)

Just as in the bound state problem, IjJE and its slope must be continuous
at x = a and at x = -a. Hence for x = a we obtain

C e ika = b l eiKa + b2 e- iKa

(80)

and, for x = -a,

ik(A e- ika - B eika ) = iK(b l e- iKa - b2 e+ iKa ),

where we have introduced the two wave numbers

(81 )

k= Y2mE
h

K= Y2m(E+ Vo)·
h

(82)

14 An ensemble of incident wave packets is equivalent to a beam of incident particles,
Accordingly, the following language is commonly used to describe the state characterized
by equation (77): A beam of relative intensity or flux IA 1

2 is incident upon the potential.
The reflected beam has intensity 181 2 = RIA 12 and the transmitted beam intensity lel 2

= TIAI2,
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From equation (80), we can express b l and b 2 in terms of C,

b =.! (I +!) Cei<k-Kla
12K

b2 = ~ ( 1 - ;) C ei<k+Kla.

Equation (81) then becomes

A e-ika + B e ik'a = [ ~ ( 1+ ;) e i(k-2Kla + ~ ( 1- ;) e i (k+2Kla ] C

k(A e- ika - B e ika = K [~( 1 + ;) ei<k-2Kla - ~( 1- ;) e i(k+2Kla] C.

Introducing the amplitude transmission coefficient T = CIA, we then ob
tain, after some elementary algebra,

C 2e- ika
T=-=

A (I +~+~) i<k-2Kla+ (I_~_ K) i<k+2Kla
2K 2k e 2K 2k e

cos 2Ka - ~ (; + ~) sin 2Ka

or, finally,

T= cos (2\lzm(£+ Vo) a/h) _i(~+~) sin (2V2m(£+ Vo) a/h)
2 £ + Vo £

(83)

Introducing also the amplitude reflection coefficient p = B/A, we' obtain,
after some more algebra,

i e-2iV2m,· 0/11 ( 1£ + Vo _ I £ ) sin (2V2m (£ + V ) a/h
2 Y £ Y£+~ 0

p = . ( I £ 1£ + V ) .
cos (2V2m(£ + Vo) a/h) - i Y £ + V

o
+Y~ sin (2V2m(£ + Vo) a/h)

(84)

Consider first the case of attractive potentials, Vo > O. In that instance,
we obtain

R = I 12 = [Vo2/4E(E + Vo)] sin2 (2Y2m(E + Vo) a/h) (85)
p 1+ [Vo2/4E(E + Vo)] sin2 (2Y2m(E + Vo) a/h)

and
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where we have used the fact that
2 V 2

CVE/(E+Vo)+v'(E+Vo)/E) =4+ E(E~Vo)

to simplify these expressions for the reflection and transmission co
efficient. Observe that, as it must according to our interpretation,

R+T=I. (87)

Also observe that transmission resonances occur, in which T = 1 and
R = 0, whenever

2v'2m(E + Vo) a/h = n7T.

Now the momentum of the particle in the interior of the potential is given
by

Hence, these resonances occur when the width 2a of the potential is a
half-integral number times the de Broglie wave length hlp in the interior
of the potential, just as we claimed intuitively in our discussion in Chap
ter I.

From equations (85) and (86), it can be seen that when E is sufficiently
large compared to Vo, the reflection coefficient approaches zero and the
transmission coefficient unity, this being the expected result in the
classical limit. Actually, the approach to this limit is surprisingly slow.
Even if E is as large as Vo in magnitude, the probability that an incident
particle will be reflected can exceed 10 per cent. It must be mentioned,
however, that for more realistic potentials than a square well, with its
unphysical discontinuities, the approach to the classical result is much
more rapid.

E-------------

v=o
x = -a x=a

v=o

FIGURE 7. The tunnel effect or penetration through a barrier.

We next turn to the more interesting case of repulsive potentials,
Vo < O. As long as E + Vo > 0, the results are as given above and
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equations (85) and (86) are both applicable as they stand. Suppose,
however, that E + Vo < o. Write Vo = - V, so that V represents the
height of the potential barrier. The case under consideration is thus that
for which E < V, as illustrated in Figure 7. From equations (83) and
(84), we then find

R = Ipl2 = [V2/4EW - E)] sinh2(2V2m(V: E) a/h) (88)
1+ [V2/4E(V-E)] sinh2 (2V2m(V-E) a/h)

and

1
T = 1'T12 = (89)

1+ [V2/4E(V-E)] sinh2 (2V2m(V-E) a/h)'

and, of course, equation (87) is still satisfied, as it must be. Here we have
an explicit example of the tunnel effect, which was also discussed in
Chapter I. There is a finite probability that a particle will be transmitted
through a classically forbidden region, that is, one in which its kinetic
energy is negative. Note that if the barrier is wide enough, or the kinetic
energy is negative enough, that

2V2m(V - E) a/h ~ 1.

Then, to good approximation,

sinh (2V2m (V - E) a/Ii) = ~ exp [2V2m (V - E) a/n] .

In that case the transmission coefficient is the exponentially small
quantity

16EW - E)
T = V2 exp [-4V2m(V - E) a/n] , (90)

so that the deviation from the classical result is negligible. Otherwise
stated, only if the potential barrier is very thin, and the potential energy
barely negative, will there be significant tunneling through a barrier.

One final remark must be added. We have derived a solution of Schro
dinger's equation which corresponds to a particle incident on the potential
well from the left. We could equally well have chosen to describe a
particle incident from the right, of course. This freedom is simply a
reflection of the existence of two linearly independent solutions to the
second-order Schrodinger's equation, in agreement with our earlier
prediction of the twofold degeneracy of continuum states of the type we
have just been discussing.

8. CONTINUUM STATES IN GENERAL; THE PROBABILITY FLUX

The most important potentials on the microscopic level describe the
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interaction between particles and thus have the property that

VeX) ~ 0, Ixi ~ 00.

It is accordingly of interest to discuss the continuum states of such
potentials. For simplicity, we restrict our attention to the case in which
Vex) vanishes more rapidly than [I as Ixl tends to infinity.15 Under
these circumstances, it is not hard to see that, for sufficiently large lxi,
the state function is expressible as a linear combination of the de Broglie
waves exp[±iV2mE x/Ii], just as for the square well case. Indeed, our
interpretation of the solutions can be taken over unaltered, and we write
at once

x ~ -00, t/JE (x) = A (eiv2ii!E xl" + p e-iv2mE XI") , (91)

and

(92)

where we have explicitly introduced the amplitude reflection and trans
mission coefficients p and 7. Of course, the precise form of p and 7

depends on the detailed nature of the potential, but in any case, R = Ipl2
is the probability that a particle incident from infinity will be reflected,
and T = 171 2 is the probability that it will be transmitted. As before, we
must demand that equation (87), R + T = I, be satisfied, no matter what
the detailed form of the potential, if our interpretation is to be correct.
We now verify that this is indeed the case. To do so we must temporarily
revert to the wave packet description, of which the stationary state solu
tions are the limiting case. Denote the state function'by t/J(x, t), as usual,
and consider the probability that the particle is to be found at some instant
t in the fixed but arbitrary region of space between x = XI and x = x2,
where for definiteness we take Xl < x 2 • This probability is

J
X'

P(XI ,X2; t) = t/J*(x,t)t/J(x,t) dx
x,

(93)

and, as we have indicated, it is a function of time. Specifically, as the wave
packet sweeps across the region of space under examination, we expect
P(x], x 2 ; t) to increase from an initially negligible value to something
close to unity and then to decrease practically to zero again. In any case,
we have

ap(xt>x2; t) =fx, (at/J* t/J+t/J* at/J) dx
at x, at at

or, since t/J is a solution of Schrodinger's equation,

15 The case in which V (x) falls off exactly as l/x is of great importance, but requires special
treatment which is, at present, beyond our capabilities.
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we see that
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nZ aZl/J n al/J-- --. + V(x)l/J=--;--
2m ax z l at'

in IX2 a ( al/J al/J*)=- - l/J*--l/J- dx.
2m XI ax ax ax

The right side is thus a perfect differential and we obtain finally

ap(xl,xz; t) _.( ) .( )
at - J XI' t - J Xz, t ,

where

(94)

(95)j(x, t) =~(l/J* al/J_l/J al/J*).
2ml ax ax

The interpretation of the result is the following. The change per unit time
of the probability of finding the particle in the interval between XI and
Xz, ap/at, is the difference between the probability per unit time that
the particle entered at xl,j(xl,t) and that it emerged at xz,j(xz,t).
Thus j (x, t) has the significance of a probability flux or current, directed
toward positive x ,16

Equation (94) is simply a general statement of probability conservation,
applied to a finite domain rather than to all of space. The particular
application we have in mind is to the stationary state limit of a wave
packet. In that limit, we have

l/J (x, t) = l/J E (x, t) = l/J E (x) e-iEl/f"

and hence it follows from its definition, equation (93), that P(xt.xz;t)

16 It may be helpful to compare this result and its interpretation to that expressing conserva
tion of charge. Suppose Q(xI,x,; I) represents the net charge between the points XI and
x, on a long wire, and suppose that / (x, I) is the electric current flowing in the wire at a
given point x, the positive direction of flow being toward positive x. Then in a time interval
8 I, the net charge flowing into the wire at XI is / (x" I) 8 I, and that flowing out at x, is
/(X"I) 81. Hence the net increase in charge, 8Q, is [J(X"I) -/(X"I)] 81, or

aQ(x"x,; t)
al =/(XI,I)-/(X"t),

which has the same form as equation (94) and thus supports our interpretation of j as a
(probability) current.
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is independent of time. The left side of equation (94) therefore vanishes,
and we conclude that, for arbitrary XI and X2, j (x I) = j (X2) , which means
that j(x) is a constant, say Jo. For Ixl ~ 00, I/JE(X) is given by (91) or
(92) and it is easily verified that

x ~ -oo,Jo = IAI2v(l-lpI2) = IAI2v (l- R)

x~+oo,Jo= IA12V 17 1
2= IAI2V T

where v = Y2rnE/h is the classical velocity of the particle. Since these
must be equal, we thus see that R + T = 1, as required.

The form ofJo in each region is not unexpected, as the following argu
ment shows. Consider first the region x ~ 00, where I/JE is given by equa
tion (92). We have

p(x) = I/JE*I/JE = IA 121712= IA 1
2T,

where p(x) is the probability density. Thus the probability flux j is
simply pv, just as in hydrodynamics. Similarly for x ~ -00, the net
probability flux is the difference between the flux to the right IA 1

2v and
the independent flux to the left IA 1

2vR. Note that the interference terms
between incident and reflected waves have completely cancelled out,
as they must (why?).

9. PASSAGE OF A WAVE PACKET THROUGH A POTENTIAL

We have considered nonphysical stationary state solutions as the limit
ing case of very broad wave packets. Our arguments concerning this
limiting process were crucial to our interpretation of the solutions, but
they are essentially irrelevant as far as the mathematical properties of
these solutions are concerned. Quite independently of this interpretation,
we are at liberty to view the stationary states simply as idealized states
from which physical states can be constructed by superposition. We
now show how to do this. Since the I/JE form a complete set, we can
express an arbitrary solution of the time dependent Schrodinger's equa
tion in the form

I/J(x, t) = f I/JE(X) e-iEl/fl feE) dE, (96)

where the integral extends over the continuum states and must also be
regarded as including the discrete states, if any. Now suppose we want
to construct a wave packet which at time t = 0 is centered at large nega
tive x, say at x = -Xo, and is moving to the right with mean momentum,
Po = V2rnEo. For x large and negative, I/JE is given by (91). Hence,
absorbing the arbitrary amplitude A into f(E), we have, as x ~ -00,

I/J(x, t) = f f(E)[e iV2rilE'X/f! + peE) e-iv2niEX/f!] e-iEl/fl dE. (97)
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If we thus choose f(E) to have the form

f(E) = g(E - Eo) e i v'2mE xu,ft, (98)

where g is peaked about E = Eo, we will have constructed such a wave
packet, as is readily seen upon recognizing that these expressions are
equivalent to the by now familiar momentum space representations of
a wave packet. The first term in equation (97) yields the initial wave
packet, starting at x = - Xo and moving to the right. The second term
is initially negligible, but eventually, after sufficient time has elapsed
for the packet to reach the potential and be reflected back, that is, after
a time of the order of (xo + Xl) m/po, it will begin to build up into the
reflected wave packet at X = Xl. This can be directly verified, but in any
case it is guaranteed by the correspondence principle. In a moment we
show how this actually works out for the transmitted wave packet. First
note, however, that neglecting the second term of equation (97), we have
explicitly

l/J(x,O) = f f(E) e iv2n1EX'ft dE,

or

l/J(x,O) = f g(E - Eo) e iv'2mE(x+xo),ft dE

= h(x + xo) eiVo(x+xo),ft,

where h (x + xo) is the envelope of the initial wave packet, centered about
x = -xo. This can be simplified as follows. Since g(E - Eo) is peaked
about E = Eo, introduce a new variable 'Yj by writing

E= Eo+ 'Yj.

We then have, expanding in a Taylor series,

Y2mE = Y2m(Eo+ 'Yj) = Y2mEo+ i Y (2m/Eo) 'Yj + ...

m
= Po+-'Yj+··· .

Po

Hence, neglecting higher-order terms,

h(x+xo) = f g(r}) exp[i(m/po)'Yj (x + xo)/h] d'Yj. (99)

To obtain the transmitted packet as x - +00, we have, using equa
tion (92),

l/J(x, t) = f f(E)7(E) exp [i V2mE x/h - iEt/h] dE

= exp[i[po(x+xo) -Eot]/h] f g('Yj)7(Eo+'Yj)

x exp [i[m/po (x + xo) - t] 'Yj/h] d'Yj.
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Recalling that /712 = T, we write

r(Eo+ 1)) = VT(Eo+ 1)) e i8<Eo+T/),

and we now assume that T(E) is a rather slowly varying function of E,
but that 8(E) need not be. In other words, we make the plausible assump
tion that the magnitude of the transmission coefficient does not change
much when E is changed a little, but that its phase may change signifi
cantly. With this assumption,

r(Eo+ 1)) = VT(Eo) exp [i8(Eo) + i1) d8/dEo] = r(Eo) eiT/ a5fdE

and

ljJ(x, t) = r(Eo) exp [i[po(x + xo) - Eot]/Ii]J g(n)

x exp [i[m/po(x + xo) - t + Iid8/dEoh/li] d1).

Comparison with equation (91) then shows that, for x ~ +00,

ljJ(x, t) = r(Eo) h [ x + Xo - ~o (t - Ii d8/dEo) ]

x exp [i[po(x + xo) - Eot]/Ii]. (100)

Thus, to this approximation, the transmitted packet appears undistorted
but reduced in amplitude by the transmission coefficient r(Eo). The
packet appears at the position x at a time t given by

m d8
t = - (x + xo) + Ii dE .

Po 0

The first term is recognized as the time for a free particle with momentum
Po to travel from - Xo to x. The second term is the increment of time
introduced by the forces which act on the particle during its passage
through the potential. Calling this increment ~ t, we thus have

d8
~t = Ii-·

dE
(101)

Perhaps it should be emphasized that these last results are only
approximate in nature. Specifically, two rather different assumptions
were made in deriving equations (100) and (101). The first was that in
the various Taylor series expansions about Eo the quadratic (and higher)
terms in 1) could be neglected. These terms lead to a spreading of the
wave packet, in just about the same way as for a free-particle wave
packet. Reference to the discussion of Chapter IV shows that this
spreading is negligible if the wave packet is sufficiently broad. The
second assumption was that the magnitude of the transmission coeffi
cient r does not change significantly over the energy width of the wave
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packet. The neglected terms in this case lead to a distortion of the wave
packet, and again this is negligible for sufficiently broad wave packets.
Even if some spreading and distortion occur, however, the qualitative
features of the results are not strikingly affected. A transmitted wave
packet ultimately does appear and its time delay is expressed through
the dependence of I:) on energy. These features comprise the essential
contents of equations (100) and (10 I).

-.
10. NUMERICAL SOLUTION OF SCHRODINGER'S EQUATION

Our remarks thus far have been exclusively directed to the solutions of
Schrodinger's equation by analytic methods. However, the availability
of modern high-speed computers has made it a relatively simple and
routine matter to obtain such solutions numerically. In particular, the
ordinary differential equations which define the stationary states are read
ily integrated numerically, in a matter of seconds or fractions of a second,
for both bound states and continuum states, and for quite complicated
potential energy functions. On the other hand, the partial differential
time dependent Schrodinger's equation is a great deal more compli
cated, and its solution, while feasible, is a significant task for even the
fastest and largest computers. As a result, the time dependent problem
of the motion of wave packets has not yet been very extensively studied
by numerical methods and our knowledge of the details of their behavior
is largely semi-quantitative. Tl:te discussion in the last section is rather
typical in this respect.

This situation has recently been improved to a considerable degree
by the construction of exact numerical solutions for a Gaussian wave
packet incident upon a square well potential. 17 The results are shown
for a number of different circumstances in Figures 8 through 13. 18 ] n
Figures 8, 9 and 10, a wave packet is incident upon an attractive poten
tial of fixed width and depth, and its behavior is studied as the mean
energy of the wave packet state is varied. The figures are largely self
explanatory, consisting of a sequence of "snapshots" which show the
packet approaching the well and then .interacting with it to generate re
flected and transmitted packets. In Figure 8 the mean energy of the

J7 A. Goldberg, H. M. Schey, and J. 'L. Schwartz, "Computer-Generated Motion Pictures
of One-Dimensional Quantum Mechanical Transmission and Reflection Phenomena,"
American Journal of Physics, 35, 177 (1967).

I" Note that in these figures the envelope of the wave packets is displayed on an arbitrary
ordinate scale of probability density, while the potential well is displayed on an independ
ently arbitrary energy scale. The height of the packet relative to the magnitude of the
potential has 'no significance whatsoever. Thus the well could have been drawn one-tenth
as large or ten times as large, without affecting in any way the depicted behavior of the
wave packet.
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packet state is one-half the depth of the attractive potential, in Figure 9
the mean energy is equal to the well depth and in Figure IO it is twice
the well depth. In agreement with expectations, the reflected packet
decreases rapidly in magnitude with increasing energy, and at the highest
energy the classical limit of no discernible reflection is seen to be achieved.
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FIGURE 8. Gaussian wave-packet scattering from a square well. The average
energy is one-half the well depth. Numbers denote the time of each configuration
in arbitrary units.
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Figure 11, 12 and 13 show the behavior of packets for this same set of
energies, but incident upon a repulsive potential, or barrier. Here one goes
from practically total reflection at low energies to practically total trans
mission at high, both in agreement with the classical behavior. The inter
mediate energy case, in which both reflected and transmitted packets are
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FIGURE 9. Gaussian wave-packet scattering from a square well. The average
energy is equal to the well depth. Numbers denote the time of each configuration
in arbitrary units.
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formed, is particularly interesting, especialIy in view of the rather unex
pected trapping of a portion of the wave packets within the potential, as
shown in Figure 12(b).

These exact results demonstrate very clearly and explicitly our earlier
assertions about the qualitative behavior of wave packets. The gradual
formation of the reflected and transmitted packets is clearly visible, as
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FIGURE 10. Gaussian wave-packet scattering from a square well. The average
energy is twice the well depth. Numbers denote the time of each configuration
in arbitrary units.
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is the gradual spreading of the wave packet with the passage of time. As
expected, this spreading is noticeably less for higher than for lower
energy packets (why?). Note, however, that the wave packets suffer
negligible distortion, at least visually. This is rather remarkable, consider
ing the highly complicated and easily visible structure which develops
during the actual period of interaction between the packet and the poten-
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FIGURE II. Gaussian wave-packet scattering from a square barrier. The
average energy is one-half the barrier height. Numbers denote the time of each
configuration in arbitrary units.
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tiaI. The time increment associated with the passage of the packet through
the potential, although certainly present, unfortunately is too small to be
apparent on the time scale in the figures.

We conclude with some brief remarks on the methods commonly used
to numerically integrate differential equations, such as Schrodinger's.19
Consider first the matter of stationary states. Here we seek to solve the
time independent Schrodinger's equation, which we write in the form

l/J+f(x)l/J=O (102)

where each dot over a symbol denotes differentiation with respect to x
and where

2m
f(x) ={;2 (E- V). (103)

We assume f(x) to be an exactly known function.
By a numerical solution to equation (102) we mean the set of values,

to some assigned level of accuracy, of both l/J and tb at a discrete set of
points, X n , called mesh points. 20 We shall take these points to be equi
distant from each other, and of spacing E, whence we write

Xn = nE, n = 0, ±I, ±2, .... (104)

Since we are seeking the solution of a second-order differential equation,
two integration constants must be fixed to uniquely specify the solution;
we shall take these to be the values of l/J and tb at some given point, which,
for convenience, we choose to be the origin. Our problem may now be
stated as follows: Given l/J(O) and tb(O), how do we construct l/J(x n )

and tb(x n ) over whatever domain of mesh points may be of interesp21
We now answer this question by constructing a pair of simple difference
equations for these quantities.

Consider first

19 See Reference [7], Chapter 13, and Reference [9], Chapter 10, for a general discussion.
For the application to Schrodinger's equation for bound states, see R. S. Caswell, "Im
proved Fortran Program for Single Particle Energy Levels and Wavefunctions in Nuclear
Structure Calculations," National Bureau of Standards Technical Note 410, Superin
tendent of Documents, U. S. Government Printing Office (1966). For continuum states,
see M. A. Melkanoff, J. S. Nodvik, D. Cantor and D. S. Saxon, A Fortran Program for
Elastic Scattering Analyses with the Nuclear Optical Model, University of California
Press (1961), especially pp. 24-29, and M. A. Melkanoff, T. Sawada arid J. Raynal,
"Nuclear Optical Model Calculations," in Methods of Computational Physics, Vol. 6,
Academic Press (1966). This latter gives a particularly complete and up-to-date account.

20 Only 1/1 and ~ need be considered because all higher derivatives are at once expressible
in terms of these two using equation (102).

2\ If the normalization of the state function is taken to be arbitrary, only the ratio of 1/1(0)
to ~(O) need be specified in actuality.
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ljJ(X n+1 ) = ljJ(X n + t:)

and expand the right side in a Taylor series. We obtain

o
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FIGURE .\ 2(a). Gaussian wave packet scattering from a square barrier. The
average energy is equal to the barrier height. Numbers denote the time of each
configuration in arbitrary units. Note the resonance effect in which a part of the
probability distribution remains for a long time in the region of the potential.
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FIGURE 12(b). Details of the decay of the resonant slate seen in Figure 12(a).

whence, using equation (102),

. e2 •

ljJ(X n+l) = ljJ(x n ) + eljJ(x n ) - 2 !(XIl)ljJ(X Il ) + O(e3
). (105)

This equation permits us to calculate ljJ (x 11+1), provided ljJ (x II) and
~(xn) are known. We now need a similar equation for ~(x11+1)' This is
easily obtained from the identity

~(XII+I) = ~(XII) + fXII
+

E
~(x) dx

XII

= ~(XII) - JXII+E !(x)ljJ(x) dx,
XII

whence
. .

ljJ(x ll+ l ) = ljJ(x ll ) - e!(x ll )ljJ(x ll ) + O(e 2
). (106)

This completes the formalism because, given ljJ (0) and ljJ(O) , we use (105)
and (106) to. compute ljJ (e) and ljJ (e). The result permits us to calculate
ljJ(2e) and ljJ(2e) , and so we march through the set of .mesh points.
Evidently the minimum error in ljJ is of order e3 and in ljJ of order e2

•

This scheme is simple enough to make the basic idea clear, but much
too crude to be useful. The scheme commonly used, called the Runge
Kutta method, effectively uses Simpson's rule for the numerical integra
tions leading to equations (105) and (106),22 The resulting expressions

22 Equation (105) is equivalent to a trapezoidal rule of integration.
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FIGURE 13. Gaussian wave-packet scattering from a square barrier. The
average energy is twice the barrier height. Numbers denote the time of each
configuration in arbitrary units.

are too complicated to write out, but they are very well-suited to machine
calculation and they permit use of much larger values of the mesh size
E than do the simple expressions given above.

The actual construction of a numerical solution proceeds quite differ
ently for the bound state and continuum state problems, and we now
take up these two cases in order.
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Bound States.23 Here the unknown discrete energy eigenvalues must
be determined, and this is usually done in the following way. Suppose the
true energy eigenvalues in increasing order are En' n = 0, 1,2, .... The
mathematical solution to Schrodinger's equation then has the property
that if E < Eo, t/J has no nodes, if Eo < E < E" t/J has one node,and so on.
The eigenvalues are thus marked by the appearance (or disappearance)
of a node at infinite values of x , and this in turn is signaled by a change
in sign of the sense in which t/J diverges as E passes across an eigenvalue.
Thus one simply guesses a value of E and numerically integrates out from
the origin until this solution begins to diverge. An increase in E in
creases the curvature of t/J and tends to increase the number of nodes, and
conversely for a decrease in E. By appropriate adjustments in the
assumed values of the energy, the eigenvalues can thus be readily
bracketed. This behavior is illustrated in Figure 14 for the ground state
of a symmetrical potential. In the figure, the 'numerical solutions are
schematically shown for several assumed values of E. It.is clear from
the figure that the true ground state energy lies between E b and Ec , and
is already quite closely bracketed by these two values.

FIGURE 14. Schematic behavior of the solution of Schrodinger's equation for
several trial values of E in the neighborhood of the ground state energy Eo. The
behavior of these solutions shows that E b < Eo < Ec.

Continuum States.2
•
4 Here solutions are desired for some given value

of E in the continuum. These are obtained very simply by integrating
outward from the origin and joining the numerical solution smoothly to
the known pure de Broglie wave asymptotic state functions of equations

2:' Caswell, op. cit.

24 Melkanoff, et al., op. cit.
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(91) and (92). The analysis is complicated considerably by the fact that
the state function is complex and not real.

Finally, we remark on the numerical solution of the time-dependent
equation. 25 Here one must introduce a mesh in the time coordinate as
well as the space coordinate. The numerical problem is then the follow
ing. Given t/J at every spatial mesh point at some time tIl' calculate 1/J
at every spatial mesh point t ,,+1> starting, of course, from the initial value
of t/J at t = 0, say. Note that here we must specify a complete function
to define a solution in contrast to the time-independent case where only
the two numbers t/J(O) and tb(O) were required. The problem is further
complicated by the fact that special care must be taken to avoid numerical
instabilities26 and to ensure probability conservation. The resulting
equations, which turn out to be second-order difference equations in the
spatial coordinate and first-order in the time, are lengthy and complex,
and we shall not bother to write them out.

Problem 1. Obtain the energy spectrum and eigenstates of a particle in
a box from those for a particle in a square well potential of depth Vo by
passing to the limit in which Vo~ 00. Verify that your results are the
same as those obtained directly in Chapter IV. Hint: Measure all energies
from the bottom of the well, before going to the limit.

Problem 2. If t/J" is the nth harmonic oscillator eigenstate, evaluate:
(a) (t/J"latslt/J,,), (t/J"laslt/J,,)
(b) (t/J"lxlt/J,,), (t/J"lx 2 1t/J,,), (t/J"lx 4 1t/J,,)
(c) (t/J"lplt/J,,), (t/J"lp 2 1t/J,,), (t/J"lp 4 1t/J,,)
(d) (t/Jmlatslt/J,,), (t/Jmlaslt/J,,)
(e) (t/Jmlxlt/J,,), (t/Jmlx21t/J,,)
(f) (t/JmIPIt/J,,), (t/Jmlp 2 1t/J,,)·

Hints: (I) Work in the creation space representation and use the known
ortho-normality of the harmonic oscillator states. (2) Express x in terms
of a and at, and similarly for p. Remarks: This problem is not hard if
you know and understand what you are doing. By brute force methods,
it's a mess!

Problem 3. A simple harmonic oscillator of frequency Wo is in its ground
state. The force constant is suddenly diminished at t = 0 to such a value
that the oscillator frequency becomes (I) w = wo/2; (2) w = wo/lO. For
both cases:

25 Goldberg, Schey and Schwartz, op. cit.

26 A numerical scheme is called unstable if truncation and round-off errors accumulate in
such a way that the numerical solution diverges uncontrollably from the true solution.
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(a) What is l/J(x, t = 0) ?
(b) Calculate l/J(x, t). Sketch the behavior of 1l/J12 over one period.
(c) If the momentum of the particle is measured at some time t > 0,

what is the probability that it will lie in the interval between p and
p+ dp?

(d) If, instead, the energy of the particle is measured, what is the
probability that it will have the value En = (n + 1/2)hw? (Use the integral
representation of equation (61) to work this out.) For what value of n
will this probability be a maximum? Discuss your results briefly.

Problem 4. A particle moves in a square well potential of width 2a and
depth Vo. Consider the limit in which 2a tends to zero and Vo to infinity
in such a way that their product approaches the finite value g. By con
sidering the square well solutions discussed in the text, show that such a
potential has exactly one bound state and that

(a) its binding energy is E = g2m/2h 2 .

(b) its normalized eigenstate is (2mE/h 2 )1/4 e-v2ni<)xl/li.

Next consider continuum states. From the solutions given in the text,
(c) find the amplitude reflection and transmission coefficients and

verify that probability is conserved.
(d) Finally, noting that such a potential can be expressed as a delta

function, V (x) = - g 8 (x) [why?], see if you can deduce that the slope
of l/J must be discontinuous across such a potential. Specifically, show
that l/J is such that

dl/JI _ dl/J!_=_2m
2

g l/J(O).
dx 0+ dx 0_ h

Use this result to obtain the answers to parts (a), (b) and (c) directly.

Problem 5. Consider a bouncing ball of mass m. Assume (1) that the
motion is exactly vertical, (2) that collisions with the floor are perfectly
elastic and (3) that the force of gravity is uniform.

(a) Sketch the potential in which the ball moves. Write Schr6d
inger's equation and give the boundary conditions satisfied by l/J.

(b) Show that the stationary states of the system can be expressed
in terms of Bessel functions of order one-third.

(c) Find, if you can, the transcendental equation which determines
the allowed energies.

Problem 6. A particle of mass m moves in an attractive potential V (x)
= - Vo e-1xlll,.

(a) By making the substitution z = e-X/2L show that the stationary
states can be expressed in terms of Bessel functions.

(b) Noting that the stationary states can be classified according to
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their parity, find the transcendental equation which determines the
energy of the bound states of the system.

(c) Consider next continuum states, E > O. Find expressions for
the amplitude reflection and transmission coefficients. Verify that proba
bility is conserved.

(d) Find an expression for the time increment 6. t associated with
passage of a wave packet through the potential. Compare your result
with that to be expected classically.

Problem 7. A particle moves in a square well potential of depth Vo
and width 2a. Considering only continuum states in the limit E ~ Vo,
and using the solutions obtained in the text:

(a) Show that the amplitude transmission coefficient 7 is given by

7(E) = exp[iVo v'm/2E 2a/li]

and calculate the time increment associated with the passage of a wave
packet through the potential. Explain your results.

(b) Show that for the reflected waves

p(E) = ~~ [exp [2i(v'2mE + 2 Vo v'm/2E'V'Q7h]- exp[2i v'2mE a/Ii]].

(c) Using the same rough method used in obtaining equations (100)
and (10 I), show that there are two contributions to the reflected wave
packet and calculate the time of arrival of each at x = - XI' say. Explain
your results.

Problem 8. A particle moves in the uniform field of force F.
(a) Write Schrodinger's equation in momentum space.
(b) Find the stationary states 4>E(P).
(c) Given an initial wave packet 4>(p, t = 0), find 4>(p, t). Do this

by constructing the momentum space propagator K (p I , p; t) .
(d) Use your results to obtain an integral representation for 1./1 (x, t) ,

given 1./1 (x, 0). See if you can verify that the wave packet accelerates in
the expected way.

Problem 9. A harmonic oscillator is in the state

1
l./1(x, t) = v'2 [1./10 (x, t) + 1./11 (x, t)],

where 1./10 and 1./11 are the normalized ground and first excited harmonic
oscillator states. Calculate (E >, (x> and (p > and discuss the time
dependence of each.

Problem 10. Calculate the probability flux j(x, t) for the state given in
problem 9.
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Problem 11.
(a) Show that bound stationary state wave functions can always be

chosen to be real functions with no loss of generality.
(b) Show that the probability currentj(x, t) is zero for any bound

stationary state.

Problem 12. A 10 gm particle undergoes simple harmonic motion with
frequency 2 cycles per second. If it is in its lowest state, what is the
uncertainty in its position? in its momentum? Suppose it is set in motion
with an amplitude of 10 cm. What is its energy? What is the order of
magnitude of the quantum numbers appropriate to states of this energy?

Problem 13. Show that a state function of definite parity in configuration
space has the same parity in momentum space. What are the explicit
properties of the parity operator in momentum space?

Problem 14. A harmonic oscillator of mass m, charge e and classical
frequency w is in its ground state in a uniform electric field. At time
t = 0, the electric field is suddenly turned off.

(a) Using the known properties of the propagator, find an exact,
closed form expression for the state of the system at any time t > 0.
Compare your result with that for a classical oscillator.

(b) If a measurement is made at any time t > 0, what is the proba
bility that the oscillator will be found in its nth state?
Hint: Introduce a shift of origin to find the exact initial state.

Problem 15.
(a) A particle moves in a potential V (x). The stationary states

t/JE of the system have the following properties:
(i) The spectrum is discrete for E < 0, continuous for E ~ 0.

(ii) There are a denumberably infinite number of bound states.
(iii) For each bound state and for every integer q,

\t/JElx2<1+IIt/JE1=0.

Sketch a simple smooth potential V (x) consistent with all of these proper
ties. Briefly explain your reasoning.

(b) The same except that, instead of (ii), only a (small) finite number
of bound states exist.

(c) The same as (b), except that property (iii) is replaced by:
(iiia) The expectation value of x is zero for the ground state

but increases monotonically with excitation energy (bound
states only).

(d) Suppose that in case (b), the ground state energy of the system
is Eo = - 2 eV. Suppose also that \ t/Jt'olx 2 1t/Jf:o 1= 4 X IO- IH cm2

. If the
mass of the particle is 10-27 gm, estimate the strength of VEx) in electron
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volts and its spatial extent in angstroms, that is, affix a rough numerical
scale to your sketch for part (b). Hint: Use the uncertainty principle to
make your estimate.

Problem 16. The Hamiltonian of a particle can be expressed in the form

(a,a+) = I,

where £) and £2 are constants.
(a) Find the energies of the stationary states. (You are not required

to find the corresponding state functions.)
(b) The same except that the commutator of a and a+ is

(a, a+) = q2,

where q is a pure number.
Hint: Keeping the harmonic oscillator in mind, introduce new annihila
tion and creation operators band b+ by writing

b = exa + f3,

and choose the constants ex and f3 wisely.

Problem 17. Let t/J (x, t) denote an arbitrary, time dependent harmonic
oscillator state function. Prove that

(x)t=(x>ocoswt+ (P>osinwt
mw

(p >t = (p >0 cosw t - mw (x >0 sinw t,

in complete correspondence with the classical equations.
Do this in the following two ways:

(a) By finding expressions for d (p >/dt and d (x> /dt and integrating
the resulting coupled equations.

(b) By direct evaluation of (x> t and (p >to using the propagator
for the harmonic oscillator to express t/J(x, t) in terms of t/J(x, 0).

Problem 18.
(a) Let t/J (x, t) denote an arbitrary, time dependent harmonic

oscillator state function. Prove that

( at >I = (at> 0e iw1
•

Do this in the following three ways.
i) By finding expressions for d (a> /dt and d (at> /dt and inte

grating the resulting equations.
ii) By direct evaluation of (a> I and (at> I using the propagator,

as given in closed form in equation (68), to express t/J (x, t)
in terms of t/J(x, 0).
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iii) By direct evaluation using equation (65) for the propagator.
.(b) Solve the classical oscillator problem using as classical dynami

cal variables a and at instead of x and p.

Problem 19. U sing the numerical integration prescription of equations
(105) and (106), integrate the differential equation

d 21/1
dx 2 + 1/1 = 0

from x = zero to one for the following two cases:
(a) 1/1(0) = 0, ~(o) = I
(b) 1/1(0) = I, ~(o) = o.

In both cases use a mesh size E = 0.2. Compare your results with the
exact answers.



VII
Approximation methods

1. THE WKB APPROXIMAnON

In the last chapter we studied the solutions of Schrodinger's equation
for the harmonic oscillator and for a square well potential. These are two
important examples of potentials for which exact solutions of the quantum
mechanical equations can be found. While there are many such one
dimensional examples, more generally we must deal with potentials for
which exact solutions cannot be found. I To enable us to handle this
larger class of problems, we now take up a variety of approximation
methods, each with its own domain of validity.

We first discuss a method for treating potentials which change very
slowly in a de Broglie wavelength. For classical systems the wave
length approaches zero, so that this restriction is always satisfied for
physically realizable potentials. This method thus gives essentially the
classical limit and is therefore frequently called the semiclassical approxi
mation. More often, however, it is called the WKB approximation, after
Wentzel, Kramers and Brillouin, who first applied the method to quantum
mechanical problems and are commonly credited by physicists with
inventing it. Actually, the subject is an old one to mathematicians, under
the heading of asymptotic solutions to differential equations, and dates
back to Stokes, who originated the techniques in the middle of the 19th
century. These were rediscovered by Wentzel, Kramers and Brillouin,
and also, independently, by Jeffries. Therefore, the method is sometimes
called the WKBJ approximation.

To proceed, consider a particle moving in a potential V (x) so that
Schrodinger's equation for the stationary states has the usual form,

I This is even more the case in three dimensions and in the study of systems of interacting
particles. In both cases the class of exactly soluble problems is very limited indeed, as we
shall see.
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(I)

We now want to study the limit in which h can be regarded as tending to
zero. However, we cannot do so in equation (I) as it stands, since t/JE
oscillates so rapidly in this limit that the first term gives a finite contribu
tion and not zero, as might at first be thought. To make this behavior
explicit, we write t/JE(X) in the form

(2)

which is seen to be a generalized kind of de Broglie wave with amplitude
A (x) and phase S (x), both of which are, as yet, unknown functions of
position.2 Upon differentiation twice, equation (2) becomes

d
2

t/JE = [d
2
A + 2i dA dS + i A d

2
S _.:! (dS)2] eiS/fl

dx2 dx2 dx dx h dx 2 h 2 dx '

whence we obtain, upon substituting into Schrodinger's equation, can
celling the common factor eiS/

fl and regrouping the terms, the exact
non-linear equation

A [_I (dS)2 + V(x) -E] _ ~[2 dA dS + A d
2
S] _ ~ d

2
A = O. (3)

2m dx 2m dx dx dx 2 2m dx2

Regarding h as a parameter of smallness, it is noted that the first term
is of order unity, the second of order h and the last of order h2 • We pro
visionally neglect the term in h 2 and set the other two separately equal
to zero, thus determining S and A. From the first we have at once

dS
dx =±V2m(E- V) =±p(x)

or

S(x) =± f p(x) dx.

Using this result,3 the second becomes

2 dA (x) + A dp = 0
dx p dx

or, multiplying through by A and combining terms,

(4)

2 This form may appear quite special, but no loss of generality is incurred by writing it. On
the contrary, we have introduced two unknown functions to replace a single such function.
We shall shortly take advantage of this redundancy by choosing S and A in a particularly
convenient way.

3 Equation (4) will be recognized by those familiar with the Hamilton-Jacobi formulation
of classical mechanics (Reference [14]).
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(5)

(6)

Note that, from equation (2), I./JE*I./JE = .4 2
, for real A and S. We thus see

that this last equation is merely a statement of conservation of proba
bility, since it is equivalent to dj/dx = 0, where the probability flux j is
given, in the approximation to which we are working, by

j = pv = I./JE*I./JE p/m = A 2p/m .

In any case, we have from equation (5)

A = c/vP,

where c is an arbitrary constant. Our approximate solution thus has the
form

where

p = V2m [E - V (x) ] .

Note that the answer is expressed in terms of an indefinite integral.
However, it can easily be re-expressed in terms of a definite integral
by referring I./JE(X) to its value at some given pointxo. Doing so, we obtain
at once

I./JE±(X) = I./JE±(XO) ~~~:oi exp [ ±i 1:0 p dx/h J.
The structure of the WKB result is easy to understand. We have

already seen that the amplitude function is determined by the require
ment that probability be conserved. The phase factor is interpreted in
the following way. Consider the change in phase ocp of a de Broglie wave
of wavelength A when it advances a distance ox. Evidently

If the wavelength is not constant, but changes with position, then the
accumulated phase shift cp for a finite advance is

J
277"

cp = T dx = f p dx/h,

in agreement with our result. Now this argument is based on the notion
of a position dependent wavelength. But the very concept of wavelength
loses its meaning if the wavelength is not practically constant over a
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distance of the order of the reduced wavelength in size. Hence, roughly
speaking, we expect our approximation to be valid only if the wavelength
changes by a sufficiently small fraction of itself over such a distance.
That is, we expect that (iA./if... «i 1, where &'A. = (dif.../dx) if... , or that, putting
all this together,

I~~I «i 1 (7)

(9)

(8)

for the WKB approximation to hold. Expressing "A in terms of p, this is
equivalent to

I~ dPI = 11. dp if...I «i 1
p2 dx p dx

or, also, expressing p in terms ofE and V,

_h_ I 1 dV I «i 1
zV2m (E - V)3/2 dx .

Equation (8) states that the fractional change in the momentum in a
wavelength must be small, while equation (9) states that, in a wave
length, the change in the potential energy, relative to the kinetic energy,
must be small. An alternative way to put these conditions is that the
wavelength must be small compared to the distance over which the
momentum changes appreciably or over which the potential changes
appreciably. Of course, equations (7), (8) and (9) are completely equiva
lent to each other and are merely different ways of stating the same
condition.

Even though we have been guided by classical arguments in obtaiping
the WKB approximation, we note from equation (9) that, as a kind of
bonus, the approximation is also valid in classically forbidden regions
of negative kinetic energy, provided only that this negative kinetic energy
is sufficiently large and that it changes slowly enough. On the other
hand, we observe that in the neighborhood of a classical turning point
where E = V, p = 0 and if... = 00, the approximation breaks down com
pletely. [We shall have more to say on both these points later.]

It still remains for us to give a more precise statement of the condi
tion for the validity of the WKB approximation than that deduced by
the rough arguments used above. To do so, we return to the exact equa
tion (3), which was our starting point, and take into account the neglected
term 4 in h 2

• With this term included, the phase function S is determined

4 We shall'treat the ft2 term as a correction term in the expression for S. However, it could
equally well have been treated as a correction to A. We have chosen the former because it
simplifies the subsequ.ent analysis, but the final result is independent of which choice is
made.
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by the exact equation

APPROXIMATION METHODS

[
1 (dS)2 J h

2
d

2
AA - - + V(x) -E -- --=0

2m dx 2m dx2

or

dS I h2 d2A
dX=± yp2(X)+A dx2'

To first approximation, the effect of the small term in h2 is obtained by
expanding the square root to give

dS h2 d2A
dx = ± [p (x) + 2pA dx2 + ... ] ,

while, to this order, A may still be taken as proportional to p-lI2. Thus
we have

or, integrating,

S = ± (J:/. dx + t1S) ,

where

With this choice for the limits of integration, we then have in place of
equation (6),

IjJE±(X) = IjJE±(XO) V~~:o; exp [±{Do p dx/h + t1S/hJ].
Consequently, we conclude that the WKB approximation will be valid
provided that

(10)

which is the precise condition we seek. Note that this condition involves
more than the local behavior of p(x) ; it takes into account the accumu
lated error in the phase function S over the entire interval from the refer
ence point Xo to the point x at which the state function is being calculated.

Unfortunately, equation (10) is somewhat complicated and difficult
to interpret. We shall therefore give a rough, but adequate, upper bound
to t1S/h which is much easier to understand. We have by inspection



THE WKB APPROXIMATION 179

where Pmin is the minimum value of P over the domain of integration.
For simplicity, suppose first that d2p-112(dx2 is monotonic over the inter
val from Xo to x. The integration can then be performed at once, and we
obtain

I
IlSI ~ Ii I(d

p
-

112
) _ (dP-

112
) I.

Ii 2YPmin dx x dx Xo

Since, evidently,

l(
dP-

1'2
) _ (dP-

1/2
) I ~ 2I dP-

11
?1 '

dx x dx xo dx max

where Idp-1/2(dxlmax is the largest value attained by Idp- 1/2(dxl over the
interval from Xo to x, we thus find

Suppose now that (d2p-1/2(dx2) is not actually monotonic but that
it changes sign q times over the integration interval. The contribution
to IllS(iii over each subinterval in which d2p-1/2(dx2 is monotonic is
bounded by twice the maximum value attained by Idp- 112(dxl and hence,
since there are q + 1 such subintervals,

I
IlSI ~ (q + I )Ii IdP-1121 '
Ii YPmin dx max

where Idp- I /2(dxl max still denotes the largest value of Idp- 1/2(dxl over the
entire domain of integration. Since

I
dP-1121 I II dPI I I IdPI-- = - 3i2 - ~ - ----:ii2 - ,

dx max 2 P dx max 2 Pmin dx max

we have, finally,

and, therefore, the WKB approximation is guaranteed to be valid, pro
vided that

(8a)

Up to numerical factors of order unity, this is the same as the rough
condition, equation (8), except that the minimum value of P and the maxi-
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mum value of (dp/dx) over the relevant interval must be used. Note that
if the interval is small enough, this distinction becomes unimportant
and equation (8) is thus essentially the correct local condition as it stands.

We now give some examples of the application of the WKB approxi
mation. We first discuss continuum states and then the more interesting
case of discrete states. In the latter, we obtain essentially the Bohr quan
tization rules, as we shall see.

In our treatment of continuum states we shall restrict our attention
to the case in which the potential vanishes at infinity at least as rapidly
as rl. We shall also assume that the particle has energy E which every
where exceeds the potential energy so that there are no classical turning
points. In that case, the two independent solutions of Schrodinger's
equation are given by equation (6), and correspond to a particle travel
ing either toward the right or toward the left, without reflection. This
latter feature is a consequence of the assumption that the potential
changes very slowly. In general, the more slowly the potential changes,
the smaller is the reflection coefficient, and in the WKB limit the reflec
tion becomes negligibly small, in agreement with the classical behavior.
The amplitude transmission coefficient T then has magnitude unity, of
course, but it contains a phase factor 0 which is related to the time incre
ment associated with the passage of a particle through the potential.
We now obtain an explicit expression for T and for this time increment.
Considering a particle moving to the right, we have, from equation (6),

t/JE(X) = t/JE(XO) ~~~:o} exp [i to p dx/h J.
We now fix the reference point Xo by taking it to be infinitely far to the
left; this choice permits us to prescribe the form of the incident wave at
once. In view of the assumed behavior of the potential at infinity, V(xo)
is negligible for Xo sufficiently remote and the momentum assumes the
constant value

The state function in this region is thus a pure de Broglie wave and we
write

t/JE(XO} = f(E) eiV211lE xolft,

where f(E) is the (arbitrary) all'l1'litude of the incident wave. Our ex
pression for t/JE(X) can now be written in the form

t/JE(X) = x!~~., [f(E)(Y~mEr2 exp [i(J:o p dx + Y2mE xo)/hJ).
In order to pass to the limit, observe that
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Y2mE XO+ JX P dx = Y2mE x + JX (p - Y2mE) dx.
XO XO

Because (p - Y2mE) vanishes more rapidly than Xo-1, the limit can
now be taken, and we thus obtain as our WKB state function

I/JE(X) = f(E) (~r2 exp [i( roo (p - Y2mE) dx + Y2mE x)/h].

Finally, letting x approach infinity on the right, we have

I/JE(X) = f(E) exp [i J:oo (p - Y2mE) dx/h] eiv'2mE xl"

= r f(E) eiV?:mE xl" ,

where, as anticipated, the transmission coefficient r has the form

r = ei6(El

with

f
oo ~fOO -

&(E) = _oo (p- Y2mE) dx/h = -h- _oo (YE - V - VE) dx.

Recall now that, according to equation (VI-IO 1), the time increment
lit associated with the passage of a particle across a potential is given by

lit = h d&/dE

whence, in WKB approximation, we obtain, upon performing the indi
cated differentiation,

I fOO (I I )lit=-~ -- dx
2 -oo YE- V VE

= J:oo c/x) - ~J dx,

where v(x) = Y2(E - V)/m is the classical velocity of a particle of
total energy E in a potential V(x) and where vo = V2E/m is the velocity
of a free particle of the same energy. We thus see that we obtain exactly
the classical result for the difference in arrival time of a free particle of
energy E and a particle of the same energy which has traversed a po
tential V.

We next consider the bound states of a particle in a potential V (x).
Suppose that for given energy E, the classical turning points occur at
XI and x 2 , where for definiteness we take XI < X2. In the interior of the
potential, but not too close to the turning points, the WKB approxima
tion to the solutions can be written as a linear combination of waves
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traveling to left and right. It is convenient to choose this linear combina
tion to have the form

l/JE(X) =.../p sin [(f p(x) dxlh) + a]. (11)

Since l/JE contains two arbitrary constants c and a, this is still a perfectly
general expression. Now, to the right of X 2 , and not too close to it, the
solution can also be treated in WKB approximation and is an exponen
tially damped function; similarly, to the left of Xl' None of these WKB
solutions, however, are valid near the turning points, and the basic mathe
matical problem is to join together, or to connect, solutions on one side
of a turning point with those on the other. This problem can be solved
in a variety of ways and a general answer can be given. That answer is
easy to understand, but the details of the derivation are complicated
and we omit them.s To understand the answer, we first point out that,
if the classically forbidden region were also forbidden quantum me
chanically, the wave function would have to vanish at each turning point,
and this could be accomplished by exactly fitting a half-integral number
of de Broglie waves between the turning points, that is, by making the
sinusoidal function of equation (11) vanish at each turning point. How
ever, since the true wave function actually extends into the forbidden
region a little, one finds instead that slightly less than an integral number
of half-wavelengths must be fitted between the turning points. Specifi
cally, at each extreme, it turns out that the wave function behaves as if
it vanished exactly 1/8 of a wavelength into the forbidden region. Thus,
the condition for a bound state is that there be an integral number of
half-wavelengths diminished by 1/4 of a wavelength, or by 1/2 of a half
wavelength. Since the number of half-wavelengths in the interval between
Xl and X2 is

we thus have, according to our rule,

1 2 fX'm--=- p dx
2 h XI '

or equally well, replacing m by n + 1,

m= 1,2,3, ...

5 The standaq:l procedure is the following: Suppose the WKB solution to be valid except in
some interval of length L about the turning point. If the potential changes slowly enough,
it can be treated as linear over this interval and Schrodinger's equation can then be solved
exactly in terms of Bessel functions of order one-third. This solution can then be joined
smoothly to the WKB form at the extremities of the interval. For a detailed derivation see
Reference [19].
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( 12)n = 0,1,2, ... ,f p dx = 2 J:: p dx = (n +~)h ,
where the integral on the left is the conventional integral over one period
of the classical motion and is thus twice the integral between turning
points, as indicated.6

This result is recognized as a modified version of the Bohr quantiza
tion condition, modified by the inclusion of the zero point energy, which
arises from the extra h/2 on the right. It is an obvious improvement on
the Bohr rule, and in addition some estimate of its domain of applicability
can be given. Specifically, since the WKB approximation requires that
the wavelength be short compared to the distance over which the poten
tial changes appreciably, equation (12) is seen to be increasingly applica
ble as the quantum number n increases and the wavelength correspond
ingly decreases.

In applying equation (12), we have, of course, that

p = v'2m(E - V) = p(E, x),

while the turning points also depend on the unknown energy E. The
left-hand side is thus a function of E and the solutions of equation (12)
then give the allowed energies in WKB approximation.

As an example, we briefly work out the energy eigenvalues for the
harmonic oscillator, where equation (12) happens to give the exact
answers for all states. We have

and the turning points are seen to occur at

x=±v'2E/mw2
•

Thus equation (12) becomes

2 J~ v'2m(E - mw2x 2/2) dx = (n + -2
1)h.

-v2Elmw2

Introducing a new variable 0 by writing

x = v'2E/mw2 cos 0

we obtain

( 1) 4E f1Tn +"2 h = --;;; 0 sin2 0 dO = 27rE/w,

whence

6 Note that equation (12) is expressed in terms of h and not h.
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in fortunate agreement with the correct result for all n. Although the
WKB approximation gives the correct energy, it does not, of course,
yield the correct wave function. For a comparison between exact and
WKB harmonic oscillator state functions, see Problem VII-l7.

2. THE RAYLEIGH-RITZ APPROXIMATION

There is a distinct and significant difference in the problem of obtaining
approximate solutions to Schrodinger's equation for bound states as
compared to continuum states. In the latter case, the problem is finding
the stationary state functions for some preassigned energy in the con
tinuum. In the former, the discrete, allowed energies must also be deter
mined. We now present a variational method which optimizes the approx
imate determination of the allowed energies of discrete states, at least
for the lowest few of these states. The technique involved was originated
by Rayleigh and by Ritz toward the end of the 19th century in the analysis
of classical boundary value problems.

Consider the time independent Schrodinger's equation

(13)

(14)

for a system described by some Hamiltonian H. Now multiply through
by t/JE* and integrate over all space. The result can be written in the form

£ = I t/JE* Ht/JE dx
I t/JE*t/JE dx '

where it is convenient to assume that t/JE is not necessarily normalized.
For the correct eigenfunctions of H, this equation is just an identity, of
course. Our problem, for the bound states under consideration, is that
neither £ nor t/JE is known. Suppose, however, we consider some approxi
mation to t/J E, say t/J. Replacement of t/JE by t/J in equation (14) then gives
some approximation to £, say £'. In other words, £' is defined, for any
physically admissible t/J and t/J* , by

£' == I t/J*Ht/J dx.
I t/J*t/J dx

(15)

Evidently, £' can be interpreted as the expectation value of the Hamil
tonian for the approximate state t/J.

We now show that the error in £' is of second order in the errors in
the state functions or, equivalently, that the energy is stationary with
respect to arbitrary, independent variations of t/J and t/J* about their
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true values. To carry this out we need to define a class of arbitrary func
tions t/J which includes the true functions. A general way to do this is
simply to introduce the one-parameter family

which merely expresses the deviation of t/J from the true value t/JE as aep.
The parameter a then serves as a convenient measure of this deviation.
Similarly, we write

where normally, of course, f3 = a* and X = ep *. However, it turns out,
and we might as well make it explicit, that the stationary properties hold
even if t/J* is not the complex conjugate of t/J, but is an entirely inde
pendently chosen function. In any case, equation (15) can now be re
written, after clearing of fractions, in the form

E'(a,f3) f (t/JE*+f3xHt/JE+aep) dx

= f (t/JE* + f3X)H(t/JE + aep) dx, (16)

where, of course, E' (a = 0, f3 = 0) = E. Differentiating with respect to
f3, and then setting a = f3 = 0, we obtain

or

Hence, since t/JE satisfies equation (13) by definition, we have finally

aE'1-----;3 = 0.
a a.I3~O

Similarly, using the Hermitian character of H, we find that

(17)

(18)aE'1-a- = 0.
a a.I3=O

Equations (17) and (18) together mean that E' has the form E' (a, (3)
= E + terms quadratic and higher in a and f3 and thus that, as asserted,
the errors in the approximate energy are of second order in the errors
in the approximate wave function when the energy is computed from
equation (15).
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Exercise 1. Derive equation (18).

Conversely, if we start from equation (15) and demand that l/J and l/J*
be such that E' is stationary with respect to independent variations in
these functions, it can be shown that l/J and l/J* must be eigenfunctions of
H. In other words, equation (15), regarded as a stationary expression,
is entirely equivalent to Schrodinger's equation or, in the language of the
calculus of variations, Schrodinger's equation is the Euler's equation
of the variational problem.

How can this be used as an approximation method? The simplest
procedure is simply to introduce some physically reasonable l/J as a trial
function. The calculation of E' then gives an optimum estimate of the
correct energy E. To proceed more systematically, introduce a, trial
function which explicitly depends upon some set of free parameters.
Then calculate E' as a function of these parameters using equation (15).
Finally, make E' stationary by differentiating with respect to each param
eter in turn and setting the result of each differentiation equal to zero. The
solution of the resulting set of simultaneous equations in the unknown
parameters then yields an approximate value of the energy. This value
is the best that can be attained with a trial function of the initially chosen
form. In a moment we shall give an illustrative example.

The actual utility of this scheme in practice is greatly enhanced by
the fact that the ground state r;nergy calculated in this way provides an
upper bound to the true ground state energy. Thus, while equation (15)
provides a variational principle for any eigenstate of the Hamiltonian,
it provides a minimum principle for the ground state. The proof is simple.
Any trial function l/J can be expressed as a superposition of the complete
set of eigenstates of H. Thus we can write

and hence, upon substitution into equation (15),

E' = L EIcEI2.
LlcEI2

If Eo denotes the ground state energy, then for each term in the summa
tion E ~ Eo, and hence

Furthermore, the equality holds only for l/J = l/JEo' assuming the ground
state to be nondegenerate.

Obviously, the minimum principle does not hold for higher states unless
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the trial function is orthogonal to all the exact lower-lying states. To
see this, consider the nth state with exact energy En. Suppose t/J is ortho
gonal to all t/JE for E < En. Then, if t/J is expressed as a superposition of
the exact states, no terms for E < En enter by hypothesis. Hence, we
have

and, as claimed,

This condition of orthogonality is obviously difficult to achieve, in gen
eral, because it requires knowledge of all the exact state functions for
E < En. Fortunately, symmetry properties can often be used in practice
to ensure such exact orthogonality for some low-lying states. For ex
ample, in a symmetrical potential even states and odd states are auto
matically orthogonal to each other. Hence the lowest even state and
lowest odd state each satisfy a minimum principle. More generally, the
best one can do is to make the trial function orthogonal to the approxi
mately known lower states, but the method quickly loses reliability as
the quantum number of the state increases. Since the WKB method works
best for large quantum numbers, the variational and WKB methods are
thus seen to complement each other to some degree.

The variational method requires that some specific function or o!her
be introduced as a trial function, and we have suggested thatthis function
should be physically reasonable. How should one actually construct or
choose such a function, and what do we mean by "physically reason
able"? It is difficult to give a precise answer, but perhaps the following
remarks will help. Suppose, first, that we are considering the ground state
of a particle in a symmetrical potential. Ground state wave functions have
no nodes and, like all bound state functions, they vanish rapidly at large
distances. The simplest trial function is thus a smooth function centered
at the origin, because it must be symmetrical, which falls off over some
characteristic distance. This latter can be treated as a parameter to be
determined variationally. A specific and frequently used example is a
Gaussian,

Other examples, which have similar properties, are csch x/a, (x 2 + a2 )-m,
and so on. More general functions can be constructed by multiplying any
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of the above by polynomials, with coefficients which are to be determined
variationally. Unless one has access to a computing machine, one usually
seeks functions for which the requisite integrals can be readily performed,
provided that these trial functions have the general features indicated
by the above examples.

Considering excited .states, one again builds into the trial function the
correct (and known) number of nodes, the correct symmetry and the
expected overall behavior. For the first excited state in a symmetrical
potential, which is odd and thus has a node at the origin, any of the above
mentioned functions multiplied by x would be a suitable trial function.
For the second excited state, which is even and has two nodes, any of
the above functions could be multiplied by the polynomial (b2 - x 2 ).

The location of the nodes at x = ±b could then be determined variation
ally by treating b as a variational parameter.

In summary, then, one constructs trial functions which are reasonably
simple to work with and which contain all of the known specific and
general features of the exact functions, or at least as many as possible.

As an example, we now use the variational method to estimate the
ground state energy of the harmonic oscillator. Use of a Gaussian yields
the exact result, of course, because the exact ground state is Gaussian.
We shall thus use a polynomial over the region Ixl :s; a which has the right
general shape and which smoothly vanishes at the extremities. For
Ixl > a, we khall take the trial function to be zero and, of course, we
shall determine a variationally. Specifically, we choose the function

=0,

Ixl :s; a,

Ixl ;;. a.
(19)

Recalling that the harmonic oscillator Hamiltonian is

p2 I
H= -+- mw2x 2

2m 2 '

equation (15) becomes

h
2 J d

2
lfJ 1 J-- lfJ* -2 dx+- mw2 x21fJ*lfJ dx

E'(a2 ) = 2m dx 2

JlfJ*lfJ dx

We now evaluate the various integrals involved. Considering first the
denominator, we have

fa lfJ*lfJdx=2 fa (x2-a2)4dx=2a9(!_~+~-~+ 1)= 256a
9

.
-a Jo 9 7 5 3 9·7·5

In the same way, the potential energy term gives
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fa 256011
_

a
x2 t/J*t/J dx = 11 ·9·7· 5'

The kinetic energy term is most easily evaluated as follows:

fa t/J* d
2f = fa ~ (t/J* dt/J) dx - fa dt/J* dt/J dx-a dx -a dx dx -a dx dx

or, since the first term vanishes,

189

fa d2t/J fa dt/J* dt/J fa 25607

t/J*-=-2 - -dx=-2 [4x(x2-a2))2dx=---'
-a dx2

0 dx dx 0 7 . 5 . 3

Putting these results together, we find

h 2 25607 I 2560 11
- --- +.- m w2 -,--,------=-----=----:::c

£ ' ( 2) _ 2m 7·5·3 2 II ·9·7·5 _ ~ ~ + -.L 2 2
o - 25609/9.7. 5 - 2 m02 22 mw 0 .

Note the standard competition between the kinetic and potential energy
terms which we referred to in our earlier qualitative discussion of the
characteristics of bound states, using the uncertainty principle as a guide.
The smaller 0 2 is, the lower the potential energy, but the larger the kinetic
energy because of the increased localization of the wave function. The
variational procedure makes this competition quite explicit in the present
instance. In any case, we obtain, upon differentiating £' with respect to
the variational parameter 0 2 and setting the result equal to zero,

whence

and

in error by only 5 percent and larger than the true ground state energy, as
it must be.

We leave further examples to the problems.

3. STATIONARY STATE PERTURBATION THEORY

We now come to the most important method for obtaining approximate
solutions to Schrodinger's equation, a method based on the theory of
perturbations. This method is applicable to any situation in which the
Hamiltonian H describing the system under consideration is not too
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different from the Hamiltonian H 0, say, describing some similar but
simpler system, simple enough that the full set of eigenfunctions and
eigenvalues of H o are known exactly. Such circumstances may seem too
special to be of consequence, but in fact they occur very commonly, as
later applications make clear, and it is this fact which gives the method
its practical importance. In the present section, we discuss the simplest
case, namely that in which the states are nondegenerate, stationary and
discrete.

We start by expressing the perturbed Hamiltonian H in terms of the
unperturbed Hamiltonian H 0 by writing, in complete generality,

H=Ho+AH'. (20)

The quantity H' is called the perturbation term in the Hamiltonian. The
dimensionless parameter A, which is redundant, may be taken to have the
value unity for the actual physical problem. It is introduced for con
venience as a visible parameter of smallness and also to permit us to
gradually pass from the physical problem to the unperturbed problem, in

. a well-defined way, simply by letting A tend to zero.
We seek the eigenfunctions and eigenvalues of H, which we define by

E,,1JJ1I = H1JJ" = (H o+ AH') 1JJ". (2\ )

The known, unperturbed eigenfunctions and eigenvalues are similarly
defined by

(22)

We assume that the cPlI and 1JJ." are both nondegenerate. We now make the
fundamental assumption that, as A approaches zero, the set of energies
En approaches the set 8 II" In view of the nondegeneracy of the states,
each 1JJ1I thus approaches some particular cP" and we now make this one-to
one correspondence explicit by labeling the states in such a way that, for
each n,

lim En = 8",
1.-0

lim 1JJ1I = cP,,·
1.-0

(23)

We next express the unknown perturbed states 1JJ" as a superposition
of the complete set of unperturbed states. Thus we write

1JJ1I = L c ill cP;,
;

and we note for future reference that, according to equation (23),

lim C;n = o;n"
1.-0

(24)

(25)

Now substitute the superposition equation (24) into equation (2\), giving
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Ell L Cj"cPi = (Ho+ AH ' ) L CincPj = L Cin6 icPi+ A L cjnH'cP;,
iii i
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and then multiply through by cP j * and integrate. Using the orthonormality
of the cP '" we obtain,for each value ofj,

Cj" (E" -6j ) = A L Hij Cjn,
i

(26)

where the numbers H 'jj , called the matrix elements of H I, are defined by

(27)

Note thatHj j = H' ij *, since H' is Hermitian.
For a given n, we must now solve the exact set of equations (26),

one for each j, where 6 j , H~j and Aare to be regarded as known. If this
infinite set of homogeneous equations is to have a solution, its deter
minant must vanish, and this yields, in principle, the exact eigenvalues
and eigenfunctions of the problem. In practice, it is not possible to carry
through this procedure, and we thus seek an approximate solution for
small enough A. Now equations (23) and (25) tell us that, as Aapproaches
zero, En ~ 6 n, while Cmt ~ I and all other Cjn approach zero. Thus we
separate out the dominant terms by rewriting equation (26) in the form

j = n: cnn(En-6,,) = Acll"Hm,' + A L' H;tj Cill
i

j 'I' n: Cjll(En-6j) = Acm.H jll' + AL' H 'jj Cin,
i

where the prime on the summation symbol means that the term i = n is
omitted, since that term has already been explicitly separated out. Divid
ing through by Cnn and rearranging, we finally obtain

, c·
j= n: En =6 n+ AH'nn+A L H'ni---ill.

i C nn
(28)

and

j'l' n: £ill = AH 'jn + A L I H'ji Cin. (29)
Cm• En-6 j EIl-§j i Clln

If the perturbed state function is to be normalized, then these equations
must be supplemented by the condition, 2 ICi,,12 = lor, equivalently,

t

Icllnl 2 = ------;-,----
I + L ICin/C "nI 2

i

(30)

Now equation (29) tells us that Ci"/C,," is of order A, and hence that the
summation terms contribute, in all three equations, (28), (29) and (30),
terms of order 1..2 and higher. We can thus develop a power series in A
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for the eigenvalues En and for the state function t/ln by a scheme of suc
cessive approximations, as follows. In zeroth order, obtained by setting
A = 0, we obtain just the unperturbed solution, En = 8 n, C in = 8 in and,
of course, t/ln = ¢". Substitution of this zero-order result into the right
sides of equations (28), (29) and (30) then gives the solution to first order
in A, or in brief, the first-order solution. Thus,

and

En = 8 n + AH' nn

Cnn = I

AH'jn
Cin = Q. _ Q. .'

CYn C.9J

j # n,

(31)

(32)

whence, using these expressions for the expansion coefficients, we obtain
the first-order state function from equation (24),

, H'·
t/ln = c/>n + A L 8 ~n8. ¢j.

j n J

(33)

Note that the first-order expression for En actually involves only the
zeroth-order wave function since H' nn = (¢nl H 'I ¢n)' This is easily
understood from the variational principle, because equation (3 I) is simply
the Rayleigh-Ritz approximation to En for the trial function t/ln = ¢".
From equation (32), we see that a necessary condition for the applica
bility of the perturbation method for the nth state is that

for all values of j # n or, in other words, that the energy differences
between the unperturbed energies be much larger than the corresponding
matrix elements of the perturbation term in the Hamiltonian.

To carry the process one step further, the second-order approximation
can now be obtained by substituting the first-order results, equations (3 I)
and (32), into the right sides of equations (27), (28) and (29). We shall
write explicitly only the second-order approximation to the energy, which
is seen to be

'H' H'
E = 8 + AH' + A2 "'" ni in.

n n l1n L.- 8
n

- 8 i
(34)

Because H' is Hermitian, H' ni = H' in *, and the result can be rewritten
in the form

E - Q. + 'H' + '2'" IH'inl
2

n - CY n I\. nn I\..L.J a _ .'
i C9n 8.

(35)

whence the energy is manifestly real, as it must be. Note that only the
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first-order approximation to the Cin, and hence to t/Jn' is required for the
computation of this second-order expression for the energy. Clearly this
is a general feature; knowledge of the wave function to a given order
always permits calculation of the energy to one higher order. 7

Still higher-order corrections can be obtained by systematically con
tinuing this procedure, but the algebra becomes increasingly tedious and
the results increasingly difficult to actually evaluate. As a result, the
perturbation method is not very useful unless it converges rapidly enough
that terms of higher order than the second are negligible. Indeed, even
the second-order correction is usually omitted in practice unless the first
order result happens to vanish identically. 8

A physical description of the perturbation corrections is the following:
The perturbation term in the Hamiltonian is generated by forces which
act on the unperturbed system and which tend to distort it from its
unperturbed configuration. Because it is calculated from the unperturbed
state function, the first-order energy is obtained by ignoring this distortion
and thus treating the system as if it were rigid. The computation is entirely
analogous to the classical calculation of the interaction energy of a
prescribed charge distribution in an external electric field or of a pre
scribed mass distribution in an external gravitational field. Because it
utilizes perturbed state functions, the second-order caiculation takes
into account, at least to first approximation, the distortion of the system
by the perturbing forces. The matrix elements H'jn are a measure of the
strength of the distorting forces, and the energy demonimator, [} n - [} j,

measures the resistance to distortion, or the rigidity, of the system. These
distortions are analogous to the classical polarization of a charge distribu
tion by an external electric field or to the strain d£?Jormation produced
in a material object by an external gravitational field.

The algebraic signs of the terms in the perturbation theory expression
for the energy determine whether the energy of the system is increased or
decreased as a result of the perturbation. The first-order correction can
have either sign, depending simply upon whether the perturbation term
is attractive or repulsive on the average; it is negative in the former case,
positive in the latter. What about the second-order terms? We have just
argued that these terms arise because of distortion effects, that is to say,
because of the adjustment of the system to the influence of the perturbing
forces. Now the response of any system to a perturbing force is to deform
at the expense of that force and hence to decrease the potential energy

7 This is most directly seen from equation (28). Because A multiplies the summation term,
we observe at once that if Cj,,!c "" is given to order A·, the energy is given to order A0+'.

• To put it more generally, perturbation theory corrections are normally calculated only
to the lowest non-vanishing order. It is rather uncommon that both the first- and second·
order terms vanish and that higher-order terms are thus required.
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of interaction. Consequently, we expect the second-order correction to
lower the energy compared to its first-order value. Unfortunately, we are
unable to specify the general conditions under which these expectations
are realized, except for the special case of the ground- state. For that
case, the second-order correction indeed always decreases the energy,
no matter the character of the perturbation. This is readily seen from
equation (35). The ground state energy 60' say, is less than 6Jor every
j '" 0, hence every term in the summation, and therefore the entire 'A2

term in that equation, is negative. To summarize, on physical grounds we
expect the second-order correction to lower the energy in general but
have proved this to be the case only for the ground state.

The behavior of the matrix elements appearing in equation (35) is
too dependent upon details to permit any very broad generalizations.
However, the symmetry properties of the system do have a profound
influence which is relatively easy to discern. Suppose, in particular, that
the unperturbed Hamiltonian, Ho, is symmetrical, as is generally the case,
and that the perturbation term H' has a definite symmetry, either even
or odd. It is then easy to see that half of the matrix elements of H' are
identically zero. The argument is based on the fact that the unperturbed
states necessarily have a definite symmetry when the unperturbed Hamil
tonian is symmetrical. If H' is even, all matrix elements between states
of opposite parity then automatically vanish,

<<PevenIH'evenl<Podd> = <<PoddIH'evenl<Peven> = 0, (36)

and, conversely, if H I is odd, all matrix elements between states of the
same parity automatically vanish,

,
(37)

Such general and pervasive rules are special examples of what are called
selection rules in spectroscopy. Observe that the selection rules for
odd H I have the immediate consequence that the first-order correction
to the energy vanishes identically for every state.9

We conclude this general discussion with some remarks on the con
vergence of the perturbation results. We have already remarked that the
method breaks down for a given state, n, unless 'AH ' jn ~ 6 n - 6 j for
all values ofj '" n. This is clearly a necessary condition for convergence,
but hardly a sufficient one in view of the infinite summations appearing in

9 The importance of this result may be judged from the example of an atomic or nuclear
system perturbed by a uniform external electric field. In that example, H 0 is even and H'
is odd, so that equation (37) applies and the first-order correction to the energy of the
ground state vanishes. There is thus no term in the energy linear in the applied' electric
field, which means that such systems exhibit no permanent electric dipole moment. This at
once accounts for the observed fact that atoms and nuclei indeed do not possess such
moments. For a somewhat more detailed discussion, see Section 3 of Chapter VIII.
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(38)
, IH' .1 2L n1..

i I§,,-§;j

equations (33) and (34). We now provide a rather crude, but more or less
sufficient, condition for convergence by finding an upper bound to the
magnitude of the second-order correction. We start by writing the in
equality, obtained by replacing each term in the summation of equation
(35) by its absolute value,

I
L' IH~iI2 .1 ~

i §" §,

Next, introduce 1::1§", the difference in energy between §" and its nearest
neighbor. Replacing each denominator on the right in equation (38) by
11::1§"I, which only increases the inequality, we then obtain

IL' IH
'"d

2 I~_I- L IH'"d2,
i §"-§i I1::1 §"I i"'"

where we have made explicit our convention that a prime on the summa
tion symbol means that the term with i = n is omitted. Adding and sub
tracting this omitted term, we then obtain

I '" I IH' "i1
2 I "c _1_ {'" IH ' 1

2- IH' 12}'
LJ §"-§i ~ 11::1§" 1 LJ"i ""

1 ,

Next, we observe that the summation on the right can be evaluated in
the following way. From the definition of the matrix elements we have

L IH'"iI 2 =L H'''i H'i"
i i

=L f <f>,,*(x')H'(x')<f>;(x /) dx' f <f>i*(x)H'(x)<f>,,(x) dx.
i

Performing the summation over i and using the closure property of the
<f>i' we obtain

L IH',,;j2 = f f <f>,,*(x') H'(x') S(x - x') H'(x) <f>,,*(x) dx dx',
;

whence, performing the integration over x', we find 10

L IH"liI 2
= (<f>"IH'21<f>,,)·

;

Finally then, using 1H",,'12 == (<f>,,1 H 'I<f>" )2, we obtain

I
L' IH~d2 I~ (<f>"IH'21<f>,,) - (<f>"IH'I<f>,,)2, (39)
i §" §; 11::1§,,1

which states that the second-order correction to the energy of a given
state is less in magnitude than the ratio of the mean square deviation
of the perturbation Hamiltonian, about its average for the state in ques-

10 See the next section, equation (47) with A = B, for a derivation of this result using the
methods of matrix algebra.
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tion, to the energy separation of that state from its nearest neighbor.
Admittedly, this is not a very refined estimate, but it is a simple and useful
one, as we shall shortly demonstrate.

As a first example of the use of perturbation theory, we consider an
harmonic oscillator with a flattened bottom, produced by a Gaussian
perturbation. Specifically, we write

p2 I
H = - + - mw2x 2 + V e-exx 2

2m 2

so that, with A = I ,

The first-order correction to the ground state energy, which is just the
ground state expectation value of H', is easily evaluated and we obtain
almost at once

h w (mw/h )1/2

E O =2+ V a+mw/h .

Observe that for a ~ mw/ h, when the perturbation term is practically
constant over the domain of the ground state, the energy is shifted up
ward by V, which is just what should happen when a constant potential
of that magnitude is added to the Hamiltonian. Observe also that when
a :t> mw/h, so that the Gaussian is narrow, the correction is small even
when V is comparable to hw in magnitude. Hence the first-order result
appears to be satisfactory in the limits of small and large a, for values of
V which are not necessarily small, and it thus appears to be similarly
satisfactory for all values of a. One way to test these conjectures is to
calculate the second-order corrections, but this turns out to be very
difficult to carry through. Instead, therefore, we shall use the simple upper
bound to these corrections provided by equation (39). Because we are
here dealing with the ground state, the second-order term must be nega
tive (why?) and hence, after an elementary calculation, we can write our
result in the form

E =hw+ v( mw/h )1/2 (I-E)
o 2 a+mw/h

where E, the ratio of the second- to first-order correction, is such that

E,,;;;~{(a+mw/h)1/2_( mw/h )1/2}.
hw 2a + mw/h a + mw/h

When a is small, the case of a nearly constant perturbing potential, the
right side is of the order of a 2V/hw and hence is indeed negligible, as we
expected, even for appreciable values of V/hw. On the other hand, for
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a :P mw/Ii, the right side is of the order of V/ hw and hence convergence
of the perturbation series is not assured unless V/ liw <l1 I, contrary to
our earlier guess. The true situation for large a is then the following: The
correction to the energy is small, as we indeed found it to be, but the
first-order estimate for this small correction is unreliable unless V/ Ii w

is also small.
As our second, and final, example, we consider the physically much

more interesting case of an anharmonic oscillator described by the
Hamiltonian

(40)

For the unperturbed Hamiltonian we write

2 1
H =L+- mw2x 2

o 2m 2

so that, with A. = I,

H ' -.! mw
2

4
- 2 b2 X

To obtain the energy to first order we must calculate (<Pnlx41<P n), where
<P n is the nth harmonic oscillator state function, which, from equation
VI-47, is given by

Now from equations (VI-34) and (VI-35), we can write

x = YIi/2mw (a + at) ,

so that x 4 is a quartic in the annihilation and creation operators. Recall
ing that at operating on a harmonic oscillator state produces the next
higher state and a the next lower state, we note that operating q times on
<P .. with a and 4 - q times with at, in any sequence, gives the state
<PnH-2q. In view of the orthogonality of the <P,,, we thus see that a non
vanishing contribution to the matrix element is obtained only for q = 2.
In other words, only those terms in the quartic contribute which contain
a twice and at twice. Explicitly,

x4= (2;w )2[a 2a t 2 + aataat + aaFa + ata2at + ataata + aFa2

+ noncontributing terms] .

Consider a typical term, say the first. We have
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(<t>"la 2aPI<t>,,) = (<t>"I~:la2at"+2<t>o) = (n+2)(n+ I) (<t>"I<t>,,)

= (n + 2) (n + 1) ,

where we have used the fact that, in the creation operator representation,
a = djdat, which is to say that the effect of operating with a is equivalent
to differentiation with respect to at. Thus we have at once, using the
same technique on the remaining terms,

(<t>"lx4 1<t>,,) = (2:J2[(n + 2)(n + 1) + (n + 1)2 + n(n + I) +

+n(n+ 1) +n2+n(n-I)]

= 3(2:J2[I + 2n(n + 1)].

Finally, since

E" = 8" + (<t>"IH'I<t>,,) = (n +~) hw + ;~2 (<t>"lx 4 1<t>,,),

we obtain

(
1 3h )E,,=hw n+2"+8mwb2 [I+2n(n+I)]· (41)

The validity of this approximation requires that the correction term be
small compared to the spacing between states or, explicitly, that

31i
8mwb2 [1 + 2n(n + 1)] ~ 1.

The result is thus valid for sufficiently large b, but no matter how large
b is, the approximation is seen to become steadily worse as n increases.
This is not unexpected, because the higher states extend to larger and
larger values of x and, for sufficiently large x, the perturbation clearly
becomes enormous, however large b may be.

Although equation (41) provides an entirely unambiguous relation
between the perturbation term in the Hamiltonian and the corrections to
the energy states, the experimental detection of the presence of such
anharmonic terms is possible only because of the term quadratic in
n 2• This can be made clearer by rewriting the result in the completely
equivalent form,

where

E,,=h(w+ow) (n+t)+n 2how, (42)
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Hence, the anharmonic perturbation is seen to have two distinct effects:
first, it increases the frequency by 8w,11 and second, it makes the spacing
between levels increase with increasing energy. The spacing between
levels is what the spectroscopist observes, of course, and it is just this
systematic increase which tells him that he is dealing with an anharmonic
oscillator. The experimentalist's problem of unraveling his data is actually
more complicated than we have indicated, because it so happens that a
cubic perturbation produces exactly the same qualitative behavior as the
quartic. It should be remarked that a cubic perturbation contributes only
in second order; the first-order contribution is zero (why?).12 It turns out,
incidentally, that this correction is always negative, for all states, as we
argued on physical grounds that such second-order terms should be.

We next turn our attention to the remarkably interesting case in which
the quadratic perturbation has a negative sign. In a certain sense, to be
defined shortly, all of our results can be taken over by merely replacing
b2 by its negative everywhere, and thus, for example, equation (42)
applies with

8w = - 3h/41Tmb 2 •

We must now explain the sense in which our perturbation results are
applicable, and it is these considerations which will lead us to the remark
able features of the problem. In Figure I, we plot the potential energy

(43)

and it is seen at once that the exact energy spectrum is continuous, that
this spectrum is unbounded in either direction, and that therefore the
system does not even have a ground state. These remarks apply, no
matter how small the perturbation in the neighborhood of the origin.
Among other things, this means that we have violated our fundamental
assumption that the exact and unperturbed states can be placed in one-to
one correspondence and that these states approach each other as the
perturbation tends to zero. It is clear that this is simply not true for
E < 0 or for E > Vm, where Vm is the maximum value attained by the
potential, as shown in Figure I.

What about the situation when 0 ~ E < VlIl ? There are two sharply
different kinds of states:

(I) Continuum states in which the particle is almost exclusively out-

II This frequency shift has nothing to do with the amplitude dependent alteration of the
classical period of the oscillator, as the presence of h in the expression for I5w makes
abundantly clear. The classical period can be shown to be related to the spacing between
levels, but we shall not pursue the subject further.

12 For a discussion of cubic and quartic anharmonicities, see page 136 of Reference [24].
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V(x)

---f--------....::::!lo"'t""~-------+--x

FIGURE I. The potential energy function V(x) for the anharmonic oscillator of
equation (43). The maximum value of the potential is denoted by Vm .

side of the potential well and which therefore cannot be placed in one-to
one correspondence with the unperturbed states.

(2) States in which the particle is almost exclusively inside of the
potential well.
It is these states which correspond to the discrete unperturbed states,
and it is for these states alone that our perturbation approximation holds.
We shall call these states quasi-bound or metastable.

Classically, these two kinds of states are absolutely distinct, but
quantum mechanically they are not. Because of the tunnel effect, a parti
c1eoutside of the well has a very small but non-zero part of its wave
function extending into the well. Conversely, the stationary state function
of a particle inside the well has a very small but non-zero amplitude in the
external region. This means that the probability of finding the particle in
this region is finite. Hence, given a sufficiently large ensemble of such
systems, or a sufficiently long time, particles will occasionally be observed
emerging from the interior region. We have here, in short, just an analog
of the process of a-radioactivity.

Although the stationary state description of the above system reveals
its main features, it is instructive to re-examine it in terms of time depen
dent states. Let us thus consider a very special wave packet, one which is
made up of a superposition of states in the immediate neighborhood of one
of the quasi-bound states and 'which is so constructed that the particle is
initially inside the well with absolute certainty. Such a superposition of
continuum states is required in order to cancel the tail of the quasi-bound
state, which otherwise would extend into the external region. This super
position has some characteristic width !i.E and the rate at which the wave
packet, because of tunneling, gradually emerges into the exterior domain
is entirely governed by this width. More precisely, one sees that in a
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time T such that TliE/1i is of the order of unity, the very special phase
relations which were built into the initial packet will have been signifi
cantly altered and the packet will thus have begun to emerge from the
central region. The time T is just the mean life of the state and it is given by

T = ii/liE.

This relation between mean life time and the energy width of a wave
packet is very general; it is, as we have stated before, another manifesta
tion of the uncertainty principle. The feature which makes the present
case so special is that, unlike the situation in free space, the presence of
the potential well makes it possible to construct a wave packet which is
confined to a very small domain, and is thus well localized in space, and
which simultaneously has an extremely small energy spread. From this
point of view, a true bound stationary state is the limiting case in which
the spatial domain is small and the energy spread is exactly zero. Any
such state thus has an infinite mean life. Note that the momentum spread
in these wave packets is always very large because of the presence of the
potential, so that no violation of the uncertainty relation between position
and momentum is encountered.

Coming back, finally, to the applicability of perturbation theory, we
see that it is only these quasi-bound or quasi-stationary states for which
the theory can be used. If the correction to some particular unperturbed
state is small, then the width of that state is guaranteed to be narrow. It
is in this sense that our perturbation theory analysis goes through without
modification and that equation (41) applies with b2 negative.

4. MATRICES

In our development of perturbation theory, we saw that the matrix ele
ments of the perturbation term in the Hamiltonian played an essential
role. We now briefly discuss the matrix representation of operators gen
erally and give some elements of matrix algebra.

Consider some operator A and let it operate upon one of a complete
orthonormal set of functions cPn- The result is that some new function
is produced which can be expressed as a superposition of the complete
set. That is, we can write

AcP" = L A",,,cP,,,,
'"

(44)

where the notation is intended to make explicit the fact that the coefficient
of cP '" in the superposition depends on the operator A and on the state
cPn upon which it operates. Given the orthonormality of the cPm' we see
that
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(45)

The array of numbers thus defined is called a matrix, and any particular
number is called an element of the matrix, or a matrix element. This array
is entireLy equivaLent to the operator A in the sense that these numbers
compLeteLy define the effect ofoperating with A upon any arbitrary func
tion. This follows, since such a function can always be expanded in the
complete set cPn, and equation (44) describes the precise result of operat
ing on each cPn. The matrix, with elements A mn , thus is a specific realiza
tion or representation of the operator A. A convenient way of visualizing
this array is to arrange the numbers in rows and columns with A mn the
entry in the mth row and nth column. Thus we write

All A 12 A ln

A 21 A 22 A 2n
A=

(46)

Ami A m2 A mn

We emphasize that any particular matrix representation of a given opera
tor depends upon the particular set of functions cPn, or basis functions,
which are used to construct the A mn' If one uses a different set, say $ n,
a new set of matrix elements will be obtained, but the new matrix still
represents the same operator. Transformations from one representation
to another form an important subject of study in quantum mechanics,
but we shall not pursue it here.13

Suppose, we consider the product C of two operators A and B,

C=AB.

We have

Cmn = f cPm*CcPn dx = f cPm*ABcPn dx.

But now,

and

ABcPn = L BsnAcPs = L BsnAkscPk'
s s.k

13 See Reference [19] or any of References [22]-[28].
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whence

C mn = f cPm* LA ksBs"cPh'
s,k

and, finally, since the cPm are orthonormal,

C m" == (AB)mll = L AmsBsII ·
s

203

(47)

This rule for multiplying matrices is easy to remember. The matrix
elements are written in the same order as the operators, the first index of
the first factor and the second of the last factor label the matrix element
of the product, and the summation is taken over the common interior
index. Pictorially, the mth, nth matrix element of the product is obtained
by multiplying the mth row of the first matrix by the nth column of the
second, element by element. Note that multiplication is defined only if
the number of elements in the rows of the first and the columns of the
second are equal.

The generalization to a product of more than two matrices is trivial.
By successive application of equation (47) we obtain at once

(ABC, .. R)mn = L AmiBikCkl'" R sn · (48)
i,k, I, ... ,S

The noncommutativity of operator multiplication is quite explicit
using these matrix representations. Indeed, from our general rule we have

(BA)mn = L BlIlsA sn ,
s

which is clearly different from (AB)",n, as comparison with equation (47)
demonstrates.

From the definitions, it follows trivially that

(A + B)lIln = (B + A)mn = A 11111 + B mll

and, further, that if two matrices are equal, then each element of the
first equals the corresponding element of the second.

With this understanding of matrix algebra, we see that all relations
which hold between operators also hold between their matrix representa
tions. For example, if

(A, B) = C,

then

(A, B) III II == (ABLnll - (BA)1I111 = Cmll'

whence matrices representing commuting operators commute.
The matrix representation of the adjoint of an operator is related very

simply to the matrix representation of the operator itself. Recalling the
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definition of the adjoint, equations (V-I Ia, II b), it follows almost at
once that

(A t ) mn = A nm* .

Introducing the symbol A to denote the transposed matrix

(A)mn == A mn ,

(49)

we see that equation (49) can be written in the representation-independent
form

At=A*.

Exercise 2. Deduce equation (49).

Observe that for an Hermitian operator, A = At, equation (49) yields
the result found earlier for the particular case of the Hamiltonian opera
tor,

A mn =A nm*·

Thus the diagonal elements, Ann' of an Hermitian matrix are real. This
must be so, of course, since A nn is simply the expectation value of A in
the state cPn.

A particularly simple representation of an operator is obtained when
its own complete set of eigenfunctions is used as a basis. Thus, if cPn
are the eigenfunctions of A ,

we have at once

A mn = amomn · (50)

In words, in the basisformed by its eigenfunctions, the matrix representa
tion ofan operator is diagonal and its matrix elements are just the eigen
values of the operator. From this point of view, the problem of finding
the eigenvalues and eigenfunctions of an operator is equivalent to that
of transforming to a basis in -.yhich its matrix representation is diagonal.

5. DEGENERATE OR CLOSE-LYING STATES

The perturbation theory approximation method developed in Section 3
required for its applicability that the matrix element H' nj connecting
the nth and jth states be small compared to the energy separation,
8 n - 8 j , between these states, for all values of j. We now discuss the
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modification required when this condition is violated for some one state,
say the Ith. A particular example of great importance is that for which
the nth and 1th states are degenerate, CP n = CPL' In any case, if CP " - CP I

is not necessarily large compared to H'nbwe can no longer safely assume
that CI", the amplitude of the Ith state, is small. In analyzing equation
(26), which is exact, of course, we must therefore treat c"" and Cl" on an
equal footing. All the remaining C j" may still be regarded as small, and
we thus rewrite equation (26) in the form

j = n: (En -CP" - 'AH'",,) Cnn - 'AH~1 Cln = 'A L H' ni C'"
#n,l

j = I: -'AH'ln C",,+ (En - (h - 'AH'll) Cl" = 'A L H'UCi" (51)
,>,,,,1

j '" I, n: (E,,-- §j) Cj" = 'AH'jn cn,,+ 'AH'jl Cl"+ 'A L H'ji C,,,,
i#n,l

From the last of these equations we see that the right side of each of the
first two equations is of order 'A2, and hence can be neglected to first
order. We thus obtain to this approximation,

(E" - §n -'AH'",,) c",,-'AH'nlCI" = 0

-'AH'lnCnn+ (En-CPI-'AH'u) Cl"=O,

whence the determinant of this pair of homogeneous equations in the
unknown Cn" and Cl" must vanish,

(E" - §n - 'AH'nn) (En -§l- 'AH'll) -'A2H'lnH'nl = O.

After some elementary algebra, we thus find

E ± = §n + §I + 'A(H' nn + H'll)
" 2

+ ~[ §n - §I + 'A(H' nn - H'U)]2 + 'A2[-{' H'- 2 In nl, (53)

while from equation (43),

(
Cln )± = 'AH'ln = Ei;:- §n - 'AH'nn (54)
Cn" Ei;:- §l- 'AH'u 'AH'nl

Note first that we obtain two perturbed energies and states, corre
sponding to the plus and minus sign in equation (53). The reason is that
we have treated two unperturbed states, the Ith and the nth, on an equal
basis, and have thus simultaneously determined the first-order energy of
each. Supposing that the states are not actually degenerate, the correct
ness of this interpretation can be seen by going to the limit of vanishingly
small 'A. In that limit, the term in 'A2 under the square root sign in equation
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(53) can be treated as small. We then obtain, using the plus sign in equa
tion (53),

(
Cln )<+l =
C""

(55)

while, using the minus sign,

En<-) = 8>1 + AH'll

(
Cln)H = 8>1 - 8>n .
Cn" AH'nl

Thus the former is the proper first-order perturbation theory result for
the nth state, and the latter is the same for the lth.

The qualitative features of equation (53) can be made clearer by re
writing it in the following way. Introduce first the average of the first
order energies of the two levels,

E==t (8n+AH'nn+ 8>1+AH'll)'

Next, introduce the relative first-order separation of the energies,

d == [( 8 n + AH'",,) :: (8)1 + AH'll)] .
E

Equation (53) can now be expressed in the form

En±/E= 1± Y(d2/4) +A2H I

I"H '"dE\
which shows the levels to be equally spaced about their first-order
average. Note that the second-order terms always increase the relative
separation of the levels and this by an amount which is larger the more
nearly degenerate the states are to first order, or otherwise stated, the
smaller is d. This general tendency of close-lying levels to repel each
other is illustrated in Figure 2, where En±/E is plotted as a function of
d. Observe, in particular, that the second-order contribution is always
such as to prevent exact degeneracy and thus to make it impossible for
a pair of close-lying levels to cross-over as the strength of the perturba
tion term is altered.

We turn next to the situation in which the unperturbed states are
exactly degenerate, 8" = 8>1' In that case, equations (53) and (54)
become

E ± = 8> +A(H'nn + H'll) + A I(H'",,- H'll)2 + H' H'
II n 2 -"V 2 In III

and
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FIGURE 2. Second-order energy of a pair of nearly degenerate states as a func
tion of first-order relative separation ~. The magnitude of the second-order
correction is the distance between the solid curves and the dotted lines. These
latter are thus the energies obtained by neglecting the second-order corrections.

(
CIII )± H'I"
c"n = H'nn - H'll-+- I(H'n" + H'Il)2 + H' H' (56)

2 - \/ 2 In nl

Note that the ratio of amplitudes CI"/C",, no longer depends on "-. This
fact is a consequence of the arbitrariness inherent in any specification
of a set of degenerate states. Because of this arbitrariness, without
further information we cannot establish a priori a unique general connec
tion between perturbed and unpertubed states. Indeed, equation (56)
tells us which particular linear combinations of the unperturbed degen
erate states are in one-to-one correspondence with the perturbed states,
and the answer is seen to depend on the character' of the perturbation.
As a special example, consider the case in which

H'nn = H'll = 0

H'III = H' 111* =;6 O.
(57)

(58)

In that case we obtain the simple result

E~= 8" ± ,,-iH'lni

(CI"/C,,n) ± = ± H '11l/IH 'I"i·
Note that the original degenerate states are thoroughly mixed, since
lelni = ICnnl· Such an example occurs for an antisymmetric perturbation
acting on degenerate states of definite but opposite parity. On the other
hand, if the lth and nth states have the same parity, then it is easy to
see that H' In is zero for an antisymmetric perturbation and the states
remain degenerate to first order. In that case, a second-order calculation
is required to find the splitting of the levels produced by the perturbation.

As a second special example, consider the case in which



208 APPROXIMATION METHODS

H 'In = !-I I nl* = 0,

so that the states are not connected to first order. In that case, the two
states are described by

and

En = 3 n + 'AH'"" ,

E,,= §,,+'AH'l/'

C"n = I

Cln = I,

and the degeneracy plays no role in the analysis. Examples of this sort
occur whenever the perturbation commutes with the set of operators
used to define the unperturbed states. Otherwise stated, the analysis
reduces to that of conventional perturbation theory whenever the un
perturbed states can be uniquely specified by a set of operators, each of
which commutes with the perturbation term.

6. TIME DEPENDENT PERTURBATION THEORY

As a final approximation method, we now consider the case in which
a system, in some definite initial state, is subjected to some external
force which depends on the time. An example would be the oscillating
force exerted on an atom by a light wave passing through it. We shall
assume the external force to be weak enQugh that a perturbation method
can be applied. We write the Hamiltonian in the form

H=Ho+H'(t), (59)

without bothering to introduce a parameter of smallness 'A. We now
seek approximate solutions of the time dependent Schrodinger's equation

HljJ == [Ho+HI(t)]ljJ=_~ ~~.

Again denoting the eigenfunctions and eigenvalues of the unperturbed
Hamiltonian by cPn and 3 n, we express ljJ as the superposition,

ljJ(x, t) = Lan (t) cPn(X) ,
n

where the expansion coefficients must now be regarded as functions
of time. If H' were zero, the a" would be proportional to e-i9"l/~, and
it is accordingly convenient to write, without loss of generality,

a,,(t) =c,,(t) e-iCJ,,,l/~,

so that

(60)

We thus have
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and

whence Schrodinger's equation becomes

209

(61)

Multiplying through by cPm* and integrating, we finally obtain, for each m,

dc i
----!!!= ---" H' (t) e-i(,5n-6mltlh c (t)dt Ii L.J m" n .

This simultaneous set of coupled first-order differential equations is
exact and is completely equivalent to the time dependent Schrodinger's
equation. Of course, the initial conditions must still be specified. We shall
consider only the case in which ljJ(t = 0) = cPk' that is, in which the
system is in the kth unperturbed state initially. Thus we have

(',,(t=O) =8nk .

We now assume that the perturbation is weak enough, or that we
restrict our attention to short enough times, that all c" except Ck remain
small. To first order, we then have

where we have retained only the kth term in the summation on the right
side of equation (61). The first of these equations then gives at once

ck=exp [-i LH'kk(t) dt/Ii] = 1-*J: H'kk(t) dt.

Neglecting the deviation of Ck from unity, since this deviation contrib
utes only terms of higher order than the first, the second equation gives

. (t
m "'" k: Cm =-* Jo H'mk(t) e-iWk-6m)/lh dt. (62)

As a first exa:npie, suppose that H' is independent of time, except for
suddenly having been "switched on" at t = 0, and just as suddenly
"switched off" at time t. We then obtain



210 APPROXIMATION METHODS

which corresponds to an energy shift H'kb in agreement with our first
order stationary perturbation theory result. For the Cm we have

e-i( () k- () m)//ft - I
Cm(t) = H'mk

(63)

or

1 () 1
2= 41H' 12 sin

2
( 6 k - 6 m )t/2fi .

cmt mk (6k -6m)2

For non-degenerate states, we thus see that if H'mk is small enough,
then Icml2 remains small for all t. For larger H' mk, however, our approxi
mation is valid only for small enough t. In either case, the interpretation
of our result is the following. The probability that the system, initially
in the kth unperturbed state, will be found in the rnth unperturbed state
after the interaction has occurred is Icm(t) 12 • From this point of view, the
role of the perturbation, acting over the time interval from 0 to t, is to
produce transitions between the unperturbed states.

Consider next the case of degenerate, or nearly degenerate, states.
For 6 m = 6 k , we see that

Icml 2 = IH' mk/2t2/fi2, (64)

and hence that the transition probability grows rapidly with time and
eventually becomes of order unity. This follows no matter how small is
H'mk' just so long as it is not identically zero. The reason for this behavior
is easy to understand from our previous stationary perturbation theory
results. As we saw, when the rnth and kth states are degenerate and H'mk
differs from zero, the perturbed states are particular linear combinations
of the degenerate unperturbed states with relative magnitudes of order
unity. The growth of Icml 2 thus reflects the frantic (but unsuccessful)
attempt of the system to achieve just the right linear combination in
response to the perturbation. Since C m eventually becomes comparable
to Ck, our approximation evidently holds only for short enough times.
However, results valid for arbitrary times can be obtained by treating
Cm and Ck simultaneously and on equal basis in equation (61). The result
ing coupled equations are easy to solve, but the details are left to the
problems.

One aspect of equation (63), which is rather surprising, is that Icml 2

initially grows as t 2• We would instead expect the probability of transi
tions to grow linearly with time, that is, the effect of the perturbation
should be describable in terms of a rate at which it induces transitions.
Clearly this is not the case for transitions to a single degenerate final
state, but our expectation is realized for transitions to a dense group of
final states, as in the continuum. To understand this important case, we
now consider the transition probability P to such a group of states,
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The structure of this summation is already very interesting. For t large
and fixed, the matrix element H' mk can be regarded as varying rather
slowly from term to term compared to the remaining factor. Hence,
regarded as a function of 8 m , the quantity Icm l2 is sharply peaked about
8 m = 8k> as shown in Figure 3 below. From the figure it is clear that,
for t approaching infinity, transitions occur with appreciable probability
only to a narrower and narrower band of states, with energy E centered
about the initial state energy 8 k • This expresses the fact of conservation
of energy, since only those final states are appreciably populated whose

FIGURE 3. Transition probability against energy.

energy differs infinitesimally from that of the initial state. The non
conservative effects of switching the interaction on and off thus become
negligible if the time interval between these acts is long enough.

From the figure we note that the width of the peak in the transition
probability curve is inversely proportional to t, while the height of the
curve is proportional to t 2

• Thus P, which is proportional to the area
under the curve, increases linearly with t, as asserted. To make this
explicit, recalling that the final states are assumed to be dense, we convert
the summation in equation (65) to an integral over an interval 6..£ sur
rounding 8 k , by expressing the number of states in the energy interval
between E and E + dE as p (E) dE. Thus pee) is the density of states
at E. In this way we obtain

P = 4J °k+
Ii

E/2 (E) dE IH ' 12 sin2[( 8 k - E) t/2h]
P mk ( to. E)2 '

0k-IiE/2 CPk -

where now H' ml, means the matrix element between the initial state
and a typical final state in the interval 6.E. Neglecting the variation of
p (E) and of IH 'mk 12 over this small interval, we then obtain
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Letting x = (E - 8 k ) t/2h, we next have

P = 2
h
t p(E) IH'mkl2jl"'£/4" sixn: x dx.

-1"'£/4'.

For t ~ 00, the integral can be shown to equal 7T, and hence we find

(66)

(67)

and P is proportional to t, as predicted. Introducing the transition rate
W = dP/dt, we finally obtain

W = 2; p(E) IH'mk1 2 •

This is an extremely important and useful result. It is usually called,
after Fermi, the golden rule of quantum mechanics. In words, it states
that the number oftransitions per unit time from an initial state to a dense
group of final states which conserve energy is 27T/h times the density of
final states times the absolute square of the matrix element connecting
initial and final states.

The domain of validity of this result is determined by the following
considerations. In the first place, the total probability P that the system
has undergone some transition from the initial state must be small,
P ~ I. Hence, from equation (66), we must have

(68)

which serves to restrict the time interval over which the results apply.
On the other hand, the details of our derivation make clear that this
interval cannot be too short. To see this, recall that the width of the peak
in Figure 3 is inversely proportional to t. If we denote this width by E,

we have specifically

Et/2h = I. (69)

Recall also that our evaluation of the sum over final states in equation
(64) in effect assumes that E is small enough that both the density of
states and the matrix elements can be treated as constant. If Eo is a mea
sure of the maximum width over which this assumption is justified, then
we must have

Eot/2h 2: I. (70)
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(72)

The only way that equations (68) and (70) can be simultaneously satis
fied, in general, is for H '/Ilk to be small. In summary, then, we are not
surprised to see that the golden rule applies only for weak perturbations.

One other aspect of equation (69) is worthy of comment. The quantity
€ is a measure of the uncertainty in the energy of those final states which
are reached by the system because of the perturbation. The product of
this uncertainty and of the time for which the perturbation acts is thus
of the order of fi, in agreement with the uncertainty principle.

So far, we have considered only perturbations which are independent
of time, except for being switched on or off. We now generalize to the
case of harmonic time dependence by considering a perturbation of the
form

H' (x, t) = H' (x)e±iwt, (71)

which is of the type describing the effects of the electromagnetic radia
tion field. 14 It then follows at once from equation (53) that all of our pre
vious results apply, except that 6" - 6/11 is replaced by 6 •. - 6/11 =+= fiw.
In particular, equation (63) becomes

I . ( )1 2 = 41H' 12 sin
2
[(6 •. - 6/11 =+= fiw)t/2fi].

(/II t /Ilk (a _ a _ L )2
u.. U'1Il + nW

To make the notation clear, we remark that the upper sign in equation
(72) goes with the upper sign in the exponent of equation (71), and simi
larly for the lower signs.

We now see that transitions from the kth to the mth state take place
with appreciable probability only when

(73)

which means that transitions are preferentially induced in which a
quantum of energy fiw is either absorbed or emitted by the system.
The former is called resonance absorption, the latter is called stimulated
or induced emission. If w is such that equation (73) is satisfied, and if
k and 111 refer to discrete, non-degenerate states, the transition probability
is given by equation (64) as before, and hence is still seen to grow quad
ratically with the time. The result is thus valid only for short enough
times, no matter how weak the perturbation. However, just as in the
case ()f a time-independent perturbation, results valid for arbitrary times
can be obtained by treating C/II and c•. on an equal footing in equation
(61). The resulting equations are again easy to solve, but the details are
left to the problems.

14 Strictly speaking, the harmonic time dependence is trigonometric, say cos(w{ + Il). As
a consequence, interference occurs between the positive and negative frequency compo
nents of the perturbation, but its contribution is negligible for those transitions which take
place with appreciable probability, namely those near resonance.
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Considering next transitions to (or from) a dense set of degenerate
states in the continuum, the derivation of equation (67) is unaltered ex
cept that the initial and final state energies are related by equation (73).
One can still speak of the process as conserving energy if it is understood
that the energy referred to is that of the total system, the material part
and the radiation field together. Thus in absorption, the material system
absorbs a quantum hw at the expense of the radiation field. In emission,
the radiation field gains a quantum at the expense of the material system.15

With this understanding, the golden rule and our interpretation of it both
stand without modification.

It must be emphasized that, in our development, the electromagnetic
field has been treated as a strictly classical entity. The fact that absorp
tion and emission are quantized is an automatic consequence of the
quantum properties of the material system; it is not directly related to
the quantum properties of the field, although it is clearly consistent with
those properties. To take these latter into account, the field amplitudes
must be regarded as operators acting upon the state function describing
the field. These amplitudes can be expressed in terms of harmonic oscil
lator variables for each mode, and the state of the field is characterized
by the number of quanta in each. The zero point energy of these harmonic
oscillators plays a crucial role in the interaction of material systems with
the electromagnetic field. These vacuum fluctuations, as they are called,
are responsible for spontaneous emission, the emission of radiation by
a system when, as is usually the case, no externally imposed radiation
field is present. Our classical treatment, valid only for large quantum
numbers, contains no reference to vacuum fluctuations and does not,
therefore, account for spontaneous emission. 16

We remark without proof that the golden rule also applies to the de
scription of induced transitions to a definite, discrete final state from an
initial state which is a dense mixture of degenerate states in the contin
uum. This process is thus the inverse of that described above.

As a specific example of the application of the golQen rule, we now con
sider a particle of charge e in its ground state 1/10 in a potential V(x),
which is irradiated by light of frequency wand thereby ejected into the
continuum. The process is thus essentially that of photo-ionization. We
shall make two simplifying assumptio05 in carrying out the calculation.
The first of these is that the wavelength of the light is very great compared
to the size of the system. This is a very common and generally valid
assumption since, except in the x-ray region and below, the wavelength

15 Multiple emission and absorption processes, where two or more photons are involved,
are described by second- and higher-order perturbation theory calculations.

16 For a semiclassical discussion of spontaneous emission, see Reference [23].
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of light is certainly very much greater than atomic dimensions. With
this assumption, the electric field {} which acts on the particle can be
taken to be uniform in space, but harmonic in time, and the perturbation
term then has the form

H' (x, t) = H' (x) e- iwl = -e §x e- iwl , (74)

which is just the instantaneous potential energy of the particle in such a
field. 17 The second simplifying assumption we shall make is that the
frequency w is large enough that the energy of the final state E is very
large compared to V(x). This assumption allows us to treat the final
state of the particle as a free particle state, that is, as a state of definite
momentum as well as energy.

The only points of difficulty in the calculation arise in evaluating the
density of final states, since these lie in the continuum, and in the related
problem of properly normalizing such states. Both can be solved by the
trick of supposing the system to be enclosed in a large box of length L,
and then eventually letting L approach infinity. A discrete, normalizable
set of states is easily obtained, by imposing appropriate boundary condi
tions, when the system is in such a box. For example, for a physical box,
the wave function would have to vanish at the walls. However, the state
functions so defined would not be states of definite momentum, even in
the limit L ~ 00, because states of definite momentum never vanish.
Thus we introduce, as a purely· mathematical device, the nonphysical
periodicity condition that l/J(xo + L) = l/J(xo) , where the walls are as
sumed to lie at Xo and x 0+ L. For obvious reasons, this requirement is
called a periodic boundary condition.

Since the free-particle simultaneous eigenfunctions of momentum and
energy are pure de Broglie waves, ei V'ImE xlft, we thus require that

exp [iY2mE (xo + L) /h] = exp [tV2mE xo/h ]

and hence that

Y2mE L/h= 2mr, n = 0, ±I, ±2, ....

The normalized states are then seen to be

•" - _I e iV2mE xlft
yE - \II '

where

(75)

17 We have neglected magnetic forces because these are of order vic smaller than the elec
tric forces, where v is the particle velocity. We have also omitted the positive frequency
term because we are interested only in absorption.
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Y2mE = p = 2mrn
L '

n = O,±I,±2,±.... (76)

As L becomes larger and larger, we see that the spectrum becomes more
and more closely spaced, and in the limit the states indeed become the
usual free particle continuum states of definite momentum. It is just this
fact which both motivates and justifies the introduction of periodic
boundary conditions.

We now evaluate the density of states peE). Recall that this density
is defined as the number of states with energy between E and E + il E.
Now from equation (76), the total number of states N (E) with energy
less than or equal to E is 2n + I, or equivalently, expressing n in terms
of E,

N(E) = ~n Y2mE + l.

Consequently,

N(E+ ilE) = L
n

Y2m(E+ ilE) + I = N(E) + L~ ilE.
~ 2~n E

Hence, neglecting higher-order terms,

ilN = N(E + ilE) - N(E) = 2~n Y2m/E ilE,

but by definition, ilN = p(E)ilE, and thus,

peE) = 2~n Y2m/E. (77)

Next we write the form of the matrix element of the perturbation
H' (x) defined in equation (74). To make explicit the fact that this matrix
element is taken between the initial and final states, we denote it by H' if'

The initial state for our problem is the normalized ground state t/Jo(x)
with energy Eo = -E, where E is the binding energy. The final state is
the normalized free-particle state defined by equation (75), with energy
E r given by

Er= Eo + nw = nw - E.

The matrix element is then

H'ir= I t/Jo(x)H'(x)t/JEr(x) dx

or, explicitly, using (74) and (75),

H'· =-8 J,I, (x)ex-
1
- eiV2nlEr x 'fl dxIf '1'0 n .

(78)



PROBLEMS 217

The factor multiplying the electric field strength § is seen to be the
matrix element of the dipole moment operator ex, and H'ifis a quantum
mechanical average of the energy of a dipole in a uniform field §.

In any case, the transition probability per unit time is now given by

W = 2; p(E f ) IH'ifI2

= ~2 V2m/Ef e2§21 f t/Jo(x) x e iV2niEfxlfl dxl 2. (79)

Note that the normalization length L, as it must not, does not enter into
the final result. The density of states is proportional to L but, through the
normalization of the continuum states, the square of the matrix element
is inversely proportional to L and their product is thus independent of
normalization length. Hence equation (61) as it stands is the limit attained
as L becomes infinite.

It is of some interest to actually evaluate the matrix element for some
specific example. We shall do so for a particle in its ground state in a
square well potential. To simplify the calculation, we shall assume the
width of the potential to be narrow enough that the ground state is the
only bound state, and further, that this state is so slightly bound that the
wave function extends far beyond the walls of the potential. Indeed, we
shall take the limit in which the wave function inside the square well
contributes negligibly to the integral in equation (61) and can be ignored.
Specifically, we thus write, extrapolating the exterior wave function to
the origin,

(80)

where € is the binding energy. This function, which is normalized, is
illustrated in Figure 4, and is schematically compared with the true
ground state wavefunction for a narrow potential. 18

equation (80)

true wave function

,------'=----x

- --2a

Vu

FIGURE 4. The wave function of equation (80) compared to the true wave func
tion in the weakly bound ground state of a narrow square well potential.

.8 The wave function of equation (80) can be shown to be that obtained when 2a tends to
zero and Vo to infinity in such a way that 2aVo approaches a constant, say g, that is, the
limit in which the square well potential approaches go(x). The binding energy is given in
terms of g by E = mg 2f2h 2 , as may be verified by taking the limit of equation (VI-16). See
also Problem 4 of Chapter VI.
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With this final simplification, we then have

J:oo ljJo(x)x eivzmEfxlfl dx

(
2me )1/4 JOO

= h2 -00 x exp [-V2mcv~lxl-tv'EfX)/h] dx

-_ (2:'ze )1/4 { Jooo xn exp [-~ (\!; - iV"E;)x/h] dx

+ foo x exp ['\I2in('\IE + i~)x/h] dX}

(
2me)1/4 hZ {I I}

= f;2 2m (~-- iVEf)Z- (~+ iVEf)Z

= (2me)1/4 ~ 4i "\/E;i.
h Z 2m E/+ez

Hence, equation (79) yields, for this example,

8hez§z e3/ZE liZw- f
- m (Ei + €Z)2'

where

E f = hw - e.

Since we have assumed from the outset that hw P E, this can be reduced
to

8ez§z e3IZ
w=----·mh5/Z W 71Z (81)

Subject to all the simplifying assumptions we have made, this result
means that if an electromagnetic wave of frequency wand electric vector
§ irradiates an ensemble of N particles of charge e and mass m each in
its ground state of binding energy e, in a square well potential, then the
number of photoelectrons produced per second with energy hw - e is
NW, where W is given above.

The example we have worked out is entirely analogous to the calcula
tion of the photo-ionization of atoms or of the photo (electric)-disinte
gration of nuclei. Of course, our calculation, nontrivial as it may be, is
only one-dimensional, but the three-dimensional calculation is little
more difficult. The differences between three dimensions and one are
merely characteristic differences in the density of states. Other differ
ences may also arise if the structure of the ground state wave function is
different. The photo (electric)-disintegration of the deuteron isolates the
effects of the change in density of states, since the deuteron ground state
wave function is essentially the one we have used in our calculation. The
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result is that the transition probability per second turns out to be pro
portional to e112/w512 at high energies instead of to e312/w7/2. The photo
ionization of the hydrogen atom, on the other hand, also involves a change
in the character of the ground state wave function, which is that appropri
ate to a Coulomb potential rather than to a square well, with the result
that the transition probability falls off much more rapidly with frequency,
being proportional to e 5/2 /(lJ912.

As a final remark, we note that it is customary to describe these pro
cesses in terms of the probability of disintegration or ionization per
incident photon, rather than in terms of the probability per unit time. The
number of photons per cm2 per second in a light beam of intensity I is
proportional to I/hw, and I in turn is proportional to the square of the
electric field, 8 2

• Hence the probability per incident photon per cm2 ,

or cross-section as it is called, is proportional to e1/2/w3/2 for photo (elec
tric)-disintegration of the deuteron, and to e512/w7/2 for photo-ionization
of the hydrogen atom.

Problem 1. If the classical turning point occurs at an infinite potential
wall, the wave function actually vanishes at the turning point; it does
not extend an effective one-eighth wavelength beyond the turning point.
The quantum condition equation (12) must then be modified.

(a) What is the correct quantum condition for a particle in a box
(infinite potential walls)?

(b) Use the WKB approximation to find the stationary states and
compare with the exact results. Explain.

Problem 2. Consider the motion of a bouncing ball. Take the motion
to be perfectly vertical and the collisions of the ball with the ground to
be perfectly elastic. The potential is given in Figure 5, below.

(a) What are the correct quantum conditions?
(b) Use the WKB approximation to find the stationary state

energies.
(c) What is the order of magnitude of the quantum number appro

priate to the stationary state of a ball of mass 100 gm dropped from
one meter?

IV=CO ~
~v~xmgx

FIGURE 5. Potential energy of a bouncing ball.

Problem 3. Apply the Rayleigh-Ritz variational method to the harmonic
oscillator to find:
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(a) The ground state energy using a Gaussian of variationally
determined width as a trial function.

(b) The energy of the first excited state using the trial wave func
tion, with a2 as variational parameter,

1/J={x(x2 -a2 )2, Ixl~a
0, Ixl ~ a.

Does the minimum principle apply? Explain.

Problem 4. Apply the Rayleigh-Ritz variational method to a particle
in a box of width L to find:

(a) The ground state energy using a second-degree polynomial as
trial function.

(b) The ground state energy using a fourth-degree polynomial.
(c) The energy of the first excited state using the simplest appro

priate polynomial as a trial function.
Note: In each case choose your trial function to satisfy the correct
boundary conditions at the walls.

Problem 5. In nuclear physics, a frequently used potential is a harmonic
oscillator cut off at x = ± b, that is,

V(x) = {t mw2 (x 2
- b2

), Ixl ~ b
0, Ixl ~ b.

(a) Use the Rayleigh-Ritz method to estimate the energies of the
ground state and first excited state. As trial functions use the polynomial
in the example in the text, equation (19), and that in Problem 3(b), in
each case with a2 as variational parameter. Choose b such that b > a.

(b) The same, for the case b < a.
(c) Estimate the energies of the same two states using the WKB

approximation (modified Bohr quantization condition).
(d) From your variational results and your WKB results, estimate

the maximum value of b for which the potential contains only one bound
state.

(e) Compare your WKB and variational results in each case above
and state which you think more reliable. Explain your reasoning.

Problem 6. A particle is described by the Hamiltonian H = H 0 - Fx,
where H 0 is the harmonic oscillator Hamiltonian. The system is thus
that of a harmonic oscillator in a uniform gravitational field (F = -mg)
or in a uniform electric field (F = - e 6).

(a) Show that to first order the energy eigenvalues are unchanged.
(b) Show that

X II ,n+l = X II +1,1I = V(n + l) 1i/2mw

x n,1II = 0, m -# n ± 1.
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(c) Calculate the energy eigenvalues to second order.
(d) Find the exact solution to the problem. Hint: Introduce a shift

of origin. Compare with the results of part (c).

Problem 7.
(a) What is the matrix representing the operation of multiplication

by unity? This matrix is called the unit matrix. What about multiplica
tion by a constant c?

(b) Verify by the rules of matrix multiplication that the unit matrix
multiplying any matrix gives the expected result.

(c) Given the two-by-two matrices

-I)
I '

B = ( 2
-IA=G D,

find A 2 , B 2
, A + B, AB and BA.

Problem 8.
(a) The matrix elements x"", of x for the harmonic oscillator are

given in Problem 6(b). Using the rules of matrix multiplication find the
matrix elements of x 2 • Verify your results by direct computation of
X 2'"I1. (See Problem 2(b) of Chapter VI).

(b) The same for p and p2. (See Problem 2(c) of Chapter VI.)
(c) Use your results to verify that

(p,x) = Il/i.

Problem 9. A particle moves with energy E in a potential

VV(x) - 0
- cosh2 x/b

(a) Assuming E > 1Vol, find as precisely as you can the conditions
on Vo and b under which the WKB approximation is valid.

(b) Under the conditions obtained in (a), calculate the WKB trans
mission coefficient T( E) and the time increment associated with the
passage of a particle of energy E through the potential.

Problem 10. Consider a perturbation H' which is independent of time
except for being switched on at t = 0 and switched off at time t. Suppose
the mth and nth unperturbed states to be exactly degenerate, 6", = 6".

(a) Assuming that initially the system is in the mth unperturbed
state, find its subsequent behavior. Start with equation (61) and neglect
all states but the degenerate pair, but treat these without further approxi
mation.

(b) For what initial conditions will the system be in a stationary
state, with no (first-order) transitions being induced by the perturbation?

(c) Discuss the connection of your results with those obtained in
stationary perturbation theory.
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Problem 11. A particle of mass m is placed in a one-dimensional box of
width 2L, centered at the origin, in the presence of a uniform gravita
tional field. Thus the Hamiltonian of the system is

2

H=L+ mgx
2m '

Ixl :,;::; L.

Estimate the allowed energies of the system using:
(a) WKB approximation.
(b) Second-order perturbation theory (why not first-order?).
(c) The Rayleigh-Ritz method (ground state only). Use the trial

function (I - ax) cos 1Tx/2L. Explain why this is a reasonable trial
function. Why is any function of definite symmetry inferior to the one
suggested?

Problem 12. A particle of mass m is confined inside the triangular poten
tial well shown in Figure 6. Its Hamiltonian is thus H = (p2/2m) + V(x),
where

V(x) = 00,

= kx,

x<O

x> O.

v = kx

"----------.. xo
FIGURE 6. Triangular potential well.

(a) Estimate the ground state energy using the uncertainty principle.
(b) Estimate the ground state energy using the Rayleigh-Ritz

variational method. As triai function choose

x ~ a,

and treat a as a variational parameter.
(c) Suggest a suitable trial function for the first excited states but do

not carry out any calculations. Briefly justify your choice. Does the first
excited state satisfy a minimum principle? Why?
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Problem 13. The ground state energy of a system is estimated both by
the Rayleigh-Ritz method and by a second-order perturbation theory
calculation. The Rayleigh-Ritz result is found to be -27.1 eV and the
perturbation theory result - 26.0 eV. Which lies closer to the true ground
state energy? Suppose the numbers had been reversed. Would it still be
possible to decide which estimate is better? Explain your reasoning.

Problem 14. A particle of mass m moves in a potential Vex) = Vo(x/L)2s,
where s is a positive integer. (N .B. The problem is that of the harmonic
oscillator for s = 1, of a square well for s ~ 00.)

(a) Estimate the magnitude of its ground state energy using the
uncertainty principle.

(b) Estimate its ground state energy by the Rayleigh-Ritz method
using as trial functions

(i) t/J = exp [- x2/2a 2
]

(ii) t/J = {sin 7Txla, x ~ a
o , x> a.

Treat a as a variational parameter in both cases. Which trial function
gives better results for differing values of s? Discuss your result.

(c) Show that in WKB approximation the energy of the nth state
can be expressed in the form

E =k(' [(n+t)2sfi,2S Vo]s:h
n s) mSL2S ,

where k(s) is a dimensionless quantity which is of order of magnitude
unity for all s. Find an explicit expression for k(s).

Problem 15. A harmonic oscillator of mass m, charge e and classical
frequency w is in its ground state.

(a) A uniform electric field eJ is turned on at t = 0' and is then
turned off at t = 'T. Use first-order time dependent perturbation theory
to estimate the probability that the system is excited to its nth state.

(b) The same for a uniform but sinusoidally oscillating electric
field, eJ = eJo sin wot.

Problem 16. Let t/J Iand t/J2 be a pair of degenerate orthonormal states of
some system. At time t = 0, a perturbation H' is turned on and at time
t = 'T it is turned off. If the system is initially in the state t/JI'

(a) Find t/J(x, t) for t > 'T and find the probability that a transition
has occurred from t/J 1 to t/J2' Neglect all other states except the degenerate
pair. For simplicity, assume

(t/JI!H'liJJ2) = (t/J2IH ' lt/Jl) = E

(t/J2IH'It/J2)= (t/JIIH'!t/JI) =0.
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(b) Compare your result for the transition probability with that
obtained using first-order time dependent theory and then find precise
conditions for the validity of the latter in the present instance.

Problem 17. The harmonic oscillator reduces to a free particle system
when its frequency tends to zero. It is easily verified that the harmonic
oscillator propagator properly becomes that for a free particle in this
limit. It is not so easy, however, to verify that the harmonic oscillator
state functions reduce to free particle state functions.

(a) Do so by letting w ~ 0 and n ~ 00 in such a way that

En=(n+t)hw~E

and examining the oscillator state function !/Ill in this limit. [Hint: Use
the integral representation of equation (VI-61) and eval.uate the integral
by a saddle point method.]

(b) Consider the WKB approximation to the harmonic oscillator
state functions (but not too close to the turning points). Show that, for
large enough n, the state function is quite close to a free particle state
over the central region.

(c) Show that the WKB states reduce to the correct free particle
states in the zero frequency limit described in part (a). Note that the
turning points become infinitely remote in that limit.

Problem 18. A system with unperturbed eigenstates and energies <Pn
and En, respectively, is subjected to a time dependent perturbation

H'(t) =~ e- t2
/
T

"

V7TT

where A is a time independent operator.
(a) If initially (t = -00) the system is in its ground state <Po, show

that, to first order, the probability amplitude that at t = 00 the system will
be in its mth state (m "# 0) is

where

Amo = (<PmIAI<P o)·

(b) The limit T
2(E 1 - E O)2/4h2 ~ I is called the adiabatic limit.

Discuss the behavior of the system as t progresses from minus to plus
infinity in the adiabatic limit. Why do all transition probabilities tend to
zero in this limit?

(c) Next consider the limit of an impulsive perturbation, T = O.
Show that the probability P that the system makes any transition whatso
ever out of the ground state is
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I
p= h2 [(A2) 00- (A OO )2]

I
= h2 [(<pOIA21<P0) - (<PoI A I<P0)2].
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Hint: Find the transition probability to the mth state and sum over all
excited states using the methods of matrix algebra.

(d) Show that the impulsive perturbation of part (c) is equivalent to

H'(t) =A8(t).

(e) Integrate the time dependent Schrodinger's equation over an
infinitesimal interval about t = 0 to show that 1/1(x, t) is discontinuous
at t = O. Show specifically that 19

and hence that the exact solution of the time dependent Schrodinger's
equation is

t < 0:

t> 0:

1/1 = <Po e-iEollfl

1/1 = ~ em <Pm e-iEmtlfl

Show that this reduces to the first-order perturbation theory result if
the perturbation is weak enough.

(0 Verify that ~ Icml 2 = 1.

Problem 19. Let 1/1" denote the stationary bound states of a system corre
sponding to energy EI/' Choosing the 1/111 to be real for convenience (see
problem VI-II),

(a) Show that

(1/1"lpx!1/1,,) = hl2i

(tP"lxP!1/1,,) =?

(b) Show that

2: {(1/1"lxHI1/1q) (1/1 qlxltPlI) - (.tP"l x l1/1q) (1/1qlxH!1/1,,)}
q

=2: (Eq-E,.)lx"qI2.
q

19 If B denotes some operator, its inverse B-I is defined. when it exists. by

B-IB= BB- 1 = I.
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(c) Using the results of (a) and (b), and the methods of matrix
algebra, show, finally, that

L (Eq -En)lxnqI2=h2/2m.
q

[This is an extremely important example of what is called a sum rule.
Its importance comes from the fact that the probability for a dipole
radiative transition between the qth and nth states is proportional to
IXnq 1

2
• Thus these matrix elements are directly measurable quantities.]

(d) Verify the sum rule for the harmonic oscillator by actual evalua
tion of the sum.

Problem 20. In Chapter VI we showed that an attractive square well has
at least one bound state no matter how weak the potential. Use the Ray
leigh-Ritz variational method to prove that this is a general property of
any potential which is purely attractive. Do this by using the trial function

and showing that a can always be so chosen that E' (a) is negative. (Why
does this constitute a proof?)



VIII
~Systems of particles

one dimension

1. FORMULATION

.
zn

We now come to the first major generalization of our formulation of the
laws of quantum mechanics. We have seen that the requirements of the
correspondence principle led us to the Hamiltonian as the operator which
determines the time development of a system consisting of a single parti
cle moving in an external field of force. By similar arguments, it follows
that the Hamiltonian operator for a system of particles plays exactly the
same role, as we now show.

We consider a system of A interacting particles, each of which may also
be under the influence of some external force. The classical Hamiltonian
for such a system is then

A p.2 A

H(PI," "PA, XI,···, X A) =L"2-:+ L Vi(Xi) + L VU(xi-xJ,
i=1 m, i=1 pairs (I)

where plj2m i is the kinetic energy of the ith particle of mass mi and
Vi(xJ is any externally imposed potential (such as gravity) in which the
ith particle is moving. Finally,

Vij(xi-Xj) == Vj;(Xj-x i)

is the mutual potential energy of interaction between the ith particle at
Xi and the jth at Xj' As the notation shows, we take this interaction to
depend only upon the coordinate difference Xi - X j' The total energy of
interaction is obtained by summing the two particle terms over all pairs
of particles, as indicated. An explicit way of writing this term is

L Vij (Xi - Xj) == LVii'
pain i.i

i< j
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In summing over i and}, the condition that i is always less than} insures
that each pair is counted only once.

We now make the following assumptions about the quantum mechani
cal description of such a system, all of which are more or less obvious
generalizations of the one particle description.

(a) In configuration space, the state function of the system depends on
the coordinate of each particle and on the time,

(b) Assuming 1/1 to be normalized,

J dx dx 2 ' .. dXAII/I12 = 1, (2)

the absolute probability density in configuration space is 11/11 2 • More
explicitly, 11/11 2 dXI dx 2' •• dx A is the probability that, at one and the
same instant t, particle one is to be found in the interval between x I

and XI + dxl , particle two between X2 and X2+ dX2' and so on for all A
particles. From this it follows that

(3)

is the probability density for particle one alone, independent of the de
tails of the behavior of the remaining particles. Thus p(x l ) has the same
meaning and the same properties as the familiar probability density for a
single particle; in particular, the usual probability conservation laws must
be satisfied.

(c) The dynamical variables of each particle are operators satisfy
ing the normal commutation law. However, since the dynamical variables
of different particles represent totally different degrees of freedom, and
thus noninterfering observables, the dynamical variables of different
particles commute with each other. In brief, we thus write

[Pi' Pi] = [x·i,Xj] =0

Ii
[pi.xd=--;-Oij.

I
(4)

Specifically, in configuration space the Xi are numbers and the Pi are given
by

(5)

In momentum space, conversely, the Pi are numbers and the X i are
given ~y

Ii ax·=-- -.
I i api

(6)
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From these assumptions it follows that the state function in momentum
spacecP(PhP2," "PA.t) is the A-fold Fourier transform 1 of ljJ, that
expectation values are computed in the usual way,

(
h a h a )(f(Xi,' . . ,XA; Ph' . "PA» = (ljJlf x;, . . . ,X.A;-:- -, ... ,-:- - IljJ)
I aXi I aX A

(
h a h a )= (cPlf--:--a ""'--;--a-;Pl"",PA IcP),
I Pi I PA

and that Schrodinger's equation must have the general form

H,I. = E"'=-!!:. aljJ
'I' 'I' i at' (7)

where H is some linear Hermitian operator. The first-order time deriva
tive is required for probability conservation just as before. Using the
fact that, from equations (4), (5) and (6),

h af
[Pi,f(X1 , • • • ,X A;Pl,' .. ,PA)] =-:- -a

I Xi

h af
[f(x!> . . "XA,Pl" . ',PA),XJ =-;--,

I api

we then find that, by arguments exactly paralleling those used in the
single-particle case (see Section 3 of Chapter V),

d aH
dt (Xi) = (api)

d aH
dt (Pi)=-(OXi)'

Associating expectation values with the classical variables in the sense
of the correspondence principle, we see that these are the classical equa
tions of motion in Hamiltonian form, provided that H in equation (7)
is the Hamiltonian operator, that is, the Hamiltonian of equation (1)
regarded as a function of the quantum mechanical dynamical variables
defined by (4), (5) and (6).

2. TWO PARTICLES: CENTER-OF-MASS COORDINATES

As a first application of our generalized formulation we consider two

, Specifically, this means that ljJ and c/J are related by

ljJ = (21Th) -A/2 f dp, ... dp A c/J(PI> .. " P A) exp [i(p,x, + P 2X2 + ... + PAx.)/h]

and
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particles, of mass mt and m 2 , respectively, which interact through a
potential V(x t - X2) in the absence of external forces. The Hamiltonian
of the system is thus

(8)

and Schrodinger's equation in configuration space is then

(9)

The form of V suggests the introduction of the distance between the
particles as a new coordinate, and we therefore introduce the trans
formation

X=X t -X2

where a and f3 are parameters of our choice. Of course X will turn out
to be the center-of-mass coordinate, but it is instructive to see how this
works out. We now have

a a a----+f3-
aX2 - ax ax'

whence

where p., the reduced mass of the system, is given by

1 1 I-=-+_.
P. m t m2 '

(10)

To eliminate the cross-term, we choose f3 such that

and hence

1 a2 1 a2 1 a2 a 2 a2
m

t
ax

t
2+ m2 ax22 =;, ax2 + m

t
(mt + m2) aX2·

The choice of a is still quite arbitrary; it merely serves to fix the scale of
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the X coordinate. The most convenient choice is clearly that for which

f f dx 1 dx 2~ f f dx dX,

and this requires that the Jacobian of the transformation be unity. Thus

ax ax
- - -1

1= aX l aX 2
= ex (::+ 1),

ax ax m2- ex -ex
aX l ax 2 ml

and hence

where M = ml + m2 is the total mass. Thus finally

(11)

and, conversely,

(12)

(13)

whence Schrodinger's equation becomes

[
h2 a2 h2 a2

] h a'lr-- ----+V(x) 'Jr(x X t)=--_·
2JL ax2 2M aX2 "i at

We now give an alternative method for deriving Schrodinger's equation
in the center-of-mass coordinate system, as the coordinates defined by
equations (11) and (12) are called. The classical Hamiltonian, equation
(8), can at once be written in center-of-mass coordinates in the familiar
form 2

(14)

where

dX dXI dX 2P= Mdt = m l dt + m2 dt = P 1+ P2

P = J.L dx = J.L (!!.L _l!.1...) .
dt m l m2

Consider now the quantum mechanical operators corresponding to
these new coordinates and momenta. We have

2 See References [14] through [17].
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[ p X]-[( ) mIXI+m2x2]_ml [ ] m2 [ ]_h, - PI + P2 , M - M PbX. + M P2,X2 -j'

while, in the same way, it is easy to see that

[p,X] = [P,x] = O.

The transformation from PhXhP2,X2 to P,x,P,X thus leaves the
commutation rules unchanged; such a transformation is called a canonical
transformation.3 From these commutation rules we can write, in con
figuration space,

h a
P = j ax'

h a
P= j ax' (15)

and hence Schrodinger's equation in the form of equation (13) follows
at once from the Hamiltonian in center-of-mass coordinates, equation
(14). Note that the center-of-mass momentum P commutes with Hand
hence is a constant of the motion. Just as in classical physics, the total
momentum of an isolated system is conserved.

Schrodinger's equation in center-of-mass coordinates is clearly separa
ble, which is the main point of the transformation. Thus, writing

we have

'I'(X, X, t) = X(X, t)l/J(x, t) (16)

(17)

! [_!!!... a
2

1/J + V(x)1/J + ~ al/J] = _1. [_~ a2X + ~ ax].
I/J 21-'- ax2 i at x 2M aX2 i at

The separation constant is merely an additive constant in the total energy
and hence can be set equal to zero without loss of generality.4 With this
choice, the state function of the center of mass of the system satisfies
the free-particle Schrodinger's equation

h2 a2X h aX
-2M aX2=-j at'

and can thus be taken to be a free-particle wave packet at rest or in uni-

3 Such a transformation is the quantum analog of a classical canonical transformation, that
is, a transformation which leaves the Hamiltonian equations unaltered in form. See, for
example. Reference [14].

4 More generally, the separation "constant" could be regarded as an arbitrary function
of the time. This merely reflects the invariance of the total wave function 'i'(x, X, T) to
the transformation t/Jf= t/J e ifW, Xf= X e- ifW , by which we mean the simultaneous replace
ment of t/J by t/J eifW and X by X e- ifW. No physical result depends on f and no loss of gen
erality is incurred in choosing it to be zero.
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form motion; it can also be taken to be an eigenstate of the total momen
tum, as circumstances warrant.

Exercise 1. From equations (14) and (16) verify that

(Etotal) = (Ecm ) + (Erel ),

where Ecm and Erel respectively refer to the energy of the center of mass
and of the relative motion.

The relative motion is governed by the equivalent single-particle
Schrodinger's equation

Ii 2 a21jJ Ii aljJ
- 2JL ax2 + V(x)1jJ = - i at'

the solutions of which have already been thoroughly investigated. For
example, for a quadratic interaction V(x) = JLW2x 2 j2, the states of relative
motion are just those of the harmonic oscillator. Such a system is a kind
of one-dimensional diatomic molecule, and the states in question are
vibrational in character. As a second example, continuum states of the
kind discussed earlier can be interpreted as describing the collision of two
particles (in one dimension). The reflection and transmission coefficients
give the probability that the particles bounce back from or pass through
one another in the course of the collision. This transmission process may
seem strange classically, since classical particles are normally regarded
as impenetrable. However, even on the classical level, impenetrability
implies an interaction potential which becomes infinitely repulsive at
small distances of separation. For such a potential, the quantum mechani
cal transmission coefficient is easily seen to vanish, in agreement with
the classical result.

Our discussion thus far has been concerned with only a pair of inter
acting particles. What about isolated systems of three or more particles?
It is easy to demonstrate,just as in classical mechanics, that the center-of
mass motion can be separated out and that this motion is governed by the
equations for a free particle. However, again just as in classical mechan
ics, the internal motion is extremely complicated. Even in the roughest
approximation, the techniques involved in analyzing the states of such a
system are too sophisticated and too special to make it profitable for us
to pursue the subject further at this time.

3. INTERACTING PARTICLES IN THE PRESENCE OF UNIFORM
EXTERNAL FORCES

We now generalize our considerations to the case in which external forces
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are present. In these circumstances, no particular simplification is guaran
teed by a transformation to center-of-mass coordinates. Of course, the
motion of the center of mass is governed by the net external force on
the system, quantum mechanically as well as classically, but this net
force depends in general upon the configuration of the system. Thus the
center-of-mass motion and the internal motion are coupled or, to put it
another way, Schrodinger's equation is not separable in the presence of
arbitrary external forces. However, as the above argument implies, there
is one exceptional situation in which separability is always possible,
namely that in which the external forces are uniform, because the net
force is then independent of configuration. We now take up this special
case.

Specifically, we consider two particles, each of which is subject to a
constant external force, say F I and F2 respectively, and which interact
with each other through a potential V (XI - X2)' The Hamiltonian of the
system is thus

Transforming to center-of-mass coordinates, using equation (12), we
then have at once

H = [f;+ V(x) - (Flm2~F2ml
) X] + [{~- (FI + F2) x].

Schrodinger's equation is now easily seen to separate, and we obtain
for the center-of-mass motion

(19)

and, for the internal motion,

[_!!!- L + V(x) - (F l m2 - F2ml
.) x]l/J(x t) = - 4al/J. (20)

2/L ax2 M 'I at

As expected, equation (19) is the equation governing the motion of the
center of mass under the influence of the net external force. Its solutions
are, unfortunately, rather complicated, but they are merely the quantum
mechanical transcription of motion under uniform acceleration.5

The additional term in equation (20) represents the differential effect
of the external force on the motion of the particles relative to each other.
If this term is small compared to the interaction potential, it can be treated
as a perturbation in the usual way. Thus, for example, to first order the
energy is shifted by the expectation value of the external force term. Of

5 See Problem VI-S.
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course, if V(x) is symmetrical so that the unperturbed states have
definite parity, this expectation value vanishes and the energy shift is
of second order, that is, proportional to the square of the effective ex
ternal forces.

The special case in which the interaction potential V(x) is quadratic
in x is particularly simple, since the perturbing term can then be trans
formed away by a change of origin (see Chapter VII, Problem 6). The
states are thus harmonic-oscillator states in which the minimum of the
potential energy is shifted away from the origin and in which the energy
of each state is decreased by a constant amount, proportional to the
square of the eftective external force. To give this example a physical
cast, let us call the two-particle system a diatomic molecule. Further,
let us particularize the external forces by considering first the case of such
a molecule in a uniform gravitational field. In that case FI = - mig, F2

= - m2 g and the external force term in equation (20) is seen to vanish,
while in equation (19) it is (m l + mz)g = MgKThus, the internal motion
is unaffected by the gravitational field and the center of mass accelerates
in the expected way.

Consider next the case in which the external force is produced by a
uniform electric field 8. If the particles have equal and opposite charge,
of magnitude e, then F I = -e 8 and F2 = e8. The net external force thus
vanishes, as it must since the molecule has no net charge, and the center
of-mass motion is that of a free particle. The additive term in equation
(20) is 8 ex, which is just the energy of an electric dipole of moment
ex in a uniform field 8. Recalling that the energy shift is quadratic in
the external force, the ground state energy of the diatomic molecule
has the form

(21)

where a is expressible in terms of the parameters of the harmonic oscilla
tor potential. This energy shift is the energy of an induced dipole, of
moment a 8, in the field 8; the quantity a is called the electric polariza
bilily of the molecule. Note, for comparison, that if the ground state of
the system had not had a definite parity, then the energy shift would have
been linear, rather than quadratic in 8. That is, the ground state energy
would have had the form

E = Eo - J-te 8,

which is the energy of a permanent electric dipole, of moment J-te, in an
external field. From this example, we see that if the ground state of a
system has a definite parity, it has no permanent electric dipole moment.
This is, overwhelmingly, the most common case in nature. For such
systems, the action of an external electric field distorts the system,
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(22)

thereby producing a separation of charge proportional to the strength of
the electric field which is expressed in terms of polarizability. We remark
that the polarizability is a more or less directly measurable quantity,
since the electric susceptibility of a gas can be simply expressed in terms
of the electric polarizability of its constituent molecules.

4. COUPLED HARMONIC OSCILLATORS

Before going on to consider general external forces, we now briefly take
up a second exactly soluble example, that of a pair of coupled harmonic
oscillators. Specifically, we consider a two-particle Hamiltonian of the
form 6

H - Pl
2

P2
2

I 2 2 + I 2 2 + I k( )2- 2m, + 2m2 +:2 mlw Xl "2 m2w X2 "2 Xl - X2 .

It is readily verified that the normal coordinates for this problem are just
the familiar center-of-mass and relative coordinates of equation (11).7

Introduction of these coordinates transforms the Hamiltonian into the
separable form

where

and

H = Hem + H ret ,

H - p2 1 M 2X2
em - 2M +"2 w

(23)

(24)

(25)H - p
2 + I -2X2

reI - 2p. "2 p.w

and where we have introduced the new frequency w, defined by

w= ~W2+~. (26)

Observe that if the interaction term is attractive, k > 0, we have w > w,
and conversely, for repulsive interactions, k < 0, we have w < w.

Denoting the respective harmonic oscillator eigenfunctions of Hem
and H rel by <PN(X) and cPn(x), with energies (N + i) hw and (n + i) hw,
we then have as the exact stationary states

with energies

'l'Nn=<PN(X) cPn(x), N,n=0,1,2, ... , (27)

6For simplicity, we have chosen the somewhat special case in which the uncoupled oscilla
tors each have the same frequency w.

7 This and subsequent details are left to the problems.
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ENn = (N + t) nw + (n + t) nw .

237

(28)

The spectrum, which is seen to be non-degenerate if wand ware
noncommensurate, is a simple composition of two harmonic oscillator
spectra. Its appearance, however, is strongly dependent on the relative
magnitude of wand w. In Figure l(a) the spectrum is shown for weakly
attractive interactions, by which we mean 0 < kIp., ~ w2

• For this case,
w only slightly exceeds wand we obtain well-separated sets of states:
an isolated ground state, a close-lying pair of first excited states, a c1ose
lying triplet of second excited states, and so on. For weakly repulsive

Nn

03
12
21
30

02
11
20

01
10

00

Nn

(a) (b)

FIGURE I. (a) Coupled oscillator spectrum for weak attractive forces. All
close-lying states have the common spacing Ii (w - w). (b) Coupled oscillator
spectrum for dominantly strong attractive forces. Each infinite ladder of states
starting on a given n has equal spacing liw.
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states, the same structure appears, except that the order of the close-lying
states is reversed. In Figure I(b), the spectrum is shown for the opposite
limit kIlL ~ w2

, when the interaction term dominates. Here, the spectrum
is seen to consist of a set of overlapping infinite ladders of closely-spaced
states, the first ladder starting on the ground state, the next on the state
n = I, the next on n = 2, and so on.

The state function, although a reasonably simple function of the normal
coordinates, is a rather complicated function of the particle coordinates
Xl and X2, except for the ground state, which, properly normalized, can
be expressed as

(29)

The excited states then consist of the same Gaussian factor multiplied by
unwieldy polynomials of degree (n + N) in Xl and X2'

The coupled oscillator problem has some intrinsic interest.· For ex
ample, in the strong interaction limit it is a crude model of the states of a
tightly bound diatomic molecule in a crystal. However, its main interest
is that it serves as a guide to applying approximation methods to the study
of properties of a system of particles (see Problem 9). In this connection,
we remark that the utility of the coupled oscillator problem is not limited
to the two-particle system we have been analyzing. Exact solutions can
be found for any number of particles8 and we shall, in fact, eventually
discuss the three-particle case.

5. WEAKLY INTERACTING PARTICLES IN THE PRESENCE
OF GENERAL EXTERNAL FORCES

We now return to the general case of nonuniform external forces where,
as we emphasized at the outset, the center-of-mass motion cannot be
separated out. Even for a two-particle system, this problem is a very
difficult one, and we restrict our attention to the limit in which the
external forces dominate over the internal forces, so that the latter can
be treated as a perturbation. As a starting point we must thus discuss the
unperturbed states, which are those of a set of noninteracting particles
moving under the influence of external forces. We shall consider only
two-particle systems in detail, but we will also briefly mention many
particle systems.

8 For the classical case, see References [14] through [17]. For the quantum case, see
I. Bloch and Y. Hsieh, Physical Review 96, 382 (1954); 101, 205 (1956).
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We start with the two-particle Hamiltonian

H = [f~I + VI(XI)] + [f~2 + V2(X2)] = HI (Ph Xl) + H2(P2,X2)' (31)

Center-of-mass coordinates are clearly irrelevant for this system, which
classically consists simply of two particles moving independently. Writing

(32)

Schrodinger's equation is seen to separate, and we obtain the two single
particle equations

[
PI2 ] h a.pIHI.pI (Xl' t) = 2m

I
+ VI (Xl) .pI = - i at

H ( ) - [ P2
2

V ( ) ] _ h a.p2. 2.p2 X2, t - -2 + 2 X2 .p2 - -"7 - •
m2 I at

The stationary states of the system are simply the product states

.pnm = .pIn(XI).p2m(X2)

with energy

where .pIn and .p2m are the orthonormal eigenfunctions of HI and Hz with
eigenvalues E ln and E2m. An arbitrary general state can then be con
structed as a superposition of such independent particle states. In
particular, solutions of the product form of equation (32) are obtained as
the product of an arbitrary superposition of the states of particle one and
of a similar superposition of those of particle two. For such a product, we
have from equation (32)

1'1'12= 1.pI!21.p212,
so that the particles are entirely uncorrelated and the time development
of each proceeds just as independently as in the classical case.

We note, however, that it is possible to have states for which this com
plete independence does not hold. To see this, consider some arbitrary
initial state .p(Xh X2, t = 0). The most general state function is expressible
as

'I'(X I , X2, t) = L Cmn.pIn (Xl) .p2m (X 2) exp [- i(E In + E 2,,)t/h] ,

and hence, in virtue of the orthonormality of the .pIn and .p2m, we obtain,
setting t = 0 and inverting,

Cnlll = JJ 'I'(X I,X2, t = 0) .pl"* (XI).p2m* (X2) dXI dX2'
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Now if the initial state is uncorrelated, that is, if it has the form
IJJI(X I)IJJ2(X2), then Cnm can be expressed as a product CI "C2m , and the
state function remains uncorrelated for all time. However, if the initial
state is correlated, for whatever reason, then these correlations, which
have no classical counterpart, persist in the state function for all time.
Such correlations playa fundamental role in determining the properties
of systems of identical particles, as we later show.

We are now ready to consider the effects of interactions upon the
stationary states, supposing these to be weak compared to the external
forces. Denoting the interaction term by V(XI - X2), the Hamiltonian has
the form

Treating V(x i - x2 ) as a perturbation, the unperturbed states are just
product states IJJnm = IJJln(XI)1JJ2m(X2) with energy 6 nm = E I" + E2"" as
discussed previously. To first order, we then have at once

(33)

while to second order,

(34)

where the matrix elements are explicitly given by

(IJJnmIVIIJJ lk) = f f dXI dX2 IJJln* (XI) IJJ2m * (X2) V(XI - X2) IJJH (XI) IJJ2d x 2) .

The generalization to more than two particles is immediate. Consider
first a three-particle system. The unperturbed states are products of three
independent particle states, and in the same notation as before, we have
for these states

If the mutual interaction perturbation term is written

V= VI2 (X 1 -X2) + VdXI-X3) + V23(X2-X3),

then the first-order result is

E"ml = 6 111"1 + (IJJ"mllVllJJ"ml).

The last term in this expression simplifies to a sum of two-body terms,
exactly like those in equation (33). To see this, consider the contribution
of, say, VI2 (XI - X2). We have
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(t/JnmIIV121 t/Jnml)

= f dX 1dX2 dX31t/Jln(x1) 1
2 1t/J2m(X2) 1

2 !t/J31(X3) 1
2 V 12 (X1- X2)'

The X3 integration can be performed at once, and because t/J31 is normal
ized, the result is, as we claimed,

(t/JnmIIV121t/Jnml) = (t/JnmlVdt/Jnm) ,

and it is independent of I. In the same way, the other two terms yield
similar purely two-particle contributions.

For A particles we have products of A independent particle states and
the perturbation corrections again take the form of a sum of two-particle
contributions.

6. IDENTICAL PARTICLES AND EXCHANGE DEGENERACY

We now consider the extremely important case of a system of identicaL
particles. By identical particles, we always mean particles which are
completely and absoluteLy indistinguishable: No physical significance
attaches to the labeling of such particles and no observable effects are
produced when any two of them are interchanged. In particular, this
means that the coordinates of all identical particles must appear in the
Hamiltonian in exactly the same way. As a specific and simple example,
consider two noninteracting identical particles under the influence of
some external force. Each particle must feel exactly the same potential,
and hence the Hamiltonian has the form

(35)

The stationary state solutions are thus

(36)

with energy

where t/Js(x) is an eigenfunction, with eigenvalue Es, of the common
single-particle Hamiltonian

Observe now that if q and n are different, this state is degenerate with
respect to interchange of the particles, that is, the state

(37)
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has the same energy as !J;nq. This degeneracy is called exchange degener
acy, and it is a consequence of the evident invariance of the Hamiltonian,
equation (35), to an exchange of the coordinates of the two particles.

We now generalize this very important result. Specifically, we show
that exchange degeneracy is a property of the solutions of Schrodinger's
equation for any system of identical particles, no matter what their mutual
interactions, no matter what the external forces to which they are sub
jected, and no matter how many particles in the system. For this purpose
we introduce the so-called exchange operator Pl2 == P2lo which exchanges
the coordinates of particles one and two when it acts upon any function
of those coordinates.9 Thus Pl2 is defined by

PI2f(XloX2,XS,' . . ,XA) = f(X2'X I,XS" . . ,XA) (38)

for arbitrary f Similarly Pij exchanges the coordinates of the ith and
jth particles. As further examples, we have

PIS f(Xlo X2'XS" . . ,XA) = f(XS,X2,XI" . . ,XA)

and

Pl2 P lS f(Xt. X2,XS,' .. , XA) = Pl2 f(XS,X2,XI" .. ,XA)

= f(xs, Xl' X2, ... , XA) ,

and so on. Note carefully that, as this last example demonstrates, the
subscript on a coordinate labels the particle to which that coordinate
refers, and not the order in which a coordinate happens to appear in the
state function.

Now Pij commutes with the Hamiltonian by the definition of indis
tinguishability. Hence, if !J;E (xt. X2, ... , XN) is an eigenfunction of H
with eigenvalue E, so is Pij!J;E, inasmuch as

H Pij !J;E= Pij H !J; E= E Pij !J;E'

We thus see that these states are degenerate with respect to the inter
change of the ith andjth particles, unless Pij!J;E happens to be a multiple
of !J;E, as for example the independent particle state of equation (36) with
n = q. Of course, the labels i and j can refer to any pair of particles and
hence exchange degeneracy occurs when any two identical particles are
exchanged. For a system of A particles the solutions of Schrodinger's
equation may thus be as much as A !-foLd degenerate, corresponding to
the A ! permutations of the order in which the A particles can be labeled
in writing the state function. Any linear combination of the linearly
independent states formed from the complete set of A! permutations is
an eigenfunction of the Hamiltonian, and the matter of classifying these
states is generally not an easy one, as we shall see. However, for two

9 The algebraic properties of exchange operators are elaborated upon in Problem 1.
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particles the problem is trivial and we now take up this simple, but
important, special case.

7. SYSTEMS OF TWO IDENTICAL PARTICLES

For a two-particle state, we obviously need to consider only {he single
exchange operator P12' Now P122 is evidently unity and hence, just as
for the parity operator, the eigenvalues of Pl2 are ±l, corresponding to
states which are symmetrical or antisymmetrical under exchange. Thus,
two-particle states can always be classified according to their symmetry
under exchange. As a particular example, for the independent particle
states of equation (36), we obtain the (normalized) correlated states

n y6 q;

and it is easily seen that, as it must,

More generally, if IjIE(XI> X2) is an eigenfunction of some two-particle
Hamiltonian with energy E, then the (unnormalized) symmetrized states,
as they are called, are

(40)

provided that IjIE(XI> X2) does not happen to be symmetrized or anti
symmetrized to start with.

The existence of such built-in symmetry might seem to be the excep
tion, judging from the independent particle example where it occurs
only in the special case n = q of equation (36). We now show, how~ver,
that for real physical systems, that is, those containing interactions, we
must expect the true two-particle bound states to automatically exhibit
such definite symmetry properties. The argument is a simple one. The
antisymmetric state function necessarily vanishes when Xl = X2, and
hence the likelihood of finding the two particles in the immediate neigh
borhood of each other is reduced, compared to the similar likelihood for
a symmetric state. The contribution of the interaction term in the Hamil
tonian, whatever its sign, is thus numerically larger for symmetrical
than for antisymmetrical states. We accordingly expect that symmetric
and antisymmetric states do not form degenerate pairs, except perhaps
by accident, and hence that the bound state spectrum consists of a set
of discrete and nondegenerate states. Now we simply turn the argument
around. If the spectrum is indeed nondegenerate, barring accidents, then
we conclude, knowing that all states are classifiable by their symmetry
under exchange, that the true states must have a definite symmetry, and
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(41 )

hence will automatically turn out to be symmetrized. 10

Our discussion of these properties of the states of two identical parti
cles will be made clearer, perhaps, by consideration of the following
simple and exactly soluble examples, first treated in Sections 3 and 4
for the case of distinguishable particles. We now take these up in order.

(a) Uniform external forces. Here the particles can interact arbi
trarily with each other, but the external force is restricted to be uniform.
The Hamiltonian has the form

Pl2 P2
2

H = 2m + 2m + V(x i - X2) + F XI + F X2·

Because the particles are identical, the external force F acting on each
particle is the same. Further, the interaction potential is necessarily a
symmetrical function of its argument (why?). As a result, the states of
relative motion are readily seen, from equation (20), with m l = m2 = m
and F I = F2 = F, to have definite symmetry with respect to the relative
coordinate x = XI - X2' Since the center-of-mass states are necessarily
symmetrical under exchange (why?), the states of the system are seen to
be automatically symmetrized, in agreement with our expectations.

Exercise 2. Work out the details of the arguments leading to the above
conclusion.

(b) Coupled Harmonic Oscillators. This is a more interesting ex
ample, and we work it out in some detail. For identical particles, the
Hamiltonian of equation (22) for coupled oscillators becomes

P 2 P 2 I 1 1
H = _I + _2 + - mw2X 2 + - mw2X 2 + - k (X - X ) 22m 2m 2 1 2 2 2 I 2'

The center-of-mass transformation now takes the simple form

X =x I + X2
2 ' (42)

and under this transformation H becomes

10 This argument is rather similar to our discussion in Chapter VI of the parity of states
in a symmetrical potential. In that case, however, we were able to prove that the bound
state spectrum in one dimension is always nondegenerate and hence that the bound states
are always classifiable according to their symmetry with respect to parity. Here the argu
ment is necessarily more tentative. Degeneracies can occur, after all, as they indeed do
for almost all states in the independent particle case, or accidentally for the more realistic
case of interacting particles. It should be noted that even for the realistic case we have
given no proofs, but have merely presented some plausibility arguments.
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H = ~+! Mw2X 2 +Ii:...- +! IIW2X2 (43)
2M 2 2J.L 2 r-

just as before, with M = 2m and J.L = m12. Also, as before,

The stationary states are given by

(44)

whence

(45)

and hence these states are automatically symmetrized in agreement with
expectations. The spectrum for weak interactions is that of Figure I(a),
and for dominantly strong interactions, that of Figure I(b).

At this stage it might appear that, in spite of our earlier claims, no real
complications result when identical particles are considered. On the
contrary, the description is simplified, if anything, because of the more
or less built-in symmetry properties. This conclusion is, in fact, a valid
one for two-particle systems. Significant complications enter only for
systems of three or more particles, as we show next.

8. MANY-PARTICLE SYSTEMS, SYMMETRIZATION AND THE
PAULI EXCLUSION PRINCIPLE

We return now to the consideration of the properties of a system of A
identical particles. Such a system is described by the Hamiltonian

A Pi2 A _

H=:L 2 +:L V (xd+ L V(x;-Xj),
;=1 m i=l pairs

(46)

where V(x) is the common external potential in which each and every
particle moves and V(x; - Xj) = V(Xj - Xi) is the common mutual
interaction potential of each and every pair of particles. To determine
the symmetry characteristics of the states of such a system we must
examine the properties of the exchange operators P;j. Now as we have
said before, Pij necessarily commutes with H for every pair of particles,
and hence the states of the system may be as much as A !-fold degenerate
under exchange, corresponding to the A! permutations of the order in
which the A particles can be labeled in writing the state function. That
the classification of these states is a complicated matter follows at once
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from the observation that P I2 and P13, say, or more generally P jj and
Pjk> do not mutually commute. The symmetry of the state function with
respect to exchange. of the ith and jth particles and of the ith and kth
particles cannot therefore be simultaneously and arbitrarily specified. We
thus reach the important conclusion that, in general, the solutions of
Schrodinger's equation for a system of three or more identical particles
do not have definite symmetry with respect to the exchange ofeach and
every pair of particles.

There are, however, two exceptional states, both of paramount im
portance in what follows, which do possess definite symmetry. One of
these is symmetrical with respect to the exchange of each pair of particles
and is called a tOially symmetric state. The other is antisymmetric with
respect to each particle interchange and is called totally antisymmetric.
Both are very simply constructed from the unsymmetrized states
IfJE(X\> X2,· .. , XA)' Denoting the former by 'ItE+ and the latter by 'It E-,
these states can be symbolically exhibited as

and

.Tr +_
't'E - L

permutations

(47)

'lt E-= L (-IYIfJE(x\>X2," "XA)'
permutations

(48)

In each case the sum runs over the complete set of permutations. Any
additional exchange merely shuffles these permutations and hence leaves
the symmetric state unaltered, as it must. The index r on the factor
(-1) T in the antisymmetric state is the number oftwo-particle exchanges
required to achieve a given permutation. The important point is that the
sign of each term in the summation depends on whether this number is
even or odd. Exchanging any pair of particles in the totally antisymmetric
state function changes each even r to an odd r and vice versa, and hence
changes the sign of 'ItE-, as it must. The fundamental symmetry property
of these two states is now summarized by the statement that, for every
particle pair i and j,

(49)

Our discussion of the symmetry properties of many-particle systems
has shown that the exchange degenerate states, which may be as much as
A !-fold degenerate, possess no definite symmetry, with the exception of
the very special totally symmetric and totally antisymmetric states. ll

II In contrast to the two-particle case, even these highly symmetrized states do not appear
automati'cally. They must be constructed according to the recipes of equations (47) and
(48).
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Fortunately, nature has enormously simplified the problem for us in that
not all of these A! solutions of Schr6dinger's equation are, in fact,
physically realizable. This is a feature of overriding importance for the
structure of matter and of the very universe itself.

In order to make a precise statement of the restrictions imposed by
nature, we need to mention that the elementary particles are not really
structureless , but require certain internal coordinates for their complete
specification. The relevant internal coordinate in the present discussion
is the internal angular momentum, or spin, of a particle, which we shall
denote by s. We shall take up this subject in some detail later; for now we
merely remark that the spin angular momentum has a definite magnitude
for a given kind of particle. These magnitudes are quantized and, in units
of h, can take on only half-integer or integer values. For example, elec
trons, protons and neutrons have spin one-half, the photon has spin one,
the 7T-meson has spin zero. In any case, if we now agree that by exchange
of coordinates we mean exchange of internal (spin) as well as external
coordinates, then all of our arguments about exchange degeneracy are
unaffected by the presence of spin, and the A !-fold degeneracy may still
occur. Nature's simplification is then that for a given type of particle
only one of these A ! states is ever observed. Specifically, the state func
tion for a system of integral spin particles must always be totally sym
metric, while the state function for a system of half-odd-integral spin
particles must always be totally antisymmetric. The former is thus
uniquely described by the special state of equation (47), the latter by that
of equation (48).

The postulate that the state function for half-odd-integral particles is
totally antisymmetric is nothing more than a precise and general version
of the famous Pauli exclusion principle, as we shall make clear in a
moment. Such particles satisfy the Fermi-Dirac statistics and are now
commonly given the generic namefermions. On the other hand, particles
of integral spin satisfy the Bose-Einstein statistics and are called bosons.
These connections between spin and statistics, and the symmetry postu
lates themselves, were first discovered empirically, but they have since
been deduced as a necessary consequence of the restrictions imposed
upon the form of quantum mechanical laws by the requirements of rela
tivistic invariance.

A better understanding of the structure of the state functions in equa
tions (47) and (48) can be obtained by observing that, for a system with
out interactions, a stationary state solution of the A-particle system is
simply a product of A single-particle state functions. The totally anti
symmetric state is then seen to be expressible as a determinant, called
the Slater determinant, of these single-particle functions. Specifically,
the normalized antisymmetric state is given by
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where the argument of the single-particle functions is written as (XiS;)
to indicate that both space and spin coordinates enter. The product of
the diagonal elements gives the original unsymmetrized state and the
other terms generate the complete set of permutations, each with its
appropriate sign. In this independent-particle case we thus see that an
antisymmetrized wave function vanishes if any two particles are in the
same spatial and spin state, since two rows of the determinant are then
identical. The familiar and elementary version of the Pauli principle,
stating that no two particles can be in the same quantum state, is therefore
seen to be a special case of the general antisymmetrization requirement.

The symmetric state cannot be written in such an elegant way, but it
can be very simply pictured as a determinantal wave function in which the
sign of every term is taken to be positive.

Note that symmetrized wave functions, such as that of equation (50),
are correlated states, even though built out of uncorrelated products.
Thus the probability is zero that any two particles will have identical coor
dinates, space and spin, in an antisymmetric state. Such correlations
produce substantial effects, and they are responsible, for example, for
the phenomenon of ferromagnetism.

The reduction from A! to a single state is the end of the story for
particles without spin. To give a very simple and specific example, con
sider the two-particle system described by the coupled oscillator Hamil
tonian of equation (41). For spinless particles, the state function must be
symmetric under exchange and hence, according to equation (45), only
states with even n are physically achievable. This means that only half
of the mathematical (and perfectly well behaved) solutions of Schrodin
ger's equation are physical solutions and thus appear in the spectrum of
Figure l(a) (or of Figure l(b». For three or more particle systems, this
reduction in the number of states is much greater. Because the states are
not automatically symmetrized, the analysis of many-particle systems is
considerably more difficult, as we illustrate shortly in the three-particle
case.

For particles with spin one-half, such as electrons, the situation is
more difficult still. The nature of these additional complications can be
made quite explicit by noting that, except for relativistic effects, the
Hamiltonian is typically independent of the spin coordinates. If so, the
spin of each particle commutes with H and hence each spin is separately
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a constant of the motion. This introduces into the state functions a new
degeneracy, which may be expressed by the fact that any solution of the
spin-independent Schrodinger's equation remains a solution when multi
plied by an arbitrary function of spin coordinates. Now the symmetry
requirements are conditions on the total wave function and not on the
space or spin coordinates alone. Hence there are many ways in which
symmetrization can be achieved. In the simplest case, that of a two
electron system, one can construct a totally antisymmetric state function
in two ways, as a product of a symmetric space function and an anti
symmetric spin function, or as a product of an antisymmetric space func
tion and a symmetric spin function. As discussed in Chapter X, the former
is a state of total spin zero, the latter of total spin one.12 Again using the
coupled oscillator as an example, this means that for spin one-half parti
cles all of the states are physically realizable and the spectrum is that of
Figure l(a) (or Figure l(b» in its entirety. States with even n are spin zero
states (antisymmetric in the spins), those with odd n are spin one states
(symmetric in the spins).

Considering next a three-electron system, we find that there are three
ways to construct a totally antisymmetric state function. The first is
relatively simple. It is a state of total spin 3/2, which is symmetric in
the spins and antisymmetric in the space coordinates. The other two are
rather unpleasant. They are states of total spin 1/2, neither of which has
definite symmetry with respect to space exchange or spin exchange
separately.

To summarize, we have studied the states of a system of A identical
particles and have found that the most general of the stationary state
solutions of Schrodinger's equation are A !-fold degenerate. However,
depending on the spin of the particle, only certain combinations of these
degenerate states are observed to occur. In particular, for particles with
out spin, the states must be totally symmetric with respect to exchange of
any pair of particles. For particles with spin one-half, the state function
must be totally antisymmetric with respect to interchange of the space
and spin coordinates of any pair of particles.

9. SYSTEMS OF THREE IDENTICAL PARTICLES

In our discussion of the behavior of identical particles we have so far
concentrated, at least for illustrative purposes, upon two-particle sys
tems. The two-particle case is, however, deceptively simple because of
the more or less automatic appearance of precisely the proper spatially
symmetrized states, which, in fact, are the only states possible. To illus
trate the new features which enter when more than two particles are in-

12 The atomic states of helium are of this type. See Chapter XI.
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volved, we now briefly discuss the properties of many-particle systems.
The essential question is the following: Given some particular many

particle system, how do we identify its physically realizable states? Quite
generally, we do so, at least in principle, by first finding the solutions of
Schrodinger's equation, without regard to symmetrization, and then
symmetrizing the result according to the prescription of equation (47)
for spin zero particles, or of equation (48) for spin one-half particles. We
now demonstrate this procedure for a system of three identical particles,
which we shallfirst take to be spinless for simplicity. We remark that the
three-particle system is general enough to exhibit the relevant features of
many-particle systems and yet simple enough to permit us to work out the
details explicitly, as we shall see.

We begin by considering the simplest possible three-particle system,
namely that in which the particles do not interact with each other.13 The
Hamiltonian is thus given by equation (46) with V= o. It can be ex
pressed in the independent particle form,

3

H= L H sp (Xi),
i=1

where the common single-particle Hamiltonian is

p2
H sp =2m+ V(x).

(51)

(52)

Denoting the eigenfunctions and corresponding eigenvalues of Hsp by
cPn and En' the stationary states can then be expressed as a product

(53)

with energy

(54)

Consider now an exchange degenerate state, say P12 tjJ nqs. We have

P 12 t/Jnqs(XI,X2,X3) = tjJ"qS(X2,XIo X3) = cPq(x1)cPn(X2)cPs(X3)

= tjJ qns(Xl' X2, X3) ,

and similarly for all the others. Because of the product form of the state
function, we thus see that a permutation of the particle coordinates simply
permutes the indices on the state function. Henceforth, for simplicity in
writing, we shall omit the argument of the states whenever that argument
is to be taken in the normal order Xlo X2, X3. The 3! = 6 exchange degener
ate states are thus simply expressed as t/Jnqs, tjJnsq, t/Jqsn, t/Jqns, tjJsnq, tjJsqn'
Obserye now that whether or not these states are linearly independent is

13 This is an important case because it typically serves as the starting point for perturbation
calculations. See Section 10.
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(56)

determined by whether or not n, q and s refer to different single-particle
states. To complete the description, we thus distinguish three cases, as
follows:

(a) n = q = s. The state function is automatically symmetric and the
physically realizable normalized states are

!Jinnn+ = cPn(x1 )cPn(X2)cPn(X3) (55)

with energy

8 nnn =3En·

The ground state of the system is necessarily included in this class.
(b) n = q oF- s. Only three of the six permuted states are distinct. The

normalized totally symmetrical states, and thus the only physically
realizable states of this type, are

!Ji nn/ = ~ (!Jinns + !Jinsn + !Jisnn)

with energy

8 nns = 2En + Es·

The first excited state of the system is necessarily included in this class.
(c) n oF- q oF- s. Here the full set of six exchange degenerate states

enters. The normalized totally symmetrical states, the only physically
realizable states, are

!Jinq/ =~ (!JinQs + !JinsQ + !JiQsn + !/JQns + !/JsnQ + ifJsQn) (57)

with energy

8 nQs = En + EQ+ Es ·

Observe that in all three cases, the ordering of the indices for the
symmetrized states carries no significance, that is,

tjlnqs+ == 1/Jnsq+ ,

and similarly for every other permutation. Observe also that the degener
acy of the physical states now depends only upon the structure of the
single-particle spectrum. If more than one distinct combination (11, q, s)
yields the same energy, the state are degenerate, otherwise not.

This completes the description for spinless particles. What modifica
tions occur for spin one-half? Here an additional degeneracy is introduced
because there are two possible orientations of the spin of the particle.
Let Xi denote the spin coordinate as well as the space coordinate and let
cPn:!: denote the two possible single particle spin states.14 If the Hamil-

14 These may be thought of as corresponding to spin up or down with respect to some given
reference axis, as discussed in Chapter X.
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tonian is independent of spin, then the states cP,,+ and cP,,- both have the
same energy En. The solutions of Schrodinger's equation corresponding
to energy 8"qs can now be expressed in the form

(58)

where a, band c can each be eith~r plus or minus symbols. The fact that
a, band c cannot possibly all be different has profound consequences
for the system, as we now show. The totally antisymmetric state function
can be expressed as the Slater determinant, equation (50),

cPnU (X2)

cPqb(X2)

cP.c (X2)

cP"U (X3)

cPqb(X3)

cP.c (X3)

(59)

Again, we distinguish the three cases discussed before.
(a) n = q = s. Because a, band c cannot all be different, two rows

of the determinant are necessarily identical and the determinant van
ishes. There is thus no physically achievable state of this class in the
spectrum, in agreement with the Pauli principle.

(b) n = q ~ s. If the determinant is not to vanish, we must have
b = -a, whence a typical physically achievable state is, expanding out
the determinant,

+_+ __ 1
(.pnns ) - V6 [.pnns+-+ - .p"sn++-

+ ,I, -++ ,I, -++ + ,I, ++- ,I, +-+]
'Pnsn - 'Pnns 't'snn - 't'snn

with energy

(60)

The ground state of the system is included in this class of states, each
of which is seen to be doubly degenerate. Note that these states have no
definite symmetry with respect to space exchange alone or to spin ex
change alone; they are antisymmetric only under the simultaneous
exchange of both.

(c) n ~ q ~ s. Here, physically achievable states exist for any
combination of a, band c. The states are thus eight-fold degenerate,
corresponding to the eight possible assignments of (a, b, C).15 The sim
plest state of this type is totally symmetrical in the spins and antisym
metrical in the space coordinates. An example is

IS This degeneracy is reduced if the Hamiltonian contains spin dependent terms. Specifically,
the eight-fold state splits into a quartet and two doublets.
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( ,I, +++)- __1_ (,I, +++ _ ,I, +++ + ,I, +++ _ ,I, +++
'I'nqs - \/6 'I'nqs 'I'llSq 'I'qSll 'I'qns
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Exercise 3. Find the degenerate companion state to that given in equation
(60).

We now consider, as a second example, an exactly soluble three parti
cle system with interactions. Specifically, we discuss a system of three
coupled oscillators, described by the Hamiltonian

3 .2 3 I I
H = ~ £!... + ~ - mw2x·2 + - k (x - x ) 2

.~ 2m ~ 2 '2 I 2
t=1 1=1

It is readily verified that the following 16 constitutes a set of normal coor
dinates for this problem:

(63)

XI + X2Y=X3 ---
2
-

and, conversely,

x =X-~-~
2 2 3

x3 = X + i y.

(64)

The physical significance of the normal coordinates is apparent; X is the
center-of-mass coordinate, x is the relative coordinate of particles one
and two, and y is the coordinate of particle three relative to the center
of mass of particles one and two. In any case, the introduction of these
coordinates transforms the Hamiltonian into the separable form

II; Subsequent details are left to the problems.
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where
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and

M=3m, (66)

(67)

(68)

and where the new momenta are given by

P = PI + P2 + P3

PX=t(PI-P2)

py = t (P3 _l!1 ~ P2 ) .

It is not difficult to show that the canonical commutation relations are
satisfied, whence the exact solutions of Schrodinger's equation are seen
to be product states of the form

with energies

h
ENnXny ="2 (w + 2w) + Nhw + (nx + ny) hw. (70)

Of course, <PN(X), cPnx(x) and <Pny (y) are the respective harmonic oscilla
tor eigenfunctions for the X, x and y normal coordinates. We leave the
identification of the physically realizable states and of the energy spec
trum to the problems, but we make the following observations as a guide:

(1) The states associated with the center-of·mass motion are sym
metrical under exchange and hence appear as a common factor in all
symmetrized state functions. These states thus play no role in the sym
metrization process.

(2) The maximum number of exchange degenerate states is three,
and not six. 17

(3) Totally symmetric states cannot be formed when nx is odd. Hence
such states do not appear in the spectrum for spinless particles.

(4) In contrast to the independent particle example, the exchange
degenerate solutions are not necessarily orthogonal.

17 There are, however, additional degeneracies because the x and y normal modes have the
same frequency.
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Exercise 4. Verify the above assertions.

We bring this section to a close with a few remarks about the properties
of three-particle systems in general. Let lfJE(X" X2, X3) denote an eigen
function with energy E of some three-particle Hamiltonian. The maxi
mum possible number of linearly independent exchange degenerate states
is 3! = 6, but we have seen that this number is often reduced. This reduc
tion is related to any symmetry properties which may be built into lfJE
from the start. In particular, if an eigenstate is symmetric with respect to
the exchange of one pair of particles, it exhibits only three-fold degen
eracy under exchange. Further, if a state has definite symmetry with
respect to two different pairs of particles, it is automatically a totally
symmetrized state, and thus exhibits no exchange degeneracy.

Exercise 5. Prove the above statements.

10. WEAKLY INTERACTING IDENTICAL PARTICLES IN THE
PRESENCE OF GENERAL EXTERNAL FORCES

In our discussion of identical particle systems we have concentrated upon
the requirements of symmetrization and its consequences for the states
of the system. In doing so, we have more or less taken the solution of the
many-particle Schrodinger equation for granted. We now turn our atten
tion to the matter of actually constructing such solutions, at least approxi
mately, for interacting particles in the presence of some general external
force. The problem is an extremely difficult one, of course, and we there
fore restrict our attention to the simple situation in which the external
forces dominate over the internal forces, so that the latter can be treated
as a perturbation. We shall also restrict our considerations to two-particle
systems.

Specifically, then, we consider the Hamiltonian

(71)

where the unperturbed Hamiltonian has the independent particle form
of equation (35),

H = p,2 + P2
2

+ V(x ) + V(x )
o 2m 2m ' 2

with the unperturbed solutions of equation (36),

lfJnm = lfJn(x,)lfJm(X2) '
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corresponding to the unperturbed energies

CP nm = En + Em·

We must, of course, take into account the possible degeneracy of the
unperturbed states. However, this is easy to work out in the two-particle
case because, as we have already proved, the states can be classified by
their symmetry under exchange. We now distinguish two cases:

(a) Perturbation of a Nondegenerate State. In this case we consider
the effect of the interaction on a nondegenerate unperturbed state, that
is, a state in which both particles are in the same single-particle state,
such as the ground state. The unperturbed state function has the form

lfJnn(Xt> X2) = lfJn(XI)l/Jn(X2)

and is automatically symmetric. To first order, we have at once

E nn = 6 nn + (lfJnnIVllfJnn)'

(72)

(73)

(b) Perturbation of a Degenerate State. Here we consider an un
perturbed state involving two distinct single-particle states. We now
choose the symmetrized combinations

(74)

and

the first of which is symmetric, the second antisymmetric. The matrix
element of the perturbation connecting these states necessarily vanishes,
since the perturbing interaction commutes with P12 • Hence we can use
the methods of nondegenerate perturbation theory to obtain at once, for
the symmetric state,

E nm(+) = CP nm + (lfJnm(+) IVllfJnm(+»

and, for the antisymmetric state,

E nm(-) = 6 nm + (lfJnm(-> IVllfJnm (-» .

(76)

(77)

As we have argued earlier, the matrix elements in equations (76) and
(77) are generally quite different, and the states are thus split by the
interaction. Specifically, since lfJnm<-> is zero when XI = X2, and since we
expect the interaction to be strongest when the particles are close to
gether, the matrix element for the antisymmetric state is numerically
smaller than for the symmetric state. Of course, the sign of the matrix
element depends upon whether V is attractive or repulsive.
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It is very instructive to examine the structure of the matrix elements
in equations (76) and (77) in detail. Substituting the unperturbed func
tions of equations (74) and (75), we obtain, after rearranging and collect
ing like terms,

and

Emn<-> = 6 mn + J nm - K nm ,

(78)

(79)

where J n1/!' the so-called direct interaction energy, is given by

J nm = J J dXl dX2 t/ln*(Xl)t/lm*(X2)V(Xl -X2)t/l,,(xl )t/lm(X2) (80)

and Knm, the exchange interaction energy, is given by

where we have assumed the phases of t/ln and t/lm to be chosen in such a
way that K nm is real, as we can always do without loss of generality.

The meaning of J /!In is clear; the quantity It/ln(x l ) 1
21t/lm(x2) 1

2 is just the
joint probability that particle one is at Xl and particle two is at X2, and
hence that their interaction energy is V(x l - X2)' The integral thus gives
the mean interaction energy, as expected intuitively. The quantity K nm,
on the other hand, has no similar simple interpretation. It appears as a
consequence of the correlations required by invariance under exchange,
and it has no classical ~ounterpart.

It is instructive to rederive these results using the methods of degen
erate state perturbation theory, starting from the unsymmetrized unper
turbed states t/ln(xl )t/lm(X2) and t/lm(xl )t/ln(X2), However, we leave this
as an exercise.

Exercise 6. Taking the unperturbed states to be t/l" (XI) t/lm (X2) and
t/lm(xI)t/ln(X2) ' derive equations (78) and (79). Why must degenerate
state perturbation theory be used?

What now of the effect of the spin and statistics of the particles? As
we have already established, for spin zero particles, only spatially sym
metric states can occur, and hence only the state function of equation
(74), with first-order energy given by equation (78), is permitted. The
spectrum thus contains about half the states which are obtained as mathe
matical, well-behaved solutions of Schrodinger's equation. For spin
one-half particles, on the other hand, both kinds of states are represented
in the spectrum. The symmetric space state is associated with an anti-
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symmetric spin state (spin zero, the spins of the particle are opposed)
while the antisymmetric space state is associated with a symmetric spin
state (spin one, the spins are aligned). The atomic states of helium furnish
an excellent example of a system of this type.

Problem 1. Let Po denote the exchange operator for the ith and jth
particles. Verify each of the following statements:

(a) Pij is Hermitian.
(b) Pi / = 1.
(c) The projection operators Pi/ for exchange are

I ± Pij
P;/= 2

and have the properties

(Pi/)2 = Pi /

Pij+ Pij- = Pij - Pjj+ = 0

Pij+ + Pij - = I.

(d) Pij and Pkl commute if (i,j) and (k, t) refer to two different
pairs of particles, but Pij and Pil, j "" t, do not commute.

Problem 2.
(a) Consider a system of A = 2N identical particles. Show that

there are N (2N - I) independent exchange operators but that only N
of these mutually commute. Exhibit one specific complete set of these
mutually commuting operators.

(b) Suppose A = 2N + I. How many independent exchange opera
tors are there, and how many of these mutually commute?

Problem 3.
(a) Two noninteracting particles of mass O.98m and 1.02m, respec

tively, are placed in a box of width L. Draw an energy level diagram
showing the first half-dozen or so states of the system.

(b) Suppose the particles have a weak, attractive interaction. Show
qualitatively what happens to the states of the system.

Problem 4.
(a) Two identical noninteracting particles of mass m are placed in

a box of width L. Draw an energy level diagram (to the same scale as in
Problem 3) showing the first half-dozen or so states of the system. Indi
cate the exchange degeneracy, if any, of each level.

(b) Same as part (b) of Problem 3.
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(c) What states would be observed for spin zero particles? For
spin one-half particles?

Problem 5. A system consists of a neutral particle and a particle of
charge e. The interaction of the particles is described by the potential

Vex! - x 2 ) = i I-tW
2 (x! - x 2 )2,

where I-t is the reduced mass.
(a) Find the ground state energy of the system when it is in a uni

form electric field 3, directed along the x-axis.
(b) What is the polarizability of the system?
(c) Describe the motion of the center of mass of the system.

Problem 6. A two-particle system is described by the Hamiltonian

H = Pi- + P2
2 +.! m w2x 2 + .! m w2x 2 + V e-<Xt-x2)2/a2

2m! 2m
2

2 ! ! 2 2 2 0 •

(a) Treating the Gaussian interaction term as a perturbation, obtain
the energy of the ground state and first excited state to first order.

(b) The same, but first transform to center-of-mass coordinates.
(c) Use equation (VIl-39) to find an upper bound to the second

order correction to the ground state energy. Use your result to deter
mine the conditions under which the first-order result is valid.

(d) Suppose the interaction term is strong enough to dominate over
the oscillator terms, at least for low-lying states. Discuss qualitatively,
but in as much detail as you can, the behavior of the system.

Problem 7. The same as Problem 6, but for identical spinless particles.

Problem 8. Consider the two identical particle, coupled harmonic oscilla
tor Hamiltonian of equation (41).

(a) Show that a transformation to center-of-mass coordinates leads
to equation (43), and thus to the solutions given in equation (44).

(b) Find the classical solutions to the problem and describe the
normal modes in both the weak and strong interaction limits.

(c) For spinless particles, sketch the spectrum corresponding first
to Figure I(a), then to Figure I(b).

Problem 9. A system of two spinless identical particles is described by
the coupled oscillator Hamiltonian of equation (41).

(a) Considering the interaction term to be small, use first-order
perturbation theory to estimate the energy of the ground state, and of the
first excited state.

(b) The same, except treat the Hamiltonian as follows: Square out
the interaction term and collect like terms. The Hamiltonian then be
comes
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Now take the perturbation term to be (-kx tx 2 ).

(c) Use equation (VII-39) to find an upper bound on the second
order correction to your first-order results for the ground state. Do this
for the perturbation method of either part (a) or part (b), whichever seems
easier.

(d) Use the Rayleigh-Ritz method to estimate the ground state
energy, using a product of Gaussians, of variationally determined width,
as a trial function. In all cases, compare your results with the exact
results given in the text.

Problem 10. Consider three identical particles described by the coupled
harmonic oscillator Hamiltonian of equation (62).

(a) Show that the normal coordinate transformation of equation
(63) yields the Hamiltonian of equation (65).

(b) Find the classical solutions to the problem and describe the
normal modes in both the weak and strong interaction limits.

(c) Show that the momentaof equation (68) and the coordinates of
equation (63) satisfy the canonical commutation relations.

(d) Sketch the energy spectrum in both the weak and strong inter
action limits, without regard to symmetrization. Give the degeneracies
of the first few states.

(e) Which of these states are physically achievable for spinless
particles?

Problem 11. A system of three spinless identical particles is described
by the coupled harmonic oscillator Hamiltonian of equation (62).

(a) Considering the interaction terms to be small, estimate the en
ergy of the ground state, and of the first excited state.

(b) The same, except square out the interaction terms, collect like
terms, and treat the quantity (-k) (X1X2 + X 2X 3 + X 1X3 ) as the perturba
tion term. [See Problem 9(b).]

(c) Use equation (VII-39) to find an upper bound on the second
order correction to your first-order results. Do this for the perturbation
method of either part (a) or part (b), whichever seems easier.

(d) Use the Rayleigh-Ritz method to estimate the ground state
energy, using a product of Gaussians, of variationally determined width,
as a trial function. In all cases, compare your results with the exact
results given in the text.
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Problem 12. Four identical particles are described by the Hamiltonian

4

H = L H sp (Xi) ,
i=l

where

-L .! 22H SP - 2m + 2 mw X •

(a) Find the eigenfunctions and energies of the system, without
regard to symmetrization.

(b) Give the degeneracy of the lowest four states, including ex
change degeneracy.

(c) The same, but for the physically realizable states of spinless
particles.

(d) What is the ground state for spin one-half particles? What is
its degeneracy?
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IX
three dimensions

1. FORMULATION: MOTION OF A FREE PARTICLE

For simplicity, we have thus far considered only one-dimensional motion.
We now generalize our treatment to three dimensions. No conceptual
difficulties are encountered, but the mathematical aspects are consider
ably more complicated, as we shall see.

We consider the motion of a particle of mass m in an external potential
V(r), where r is the position vector of the particle referred to some con
veniently chosen origin. The Hamiltonian for this system is then

H=~+ V(r)
2m ' (I)

(2)

(3)

where p is the vector momentum of the particle. Introducing a set of
unit vectors ex, ey and ez , along the axes of rectangular coordinates, we
have

r = xe.r: + ye y + zez

p = Pxex + pyey + pzez·

It is often convenient to use numerical indices to identify the components
of vectors, and we shall therefore also write equation (2) in the equivalent
form

p = plel + pzez + P3e3,

where the subscripts I, 2 and 3 are intended to represent the x, y and 7.

components respectively.
Different spatial components of the motion represent different degrees

of freedom and hence commute with each other. The general commuta-
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tion relations can thus be compactly written

(p;'pj) = (x;,Xj) =0

h
(p;, Xj) = --;- 8;j.

I

In particular, in configuration space, the X; are numbers and

(4)

whence, introducing
(5)

we have, in brief,

h
p= -vi . (6)

The state function tjJ(r, t) = tjJ(x, y, z, 1) satisfies the time dependent
Schrodinger's equation

where

HtjJ=EtjJ, (7)

E=-~ -i.
I at

and where the Hamiltonian operator, in configuration space, is given by

or, using (5),

(8)

The operator V2 is called the Laplacian operator or simply the Laplacian.
In any case, Schrodinger's equation in configuration space is the partial
differential equation

[
h2 ] h atjJ__ \72+ V(r) tjJ(r t) =---.
2m 'i at (9)

As usual, the stationary state solutions can be separated out by writing

(10)
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and we obtain at once the time independent Schrodinger's equation

(11)

The fact that this is a partial, rather than an ordinary, differential equa
tion, as it was in one dimension, accounts for the greatly increased mathe
matical complexity of the three-dimensional problem.

Before going on to consider the solutions of equation (II), we remark
that for normalized state functions, t/J*t/J is the probability density in
ordinary three space and that expectation values are defined by

(t/JIAIt/J) = J t/J*(r, t)At/J(r, t) d 3 r,

where the symbol d3r means the three-dimensional volume element. We
remark also that the probability flux or current density is given by

j = 2:i (t/J*Vt/J - t/JVt/J*)' (12)

which is an obvious generalization of equation (VI-95). It is not difficult
to verify that probability is properly conserved.

Finally, we remark that the above equations apply not only to the
motion of a particle in an external potential, but equally to the relative
motion of a pair of isolated interacting particles (after the uninteresting
center-of-mass motion has been separated out). In the latter case, the
coordinate r is the distance between the particles, V(r) is their inter
action potential, p their relative momentum and m their reduced mass.

The solutions of equation (II) are rather complicated in general and
can only be obtained exactly and explicitly for a few simple cases. The
simplest case of all, of course, is that of a free particle, when V(r) van
ishes. The free-particle solutions are just de Broglie waves traveling in
some given direction, and are easily verified to be

t/Jp(r) = ejp'rlfl =exp [i(p"x+pyY+Pzz)/h]

E=p2/2m,
(13)

where, as our notation indicates, these are states of definite vector
momentum p. Note that such states are infinitely degenerate because
there are infinitely many possible orientations of the momentum vector
for a fixed energy E.

The momentum states form a complete set, and hence any state func
tion can be expressed as a superposition of these functions. We thus
have the three-fold Fourier integral representation

(
I )3/2

t/J(r, t) = 21Th J J J dpx dpy dpz </>( p, t) exp [i(pxx + pyy + pzz)/h]
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or, in brief,

(
I )3/2

tjJ(r, t) = 21r1i J d3 p eJ>(p, t) eip·r/fl. (14)

Here eJ> ( p, t), the probability amplitude in momentum space, can be
expressed in terms of tjJ(r, t) by the inversion

(
I )3/2

eJ>(p, t) = 2Tr1i J d3 r tjJ(r, t) e-ip·rlf>. (15)

Equations (14) and (15) are thus seen to be three-dimensional generaliza
tions of our earlier results in one dimension.

Just as in the one-dimensional case discussed in Chapter IV, the free
particle Schrodinger's equation is trivially soluble in momentum space.
The state function eJ> (p, t) satisfies the ordinary differential equation

p2 Ii aeJ>
2meJ>(p,t)=-iai

with the general solution

eJ>(p, t) = eJ>(p, to) exp [-ip2(t -' to)j2mli].

This result constitutes the complete momentum space solution to the
problem of the motion of an arbitrary free-particle wave packet. The
corresponding solution in configuration space is expressible in terms of
the three-dimensional free-particle propagator, which is easily seen to
be a straightforward generalization of the one-dimensional expression,
equation (IV-13). The details are left to the problems.

2. POTENTIALS SEPARABLE IN RECTANGULAR COORDINATES

The simplest three-dimensional problem is that in which the potential
has the very special form

(16)

since in that case Schr6dinger's equation separates in rectangular coor
dinates, as we now show. The stationary state Schr6dinger's equation
for such a potential has the form

and hence, writing
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i = 1,2,3

nj = 1,2,3 ..

we obtain, for each factor,

[_~ a2 ]2m aXi2 + Vj(Xj) l/JEj(Xj) = Ejl/JEj(Xj) ,

E=E1 +E2+E3.

Thus, the states are expressible as a simple composition of familiar one
dimensional states. 1

As a first example, consider the states in a rectangular box of sides
L 1 , L 2 and L 3 respectively. Taking the origin to be at one corrier of the
box we see that if l/JE is required to vanish at each of the walls, then the
stationary state solutions are

I -' r;:;-;;-;8/V . nl7TX . n27TY . n37TZ
lfIE - v l'J1 v sm L

1
sm L

2
sm L

3
'

where V = L 1L 2L 3 is the volume of the box and where

1i2 [(n7T)2 (n7T)2 (n7T)2]
E = 2m L

1
+ i

2
+ I3 = EII111.n3·

The spectrum is thus fairly complicated and has no particular regularities
for general L 1 , L 2 and L 3 •

For a cubical box of side L the situation is somewhat simpler, since in
that case

The lowest state is that for which nl = n2= n3= 1, and its energy is
Eo = 31i 2

1T
2 /2mU. The next state is that for which one of the nj is two

and each of the remaining is unity. This state is thus three-fold degenerate,
and its energy is 61i27T 2/2mU = 2Eo. The third state is that for which any
two of the nj are two and the remaining one is unity. It is also three-fold
degenerate, and its energy is 3Eo. This regular pattern is broken with the
fourth state, which occurs when one of the nj is equal to three and the
other two are each equal to unity. This state has energy llIi 27T 2/2mU
= lIEo/3, and it is three-fold degenerate. The fifth state, which is non
degenerate and has energy 4Eo, occurs for nl = n2= n3= 2, while the
sixth state has energy 14Eo/3 and is six-fold degenerate corresponding
to the permutations of its quantum numbers 1, 2 and 3. The spectrum
obtained by continuing in this way is shown in Figure I.

1 The motion of a free particle can be regarded as a special case in which the potentials
Vi are identically zero. Observe that the free-particle stationary states of equation (13) are
just such a composition of one-dimensional states.
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Energy Quantum numbers (n,n2!l3) Degeneracy

6Eo

17Eo/3

14Eo/3

4£0

11Eo/3

3Eo

2Eo

Eo

o -

411,414,144 3
322,232,223 3

321,312,231,213,123,132 6

222 I

311,131,113 3

221,212,122 3

211,121,112 3

111

FIGU RE I. Energies, quantum numbers and degeneracies of the states of a parti
cle in a cubical box of side L. The energy Eo of the ground state is 3fi 27T 2/2mV.

It is also of interest to consider periodic boundary conditions for the
cubical box, that is, boundary conditions which require that t/JE assume the
same value on any pair of opposite walls of the box. For this case,

where

ni = 0, ± 1, ±2, .... (17)

By computing the total number of states N (E) of energy less than or equal
to E, we can find the density of states p(E), just as we did in one dimen
sion. It is not hard to show in this way that

(18)

which is a very useful and important result.

Exercise 1.
(a) Derive equation (18).
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(b) Construct the analog of Figure I for the states of equation (17).

As a second example, we discuss the three-dimensional isotropic
harmonic oscillator, described by the potential

VCr) = t mw2r2 = t mw2 (x 2 + y2 + Z2).

This potential is of the form of equation (16), and the stationary state
solutions of Schrodinger's equation can be expressed as

t/Jn,n2n3 = t/Jn,(X)t/Jn2(y)t/Jn3(Z)

(19)

ni = 0, 1, '2, ... ,

where t/Jni (Xi) is the one-dimensional harmonic oscillator stationary state
function. The ground state, with energy 3Iiw/2, is not degenerate, but all
the remaining states are, and increasingly so as their energy increases.
For example, the first excited state has energy 51iw/2 and is three-fold
degenerate (anyone of the ni can be unity, the other two are zero), the
second excited state has energy 7/2fiw and is six-fold degenerate (any
nj can be two, the others zero, or any two can be unity, the remaining
one zero). It can be shown that the state of energy (n + 3/2)liw is
[(n+ 1)(n+2)/2]-fold degenerate, this being the number of ways n
can be expressed as the sum of three non-negative integers.

Exercise 2. Prove the three-dimensional harmonic oscillator state of
energy (n + 3/2) liw is [(n + 1) (n + 2)/2]-fold degenerate.

3. CENTRAL POTENTIALS; ANGULAR MOMENTUM STATES

We now consider the important case of motion in a spherically symmetric
potential, such as the Coulomb potential between point charges, or the
gravitational potential between point masses. Such a potential depends,
of course, only upon the magnitude, and not upon the orientation, of the
radius vector from a fixed point, which we shall take to be the origin. To
describe motion in a potential of this kind, it is convenient to introduce
spherical coordinates, r, 8, </>, which are defined as follows. Consider
a point P with coordinates X, y, Z in some right-handed rectangular system.
The displacement vector of P relative to the origin is then
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where ex, ey and ez are unit vectors along the x, yand zaxes respectively.
As illustrated in Figure 2, (} is then defined as the angle between r and the
z-axis, while 1> is defined as the angle between the projection of r in the
x-y plane and the x-axis measured clockwise when looking toward posi
tive z. The range of 1> is taken as zero to 27T, and the range of eis taken as
zero to 7T. The radial coordinate r is, of course, the magnitude of r, and
its range is zero to infinity. From Figure 2, the relationship between the

z

P(x, y, z) = per, e, et»

r = Irl

*,-----4----__ Y, , , ,
" ,

'-.I

x

FIGURE 2. Spherical coordinate system.

spherical and rectangular coordinates of P is seen to be

x = r sin (} cos 1>

y = r sin (} sin 1>

z = r cos e

I' = Vx 2 + y2 + Z2

tan 1> = y/x

cos e = z/Vx 2 + y2 + Z2.

(20)

The coordinate system thus defined is clearly orthogonal, and the volume
element can be shown to be

The element of area on a unit sphere, or element of solid angle, is com
monly denoted by d n and is given by

dn = sin e de d1>,

whence also

We now seek to write Schrodinger's equation

(21 )

(22)
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- ;~ \72t/JE + V(r)t/JE = Et/JE (23)

in spherical coordinates. This requires that we express the Laplacian
operator \72 in these coordinates. Now, from equation (20), we have

l... = ar ~ + ao l... + a1>~ = ~ ~ + xz l... _ L cos2 1>~
ax ax ar ax ao ax a1> r ar r3sin 0 ao x2 a1>

= sin 0 cos cf> ~ + cos 0 cos 1> l... _ si~ 1> ~,
ar r ao r Sin 0 a1>

with similar expressions for ajay and ajaz. Recalling that

\72 = L-+ _~+~
ax2 ay2 az2'

we eventually find, upon putting all this together, that equation (23)
becomes

_~ [1 ~ (r2 at/JE) + 1 l... (sin oat/JE) + __1_ a
2

t/JE ]
2m r2 ar ar r2sin 0 ao ao r2sin2 0 aqi

+ Vt/JE = Et/JE' (24)

which is the desired expression of Schrodinger's equation in spherical
coordinates. 2 In spite of its complicated appearance, this equation is
separable, as we now proceed to show.

We first separate the angular and radial coordinates by writing

t/JE(r, 6, 1» = R(r)Y(O, 1». (25)

After multiplying through by -2mr2jli2, we then obtain in the usual way

1[1 a (. ay) 1 a2Y]y sin 0 ao \Sin 0 ae + sin20 a1>2 = - {3

1 [d ( dR) 2m ]- - 1'2 -- + 1'2 - [E - V (r)] R = {3,
R dr dr li2

(26)

(27)

(28)

where (3 is the separation constant. The first of these equations can now
in turn be separated by writing

YeO, 1» = 8(0)<1>(1».

Multiplying through by sin2 0, we then obtain, again in the usual way,

1 d 2<1>
;p d1>2 =- a

2

2 For a derivation of expressions for the Laplacian operator in spherical and other curvi
linear coordinate systems. see Reference [7].
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and

1 [sin ()!!.- (sin () de ) + f3 sin2 0 e] = a 2 (29)e dO dO '

where a 2 is a second separation constant. Observe the striking fact that
the angular equations are independent of the potential Very and of the
energy E. The angular functions are thus un~versal functions which
appear for any central potential. Now it turns out, as we show in a
moment, that equation (26) defines states of definite angular momentum.
If we temporarily accept this assertion, and if we recall that angular
momentum is a constant of the motion for a central potential, this be
havior is not too surprising. It simply expresses the fact that the states
in a central potential involve a universal set of functions characterizing
the equally universal angular momentum states of the system.

We now show that equation (26) indeed defines states of definite
angular momentum, as asserted. Recall that, with respect to some fixed
point which we take to be the origin, the classical angular momentum
vector L is given by

L = r X p. (30)

Quantum mechanically, L is taken to be the same function of the
quantum mechanical dynamical variables, and hence is a vector operator.
In configuration space its rectangular components are, explicitly,

h (a a)L = (yp - zp ) = - y - - z -
x Z Y i az ay

h (a a)L = (xp - yp ) = - x - - y - .
Z Y x i ay ax

(31)

(32)

(33)

It is not hard to show that in spherical coordinates these rectangular
components become

L = - !!:- (sin A.. ~ + ctn 0 cos A.. ~)
x i 'I' ao 'I' a,p

L =!!:- (cos,p.i. - ctn 0 sin ,p~-)
Y i ao a,p

L =!!:-~
Z i a,p

and hence that, after more algebra,

(34)

(35)

(36)
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L 2 = L 2 + L 2 + L 2 - _.l: 2 [_1_ ~ st'n f} ~ + _1- ~] (37)
- x y z - n sin f} iJf} iJf} sin2 f} aep2 .

We thus see that equation (26) is equivalent to

(38)

and hence that, as was to be proved, Y defines a state in which the magni
tude of the angular momentum has a definite value, namely v'iifi. We
defer a detailed discussion of angular momentum and its properties to
Chapter X. Before going on, however, we remark briefly on the orienta
tion of the angular momentum vector. Note that, since L z = (fili) a/aep,
equation (28) is equivalent to

(39)

(40)

(42)

This means that Y = 8<1> is also an eigenfunction of Lz, with eigenvalue
odi. Thus the angular momentum states Yare states in which the magni
tude of the angular momentum vector and its projection on the z-axis
are both fixed, with {3 determining the magnitude and ex the projection.3

Observe that the form of the Laplacian in spherical coordinates, and
therefore of the kinetic energy operator, has been established by the
preceding analysis to be

p2 fi2 fi2 [I a ( a)] U
2m = - 2m V 2 = - 2m r2 ar r

2
6r + 2mr2'

where U is given by equation (37). We now give a direct and instructive
alternative derivation of this important result, a derivation in whieh the
angular momentum enters from the outset instead of appearing in rather
mysterious fashion at the end. We start with the classical vector identity

(A x B) • (C x D) = (A· C) (B· D) - (A· D) (B· C), (41)

which is readily verified by expressing each of the four vectors in rectan
gular components and writing each side out explicitly.

We use this vector identity by making the identification

A=C=r,

B=D=p.

For the classical case, this at once gives

(43)

which, when mUltiplied through by (1/2mr2 ), already resembles the

3 It turns out, as we shall see, that the orientation of the angular momentum vector cannot
be specified more precisely on the quantum mechanical level, and that this lack of precision
is nothing more than a manifestation of the uncertainty principle.
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sought-after equation (40). Equation (42) can be applied in the quantum
mechanical case as well, provided that the ordering of the non-commuting
vectors rand p is maintained in every term. Choosing the order ABeD,
so that the left side is just (r X p)2 = U, we thus can write this vector
identity as

U = L XiPjXiPj- L XiPjXjPio
i,j i,j

where the terms on the right have been written out in rectangular com
ponent form, with every factor appearing in its proper order. U sing the
commutation relation

the first summation gives

~XiPjXiPj = ~ X;2p/ -:- T~ X;pj 8u
t.1 t,1 1.1

while the second gives
3hL XiPjXjPi = L XiXjPjPi + i r • p

i.i i.i

Hence

(44)

(45)

which differs from the classical result only by the term proportional to
h. As the final step, observe that

(r.p)2+~ (r·p) =-h2 [(r~)2+r~]
I iJr iJr

= - h2~ (r2~),
iJr iJr

whence equation (44) can be rewritten, upon multiplying from the left
by l/r2 and solving for p 2

, in the form

p2=_h2 ~ (r2~)+U
r2 iJr iJr r2'
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which is recognized as equation (40) except for the common factor of
112m. From this derivation, the first term in equation (45) is recognized
as the quantum analog of the square of the radial momentum, or, upon
division by 2m, as the kinetic energy associated with the radial motion.

We now turn to the specific angular functions defined by the differential
equations (28) and (29). Unfortunately, the latter of these functions is
rather complicated. However, its detailed structure is not particularly
relevant for our present purposes, and we shall therefore simply write
down the answer.4 It turns out that single-valued well-behaved solutions
of equations (28) and (29) are obtained only if {3 and a are such that

(3=I(I+ I),

a=m

I = 0,1,2, ...

m = O,±I,±2, ... ,±l.
(46)

Note that I must be a non-negative integer and that, for a given I, m can
take on only those integral values which range from -I to I.

The normalized solution YeO, ¢) = e(o)<p(¢), which we denote by
Yt"'(O, ¢) for a particular value of I and of m, is usually expressed as

Y"'(O A..) = (_1)"'+/"1 /2/+ 1 (I-Iml)! P"'(O) ei"'<b
I , 'f' V 47T (I + 1m!)! I , (47)

where the function P1"'(0) == p/-"'(O) is known as an associated Legendre
function. It is a product of sin1ml 0 and a polynomial of degree (I-1m!)
in cos 0, in even powers if (I-Iml) is even, in odd powers if (1- Iml) is
odd. For reference, the first few Yt'" are given in Table I.

m=O

m=±1

m=±2

{= 0 /= I {= 2

y 0 = f5 3 cos2 8 - I
2 V4; 2

y ±\ =:::;::: 15 3 sin 8 cos 8 e±i-b
2 V24;

y ±2 = 15 3 sin2 8 e±2i-b
2 V96;

TABLE I. Normalized angular momentum eigenfunctions.

The normalized angular momentum eigenfunctions are known mathe
matically as spherical harmonics. They form a complete orthonormal
set on a unit sphere. By orthonormality for these functions, we mean that

, A complete derivation is given in Chapter X. See also References [1] through [5].
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as may readily be verified for any of the particular examples in Table I.
Although, as we have said, we shall defer a derivation of any of the

above features until Chapter X, where we will use a factorization method
to construct the solutions, it is instructive to at least indicate how equa
tions (28) and (29) can be handled directly. The first is trivial; it yields
at once <I> (<t» = eiacl>. Since <t> = 0 and <t> = 27T refer to the same point
in space, a must be an integer, say m, if <I> is to be a single-valued function.
Equation (29) is more complicated, but it can be solved by a power series
method in which e is expressed in the form

e = sinl"'l () 2: Cp cos p
().

p

It turns out that this series diverges at () = 0 and 7T, unless it is forced to
terminate. The condition that it do so for given m is that f3 = 1(I + I)
with (1- Im/) restricted to nonnegative integral values. The resulting
polynomials are the associated Legendre polynomials, and the condi
tions on a and f3 are those of equation (46).

Thus far we have considered only the angular dependence of the
stationary state solutions of Schrodinger's equation. We must next take
up equation (27) for the radial function. Expressing f3 in terms of I, and
rearranging slightly, this equation becomes

-~ -l_ri (r 2 dR EI ) + [v(r) -+- h
2
1(1 ~ 1) lR" = ER (49)

2m r2 dr, dr 2mr" J ul El,

where we have now introduced the subscripts E and 1 to denote the
dependence of R on these quantities. Of course, the entire stationary
state wave function is expressed as the product

(50)

where we have again introduced appropriate subscripts to make explicit
the fact that these are simultaneously states of definite energy (E),
angular momentum (I) and z-component of angular momentum (m).

Before going on to consider the solutions of equation (49) for particu
lar potentials, we point out some general properties of the stationary
states. Our first remark has to do with the degeneracy of the states. Note
that REI does not depend on m, but only on I. Hence we obtain an eigen
function corresponding to the same energy for each permissible value
of m for a given I. Since m can take on any integral value running from
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-I to I, there are (21 + I) such values, and thus the states in a central
potential are intrinsically (21 + I )-fold degenerate. As we have seen,
m measures the projection of L on the z-axis and hence it is essentially
determined by the orientation of the angular momentum vector. The
degeneracy in question is a consequence of the fact that the Hamiltonian
is independent of this orientation when the potential is spherically
symmetric.

Our second remark has to do with the parity of the states. The parity
operator, it is recalled, changes the sign of all coordinates. Thus, by
definition, for arbitrary f,

Pf(x,Y,x) =f(-x,-Y,-z).

Reference to equation (20), or to Figure I, then shows that in spherical
coordinates

Pf(r, e, cf» = fer, 11"-e, cf> ± 11").

In particular, therefore,

Pl/JElm(r, e, cf» = REI(r) yr(11" - e, cf> ± 11").

Recalling that pr(e) is an even or odd function of cos e, depending upon
whether (I - Im I) is even or odd, we see that Pr (e) has parity (- 1) /-Iml,

while the remaining factor, eim<t> , in y/n, has parity (- I) m. Hence

(51)

and the states thus have definite parity. The parity is even or odd, de
pending only upon whether I is even or odd, and not at all upon m.

Finally, we remark on the relation between the radial equation (49)
and the equation, familiar by now, for the stationary states in one recti
linear dimension. If we think of the combination V (r) plus the centrifugal
terms 1(1+ l)h 2/2mr 2 as equivalent to an effective potential

(52)

(53)

then the radial equation is already seen to bear a close resemblance to
one-dimensional motion. Just how close this connection is becomes
apparent if we write the radial part of the wave function REI in the form

RE1(r) = uE/(r)
r

Substitution into equation (49) then gives, almost at once,

h2 d 2uEI [ h 2/(1+ I)] _
- 2m dr 2 + VCr) + 2mr2 UEI - EUEl> (54)

which is seen to be rather simpler than equation (49) and, more important,
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identical in form to the stationary state Schrodinger equation in one recti
linear dimension for motion in the effective potential V. However, equa
tion (54) has meaning only for positive values of the coordinate r. Further,
if REi (r) is bounded at the origin, then, according to equation (53),

lIEl(r=O) =0. (55)

From this we see that the solutions of the radial equations are exactly
the same as the odd state solutions in the one-dimensional problem of
motion in the symmetrical potential V= V(lx[) +h2/(L+ 1)fx2

, since
these odd states automatically vanish at the origin. The even one-dimen
sional states do not satisfy equation (55) and hence do not appear in
the spectrum. All of the one-dimensional techniques we have learned
are thus seen to be applicable to the study of motion in three dimensions.
Note, moreover, that for given L, the radial states are unique; there is one
and only one simultaneous radial eigenfunction of E and L, for continuum
states as well as for bound states. However, eigenstates of any given
energy in the continuum can always be found for every value of L; and
the continuum states in three dimensions are thus infinitely degenerate
corresponding to the infinite set of possible I values. Furthermore, it
may happen that even in the discrete part of the spectrum states of
different I occur which have the same energy. The degeneracy thus intro
duced, which is an addition to the intrinsic (21 + I)-fold degeneracy
discussed earlier for each state of given L, is commonly called an acci
dentaL degeneracy. This nomenclature is sometimes inappropriate, since,
in fact, such degeneracies are not always accidental but instead may be
a consequence of additional symmetries in the Hamiltonian ueyond the
spherical symmetry we have assumed for V (r). We shall shortly present

\---;,----\--\---------£

o
FIGURE 3. Plot of the effective radial potential V= V (r) + I (l + I) h2/2mr 2

for the first few values of I, for a repulsive potential. Only continuum states
of positive energy E appear. For given E one such state occurs for each value
of I.
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some examples which illustrate this behavior.
The above remarks are perhaps made clearer by reference to the

figures. Thus Figure 3 shows the effect of the centrifugal potential when
V(r) is everywhere repulsive. As l increases, the effective potential is
seen to become increasingly repulsive and the spectrum thus consists
entirely of continuum states of positive energy. For any given positive
energy, one radial state exists for each value of l. In Figure 4, the more
complicated and more interesting case of an attractive potential is pre
sented. For positive energies the situation is the same as for repulsive
potentials; the spectrum is continuous for every l. The spectrum of dis
crete, negative energy bound states depends, of course, upon the detailed
behavior of V(r). In the example shown, such states could exist for
the particular l values 0, 1 and 2, but evidently for l ~ 3 no bound
states· exist because V is repulsive for every such state. The lowest
bound state for a given l has no radial nodes, the first excited state
has one such node, and so on.

Hf--~,__~,__----- £, > a

VCr) + l(l + I )fi'/2mr'

+--+--;---.----:::...:::IF------ r

t-----It-------;''- /-'--- £, < a

FIGURE 4. Plot of the effective radial potential V = VCr) + 1(1 + I) fi2f2mr2

for the first few values of 1 for an attractive potential. For positive energy, such
as £" the spectrum is continuous for every I. For those values of I for which
bound states of negative energy, such as £2' exist, the spectrum is discrete.

This behavior is illustrated in Figure 5, where the spectrum is shown
for l = °and l = I. In the example chosen, which is that of a rather
shallow short-range potential, it so happens that there are three states
with l = °and two with I = I. At the other extreme, when the potential is
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deep and long-range, as for the Coulomb potential, it turns out that there
are infinitely many discrete bound states for every value of I, as we shall
see.

E

1=0

01---------:::;--r

v

E

Ot---+-=------~r

v

FIGURE 5. Discrete states for / = °and / = I in the attractive potential of
Figure 4. In the example shown there are three bound states for / = 0, two for
I = I. The radial functions UEI = rREI are also shown for each state. If one
of the allowed energies Enl for / = I happened to coincide with one of the energies
for / = 0, this would be an example of an accidental degeneracy. As pointed
out in the text, such degeneracies are sometimes a consequence of the symmetry
properties of the Hamiltonian.

4. SOME EXAMPLES

We now consider a few special examples of motion in spherically sym
metric potentials.

(a) Spherically symmetric states (l = 0). For spherically symmetric
states, that is, states with 1= 0, and hence with zero angular momentum,
equation (54) reduces to

where UEO (r) satisfies the boundary condition

UEO(r=O) =0.

Thus the problem is exactly equivalent to that of finding the odd states
characterizing one-dimensional motion in the symmetrical potential

V(lxl) = V(r).

The situation is particularly simple because of the absence of the invari
ably serious complications associated with the centrifugal potential.
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As a first example, consider the states in a spherical square well poten
tial. This example is quite important, because it happens to give a fair
description of the very short range interaction between a neutron and
proton in the deuteron. Such a potential is given by

V(r)=-Vo,

V(r) = 0

r.s;a

r> a.

The corresponding one-dimensional potential is then

V(x) = - Vo,

V(x) = 0

Ixl .s; a

Ixl > a,

that is, a symmetrical square well of width 2a. We have already con
sidered this problem in detail in Chapter VI, and among other things, we
found that no bound state exists unless

. (7T)2 h2

/I 0;;'"2 2ma2'

Now it turns out that the deuteron has only one bound state, and that
this state is rather weakly bound. Hence Vo exceeds this minimum value
by just a little. The range of nuclear forces is known to be about 1.9
x 10-13 em. Accepting this value for a, the depth of the potential can
thus be estimated, and it turns out to be something like 40 Mev. Interest
ingly enough, this simple argument actually provided the first reliable
value for the strength of nuclear forces.

(b) Harmonic oscillator. As a second example, consider the three
dimensional isotropic oscillator. Of course, we have already given a
complete solution to this problem in rectangular coordinates, but it is
instructive to re-examine the problem in spherical coordinates. The I = 0
states are at once simply the odd states of the one-dimensional oscillator,
and hence have energies 3hw/2, 7hw/2, 11 hw/2, and so on. Recall now
that the complete spectrum of the three-dimensional oscillator was found
to be expressible as

En = (n + 3/2)h<o,

where the nth state was [(n + 2)(n + 1)/2]-fold degenerate. We thus
see that the nth state contains among its [( n + 2) (n + 1) /2] degenerate
members, exactly one spherically symmetric state if n is even, none if
n is odd. I t is possible to show, although we shall not attempt to do so
here, that states of higher angular momentum appear in the spectrum
in the following way. For I = I, the allowed energies are 5/2 hw, 9/2 hw,
... ; for 1=2 the allowed energies are 7 hw/2, II hw/2, ... ; and so on.
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In general, for angular momentum I, the allowed energies are (l + 3/2)fiw,
(l + 2 + 3/2) nw, (l + 4 + 3/2) fiw, .... Otherwise stated, the degen
erate members of the nth energy state are those states of angular momen
tum I = n, n - 2, n - 4, ... , and so on down to I = 0, for even n, or to
I = 1 for odd n.

The spectrum, classified according to angular momentum, is shown in
Figure 6. The degeneracy of each state in this scheme can be obtained
upon noting that a state of angular momentum I is (21 + I)-fold degen
erate. Thus the ground state, which is I = 0, is not degenerate, the first
excited state which contains only an I = I state is three-fold degenerate,
the second excited state contains a nondegenerate 1= °state and a five
fold-degenerate 1=2 state so that the total degeneracy is six-fold, and
so on, in agreement with our earlier rule. The pervasive occurrence of
degeneracies between states of different I values is an excellent example
of "accidental" degeneracies which are not accidental at all. These
degeneracies occur because of the special structure of the potential for
the isotropic harmonic oscillator which makes Schrodinger's equation
separable in both rectangular and spherical coordinates.

Exercise 3. Verify that the oscillator states corresponding to energy
£1 = 5fiw/2 are indeed I = I states, as we claimed above. Do this by
showing that

t/lIOO ± it/lolo = f(r) y l±I(8, cf»

t/lOOI = f(r) y IO(6, cf»,

where t/ln,n2n3(X, y, z) is defined by equation (19). Identify f(r) and by
substitution verify that it actually satisfies the correct radial Schrodin
ger's equation.

Degeneracy

£, = Il/2flw

£3 = 9/2/iw

£, = 7/2/iw

£1 = 5/2/iw

£0 = 3/2/iw

1=0 I = I 1= 2 1= 3 1=4

15

10

6

3

FIGURE 6. States of the three-dimensional harmonic oscillator classified ac
cording to angular momentum. The degeneracy of each state is also indicated.
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(c) Motion of a free particle. We have already discussed the states
of a free particle in rectangular coordinates. The states so obtained were
simultaneous eigenfunctions of the Hamiltonian and of the linear momen
tum. In spherical coordinates we obtain states which are, instead, simul
taneous eigenfunctions of H and of the angular momentum, that is, they
have definite values of E, I and m. The radial functions are solutions of
equation (49) with V (r) set equal to zero. They thus satisfy

where

1 ~ (r2 dR E1 ) + [k2 _I(l + 1)] R =0
r2 dr dr r2 El , (56)

(57)

Alternatively, these solutions may be obtained from equation (54),
which, for a free particle, can be written in the form

(58)

where, it is recalled, UEI = rR EI •

Consider first the case 1= O. From equation (58), recalling also that
UEI (r) must vanish at the origin, we have at once

UEO - sin kr

and hence

R _ sin kr.
EO r

For I different from zero the situation is more complicated. However,
it turns out that the solutions of equation (56) are a well-studied set of
functions which can be compactly defined as follows:

j(kr) == (_1)1 (!.-)I (I ~)I sinkr.
I k r dr kr (59)

The function }l(kr) is called a spherical Bessel function of order I. In
terms of these functions, and up to a multiplicative constant, the radial
free particle states are given by

k = V2mE/h, (60)

which clearly reduce to the correct solution for 1= O. The proof that
the functions defined by equation (59) are, for general I values, actually
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(61)

solutions of equation (46) is not difficult, but we shall not bother to carry
it out. 5

From equation (59), the first few spherical Bessel functions are readily
found to be

. (k ) - sin kr
Jo r - kr

. (kr) = sin kr _ cos kr
11 (kr)2 kr

j2(kr) = [(~)3 - ir] sin kr - (~)2 cos kr,

and these are sufficient to illustrate the general structure of these func
tions as polynomials in (Ilkr) multiplying trigonometric functions.
From equation (59), it is not difficult to obtain the explicit behavior of
jl(kr) when r is very small and also when r is very large. In the former
case, expanding (sin kr)lkr in a power series in kr, it is seen that the
first contributing term in this series is that in (kr)21, and we thus find,

r~O, (62)

In the latter case, the dominant term is that inversely proportional to

5 A simple proof by induction can be constructed along the following lines. First note that
equation (59) is completely equivalent to the recursion relation,

. (r)I+l (I d) [(k)l. ]JI+l(kr)=- k -; dr -; JI(kr) , (59a)

which expressesjl+1 in terms ofk The equivalence is established by starting with the known
expression for jo and applying the recursion relation 1 times. To demonstrate that equation
(59) defines the solutions of equation (56), it thus suffices to show that if jlo is a solution
for some 1= 10 , then the right side of equation (59a) is necessarily a solution for 1= 10 + I.
For this purpose, introduce

SI(kr) == (~Yjl(kr),

in terms of which equation (59a) becomes

S _! dS I •
1+1 - r dr (59b)

It is then readily demonstrated that the right side of equation (59b) indeed satisfies the
same differential equation as the left side, and the desired result follows.

For orientation, we remark in passing that equation (56) is a form of Bessel's equation.
Specifically, it can be shown that

jl(kr) = ~2~r JI+ 1/2 (kr),

where J.(kr) is an ordinary (cylindrical) Bessel function of order IJ. For a discussion of the
properties of Bessel functions see References [1] through [5].
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r, and we eventually find,

. (k) sin (kr-17T/2)
Jl r = kr . (63)

The solutions are thus simple spherical waves at large distances from the
origin. Near the origin, however, the centrifugal barrier dominates and
the wave function is seen to become smaller and smaller in that region
as I increases.

Exercise 4. Derive equations (62) and (63) from equation (59).

As a simple example involving free particle states of definite angular
momentum, we briefly consider the states of a particle confined in a
spherical container of radius a. The wave function must vanish at the
walls of the sphere and hence the spectrum of allowed energies is deter
mined by the transcendental equations,

Jl(ka) = 0, 1= 0, 1,2, ....

For 1=0, we see from equation (61) that this reduces to the require
ment that sin ka = 0, which means that ka must simply be an integral
multiple of 1T. For 1= 1, the situation is not quite so simple, since we
must solve tan ka = ka, which can only be done numerically. Evidently,
the equations rapidly become more and more complicated as I increases,
and accordingly we shall not discuss them further.

One highly interesting and important aspect of our results remains
to be discussed. We found in Section I that the stationary states of a
free particle could be written as ordinary de Broglie waves correspond
ing to definite, but arbitrarily oriented, vector momentum p, as expressed
by equation (13). Writing

p = hknp ,

where lip is a unit vector along p, equation (13) becomes

On the other hand, we have just seen that, for any I and m,

l/JBlm = Jl(kr) nn(o, cP)

(64)

(65)

is also a free particle state function corresponding to the same energy.
These two representations are complementary in that the former de
scribes stationary states of well-defined linear momentum but poorly
defined angular momentum, while the latter conversely describes states
of well-defined angular momentum but poorly defined linear momentum.
Classically, of course, free particle states are such that both are precisely
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defined. This is not so in quantum mechanics - not by accident but as
a direct consequence of the easily verifiable noncommutativity of the
linear and angular momentum operators.

The representations of equations (64) and (65) are both complete in
that an arbitrary free particle state of energy E can be expressed as a
superposition of either. In particular, then, each must be expressible
in terms of the other. Using standard properties of the spherical har
monics and spherical Bessel functions, it can be shown6 after some
effort that

tJ;p(r) = 47T 2: ilyr* (Op, cfJp)tJ;Elrr.(r, 0, cfJ), (66)
I,m

where Op and cfJp define the angular orientation of p in the same way that
o and cfJ define the angular orientation of r. Conversely, in view of the
orthonormality of the spherical harmonics,

tJ;Elm(r, 0, cfJ) = 4~il JYt (Op, cfJp)tJ;p(r) dH p, (67)

where dH p= sin Op dOp dcfJp is the element of solid angle about the unit
vector np defining the direction of p. For a given energy, equation (66)
is seen to express a state of linear momentum p as a superposition over
all angular momentum states, while equation (67) expresses a state of
definite angular momentum as a superposition over all orientations of
the linear momentum.

An important special case of equation [66] is that in which np lies
along the z-axis, the polar axis of the spherical coordinate system, so
that Op = O. Since

Y m(O -1-.) = /21 + I 8
1 ''f' V 47T mO,

we obtain, upon inserting the explicit forms of tJ;p and tJ;Elm,
.,

tJ;p = e ik,· cos 9 = 2: i/(2/ + I) jl(kr) PI (cos 0), (68)
1=0

where we have also used the fact that, according to equation (47),

Yt=o (0, cfJ) = V2/
4: I PI (cos 0),

"
with PI (cos 0) denoting the ordinary Legendre polynomial. Now,
because the linear momentum has been chosen to lie along the z-axis,
the z-component of angular momentum must be zero, and so we have
found; the superposition of equation (51) involves only states with m
equal to zero.

6 For a derivation of equation (66) see, for ex,ample, Reference [22], Chapter IX, Section 9.
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5. THE HYDROGENIC ATOM

We now obtain the stationary states of a system consisting of a single
electron and an atomic nucleus in purely electrostatic interaction.
Denoting the magnitude of the electronic charge bye, and considering
a nucleus of atomic number Z, and hence of charge Ze, the electrostatic
potential is taken to be

Ze 2

V(r) =--.
r

For Z = 1 this system is the hydrogen atom, for Z = 2 it is singly-ionized
helium, for Z = 3 it is doubly-ionized lithium, and so on. Such systems
are called hydrogenic because of their obvious similarity to the hydrogen
atom. Note that we have written the Coulomb potential appropriate to
a point charge nucleus, since this is an excellent approximation on the
atomic scale of distances.

We must now solve the radial equation, for a state of given angular
momentum I,

(69)

Recall that m is the reduced mass of the system and thus is given by

where me is the mass of the electron and mn that of the nucleus. Of
course m differs from me by less than one part in a thousand, but the
measurements of atomic spectra are sufficiently precise that the reduced
mass effect is actually detectable.

It is convenient to introduce a dimensionless coordinate y and a dimen
sionless binding energy W by writing

li2
r = me 2 Y

(70)

(71)

whence equation (52) takes on the much simpler appearance

d
2
uEI _ [- 2Z +l(l + I) + wJ u = 0

dy 2 Y y2 El,

and it is this equation we must now solve. We shall do so by the power
series method. Note first, however, that for sufficiently large values of
y the square bracket in equation (71) differs only slightly from W. Hence,
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(72)

asymptotically the behavior of UEI is dominated by the exponential factor
e±v'WY. Physical admissibility demands the negative sign and hence we
write

UEI = VEI(Y) e-v'WY.

Substitution into equation (71) then yields

d
2
vEI_ 2VW dVEI_[I(I + 1) 2

y
Z] VEL = O. (73)

dy2 dy y2

Next we determine the behavior of VEL near the origin. For this purpose,
write

VEL-YO'·

Substitution into equation (73) then gives

s(s - 1)yS-2 - 2VW syS-1 -1(1 + 1) yS-2 + 2ZyS-1 = 0

or

s(s - 1) -1(1 + 1) + 2y(Z - VW) = O.

The last term is negligible for sufficiently small y and hence s must be
such that

s(s-1)=I(I+1)

or

s=l+ 1, -l.

Since VEL must be bounded at the origin, only the former is permitted and
we thus see that .

y~O,

Consequently, we now seek a power series solution of the form
00

VEl = yl+1 2: cqyq.
q=O

Substitution into equation (73) then gives
002: cq(q + 1+ 1) (q + l)yQ+I-I

q=O

- 2VW ±cq(q + 1+ 1)yQ+1
q=O

(74)

00 00

- 2: cql (I + 1)yq+l-I + 2Z 2: CqyQ+1 = 0
q=O q=O

or, collecting terms, we can write
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00 00

L cqq[q+ (2/+ 1)]yq+l-l=2 L cq[VW(q+l+ I) -Z]yQ+l.
q=o q=O

Equating coefficients of like powers of y, we then at once obtain

VW(q+I+1)-Z
Cq+1 = 2 (q + 1) (q + 21 + 2) cq

•
(75)

q~ 00,

This recursion formula permits successive determination of all the ex
pansion coefficients in terms of Co, which is merely an arbitrary multiplica
tive constant, and thus provides us with an explicit power series solution
of Schrodinger's equation. Further, this solution is guaranteed to be
well-behaved at the origin. We must still, however, examine its behavior
at infinity. This behavior is determined by the properties of the series
for large q. From equation (75) we see that

Cq+l _ 2VW.
Cq q

Now this ratio is exactly the same as that obtained for the successive
terms in the expansion of the exponential function, and hence, for y ~ 00,

VEL is dominated by the exponential factor e2v'Wv. This means that UEI

= vEle-v'Wv diverges at infinity like ev'Wv, and the general solution is not
physically admissible.

This behavior is no surprise, since, as we showed earlier, UEI behaves
at infinity like e±v'Wv. Any general solution, therefore, consists of a linear
combination of increasing and decreasing exponentials and the increasing
exponential necessarily dominates, as we have found. This difficulty can
be avoided onlyjLthe series terminates, which means that Cn" say, and
therefore alls"i:Ibsequent Cq , must vanish. This will be so if W is such
that

VW=Z/(n'+l),

n'=1,2,3, ... ,

that is, if the binding energy of the atom is such that

Z2
Wnl l = (n'+l)2' (76)

which then defines the spectrum of discrete bound states. Note that n'
cannot take on the value zero since the wave function is identically zero
if Co vanishes.

For a given n' and I, according to equation (74), VEL is thus a definite
polynomial of degree n' - 1 multiplied by the factor yl+l. These poly
nomials are known as associated Laguerre polynomials,7 and are denoted
by the symbol Lkq(z). They can be compactly expressed as follows.

7 The pn;>perties of these polynomials are discussed in References [I] through [5].
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First introduce the ordinary Laguerre polynomial Lk(z), defined by

(
d)kLk(z) = eZ dz (Zke-z) .

Then the associated Laguerre polynomials are given by

289

(77)

(78)

From these expressions, Lk(z) is seen to be a polynomial of degree k
in z, Lkq a polynomial of degree k - q in z. An alternative expression for
these polynomials can be obtained in terms of an appropriate generating
function; specifically it can be shown that

e-zsl(l-s) 00 Sk

I-s = ~OLk(Z)k!'

whenc,e, from equation (78),

(

S)q e-zs/(I-s) 00 Sk
- -- = ~ Lkq(z) -.

I-s I-s £.J k!k=q

Finally, it can also be shown that

In terms of these polynomials, it then turns out that

1+1 L 21+1 (2' r;;-;--W )VEl = Y n'+21 Y V W n'l ,

(79)

(80)

and it is not too hard to verify, by direct substitution, that this expression
is indeed a solution of equation (68). Next, from equation (72), the radial
wave function is given by

- UEI _ I L 21+1 (2 • ~W ) ~REI - - - Y n'+21 Y V W n'l e- n'IY.
r

(81)

Using equation (80), the normalized stationary states are found to be

,I, _ [ 2Zr ]1 L 21+1 ( 2Zr ) -ZrJ(n'+llaoy m(o,l,.) (82)
'l'Elm - Cn'l (n' + l)ao n'+21 (n' + I)ao e I, 'I' ,

where

= [2Z(n' + I) ]3/2 [ (n' - I)! ]1/2
Cn'l Go 2(n'+/)[(n'+2l)!]3 (83)

and where, in re-expressing Y in terms of r, we have introduced the Bohr
radius ao, defined by



290 MOTION IN THREE DIMENSIONS

h2

ao = - = 0.53 X 10-8 em.
me2 (84)

The energy E of these states, according to equations (70) and (76), is

Z2e2 1
E=-------

2ao (n' + /)2' {
n'=1,2, ...
I = 0,1,2,. ..

(85)

Observe now that the energy depends only upon the sum of the radial
quantum nlimber n' and of the angular momentum quantum number I.
It is convenient and customary to introduce at this stage the principal
quantum number n, defined by

in terms of which

n=n'+I, (86)

(87)

which is seen to be the familiar Bohr formula. 8 The state function can
also be expressed in terms of the principal quantum number, of course,
and we obtain at once

where

.r. = D (2Zr)1 L2l+ 1 (2Zr) -Zrlnao ym({) ,/,,)'f'nlm nl n+1 e I, 'I' ,
n~ n~ .

= (2zn)3/2 [ (n -1- I)! JII2.
D nl ao 2n[(n+/)!]3

(88)

(89)

It is important to keep in mind that, according to equation (86), n can take
on, for given I, only the values 1+ 1, 1+ 2, ... , while for given n, I can
take on only the values n - 1, n - 2, ... , O. The first few normalized
stationary state functions are given below:

0/100 =2 (~r2 e-zrlaoyoo; E 1 =_~::2

(90)

8 Observe that the energy is proportional to Z2, even though the strength of the interaction
is proportional to Z. The explanation is that the mean radius of the atom for a state of given
n is inversely proportional to the strength of interaction and hence inversely proportional
also to Z. Because the energy, being electrostatic in origin, is proportional to the strength
divided by the radius, the Z2 dependence follows.
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The degeneracy of the hydrogenic states can be found in the following
way. For a given principal quantum number n, and thus for a given bound
state energy En, / can take on all values ranging from zero to n - I, as
we have seen. For each / value, there is a (2/ + I )-fold degeneracy and
hence N, the total number of states with energy En, is

"-1
N = L (2/ + I) = n 2

•

1=0

Again we have an excellent example of pervasive "accidental" degener
acies which are not accidental. They arise in this case because Schrodin
ger's equation for a Coulomb potential happens to be separable in
parabolic as well as spherical coordinates.

The spectrum of the hydrogenic atom is shown in Figure 7. As a matter
of nomenclature, dating back to the early days of spectroscopy, states
with / = 0 are called s-states; with / = I, p-states; with l = 2, d-states;
with / = 3, f-states; with l = 4, g-states; and so on in alphabetical order
for states of still higher /. From the figure it is readily seen how the states
crowd together as E approaches zero, in contrast to the behavior of the
states in a square well. This is a consequence of the long range of the
Coulomb interaction, as is the fact that there are infinitely many discrete
bound states for each value of l.

We have now obtained a complete and exact solution for the bound
states of a (nonrelativistic) hydrogenic atom. Unfortunately, these states

s
1=0

P
I = I

d

1= 2

f
1= 3

E = 0----------------
n = 3

n = 2

n=\

FIGURE 7. The hydrogenic spectrum.

have turned out to be rather complicated in general, and their qualitative
behavior is not very readily apparent. The simplest states are those of
maximum angular momentum and of maximum z-component of angular
momentum, for a given n, that is, the states lfIn.l=n-l;m=n-I' The state
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functions in this case have the simple form, omitting normalization
factors,

I/In,n-I,n-I = ,"-I e-Zr/nao sinn-I e.

For large quantum numbers n, these states are quite well localized in
angle and in radius. In particular, the wave function has a relatively
sharp maximum about the equatorial plane and about the Bohr radius
n2ao/Z. Thus such states actually exhibit the behavior predicted by the
original Bohr theory, in the sense that they are centered about the circular
orbits of that theory, and rather precisely so for sufficiently large quantum
numbers.

Exercise 5. Verify the above assertions for the state I/In, n-I, n-I •

Problem 1.
(a) Find the propagator K (r, r '; t - to) for a free particle in three

dimensions.
(b) Consider a wave packet which at t = 0 is a Gaussian,

I/I(r, t = 0) = A eiPo ·(r-rol/fi e-(r-rol2 /2L2.

Find A if the wave packet is normalized.
(c) Show that I/I(r, t = 0) is a minimum uncertainty wave packet.
(d) Findl/l(r,t).
(e) Find cP(p, t = 0), cP(p, t).
(f) Find (x) at t = 0 and for any t > O.
(g) Find (p), (p2) at t = 0 and for any t > O.

Note: All integrals can be factored into products of one-dimensional
integrals, familiar from our earlier work. The problem can, however, be
more easily worked directly in three dimensions. Either procedure is
acceptable.

Problem 2. Using the results of Chapter VI for a one-dimensional oscil
lator,

(a) Find the propagator for a three-dimensional oscillator.
(b) Discuss the motion of an arbitrary wave packet in a three

dimensional oscillator.

Problem 3.
(a) Calculate the polarizability of a three-dimensional isotropic

harmonic oscillator.
(b) What is the degeneracy of the states of a three-dimensional

oscillator in a uniform external field E = 8 ex?
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Problem 4. To good approximation, the nucleus can be regarded as a
uniformly charged sphere of radius Ro ~ Go.

(a) What is the electrostatic potential between an electron and a
nucleus so regarded?

(b) Find an expression for the first-order correction to the ground
state energy of a hydrogenic atom arising from the finite nuclear size.
What is the order of magnitude of this correction, assuming that R o
= (2Z)l/3 X 10-13 cm? How does it depend upon Z?

(c) The same for a J-L-mesonic atom, that is, a system consisting of
a nucleus and a negative J-L-meson. (The mass of the J-L-meson is approxi
mately 207 electron masses.) For what value of Z, if any, does first-order
perturbation theory become inadequate? [The earliest accurate esti
mates of nuclear sizes were obtained by analysis of a J-L-mesonic atomic
spectra.]

Problem S. Consider an anisotropic harmonic oscillator described by
the potential

V(x, y, z) = i mWI2 (x2+ y2) + i mW22Z2.

(a) Find the stationary states using rectangular coordinates. What
are the degeneracies of the states, assuming WI and W2 are incommen
surate?

(b) Can the stationary states be eigenstates of U? of Lz? Explain
in each case.

y

----t-----~---'--t_---x

FIGURE 8. Motion of a particle on a circular track.
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Problem 6. A particle of mass M is constrained to move on a frictionless,
vertical circular track of radius R. Neglecting gravity, the Hamiltonian
of the system is H = Lz2/2MR2. Since Lz = (fi/i) (a/a4» , Schrodinger's
equation is

fi a21fJ _ fi alfJ .
- 2MR2 a4>2 - - Tat'

where, as shown in Figure 8, 4> is the angular coordinate of the particle.
(a) Solve Schrodinger's equation to find the allowed energies 8>m

and the energy eigenstates IfJm' What are the degeneracies of these states,
if any?

(b) Suppose the gravitational field is now included. The Hamil
tionian is then

H = L//2MR2 + MgR sin 4>.

Treating the gravitational term as a perturbation, show that the first
order correction to the energies 8>m vanishes. Calculate the second
order correction to the energy.

(c) Suppose the gravitational term is much too large to be treated
generally as a perturbation. (For what combination of the parameters
will that be true?) Estimate the ground state energy using the Rayleigh
Ritz method and then using the WKB approximation.

(d) Discuss the transition between states bounded in 4> and states
unbounded in 4>, using the WKB approximation. For what states, if any,
will the perturbation results of part (b) apply?

Problem 7. Suppose two identical spinless particles are moving on the
circular track described in Problem 6. Neglect gravity.

(a) Assuming the particles do not interact with each other, solve
Schrodinger's equation to find the allowed energies and the energy eigen
states. What are the degeneracies of these states, if any?

(b) Suppose the particles interact weakly according to the potential
V(4)h 4>2) = Vo[1 + COS(4)1 - 4>2)]' Use perturbation theory to find
the corrections to the unperturbed ground state energy.

Problem 8. A particle of mass M is constrained to move on the surface
of a sphere of radius R, but is otherwise free.

(a) Solve Schrodinger's equation for the allowed energies and the
energy eigenstates.

(b) Classically, the orbit of such a particle lies in a plane and is
thus kinematically equivalent to motion on a circular track, as in Problem
6, part (a). Show that, to good approximation, this equivalence is also
attained quantum mechanically by considering, for large quantum num
bers, states of maximum L z •
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Problem 9. A hydrogen atom is placed in a uniform electric field directed
along the z-axis. Neglecting spin, the relative motion of electron and
proton is then described by the Hamiltonian

p2 e2
H=---+e6z.

2m r

(a) Is U a constant of the motion? Is L z? Do the states have definite
parity? Explain briefly.

(b) Treating the term in the electric field as a perturbation, write
down an expression for the second-order correction to the ground state
energy (why second-order?). Include only non-vanishing matrix elements
in your answer. Do not actually evaluate the integrals or perform the
summations.

(c) Suggest some explicit trial function suitable for a variational
calculation. Allow, as best you can, for the distortion of the atom caused
by the electric field. Do not actually carry out any calculation, but justify
your choice of trial function.

Problem 10. Consider the bound states of a particle in a spherically sym
metric potential. Show that if there are no "accidental" degeneracies,
(x> and (p > vanish for any stationary state. Why does the proof fail
if there are accidental degeneracies? [Hint: What can you say about the
parity of the stationary states?]

Problem 11. The nucleus H3 (the triton) consisting of one proton and two
neutrons is unstable. By beta emission it decays to He3, consisting of two
protons and one neutron. Assume that when this process takes place it
does so instantaneously. Thus there occurs a sudden doubling of the
Coulomb interaction between the atomic electron and the nucleus when
tritium (the H3 atom) decays by beta emission to He+ (singly ionized
He3). If the tritium atom is in its ground state when it decays, what is
the probability that the He+ ion in its ground state immediately after the
decay? In the 2s-state? In the 2p-state? In any state other than an s-state?

Problem 12. The weakness of gravitational compared to electrostatic
interactions is dramatically illustrated by considering a system of two
neutrons under the sole influence of their mutual gravitational attraction.

(a) Write expressions for the bound state energies and for the "Bohr
radius" for such a system.

(b) Estimate, to the nearest power of ten, the numerical value of
the ground state energy (in electron volts) and of the Bohr radius (in
cm, in light years).

Problem 13. Three identical non-interacting particles are described by
the following Hamiltonian,
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3

H = L H SP (ri) ;
i=1

H () _L+! 22
SP r - 2m 2 mw r .

(a) Find the eigenfunctions and energies of the system, without
regard to symmetrization.

(b) Give the degeneracy of the lowest three states, including ex-
change degeneracy. .

(c) The same for the physically realizable states of spinless parti
cles.

(d) What is the ground state energy for spin one-half particles?
What is the degeneracy of the ground state?

Problem 14. A two-particle system is described by the Hamiltonian

H = PI
2 + pl +! m w2r 2 +! m w2r 2 + V e-(n-r2)2/a2

2ml 2m2 2 1 1 2 2 2 0 •

Treating the Gaussian interaction term as a perturbation and transform
ing to center of mass coordinates,

(a) Find the energy of the ground state and first excited state to
first order.

(b) Use equation (VIl-39) to find an upper bound to the second
order correction to the ground state energy.

(c) Use a Gaussian of variationally determined width as a trial
function in the Rayleigh-Ritz method to estimate the ground state energy.

Problem 15. The same as Problem 14, but for identical spinless particles.

Problem 16. A two-particle system is described by the Hamiltonian

H _. PI
2 + P2

2 + 1 2 2 1 2 2 + 1 k( )2
- 2m

l
2m2 "2 m1w rl +"2 m2w r2 "2 r l - r 2 •

(a) Find the exact solutions by transforming to center-of-mass
coordinates.

(b) Sketch the spectrum in the weak and strong coupling limits,
k «; I-tW2 and k ~ I-tW2, respectively, where I-t is the reduced mass.

(c) The same for identical spinless particles.

Problem 17. Consider the hydrogen atom in its ground state. Suppose by
some magic that the Coulomb interaction is suddenly turned off at t = 0
and the electron moves off as a free particle. Treating the proton as
infinitely massive for simplicity,

(a) Find the probability p (p, t) d 3p that a measurement of the
electron's momentum at any time t > 0 will yield a value in the volume
element d 3 p at p. How does the result depend upon t? Upon the direc
tion of p? Explain.
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(b) What is the probability that a measurement of the electron's
energy will yield a value between E and E + dE?

(c) Find the probability that a measurement of the electron's posi
tion at any time t > 0 will yield a value in the volume element d 3r at r.
[Hint: Use the free particle propagator.] Without working out all the
details, show qualitatively how this probability changes with time, start
ing at t = O. Explain briefly.

(d) In contrast to the distributions in parts (a), (b) and (c), a mea
surement of the electron's angular momentum must always yield a unique
and precise value. What is this unique value?

Problem 18. Obtain an expression for dldt (t/Jlp • rlt/J) and then, by
considering a stationary state t/JE' prove the virial theorem,

where T is the kinetic energy, V the potential energy. Use the virial
theorem to show that E = 2 (t/JEI Vlt/JE) for the harmonic oscillator and
E = f (t/JEI V!t/JE) for the hydrogen atom.

Problem 19. The neutron and proton interact through a strong short
range force. Reasonable approximations to such a force are:

VR(i) Yukawa type: V(r) = - _0- e-r/R
r

(ii) Exponential: V(r) = - Vo e-r/R

(iii) Square well: V(r) = {- Vo, r < R
0, r> R.

(a) Use the Rayleigh-Ritz method to find an expression for the
ground state binding energy E for each of the three cases. Use e-r/2R

as a trial function. 9

(b) Taking E = 2.2 MeV and R = 2 X 10-13 em, find Vo in each case.
Draw the three interactions on the 'same graph.

(c) As a check on the accuracy of the Rayleigh-Ritz method, solve
the square well case exactly, using graphical methods to find E, for the
particular value of Vo found in part (b).

9 One can do considerably better by introducing a trial function containing a variational
parameter, such as e-arI2R. Unfortunately, however, the resulting equations are compli
cated and must be solved numerically in all three cases. We remark that case (ii) can
actually be solved exactly in terms of Bessel functions. See Reference l29], pp. 218-220.
The variational method is discussed in these pages as well.
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Angular momentum and spin

1. ORBITAL ANGULAR MOMENTUM OPERATORS AND
COMMUTATION RELATIONS

If at some instant a structureless particle passes with momentum p
through a point whose displacement from an arbitrarily chosen origin
is r, then its angular momentum L with respect to that origin is

or, in component form,

L=rXp (1)

(2)

L x = ypz - ZPlI

L lI = ZPx - Xpz

Lz = XPlI- YPx'

The corresponding quantum mechanical dynamical variable, called the
orbital angular momentum operator, is given by these relations with,
of course, rand p interpreted as quantum mechanical dynamical vari
ables. Since the commutator of Xi and Pi vanishes for i ¥ j, it is easily
verified that L is Hermitian.

Exercise 1. Prove that L is Hermitian.

The commutation relations between the rectangular components of
L are obtained as follows. We have, for example,

(Lx, L lI ) = ([ypz - ZPlI], [zPx - xpz])

= (YPz, zPx) - (YPz, xpz) - (zPlI' zPx) + (zPlI' xpz) .



ORBITAL ANGULAR MOMENTUM OPERATORS 299

Consider the first term,

(YPz, zPx) = YPzzPx- zPxypz·

Because y and Px commute with each other and with z and Pz, this be
comes

Similarly, the last term becomes

On the other hand, since Y, x and pz mutually commute, the second term
vanishes, and because z, Py and Px mutually commute, so does the third.
Thus we obtain

(Lx, L y) = ifi(xpy - YPx)

or, recognizing the term in parentheses as L z , simply

(3)

From the structure of L, the remaining commutation relations are ob
tained at once by cyclic permutation of the coordinates, and we thus
have

(4)

and

(5)

These three relations are equivalent to the single vector commutation
relation

Lx L = ifiL, (6)

as is easily verified by writing out the rectangular components. The
operator nature of L is made quite explicit by equation (6), since the
vector product of a purely numerical vector with itself vanishes.

It is recalled that simultaneous. eigenfunctions or a collection of opera
tors exist only if the operators in question mutually commute. Hence, the
noncommutativity of the rectangular components of angular momentum
at once means that a complete set of states cannot be defined for which
each component of the angular momentum vector has a precise and
definite value. Instead, only a single component of L can be precisely
specified; the remaining two components perpendicular to it are neces-
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sarily uncertain. l Noting that the orientation of the coordinate axes is
open to choice, we see that we may choose angular momentum states in
such a way that the projection of L on any arbitrary axis has a definite
value. Normally this axis of quantization (for angular momentum), as
it is called, is taken to be the z-axis, in which case L z has a definite value,
but Lx and L y do not.

Although we have shown that the orientation of the angular momentum
vector cannot be completely specified on the quantum level, the question
of its magnitude has not been discussed. We now take up this question.
To do so, we introduce the square of the angular momentum operator,

U = L • L = L/ + L/ + L/. (7)

We must now examine the commutation properties of L2 with respect
to its rectangular components. Let us look first at (Lx, L2). Since the
commutator of Lx with itself vanishes, we have

(Lx, L2) = (L.r:, L y2) + (Lx, Lz2).

Now, it is easily verified by expanding both sides that

(Lx, L/) = (Lx, L y) L y + Ly(Lx, L y)

and hence, from equation (3),

(L.r:, Ly2) = ih(LzLy + LyLz).

Similarly, using equation (5),

(Lx, Lz2) = (Lx, Lz)Lz + Lz(Lx, Lz) = -iii (LyLz + LzLy).

Combining these results we thus see that

(Lx, P) = O.

In the same way, we find at once

or, in brief,

(L,L2)=O. (8)

It then follows that L2 and anyone of its rectangular components, say
Lz , can be simultaneously specified and, further, that L 2 and Lz form a
complete set of commuting operators for the specification of angular
momentum states. These states are characterized by the magnitude of

1 Observe, however, that states with angular momentum identically zero are not ruled out,
even though all three components of L have definite values for such states. The commu
tation relations are not violated, because each side of equation (6) vanishes when operating
on a state of zero angular momentum.
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the angular momentum and by its projection on the arbitrarily oriented
z-axis, both of which have definite values.

Before going on to explicitly construct the angular momentum eigen
functions, we briefly consider the properties of angular momentum for a
system of particles. For such a system, the total angular momentum is

(9)

where L; is the angular momentum of the ith particle, and is given by

Evidently, since dynamical variables referring to different particles
commute, we have

i-,t.j,

and it follows after some elementary algebra that

Lx L = ihL,

just as for a single particle. Our conclusions about the general character
of angular momentum states for a single particle thus apply, without
modification, to the angular momentum of a system of particles.

Exercise 2. Verify the vector commutation relation for the total angular
momentum of a system of particles.

An important feature of many-particle systems is that the angular
momentum associated with the center-of-mass motion is not the total
angular momentum of the system. This is in contrast to linear momen
tum; the total linear momentum of a system and the linear momentum
of its center of mass are, of course, identical. As an example, we spe
cifically consider only the simplest case, that of a two-particle system.
Transforming to center-of-mass and relative coordinates, we have for
the center-of-mass angular momentum

L cm = R X P,

and for the angular momentum of the relative motion

where

(10)

(II)
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It is then easily verified, by direct substi.tution, that the total angular
momentum of the system is the sum of the relative and center-of-mass
angular momentum vectors. Further, in view of the fact that the center
of-mass and relative coordinates satisfy the usual (canonical) commu
tation relations, it follows at once that

L cm X Lcm = ihLcm

(12)

(13)

Consequently, the states of a two-particle system can be simultaneously
classified with respect to the angular momentum of its center of mass
and of its relative motion, and each is formally identical to the orbital
angular momentum states of a single particle.

2. ANGULAR MOMENTUM EIGENFUNCTIONS
AND EIGENVA,LUES

We now construct the simultaneous eigenfunctions, and the correspond
ing eigenvalues, of L2 and Lz. We shall do so by a factorization method
utilizing only the algebraic properties of the operators. The analysis is
analogous to but somewhat more complicated than that encountered in
our treatment of the harmonic oscillator. The operators which play a
role similar to that of a and at, turn out to be, as we shall see in a moment,2

L+ = Lx + iLy

L_ = Lx - iLy.

Denoting the eigenvalue of V by h2f3 and of Lz by hex. and denoting
their simultaneous eigenfunctions, not necessarily normalized, by ylJa,
we have

( 14)

(15)

Because L2 - Lz2= Lx2+ L/, and is thus a nonnegative operator, we
must have

(16)

2 For reasons which will become clear, L+ is called the raising operator for angular momen
tum and L_ is called the lowering operator. Note that L = (L+lt.
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Now, Lx and L y commute with L2 and hence so do L+ and L_. Conse
quently,

(17)

that is, if Y{3/l is an eigenfunction of U with eigenvalue h2{3, then so are
the new functions L±Y{3/l.

Next, consider the commutator of L± and Lz. We have,

(L±, Lz) = (Lx ± iLy , Lz)

= - ihLy ± i (ihLx)

= =+= hL±

or, equally well,

Operating on Y{3/l with this operator equation, we then obtain

LzL±Y{3/l = L±(Lz ± h) Y{3/l

or, using equation (15),

LzL±Y{3/l = h(a ± I) L±Y{3/l.

(18)

(19)

Together, equations (17) and (19) tell us that L±Y{3/l is a simultaneous
eigenfunction of U and Lz with eigenvalues h2{3 and h(a ± 1). Hence
we write, according to our notation,

(20)

where the normalization is again left unspecified.
Starting from a given state Y{3/l, an eigenstate of Lz with eigenvalue

ha, we now see that by repeated operation with L+ we can successively
construct eigenstates of L z with eigenvalues h (a + I), h (a + 2), and
so on, each of which is also an eigenstate of U with eigenvalue h2{3.
Similarly, by repeated operation with L_, we can construct a sequence
of eigenstates of Lz with eigenvalues h(a - 1), h(a - 2), and so on,
and again each is an eigenstate of U with the same eigenvalue h2{3 .
However, since U - L z2 is a nonnegative operator, this ladder of states
cannot continue indefinitely in either direction, but must terminate at
each end. Call the eigenvalue of the top rung ha I , and that of the bottom
rung (-ha2)' We must then have, according to equation (16),

al2 ,;;; {3

al ,;;; {3.

Further, since the ladder must necessarily contain an integral number
of intervals between rungs, say n, we have
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n=O,I,2, .... (21)

The termination of the ladder at its upper end requires that

L+ YI3'" = 0

and its termination at the lower end requires that

(22)

(23)

(24)

and we now use these conditions to determine the allowed values of
aI, a2 and {3.

To do so, we must first express U in terms of L+, L_ and Lz . Now

L+L_ = (Lx + iLy ) (Lx - iLy ) = L/ + L/ - i(Lx , Ly )

= L/ + Ly2+ hLz ,

and consequently

U = Lx2 + L/ + L/ = L+L_ - hLz + L/ .

Similarly,

L_L+ = L/ + L/ - hLz ,

whence we obtain the alternative but equivalent expression

U = L_L+ + hLz + Lz
2

• (25)

To proceed, operate on YI301 with U in the form of equation (25), whence

L2 Yl3o, = L_L+YI301 + (hLz + L/) Y1301
•

Now the first term on the right vanishes according to equation (22)
and Y13°:' is a simultaneous eigenfunction of U and of Lz with eigenvalues
h2{3 and hal, according to equations (14) and (15). Hence, canceling a
common factor of h2 , we must have

(26)

In the same way, operating on Y13 -02 with U in the form of equation
(24), we find

(27)

whence a l (a1 + I) = a2(a2 + 1). The only solution of this equation
consistent with equation (21) is al = a2, and hence we have

(28)

where l is integral or half-integral, depending on whether n is even or
odd. In either case,
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(3=I(l+l), (29)

and the eigenvalues of Lz range from hi to -iii in integral steps in Ii.
Denoting now the eigenvalues of L z by lim instead of by liex, we thus see
that m is integral or half-integral, depending on I, and takes on all values
from I to -I in integral steps, as shown in Figure 1. It is easy to see that
there are (21 + 1) eigenstates for L z for a given value of I.

----m=l

----m=l-l -----m = I-I

m = 2
m = 3/2

m= I
1/2m=

m = a
-1/2m=

m= -I m= -3/2

m= -2

----m = -1+ I

-----m= -I

Integrall

----m= -1+1

----- m =-1

Half-integral I

(30)

FIGURE I. Values of m for states of given angular momentum I.

From now on we shall denote an angular momentum eigenstate with
simultaneous eigenvalues Ii2/ (l + 1) and lim by y1m, whence its eigen
value equations take the form

U y1m = 1i2/(l + 1) y1m

Lz y1m = limyr.

For brevity, such states are called states of angular momentum I with
z-component m. These states can be constructed quite simply by starting
with the top state on the ladder, y/, and then operating successively
with the lowering operator L_. Thus, we write specifically,

ym= cr (L )l-myl
I c/ - I, (31)
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where the elm are normalizing constants and where, it is recalled, Y/ is
defined by

(32)

Of course, the angular momentum states can equally well be obtained
by starting with the bottom state yl-1 and operating successively with
L+. In either case, using the already established properties of the raising
and lowering operators, these states can be explicitly constructed and
their relevant properties can be determined. Leaving the details to
Exercise 3, below, we simply state the results: 3

Y m = lim-I ~ (l + m) ! (L )I-m Y I }
I (2/) ! (l- m) ! - I

m _ -m-I (l- m) ! l+m-I
Y 1 -Ii ~(2l)!(l+m)! (L+) YI

L±yr = Ii VI(l + 1) - m(m ± 1) y 1m±1.

(33a)

(33b)

Exercise 3.
(a) Show that equation (33b) follows from equation (33a) and hence

that these two equations are equivalent.
(b) Derive equation (33b) by directly evaluating (L±y1mjL±yr),

assuming the yr to be normalized. Hint: Start by establishing that

(L±yrIL±yr) = (YrIL:;:L±ylm),

and then use equations (24) and (25).
(c) Verify that the yr are orthogonal.

It is important to observe that all our results to this stage have fol
lowed simply and directly as consequences of the angular momentum
commutation relation, equation (6). We have used the specific realiza
tion of Las the dynamical variable corresponding to orbital angular
momentum, and thus defined by equation (I), only in establishing this
commutation relation. Our results accordingly hold for any operator
satisfying equation (6), whether or not it represents orbital angular
momentum.

Even with this generality in mind, there is one unexpected feature
in our results, namely the appearance of half-integral angular momentum

3 See Reference [22], especially Chapter XIII and Appendix B, for a particularly complete
and careful presentation.
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states as possible states in the spectrum. Recall that, in our treatment
of orbital angular momentum states for a particle moving in a central
potential, we deduced that these states should have integral angular
momentum from the requirement that the state function be single-valued.
Actually, this requirement was too stringently applied since, in fact,
only physically observable quantities need be single-valued. Now such
quantities are always expressed in terms of expectation values and are
thus second-degree functionals of the state function of the system.
This means that there can be no a priori objection to a state function
merely because it can assume two different signs at a given point in space,
for the square of such a function is single-valued.

To put it another way, no physical significance can be attached to the
absolute sign of the state function. Recall also that the question of single
valuedness arose specifically in connection with the eigenfunctions eim<l>

of L z , and also with the fact that 1> = 0 and 4> = 27T refer to the same point
in space. We thus see that half-integral angular momentum, and there
fore half-integral m, corresponds precisely to the previously ignored
possibility of an ambiguity of sign. Note, however, that the relative
sign of any two state functions is physically significant, since interference
terms depend on the relative phase. As a consequence, the single-valued
ness requirement would be violated if some of the states of a given system
could have integral angular momentum and some half-integral. To make
this explicit, suppose t/JI is an integral angular momentum state, t/J2 a
half-integral angular momentum state, and consider the superposition
state

Then

whence 1t/J12 is not single-valued and such combinations are accordingly
forbidden.

On the basis of this general and purely formal discussion, we thus
conclude that, in principle, the states of a given system can have integral
or half-integral angular momentum, but only one or the other exclusively,
and never a mixture. In particular, this means that while the orbital
angular momentum states could indeed have integral angular momentum,
as we earlier assumed, the alternative possibility of half-integral angular
momentum exists and must be examined. Which is correct is then a matter
for experiment to determine. The hydrogen atom can readily be used
for this test, and it turns out that the spectrum computed assuming half
integral values of orbital angular momentum is not in agreement with
experiment. Half-integral values of orbital angular momentum are thus
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ruled out.4 As we shall see shortly, this is not the case for the intrinsic
angular momentum or spin of a particle. Both possibilities for the spin
are, in fact, observed in nature.

Because we shall be concerned with more than one kind of angular
momentum, as the discussion above implies, we now introduce an appro
priate and more or less standard notation to permit us to distinguish
among them. We shall continue to denote the orbital angular momentum
operator by L and its eigenstates by ytm. The spin angular momentum
operator will be denoted by S and its eigenstates by X/', which is to say
that Xsm is defined by

(34)

(35)

Finally, we shall use the symbol J as a generic symbol for the angular
momentum operator, referring to either orbital or spin angular momen
tum, as the case may be. Its eigenstates will be denoted by Y/", whence

j2 Y/" = Ii2j(j + 1) Y/"

1.yr = limyjm.

For ease in writing, in all three cases we have used m as the quantum
number associated with the z-component of angular momentum. When
ever it becomes necessary to make a distinction, we shall simply intro
duce appropriate subscripts and write ml or ms or mj, depending on
circumstances.

The point of these notational matters is that all angular momentum
operators satisfy the same vector commutation relations, namely,
equation (6) for L,

for S, and, for J,

S x S = ih S

J x J = ihJ.

(36)

(37)

Nonetheless, there are some distinct differences between orbital and
spin angular momentum, as is made clear by the fact that only the latter
can assume half-integral values. We shall use J to write those general
relations which are valid for either. In other words, all expressions
written in terms of J apply equally to both orbital and spin angular
momentum. On the other hand, expressions written in terms of L or S,

4 Arguments other than the simple empirical one we have given are available for ruling out
ha!f-integral orbital angular momentum. In particular, difficulties are encountered with the
probability flux for such states, according to J. M. Blatt and V. F. Weisskopf, Theoretical
Nuclear Physics, Wiley (1952), Appendix A.
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depending on the context, either will be particular cases of the general
relations or wilI refer to some special property of one which is not shared
by the other. An example of the latter is the representation of orbital
angular momentum in terms of spherical harmonics; no such represen
tation exists for spin. Equations (6) and (36) are examples of the former;
both are particular cases of the general angular momentum commutation
rule, equation (37).

We shall also ultimately be concerned with the total angular momen
tum of composite systems. In general, the total angular momentum is
compounded from both spin and orbital contributions and hence exhibits
only the properties they share in common. It was precisely to exhibit
these common properties that J was introduced, and hence we shall
also denote the total angular momentum of a general system by J.

As we have already emphasized, all of our results to this stage have
been derived using only the vector commutation relation for angular
momentum, and they thus hold for any kind of angular momentum. For
future reference, as well as to make their generality explicit, we now
rewrite at least the principal results in terms of J :

Y/" = h
m

-
j ~(2A~ ~j~)~)! (L)j-m Y/ }

ym = h-m-j I (j - m) ! (J )i+m y.-j
) '/(2j)!(j+m)! + )

l:,;Y/"=hVj(j+I) -m(m± I) yjm:';l,

where, of course,

(39a)

(39b)

and

l_l+ =]2 - hlz -l/

1+ 1_ = ]2 + hlz - 1z2
•

One interesting feature of the angular momentum operator is that its
projection on the z-axis is always less than its absolute magnitude;
thus, as we have mentioned before, its orientation is not precisely
defined. It is ilIuminating to discuss this behavior in terms of the uncer
tainty principle. Recall that, according to equation (V-49), we have, for
any pair of Hermitian operators A and B,

(LiA)2(LiB)2;;': t 1«(A,B))i2.

We now use this relation to examine the effects of the noncommutativity
of the rectangular components of J. First observe, however, that for any
state Y/"
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(Y/"IJ;:IY/") - (Y/"IY/"±I) = 0,

and hence, since Jx and Jyare linear combinations of J+ and J_ ,

(Y/"1 Jxl Y/") = (Y/"1 Jyl Y/") = O.

Consequently, for such a state,

(D.JxF = (Jx2)

and

whence

(D.JxF + (D.J y)2 = Ux2+ Jy2) = (j2 - Jn.
On the other hand, according to the uncertainty principle,

1 h2

(D.JxF(D.J.v)2 ~41«(Jx,Jy))12=4 Uz)2.

Now the orientation of the x- and y-axes is arbitrary, and hence we infer
that

whence the first relation becomes

(D.JxF=4(p-J/),

while the second becomes

Comparing these expressions, then, we must have

(]2-J/) ~ hIUz)l,

so that ( P) must always be greater than (J/). Specifically,

(P) ~ U/) + hlUJI = IUJI(IUJI + Ii),

and hence, for a state of given j2, say h2j(j + I), we have

It then follows that the maximum possible value of (JJ is correctly
hj, and not Ii Vj(j + I) as it would be if the angular momentum were
oriented precisely along the z-axis.

These quantum mechanical features of the angular momentum can be
given an oversimplified but helpful geometrical interpretation. For the
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state y/n, the angular momentum J can be visualized as a vector of
length Y j(j + I) h lying on the surface of a cone with altitude mh
centered about the z-axis, as illustrated in Figure 2. In this picture,

z

x

FIGURE 2. Geometrical interpretation of the properties of the angular momen
tum for the state Y/".

all orientations of J on the surface of the cone are to be regarded as
equally likely. Hence, as should be the case,

Further, by the Pythagorean theorem,

(Jx2) = (J/) = (Yj (j + 1)h)2 - (mh)2 = [j(j + 1) - m 2] h2,

which is also the correct result, as we have, in effect, just demonstrated
above. States of different m for a given j then correspond to cones of
different altitude and angular opening. The angular momentum cone
can never close completely, its smallest aperture coming for m = j,
when the angular opening is cos-1 (j/Yj (j + 1». The precise orientation
of classical angular momentum vectors is recovered, however, in the
classical limit j :P 1, as it must be.

These features are further illustrated in Figure 3, where the angular
momentum cones are drawn to scale for the particular angular momentum
states j = 1 and j = 2.

It still remains for us to exhibit the orbital angular momentum states in
configuration space, and thereby to establish the relationship between
our present results and those given in Chapter IX. We start with equation
(32). Referring back to equations (34) and (35) of Chapter IX, we see
that, in configuration space,

L ~ ict> [ a . 0 a ]
+ = /£ e ao + I ctn act>
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m = 1

m = 0

m = -1

(a) j = I

(b) j = 2

m = 2

m = I

m = 0

m = -I

m = -2

FIGURE 3. Geometrical representation of angular momentum states for j = 1
and j= 2.

and

L = -h e-icl> [.i- - i ctn 8-.L] .
- a8 act>

Writing Y/(8, ct» = fl(8) eilcl>, equation (32) then becomes

~~ = (l ctn 8)fl'

whence, as is easily verified,

and hence
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It follows just as readily that y1-l has exactly the same form. Evaluation
of the normalization integral then leads, finally, to the result

Y Zl(8 A..) = (-)1 /(2/+ I)! sin18 ±il</>
I , 'P + Y 47T 21l! e .

Observe that the phase of the normalization constant is not determined
by the normalization condition. Our choice of this arbitrary phase, which
is that of most authors, is already embodied in equations (33). For further
discussion see reference [22].

Exercise 4. By performing the angular integration, verify that yl±1 as
given above is indeed normalized to unity.

States with m =F- ±I can be obtained by successive operation with
L+ on y/l and, after some manipulation, the results can be summarized
in the form

(21 + I) ! (I + m)! elm</> sin-m 8
47T(2l) ! (1- m) ! 21 I! d(cos 8)I-m

X (I - cos' (J)!

or, equivalently,

m . __ m+l /(2/+ I)! (I-m)! elm</> sin rn 8. dl+ rn

YI (8, ¢) - (1) Y 47T(2/)! (I + m) ! 21 l! d(cos 8)Hm

X (I - cos 2 8)1.

Exercise s. By carrying out the indicated differentiations, find y1o,
y1±1, y 2±2, Y2±1, Yzo, and compare with Table I, Chapter IX.

3. ROTAnON AND TRANSLAnON OPERATORS

We now establish an interesting and informative relationship between
rotational transformations of the space coordinates and the orbital
angular momentum operator. Consider an infinitesimal rotation of the
coordinates through an angle 8¢ about the z-axis. Denote the operator
which induces this transformation by 8R z ; that is, 8R z , acting on any
scalar functionf(r, 8, ¢), is defined by

8R z f(r, e, ¢) == fer, 8, ¢ + 8¢). (40)
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Because 0cP is infinitesimal, we expand the right-hand side in a Taylor
series,

affer, e, cP + ocP) = fer, e, cP) + °cP acP + .. "

or, retaining only first-order terms,

f( r, e, cP + 0cP) = (I + 0cP a~) f( r, e, cP) .

Thus upon comparison of equations (40) and (41), we see that

a
oR z = I + °cP acP'

Now

and thus

(41)

(42)

which establishes a deep and fundamental connection between space
rotations and the angular momentum operators.

Next, we use this result to generate a rotation about the z-axis through
some finite angle, say f3. We do this by repeatedly operating with oR z .

Denote such a finite rotation operator by R z (f3), which, operating upon
an arbitrary scalar function f, is explicitly defined by

Rz(f3) fer, e, cP) == fer, e, cP + f3).

Now

and hence, writing n0cP = f3,

_. ( . 0cP )13/6et>RzCf3) - hm I + I T L z .
6et>-0 n

Proceeding to the limit, we thus obtain, from the definition of the expo
nential function,

1 (if3L)"RzCf3) = ei13Lz/rt == L n! h
"

That this result is correct may be directly verified by operating with Rz (f3)
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in power series form on an arbitrary functionJ(r, 8, </» and then compar
ing the result with the Taylor series representation of J(r, 8, </> + f3) .
More generally, the operator R" (f3) , which induces a rotation through
an angle /3 about an axis oriented along an arbitrary unit vector n, is
seen to be

R n(/3) = eil3n'L/~ ,

while the corresponding infinitesimal rotation operator oR" is

(43)

?iRa = I + io</>n . Lin.
From these results we see that if, for any system, the Hamiltonian H
commutes with the angular momentum operator L then H is necessarily
invariant under an arbitrary rotation of the coordinate axes. From this
point of view, then, conservation of angular momentum, which is a
consequence of the. commutativity of Land H, implies that there is no
preferred set of coordinate axes for the system in question. Hence the
dynamical requirement that the total angular momentum be conserved
for any isolated system is equivalent to the much deeper and purely
geometrical requirement that space be intrinsically isotropic.

The relation between space rotations and angular momentum also
provides us with a geometrical interpretation of the noncommutativity
of different components of angular momentum. Explicitly, we see that
this property is a direct and immediate consequence of the noncommu
tativity of finite rotations in space about different axes. For example, it
is easily verified that rotation about the x-axis followed by rotation about
the y-axis gives an entirely different result from that obtained when these
rotations are carried out in the opposite order.

Another'important result of these considerations is that they provide
a basis for a better understanding of the intrinsic (2/ + I )-fold degen
eracy of states of angular momentum / in a central potential. This degen
eracy occurs whenever the Hamiltonian is rotationally invariant, and
it is merely a reflection of the fact that the choice of z-axis is entirely
arbitrary, in which circumstance no physical significance attaches to
the eigenvalues of Lz . We remark, however, that if for the system in
question, the isotropy of space is destroyed in some way, then this degen
eracy is removed. An important example is the Zeeman splitting of atomic
states in the presence of an external magnetic field. The direction of
the magnetic field singles out a particular spatial axis, and the actual
splitting is produced by the interaction of the external field with the
magnetic moments generated by the orbital motion of the charged con
stituents of the atomic system and with whatever intrinsic magnetic
moments these constituents may have.

As an interesting addendum to these observations, we note that if
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space is homogeneous as well as isotropic, that is, if there is no preferred
origin of coordinates, then we expect invariance with respect to trans
lations of the coordinates. To make this explicit, introduce the.infinitesi
mal translation operator Tar> defined by

Tarf(r) == f(r + «Sr). (44)

Thus Tar is seen to translate the coordinates through «Sr. Since «Sr is
infinitesimal, we expand f(r + «Sr) in a Taylor series,

f(r + «Sr) = f(r) + «Sr . \I f(r)

or, using p = h \I/i,

f(r + «Sr) = (l + i«Sr . p/h)f(r).

Comparing equations (44) and (45), we then see that

Tar = I + i«Sr . p/h,

(45)

(46)

(47)

which thus relates space translations to the linear momentum. By argu
ments analogous to those used for rotations, it follows that the operator
T a which induces translation through a finite distance a is given by

T a = eia·p!fl = 2 ~ (ia . p/h)".
" n.

The requirement that the total linear momentum of an isolated system
be conserved is now seen to be equivalent to the geometrical require
ment that space be intrinsically homogeneous. Further, the mutual
commutativity of different components of the linear momentum is seen
to follow from the indifference of the final results of a sequence of trans
lations to the order in which they are carried out. A net translation can
always be expressed as a sum of any set of its components taken in any
order.

4. SPIN: THE PAULI OPERATORS

To the present we have been primarily concerned with the properties of
orbital angular momentum, that is, with angular momentum which de
pends only upon the state of motion of a particle and not at all upon the
specific characteristics of the particle itself. We now take up a second
kind of angular momentum which occurs in nature and whi.ch is an in
trinsic attribute of certain elementary particles. This intrinsic angular
momentum, or spin as it is called, satisfies the usual angular momentum
commutation rules, but it differs sharply from orbital angular momentum
in the following ways:

(a) Spin is a specific property of specific types of particles and is



SPIN: THE PAULI OPERATORS 317

independent of their state of motion. Accordingly, the spin of a particle
may be regarded as an internal degree of freedom which is in some sense
associated with the internal structure of these particles.

(b) The spin angular momentum can take on half-integral as well as
integral values, but exclusively one or the other for a given type of
particle.

(c) For a given type of particle, the spin has a fixed and immutable
magnitude. For example, the common constituents of matter, the elec
tron, neutron and proton, all have spin one-half in units of h, so do
neutrinos and muons, and so do the anti-particles of all of these. Photons
have spin one. Some particles, such as pions and kaons, carry no intrinsic
angular momentum and thus have spin zero.

(d) Spin angular momentum is a purely quantum mechanical quan
tity. In the sense of the correspondence principle, there is no classical
limit for spin. Otherwise stated, no classical description can be supplied
for the internal degrees of freedom associated with spin.

Although spin is an internal property of the elementary particles, it
must be coupled in some way to the external world if it is to have any
physical significance. This coupling occurs in several domains. The
strong interactions, which are those which predominate in nuclear
physics, are very much dependent upon spin. So are the weak inter
actions, which describe beta decay processes. On the more familiar level
of electromagnetic interactions, any charged particle carrying spin also
carries an associated magnetic moment, with the magnetic moment vector
being proportional to the spin vector.

Whatever the nature of these couplings, there are certain general
consequences of the existence of spin. For one thing, the connection
between spin and statistics discussed in Chapter VIII plays a dominant
role in the thermodynamical-statistical properties of matter. For a
second, at the quantum level, spin angular momentum enters crucially
into the profoundly significant angular momentum conservation laws,
just as crucially as does orbital angular momentum. Historically, how
ever, the existence of spin was not inferred from such general features,
but rather from the special effects of the electron's magnetic moment
upon atomic states. The simplest of these effects involves the splitting
of atomic states in an external magnetic field. Since the degeneracy of a
state of total angular momentum j is (2j + 1), it follows that the value
of j for a given state is unambiguously determined by the number of
states into which it is split.

A detailed and systematjc analysis of these Zeeman splittings, as
they are called, was shown by Goudsmit and Uhlenbeck in 1925 to imply
that the electron carries an intrinsic angular momentum, of fixed magni
tude one-half in units of h, which must be added to the orbital angular
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momentum to give the total angular momentum j. Thus, for example,
an s-state (I = 0) of a hydrogenic atom is split into two components,
since j = 1/2 for such a state. A p-state (l = I) can combine with the
spin in two ways. In one, the orbital and spin angular momentum are
parallel (j= 3/2), in the other anti-parallel (j = 1/2). The former thus
splits into four components, the latter into two, giving a total of six
components instead of three, as there would be if the electron were
spinless. And so it goes for the states of higher angular momentum; for a
given [ there occur two states, j = [+ 1/2 and j = [- 1/2, and the total
number of states in the spectrum is seen to be doubled. Note that all of
this refers only to a hydrogenic atom, since the description is far more
complicated for an atom containing more than one electron.

We now want to develop a formalism for handling spin. We shall
restrict our attention to the most important case, that of spin one-half.
As we have stated, the existence of electron spin produces a doubling
of the single-particle electronic states corresponding to the two, and only
two, possible orientations of the spin one-half angular momentum vector
with respect to some arbitrarily chosen axis. We shall denote this axis
as the z-axis. We now want to write a general expression for an arbitrary
single particle spin dependent wave function l/1(r, spin). This can only be
a linear combination of the two possible spin states, that in which the
z-component of spin is +fi/2 and that in which it is -fi/2. We thus write
the superposition

(48)

where 1/1± (r) are the space dependent parts of the state function and
where x+ and x- are eigenfunctions of the spin angular momentum
corresponding, respectively, to spin up or down.5 These functions thus
carryall the information about spin. The probability density for finding
the particle at r with spin up is 1/1+ * (r) 1/1+ (r), and with spin down it is
1/1- * (r)I/1_(r) , whence the probability density for finding the particle at
r, independently of its spin, is 1/1+ *1/1+ + 1/1- *1/1-. I t thus follows that the
normalization integral for such a function is to be understood as

(l/1(r, spin)/I/1(r, spin» = (1/1+(r)II/1+(r)) + (1/1-(r)II/1-(r)), (49)

where each of the terms on the right has its conventional meaning as a
configuration space integral. Equation (49) follows from equation (48),
provided we understand that

(50)

5 In the notation of equation (34), these functions are simply X1i2 1
/2 and XI12 -1i2, respectively.

To save writing, we have abbreviated them in a way which has become standard in the
literature.
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(51)

and that the x'" are orthonormal,

<x+lx+> = <x-Ix-> = 1

<x+lx-> = <x-Ix+> =0.

It may be helpful to compare this way of writing the state function with
the way in which an ordinary vector A, say, is written in component
form,

A = Axex + Ayey+ Azez ,

where ex, ey and ez are orthonormal unit vectors. In correspondence
with equation (49), we have

A2=A/+A/+A/.

A spin dependent state function may thus be regarded as a two-com
ponent function, one component for each possible spin orientation, with
the spin states x'" playing the role of unit vectors.

We next develop the properties of the spin states and of the spin angular
momentum operator, S, which acts upon these states. Of course, S must
satisfy the usual commutation rules for angular momentum, equation (36),

S x S = diS,

and, from their definition as eigenstates corresponding to z-components
of spin+ h/2 and - h/2, respectively, X+ and X_ must satisfy the relations

h
SzX+ ="2 x+

h
SzX-=-"2X-'

(52)

Further, because both are states of total spin h/2, we must have

S2 X",=t (t+ I) h2X",=ih2X",·

Reference to equation (48) then shows that, for a perfectly arbitrary
state function, l/J (r, spin),

S2l/J(r, spin) = i h2l/J(r, spin),

which is to say that, in contrast to the case for orbital angular momentum,
S2 is a purely numerical operator,

(53)

Note also that
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(54)

and hence S / is also a purely numerical operator by the same argument.
Now Sx2, Sy2 and Sz2 are entirely equivalent dynamical variables, and
they must thus all share this last property, whence

S 2 = S 2 = S 2 = h
2

x y z 4 '

which is clearly consistent with equation (53).
Equations (53) and (54) mean that no differential operator characteriza

tion exists, in any representation, for the spin angular momentum. This
poses no problem, of course, since an operator is completely defined by
the results it yields when it operates upon an arbitrary state. These re
sults have already been given for S2 and Sz, and it remains only to
similarly specify S x and S y. Instead of working with these latter operators
directly, it is more' convenient to work with the raising and lowering
operators S+ and S_, which are defined, as usual, by

(55)

Applying the completely general relation, equation (38b), we at once
obtain for the special case under consideration, j = ~ and m = ± ~,

S+x+ = 0

S-x+ = hX

and, inverting equation (55),

h
SxX+="2 X-

ih
SyX+ =2 x-

S+x- = hx+

S-x- = 0

h
SxX- ="2 x+

ih
SyX-=-2 x +.

(56)

(57)

It is easily verified that Sx 2 and Sy2 are numerical operators satisfying
equation (54) and that the proper commutation relations are satisfied.

Exercise 6.
(a) Obtain equation (57) starting with equation (38b).
(b) Taking Sx, Sy and Sz to be defined by equations (52) and (57),

show that equation (54) and the vector commutation relation, equation
(36), are both satisfied. Do this by letting the spin operators act upon the
perfectly arbitrary spin state of equation (48).

The algebra of the spin one-half operators is quite unusual, as we have
already seen, primarily as a consequence of equation (54). We now
develop this algebra a little further. From equation (56), it follows at
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once that S-z2 = O. Hence, using equation (55),

0= (Sx ± iS u)2 = Sx2 - S/ ± i(SxSu + SuSx)

or, since S x 2 = S / = h 2/4,
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SxSu + SuSx = O.

The same relation must hold between any different pair of components,
of course, since all components of S are dynamically equivalent. This
kind of expression, which is like the commutator except for a plus sign
instead of a minus sign, is called an anticommutator, and the anficom
mutator bracket is defined by, for any pair of operators,

(A, B)+ == AB + BA = (B, A)+. (58)

(60)

Denoting the x, y and z components of S by numerical subscripts, we
can thus write the anticommutation relations for spin one-half,

li2
(SI> Sj)+ = 2" 6jj . (59)

Using this important result, the commutation relations can now be some
what simplified. We have, with i, j and k in cyclic order,

SjSj - SjSj = ihSk

and hence, since Sj and Sj anticommute,

iii
SjSj =2" Sk>

or alternatively, multiplying by S k from either left or right,

SiSjSk = SkSjSj = ih 3/8, (61)

where, we repeat for emphasis, i, j and k are to be taken in cyclic order.
Equation (60) is particularly useful for the following reason. Con

sider some completely arbitrary spin dependent operator. Suppose it
to involve a term in the nth power of the components of S, in some order.
Equations (54) and (60) then assure that such a term can always be
reduced either to a spin independent term or to term linear in the spin
operators. To see how this works, consider the following examples:
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In the first line we replaced SZSII by (-ihj2)Sx, in the second, Sx2 by
h2j4 and in the third, SxSy by (ihj2)Sz'

In the first line we replaced SZSXSII by ih 3 j8, according to equation
(61), and in the second, S/ by h2j4. Since any power of the spin operators
can be reduced in the above way, we see that the most general possible
spin dependent operator A must be expressible as a linear function of
the spin, that is, as

(62)

where the Ai are arbitrary spin independent oi'erators of the type we
have worked with all along.

We are now in a position to show that the spin operator is indeed
completely specified by equations (52) and (57). We do this by computing
the result of operating with the arbitrary operator A, equation (62),
on an arbitrary state t/J, equation (48). We have at once

h ih
At/J = Ao (t/J+X+ + t/J-X-) + 2Al (t/J+X- + t/J-X+) + 2" A 2 (t/J+X- - t/J-X+)

h
+2 A3(t/J+x+ - t/J-x-)

or, collecting terms,

At/J = [(Ao+ ~ A3)t/J+ + ~ (AI - iA 2 )t/J- ] x+

+[(Ao-~A3)t/J-+~ (A I +iA 2 )t/J+]X-.

Thus, for example, the expectation value of A is

(t/JIA It/J >= (t/J+IAo+ ~ A 31t/J+ >+ ~ (t/J+IA I - iA 2 1t/J- >

+ (t/J-IAo-~A31t/J-> +~ (t/J-IA t + iA 2 1t/J+>·

(63)

(64)

We now give some specific applications of these results.
(1) Let the operator A of equation (62) be given by

A =0' S,

where ri is an arbitrary unit vector with rectangular components n x'
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(67)

ny and nz • The expectation value of the component of the spin angular
momentum along the n-axis is then, according to equation (64),

h
(t/Jln' Sit/J) = nz2 [(t/J+lt/J+) - (t/J-It/J-)]

+~(nx+iny) (t/J-It/J+)+~(nx-iny) (t/J+lt/J-). (65)

Observe that the last term is the complex conjugate of the second, so
that the result is properly real. The special case in which either t/J+ or
t/J- is zero, so that the state t/J is a state of spin up or down with respect
to the z-axis, respectively, gives the expected result

(2) As a similar but more important and more complicated example,
let

A = L· S,

where L is the orbital angular momentum operator. We then obtain

h h
(t/JIL' Sit/J) =2 (t/J+ILzlt/J+) -2 (t/J-ILzlt/J-)

h h
+2 (t/J-IL+It/J+) +2 (t/J+ILIt/J-)· (66)

If t/J+ is a state of z-component of orbital angular momentum mh, we see
that the last two terms give a contribution only if t/J- contains states with
z-component of angular momentum (m + 1) h.

(3) As a final example, consider a state of the special, but important,
form

t/J(r, spin) = 1>(r) (ax+ + f3x-),

lal 2 + 1f31 2 = 1, (1)11>) = 1.

We then obtain, for the general operator A ,

(t/JIAIt/J) =(1)I{A o+ (af3* +a*f3) ~Al +i(af3* -a*f3) ~A2

+ (laI 2 -1f31 2
) ~A3}11»' (68)

The special operator of the first example, A = n . S, gives the simple
result

(t/Jln' Sit/J) = {n x (af3* + a*f3) + iny(af3* - a*f3)

+nz (laI 2 -1f31 2 )}!!:.
2

(69)
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Further applications are left to the problems.
Although it is clearly unnecessary to do so, as the above examples

demonstrate, it is frequently helpful to give an explicit realization of the
spin operators. This is readily done using a matrix representation, noting
that, becal,lse there are just two spin states, only two-by-two matrices
are required. From the definition of the matrix elements of an operator,
we thus write, for the ith component of S,

The matrix elements are easily calculated using equations (52) and (57).
For example,

<x+ISxlx+> =0= <x-ISxlx->
Ii

<x+ISxlx-> =2= <x-ISxlx+>,

and similarly for S y and Sz; whence we find

1i(0 ~)Sx = 2 1

Sy = ~ (~ -i I
0;

Ii ( 1 -~)Sz =2 0

(70)

U sing the laws of matrix multiplication, it is not hard to verify that the
components of S satisfy the various relations derived earlier.

Exercise 7. Use the laws of matrix multiplication to show that the Sx'

Sy and Sz defined by equation (70) satisfy equations (54), (59) and (60).

Although we have worked with S itself throughout, it is customary and
convenient to eliminate the all-pervasive factors of nl2 which appear
in our analysis. We thus introduce the dimensionless Pauli operator
(T = (Jxex + (JyC y+ (Jzezby writing

(71)

Taking over our previous results, we have at once



SPIN: THE PAULI OPERATORS

U"2 = 3

U" X U" = 2iU"

while the matrix representation of U" is
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(72)

(
0 -i)

U"y= i 0 (73)

It is easily seen that u"x, U"y, u"z and the unit matrix form a complete set
of two-by-two matrices in the sense that any arbitrary two-by-two matrix
can be expressed in terms of them (why?). This statement is an alternative
and more transparent version of our earlier statement that an arbitrary
spin dependent operator can always be expressed as a linear function of
the spin. (Why are these two statements equivalent?)

This matrix representation for the spin operators suggests a similar
representation for the two-component state functions of the theory.
Specifically, the spin functions X+ and X_ can be represented by column
matrices6 defined by

That these definitions are consistent follows upon verification of the fact
that equations (52) and (57) hold, as they must, when regarded as purely
matrix equations. The details are left to the exercises.

Next, we introduce the adjoints of these matrices, these being the
row matrices

x+t=(l 0), x-t=(O I),

in agreement with the general definition of the adjoint of a matrix, equa
tion (VII-49). Observing that, according to the usual rules of matrix
multiplication,

and

6 Such column matrices are also often called column vectors, or simply vectors.
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we see that these relations are precisely equivalent to the Dirac bracket
expressions defined in equation (51). Specifically, upon comparison, we
have

We have thus provided a picturization of Dirac brackets for spin states,
lacking in our earlier definition, which is rather useful and convenient
even though it contains no new information.

A general column matrix is now defined as an arbitrary linear combina
tion of X+ and X_ and hence, for example, the general spin dependent
state of equation (48) is expressed in matrix language as

Note, however, that Dirac bracket expressions involving both space and
spin functions are still to be assigned the meaning of equation (50).7

Exercise 8. Verify that equations (52) and (57) hold when regarded as
purely matrix equations.

Some final remarks are in order. We have introduced the spin in a
purely ad hoc way as an empirical necessity, more or less as was done
historically. The two-component theory was originated on just this em
pirical basis by Pauli. We want to mention, however, that all of these
features were derived, without any ad hoc assumptions at all, by Dirac
in 1930. Starting with a completely structureless electron, Dirac con
structed a relativistic version of Schrodinger's equation which yielded
the spin properties of the electron as one of its consequences. It also
predicted the existence of the positron. We shall briefly discuss the Dirac
equation in the next chapter to see how this comes about.

We have given a relatively complete discussion of spin one-half, and
we know how to handle spinless particles, but what about other spins,
for example unity? Since three orientations exist for unit spin, the state
function describing a spin one particle must have three components. The
algebra, although still straightforward, becomes much more complicated

7 We remark that these ideas can equally well be applied to the representation of conven
tional state functions, t/J(r). Consider t/J to be expressed as a superposition of some complete
set of orthonormal basis functions eJ>m. The coefficients in this superposition, say Cm, com
pletely define t/J, which can thus be represented as an infinite-dimensional column matrix
with Cm as the mth element. Expressing operators as matrices in the same basis, any rela
tions which hold in the conventional description also hold when regarded as purely matrix
statements.
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as a consequence, and we shall not attempt to develop it.

s. ADDITION OF ANGULAR MOMENTUM
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Consider some isolated many-particle system. Its total angular momen
tum operator can be expressed as

(74)

where L; is the orbital angular momentum and S; the spin angular momen
tum, if any, of the ith particle. Since the angular momentum of an isolated
system is conserved, the states of such a system can always be written
as simultaneous eigenfunctions of j2 and J z' with eigenvalues j (j + 1) h2

and mho However, it frequently happens that the system can be decom
posed into subsystems which do not interact with each other to some
approximation. To this approximation, we can discuss the system in terms
of the angular momentum of each of these parts. Such ideas are quite
familiar in classical physics. Thus the angular momentum of the solar
system can be regarded as a composition of a number of quite distinct
elements - the orbital angular momentum of each planet as it moves about
the sun, the angular momenta of the various planetary moons as each
moves about its planet and, finally, the angular momenta of all of these
objects, and the sun, arising from the spinning motion of each about its
axis. To first approximation all of these are uncoupled and separately
conserved, and this provides an adequate description of the short-term
behavior of the solar system. The long-term behavior requires a more
precise treatment in which mutual interactions between the various
angular momenta are taken into account. The individual angular momenta
are no longer separately conserved, but only the total for the entire
system.

We now seek a quantum mechanical description of the total angular
momentum of a system as a composition of the angular momenta of some
assembly of subsystems. We assume these to be sufficiently weakly inter
acting that the effects of interactions can be handled by the methods of
perturbation theory. We thus seek an appropriate set of unperturbed
states, states of definite angular momentum for each subsystem and of
definite total angular momentum for the whole. The process of combining
angular momenta is completely trivial classically; one simply takes the
vector sum in the usual way. Quantum mechanically, however, even this
process is complicated, because none of the angular momentum vectors
are precisely oriented. In effect, we must add together vectors, lying on
cones, such as those illustrated in Figures 2 and 3, of varying angular
openings, altitudes and orientations, to form a resultant which also lies
on such a cone. We shall not attempt to give a complete answer, but will
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content ourselves with merely enumerating those states of total angular
momentum which are actually achievable as a composition of states of
definite angular momentum. Except for one or two special cases, we shall
not explicitly construct these composite states.s

The question of enumerating the achievable composite angular momen
tum states, so simple and obvious it never enters one's head for classical
systems, is not quite trivial quantum mechanically. As we shall shortly
see, the answer, which is called the vector addition theorem for angular
momenta, is the following: When a system of angular momentum il is
combined with a system of angular momentum i2' the resulting total
angular momentumi has as its maximum possible valueil + i2 and as its
minimum IiI - i21. The other achievable values of i lie at integral steps
between these two extremes. The complete set of possibilities is thus
(JI +i2), (JI + J2 - 1), (JI +i2 ~ 2), ... , IiI - i2j.9 Further, for'each
achievable value of i, the composite state with definite z-component m
is unique. However, these unique states are such that, in general, the
z-components of il and i2 do not separately have definite values. This
aspect is a direct manifestation of the quantum mechanical uncertainty
in the orientation of angular momentum vectors, and it is precise-ly here
that the complication of actually constructing the states arises.

To verify these assertions, let us now consider a composite system
consisting of two non-interacting subsystems. Denote the angular
momentum operator of the first by J I and its angular momentum states
by cf> itm.· Similarly, let J 2 and Xhm2 denote the same quantities for the
second. According to these definitions we then have

J l2cf>ilm, = il (JI + 1) fj,2cf>ilm,
(75)

and

(76)

The states of the complete system can, of course, be expressed in
terms of products of these functions. We now seek composite states
which are simultaneous eigenfunctions of J 2 == (J I + J2) 2 and J z' and

8 For a complete discussion see Reference [22]. For a briefer treatment see References
[24] and [25].

9 In short, we have

(j,+j,) ;;"j;;" Ij,-j,I,
in analogy with the familiar triangle rule for classical vectors A and B,

A+B;;"IA+BI;;,,!A-BI·
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also of J 12 and J 22, that is, we seek states in which the angular momenta
jl andj2 of the two subsystems add together to give a state of total angular
momentum j with z-component m. Denoting such a composite state
function by I/JJmJd2' we have

l/JimJd2 = 2: CJmmlm2 cPiJml Xi2m2'
ml~m2

(77)

since this is the most general superposition of product functions which
is a simultaneous eigenfunction of J 1

2 and of J 22. The C immlm2' called
Clebsch-Gordan coefficients, can be determined from the requirement
that I/J imilh also be a simultaneous eigenfunction of j2 and J %. In order
to verify the vector addition theorem, we now seek to enumerate the per
missible values of j and m.

With respect to m, the answer is immediate since J % = J 1% + J 2%'

whence we see by operating with J % on equation (77) that we must have

(78)

This means that the double sum of equation (77) reduces at once to a
single sum. It also tells us that the maximum possible value of m, which
is attained when ml and m2 take their maximum values of jl and j2,
respectively, is simply j 1 + j 2. 10 This in turn tells us that the maximum
possible value of j is jmax = jl + j2' Consider next a state in which m
isjl + j2 - 1. This state can be formed in two linearly independent ways,
in one of which ml is j 1 and m2 is j2 - 1, while in the other ml is j 1 - 1
and m2 is j2. 11 One combination of these states must belong to the j max

= jl + j2 state already identified, but a second (orthogonal) combination
also exists and it must therefore be associated with a state in which
j = jl + j2 - 1. Proceeding next to states with m = jl + j2 - 2, we see
that now three linearly independent states exist. Two of these must
be associated with the total angular momentum states previously identi
fied, while the third tells us that a state exists with j = jl + j2 - 2. And
so it goes, with j decreasing in integral steps until all of the combinations
are exhausted, which occurs when j achieves its minimum value, j min

=UI-j21·
It is not difficult to verify that all possible states have indeed been

10 Because there is only one such term in the superposition of equation (77), this particular
state is at once uniquely determined to be

(79)

It, and its companion state, m = - (jt + j2),

(80)

are the only composite states which can always be trivially constructed.

11 Specifically, these two linearly independent states are q,h,h-t X!2!2 and q, JodI X12.;'-t.
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included in this enumeration. The argument is the following. The degen
eracy of the first subsystem is (2j, + 1) , that of the second is (2j2 + 1),
and hence there must be (2j, + I) (2j2 + 1) linearly independent states
in any representation. We now also calculate the total number of states
in the (j, m) representation. The degeneracy of a state of total angular
momentum j is 2j + I and hence, assuming j, ;;,: j2 for definiteness, we
must have, if all states are to be accounted for,

j=it+i2

(2j, + 1) (2j2 + 1) = L (2j + 1) .
i=;'-i2

The sum can be evaluated by writing it in reverse order, adding it to the
original and dividing by two. The first term of each sum taken together is
2(2j, + I), and so is the sum of every corresponding pair of terms.
There are (2j2 + 1) terms in all and hence the desired result follows.

We have thus verified the previously stated rules, according to which
angular momentum is to be added together. As claimed, these rules are
equivalent to the rules for the addition of ordinary vectors, but supple
mented by the usual quantum conditions for angular momentum states.
The same rules can also be applied to the addition of more than two
angular momenta. To do so, add any two together, then add the result to
a third, and so on.

There are many important examples involving the addition of angular
momentum. In one class of these the Hamiltonian is approximately
independent of spin, so that the total orbital angular momentum of all
the particles and their total spin angular momentum form two non-inter
acting systems. The first of these is described in terms of states of definite
L, the second by states of definite 8. These are then coupled together by
the weak spin dependent forces to form states of definite total angular
momentum. This scheme is called either L-S or Russell-Saunders
coupling and is applicable to the atomic states in the first portion of the
periodic table. At the other extreme is the class of problems in which
the interaction between individual particles can be neglected, but not the
spin dependence of the forces. In that case, each particle is described by
a state of definite total angular momentum j and the system as a whole
by the sum of these single particle states. This scheme is called thej-j
coupling scheme and it is applicable to atomic states in the latter portion
of the periodic table and to nuclear states in the shell model approxi
mation.

We now work out an example of the addition of angular momenta.
Specifically, we shall obtain the states of definite total spin for two spin
one-half particles. This is the simplest possible example, sufficiently
simple that all of the details can be presented. Let 8, denote the spin
operator for the first particle and 8 2 that for the second. Let X I± and
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X2± denote the corresponding spin states. According to equation (77),
the most general spin state of the two-particle system, tfismH, can be
written as the superposition of (2 . t + 1) (2 . t + I) = 4 composite spin
states

== Xsm· (81)

Because we are here talking about pure spin states, we have denoted
the spin angular momentum eigenvalues by s rather than by j and we have
abbreviated the composite spin states by Xsm. Also, as a notational con
venience, the subscripts m l and m2 in the summand of equation (77)
have been replaced by plus and minus signs. Finally, the superposition
sum has been written out explicitly since it contains only four terms.

We now seek those four particular linear combinations which are simul
taneous eigenstates of the total spin and of its z-component. The total
spin operator is, of course,

and the states we seek are thus those for which

S2 Xsm = s(s + l)h2Xsm

SzXsm = mhXsm

or, in terms of the more convenient Pauli operators,

(T2 Xsm = 4s (s + 1) Xsm

(TzXsm = 2mXsm.

(82)

(83)

(84)

These states are readily identified with the aid of the vector addition
theorem. According to that theorem, two spin one-half particles can
combine only in such a way as to form a system of total spin unity or
total spin zero. Now the states of maximum possible angular momentum
and maximum ImJ are always trivially constructed, being given by equa
tions (79) and (80). For the present case these are the states s = 1,
m = ± 1, and we thus have at once for these states,

XII = XI+X2+
(85)

XI,-I = XI-X2-·

The remaining two states of the system both have m = 0, and each is
thus some linear combination of X1+ X2- and X1- X2+. What linear com
bination of these two states corresponds to s = I, m = 0, the missing
member of the threefold set of s = I substates? Observing that each of
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(86)

the s = 1 states already identified in equation (85) is symmetrical with
respect to the interchange of the spins of particles one and two, it follows
that the state we seek must also be symmetrical. Hence, properly normal
ized, it is

I
XIO = V2 (X1+X2- + XI-X2+)'

Evidently the remaining state of the system, that with both j and m = 0,
must be a similar linear combination, but orthogonal to that of equation
(86), and hence is the antisymmetric state,

(87)

(88)

(89)

Exercise 9. Verify the assertion that the j = I, m = 0 state must be
symmetrical because the j = 1, m = ± I states are. Do this by consider
ing a rotation of the axis of quantization and showing that the relevant
rotation operator is symmetric in the spins of the two particles.

That the states we have found are indeed simultaneous eigenfunctions
of 52 and Sz (or equivalently of (J"2 and (J"z) is not hard to verify. Specifi
cally, according to equation (84), we must show that, for the s = 1 states,

(J"2 X1m = 8Xlm } m = 1,0,-1
(J"zXlm = 2mXlm

and, for the s = 0 state,

(J"2 XOO = 0

(J"zXoo=O.

The equations in (J"z are transparently correct, bilt those in (J"2 are not
entirely trivial. They can be simplified by observing that

or, because (J"12 = ai = 3,

(90)

Comparison with equations (88) and (89) then shows that (J"I . (J"2 must
yield unity when it operates on a state with s = 1 and minus three when
it operates on a state of s = O. That this is actually the case now follows
readily, but we leave the details to the problems.

To recapitulate, with the help of the vector addition theorem we
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have explicitly constructed the so-called triplet spin state, with s = 1
and m = 1,0, -1, and the singlet spin state with s = m = 0. The former
was found to be symmetric under exchange of spins, the latter anti
symmetric. 12 The normalized state functions and their properties are
summarized in Table I.

Triplet

s = 1
(J"2 = 8, (J"I . (J"2 = 1

m = 1 : /(1,1 = /(1+/(2+

I
m = 0: /(1,0 = V2 (XI+X2- + Xl-X2+)

m = -I : /(1,-1 = /(1-/(2-

/(I.m is symmetric
under exchange

Singlet

s=O
(J"2 = O,(J"I • (J"2=-3

m = 0: /(0,0

I
= v2 (/(1+/(2- - /(1-/(2+)

/(0,0 is antisymmetric
under exchange

TABLE I. Normalized spin states of two spin one-half particles.

As a second and very important example, we consider the addition
of spin and orbital angular momentum for the case of spin one-half.
Leaving the details to Exercise 10, below, we merely state the results.
For a given orbital angular momentum 1# 0, there are two states of
total angular momentum j = I ± t, in agreement with the vector addi
tion theorem. These states, which we denote by l/Jjmjl are defined by

J2l/Jjmjl = /i.2j(j + l)l/Jjmjl

(89)

Ul/Jjmjl = /i, 21(l + l)l/Jjmjl'

They are given in terms of the eigenfunctions l/Jlm of U and L z and of the
spin states X:!: by

l/Jjmjl =~ [VI + m + 1 l/JlmX+ + VI- m l/J1,m+1 X-] (90)

12 This verifies our assertion in Chapter VIII that the totally antisymmetric states of two
identical particles can be classified as either the product of an antisymmetric (singlet)
spin state and a symmetric space state or as the product of a symmetric (triplet) spin state
and an antisymmetric space state.
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and by

J. = I _I m· = m + I
2') 2

In equation (90), m takes on all integral values between - (I + I) and
I, and in equation (91) all integral values between -I and 1- 1.

The importance of this particular example is a consequence of the
existence of the so-called spin-orbit force. For an electron moving in a
central potential V(r), this interaction is represented in the Hamiltonian
by the term

1 1 dV
HsPin-orbit = -22 2 - -d L· S,mer r

(92)

where L is the orbital angular momentum operator of the electron and
S is its spin operator. This term, which is relativistic in origin, arises as
a consequence of the fact that the magnetic field produced by the motion
of a charged particle interacts with its spin magnetic moment. A Hamil
tonian containing such a term commutes with ]2, J z and U but not with
L z. Hence its angular momentum states are just those of equations (90)
and (91). This connection can be made quite explicit by observing that,
since

we have for a spin one-half particle

and the simultaneous eigenfunctions of J 2 and U are therefore also eigen
functions of L . S. Specifically

(L· S) t/Jjm.!=i [j(j+ I) -1(1+ 1) -iJ li2t/Jjm.!'
) )

More specifically still, for j = 1+ i, L . S has the eigenvalue Iii 2/2, and
for j = 1- i it has the eigenvalue - (I + I) li2/2.

Exercise 10. The t/Jjmj! of equations (90) and (91) are obviously eigen
functions of U and J z' as claimed. Use equation (66) to verify that they
are simultaneously eigenfunctions of L . S, and therefore of J2, also as
claimed.
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Consider now some system, such as the hydrogenic atom, described
by the Hamiltonian

p2
H = 2m + V(r) + HsPin-orbit·

This Hamiltonian is separable into a product of radial and angular func
tions, as the substitution

tfi(r, spin) = Rjl tfijmjl

makes clear. Using the results obtained above for the eigenvalues of
L . S, the radial wave function Rjl is seen to satisfy the equation

(93)

where the upper line in the braces refers to the state j = 1+i, the lower
to the state j = 1- i. Of course the spin-orbit term is absent for s-states
(/ = 0), so that equation (93), which is exact, applies only for 1 ¥- O.
The perturbation produced by this term is responsible for the fine struc
ture of atomic states, while in the nuclear domain the existence of a
strong spin-orbit interaction is an essential ingredient in the explanation
of the observed shell structure of nuclei. In the atomic case, where this
term is usually small, its contribution to the energy is given, to adequate
approximation, by first-order perturbation theory. A one-electron state
of given 1 is split into a doublet, the energy shifts being

j= I+~:

j=I-~: AE=_~/!dV) (/+ I).
4mc2

\ r dr

Thus the energy separation of the two states is simply

fi2 II dV)
4mc2 \-;: d;: (21 + l).

The separation of the famous sodium D-lines is an example of the split
ting produced by the spin-orbit interaction.

Problem 1.
(a) Compute the ground state energy of the hydrogen atom, assum

ing half-integral angular momentum. Compare the ionization energy
obtained with the experimental value.

(b) What are the ground state eigenfunctions?
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Problem 2. Find the ground state energy and eigenfunction for the three
dimensional isotropic harmonic oscillator, assuming half-integral orbital
angular momentum.

Problem 3. Work out the commutation relations of Lx, Ly, Lz, U with
Px, py, P., p 2

, and with x, y, Z, r2
•

Problem 4. Consider the motion of a particle in central potential V (r).
Let I/JElm(r) be an eigenfunction of the Hamiltonian corresponding to
total angular momentum land z-component m in units of fi. Show that

I/J' == ei/3n'L/h I/JElm (r)

is an eigenfunction of H corresponding to the same energy E and the same
total angular momentum l, no matter what the value of {3 or the orientation
of n. Is I/J' also an eigenfunction of Lz? Explain.

Problem S.
(a) Suppose 0 to be an arbitrarily oriented unit vector. Denote

by l, m, n its direction cosines with respect to the x, y, z axes, respec
tively. Show that

• (n l-im)
n . (T = l + im - n '

where (T is the Pauli (vector) operator. Verify that (0 . (T)2 = 1, no matter
what the orientation of o.

(b) The most general spin one-half state is the superposition

where X± are the eigenfunctions of (Tz with eigenvalues ± 1. Use the result
of part (a) to find the values of a+ and a_ if Xis to be an eigenfunction of
o. fT. [Hint: The eigenvalues of (0 . (T) are ± 1. Why?]

(c) The result of part (b) gives the spin states referred to an arbi
trary axis rather than to the z-axis. Suppose an electron has its spin
oriented along the positive x-axis. What is its spin function? What is
the probability that a measurement of its z-component of spin will yield
the value + 1/2?

Problem 6.
(a) Noting that (L z , ¢) = fili and that, because 0",;; ¢",;; 271', (Ll¢F

is necessarily finite, for any state, how is it possible to have states of
definite L z = mfi without violating the uncertainty principle, equation
(V-49)? [Hint: Equation (V-49) holds for Hermitian operators only.
For what class of functions u(¢) is L z Hermitian?]

(b) Consider the angular wave packet
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00

u(cP) = eimo<!> L exp [- (cP - cPo + 2S7T)z/2"Z].
S=-CD

Show that for any periodic function f (cP)

337

I:7T f( cP) u (cP) dcP = roo f (cP) eimo<t>-<<!>-<!>o)2J2y2 dcP·

(c) What is the probability Pm that a measurement of L z for the wave
packet u (cP) will yield mh?

(d) By plotting IU(cP)IZ against cP and Pm against m, discuss the
mutual uncertainties in cP and in L z .

Problem 7. Let Ta denote the translation operator, Rn(f3) the rotation
operator, P the parity operator, and Pij the exchange operator. Which,
if any, of the following pairs commute:

(i) Ta,T b ; (ii) R;.(f3),R;.(,,); (iii) Rn(f3),Rn,(f3);
(iv) P, Ta ; (v) P, Pij'

What must be the relation between ii and a if Ta and Rn(f3) commute?

Problem 8. Consider a system of two spinless identical particles. Show
that the orbital angular momentum of their relative motion can only be
even (l = 0, 2, 4, ... ).

Problem 9. Show by direct calculation that for the triplet spin states of
two spin one-half particles

(TI • (Tz Xlm = Xlm;

while, for the singlet state,

m = 1,0, -1,

(TI' (TzXoo=-3Xoo·

Problem 10. Find lZcPilm,Xi2m2 where cPitml and Xi2m2 are given by equa
tions (75) and (76) and where J = J I + J 2 • Hint:

j2 = liz + lzz + 2JI . Jz

JI' Jz=-} (ll+lz-+ll_lz+) +llzlzz·

Problem 11. The state function of an electron is given by

t/J= R(r) {~YIO (8, cP)X+ +..f3 Y11 (8, cP)x-}·

(a) Show directly that the z-component of the electron's total
angular momentum is 1/2 and that the electron has orbital angular
momentum unity.

(b) What is the probability density for finding the electron with spin
up at r, 8, cP? With spin down?
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(c) Show that the probability density for finding the electron at
r, 8, </>, no matter what its spin, is spherically symmetric, that is, inde
pendent of 8 and </>.

Problem 12. Write the most general configuration space state function
consistent with the stated conditions for:

(a) A particle in one dimension with definite linear momentum p.
(b) A particle in one dimension with linear momentum p of un

specified sign.
(c) A particle in three dimensions with definite linear momentum

vector p.
(d) A particle in three dimensions with linear momentum of mag

nitude p but unspecified direction.
(e) A particle of definite angular momentum I and z-component m.
(f) A particle of definite angular momentum / but with unspecified

z-component.
(g) A particle with unspecified total angular momentum but with

definite z-component m.

Problem 13. Write down the constants of the motion for each of the fol
lowing cases (consider only the dynamical variables: energy, the com
ponents of linear momentum, the components of angular momentum,
the square of the angular momentum, and the parity):

(a) A free particle.
(b) A particle in a central potential.
(c) A particle in a cubical container.
(d) A particle in a spherical container.
(e) A particle in a cylindrical container with axis oriented along the

z-axis.
(f) A particle in a container of irregular shape.
(g) A charged particle in a uniform electric field in the z-direction.
(h) A charged particle in a time-varying but spatially uniform elec-

tric field in the z-direction.

Problem 14.
(a) Show that an operator A which commutes with Lx and L y must

also commute with U.
(b) Suppose instead that A commuted with L/ and L/. Could one

draw similar conclusions about its commutator with U?

Problem 15.
(a) Let A be a spin-independent vector operator. Prove that

(a'A)2=A2+ia' (A,xA).

(b) With n an arbitrary unit vector and </>(r) an arbitrary spin-
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independent function of position, prove that

eia.n<b = cos c/> + icr . nsin c/>.

Problem 16. The most general spin one-half dependent operator being
linear in the spin, reduce the following to linear functions:

(a) (I + crx )I/2 (b) (I + crx + icry )t/2

(c) (crx + cry) n (d) (I + crx) 11

(e) (acr x + f3cr y) 11

Problem 17. Taking the inverse of an operator A to be defined by

A-IA =AA-1 = I,

reduce the following to linear form:
(a) crx- t (b) (2+cr x )-t
(c) (I + crx + icry)-t (d) (2 +crx)-t (2 + cry)
(e) (2 + cr y)(2 + crx)-I ([) Does (I + crx ) have an inverse?

Problem 18.
(a) Show that, for arbitrary f(r),

eia'P/~ f(r) = f(r + a).

(b) Let IjJ (r, t) be a solution of Schrodinger's equation for a particle
moving in a potential V(r). Show that eia'P/~ ljJ(r, t) is a solution of
Schrodinger's equation for motion in the potential V (r + a) .

Problem 19. Consider a transformation from a coordinate system 5 to
a coordinate system 5', corresponding to a simple change of origin

r'=r-a.

N ate that rand r I are simply different coordinate labels for the same
physical point in space, as shown in Figure 4. Let the state function in
S be denoted by ljJ(r,t) and in 5' by IjJI(r ' ,t). Show that this trans
formation can be induced by the translation operator Tn of equation
(47) according to

1jJ' (r', t) = Ta ljJ(r ' , t)

and that, as must be the case (why?),

(ljJ(r, t)lrlljJ(r, tn = (1jJ'(r',t)lr' +alljJ'(r',t)).

Show, further, that p' = p, and that, as it must (why?),

Ic/>' (p, t)i2 = Ic/>(p, t)12.

Is c/>'(p, t) = c/>(p, t)?
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p

s

FIGURE 4. Coordinate transformation corresponding to a change of origin.
The coordinates of Pare r in Sand r' in S'.

Problem 20. Consider a transformation in which an isolated physical
system is displaced through a constant distance a, the origin of coor
dinates being held fixed. A portion of the system originally at r' is thus
translated to the point at r where

r=r'+a.

FIGURE 5. Transformation of r' into r, corresponding to a uniform translation
a of an isolated physical system with respect to a fixed origin.

Note that, as illustrated in Figure 5, and in contrast to the change of
origin discussed in Problem 19, each point in space retains its unique
labeling under this transformation. Let 1.jJ' (r' ,t) denote the state function
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before this uniform translation is applied and t/J(r, t) the state function
after. Show that all of the conclusions of Problem 19 hold, and thus that
it is a matter of indifference whether the physical system is translated
relative to the origin or the origin translated (in the opposite direction)
relative to the system.

Problem 21. Show that the operator which induces a translation Po in
momentum space is given by

(94)

Problem 22. Consider a Galilean transformation 13 between a coordinate
system S and a coordinate system S' moving relative to each other with
uniform velocity v. Classically,

r' =r-vt

p'=p-mv,

(95a)

(95b)

but the form of the classical equations of motion is exactly the same
when expressed in terms of either coordinates. Neither coordinate sys
tem is preferred, and the concept of absolute rest therefore has no mean
ing in a system governed by Newtonian mechanics. The same must be
true quantum mechanically as well (why?). How can one show that this
is indeed the case? Let the state function in S be denoted by t/J(r, t) and
in S' by t/J' (r', t). Then, if t/J is a solution of Schrodinger's equation

{
h 2

• } h at/J- - V 2 + V(r) t/J(r t) = - - -
2m r ' i at'

we must have the following conditions satisfied:
(i) t/J' (r', t) must be a solution of Schrodinger's equation,

{-;; Vr,2+ v(r'+vt)} t/J'(r',t) =(-7 :t+ c ) t/J'(r',t), (96)

where we have allowed for the possibility of an additive con
stant in the energy, c, which cannot be ruled out because such
a term is undetectable and hence has no physically significant
consequences.

(ii) The expectation value of any function of the coordinates must
transform, in accord with equation (95a),

(t/J(r, t)lf(r)It/J(r, t) = (t/J'(r', t)lf(r' + vt)It/J'(r', t». (97)

(iii) The expectation value of any function of the momentum must

13 A detailed treatment, from a different point of view than that developed here, is given
in Reference [29], pp. 174-177. See also References [21], [22] and [28].
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transform in accord with equation (95b),

<tjJ(r, t) If(p) ItjJ(r, t)) = <tjJ(r', t) If(p' + mv) ItjJ(r', I)). (98)

(a) One might be tempted to assume that, in accord with equation
(95a),

tjJ'(r', I) = tjJ(r' + vI, I). (99)

Show, however, that this expression does not satisfy either condition
(i) or condition (iii), equations (96) and (98).

(b) To see what is wrong with equation (99), observe that it corre
sponds to

tjJ'(r', t) =eip·vt/h tjJ(r',/),

which is to say that tjJ' is generated only by the space translation part
of the Galilean transformation, the accompanying momentum translation
being omitted. Referring to equation (94), this suggests the combined
transformation

tjJ' (r', I) = e-imv·r"fl eip ,v t/h tjJ (r' , I)

= e-imv.r'/fl tjJ(r' + VI, I). (100)

Show that this expression does indeed satisfy all three conditions and
evaluate the additive constant in the energy.

(c) Translations in momentum space and in configuration space are
not commutative. Show, however, that if the pair of transformations
leading to equation (100) had been carried out in the opposite order, the
new function obtained would still satisfy all three conditions, only the
additive constant in the energy being altered.

(d) Neither (b) nor (c) is entirely satisfying, because each imposes
an arbitrary and unnatural ordering of the two simultaneous and in
separable translations which make up the Galilean transformation of
equation (95). To see how to solve this problem, consider the full trans
formation to be achieved by a sequence of infinitesimal transformations
generated by velocity increments Ov. Show that infinitesimal transforma
tions in momentum and configuration space are commutative, and then,
by "integrating" these combined infinitesimal transformations, show that
one obtains the desired simultaneous and symmetrical combined trans
formation

tjJ' (r', t) = eiv·(pt-mr')/fl tjJ (r', I)

= e-iv.(mr'-pO/f, tjJ (r' , t) . (lOl)

(e) To evaluate equation (10 I) use the following theorem, which
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we offer without proof: 16 If A and B are two operators, and.if their
commutator (A,B) is some number a, then exp [A + B] = exp A exp
B exp (- i a). Using this result, show that

[ i ( mv
2

)]t/J'(r',t)=exp -r;, mV'r'+-2- t t/J(r'+vt,t), (102)

and that the additive constant in the energy now is zero.
(f) Show that, for a system of particles, the Galilean transforma

tion is just what we have found but with m replaced by the total mass
of the system, and with rand p replaced by the center-of-mass dynamical
variables Rand P.

(g) For an isolated system, where the center of mass moves as a
free particle, examine the specific form assumed by the state function
under the various transformations discussed above.

Problem 23. A hydrogen atom in its ground state is moving with velocity
v along the z-axis in the laboratory system of coordinates. If the proton
in the atom is suddenly brought to rest, say by some kind of collision,
what is the probability that the hydrogen atom will remain in its ground
state? (For simplicity, take the electron mass to be negligible compared
to the proton mass.) Use the results of Problem 22 to obtain the initial
state of the system.

'6 The proof is given in Reference [29], p. 145.



XI
Some applications and
further generalizations

1. THE HELIUM ATOM; THE PERIODIC TABLE

Studying the states of helium-like atoms provides an excellent example
of the application of a variety of quantum mechanical ideas and tech
niques. By a helium-like atom, we mean a system consisting of two elec
trons and a nucleus of charge Ze in mutual interaction. For simplicity,
we shall neglect the motion of the nucleus, in effect treating it as if it
were infinitely massive. At least at first, we shall also neglect all spin
dependent interactions. Our system thus reduces to a pair of electrons
moving in the Coulomb potential of the nucleus and interacting electro
statically with each other. Taking the nucleus to lie at the origin of
coordinates, the Hamiltonian is thus

PI 2
P2

2 Ze2 Ze2 e2

H=-+-----+ (1)
2m 2m '1 '2 If I - f21'

where fl and f 2 are the coordinates of the two electrons, as indicated in
Figure I, while PI and P2 denote their respective momenta. The last term
in the expression for H, which describes the electron-electron inter
action, is responsible for all the complications in the problem. Although

-e

Ze

FIGURE I. Coordinate system for helium-like atom.
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(3)

(4)

its relative effects clearly decrease steadily with increasing Z, this term
is not particularly small in general. Nonetheless, we shall begin by treat
ing it as a perturbation. Later we shall use the Rayleigh-Ritz variational
method to obtain an improved result.

The unperturbed Hamiltonian, obtained by neglecting the electron
electron interaction, is separable and hence the unperturbed ground
state wave fun~tion is simply a product of hydrogenic wave functions.
Specifically, we have

cPo(rl , r2) = cPIOO(rl )cPIOO (r2) , (2)

where, with ao the Bohr radius,

cPIOO(r) = .J; (~r2 e-Zr
/
ao

•

The unperturbed ground state energy is then just twice the hydrogenic
ground state energy

Z2e2
6 0 =-2' --,

2ao

while the first-order correction to the energy, !:lEo, is given by

!:lEo = / e
2

\ = e2JJcPI00
2
(rl )cPI00

2
(r2) d3rl d3r2' (5)

\ Irl - r21 / Irl - r21

This last is recognized as precisely the interaction energy of two super
posed spherically symmetric charge clouds of charge density

p = e cPI002(r) ,

and it is thus easy to give a reasonable estimate of the magnitude of
!:lEo. Each charge cloud contains a total charge e and each extends over
a spatial region approximately ao/Z in radius, according to equation (3).
Hence, up to a numerical factor of order unity, their mutual interaction
energy, !:lEo, is simply e2/(ao/Z) = Ze2/ao. The important feature of
this result is that it is linear in Z and not quadratic, as is the unperturbed
energy. This makes explicit the decreasing relative importance of the
electron-electron interaction with increasing Z.

The actual value of the numerical factor in the expression for !:lEo
can readily be obtained using elementary electrostatic techniques. A
somewhat more general procedure is to make use of the following expan
sion, familiar from potential theory, which we shall not prove,

(6)
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where (J is the angle between f 1 and f2' Only the spherically symmetric
term (I = 0) is seen to contribute, in view of the orthogonality of the
Legendre polynomials, and the resulting integral is not difficult to evalu
ate. By either method, the result turns out to be

6.E = ~ Ze
2

o 8 Go'

so that the numerical factor by which our rough estimate must be multi
plied is just 5/8. The first-order expression for the energy is then

(7)

Both this result and the unperturbed energy are presented in Table I
for the elements from helium (Z = 2) to four times ionized carbon
(Z = 6). The observed energies are also tabulated. The first-order
perturbation theory results are seen to be remarkably good, considering
the crudeness of the calculation.

Next we consider a much improved, if still crude, calculation using a
variational approach. A basic error in the first-order perturbation theory
calculation arises because neither electron actually moves in the field
of the bare nucleus, but each is shielded to some degree by the other.
We can take this into account in a rough way by choosing as a trial
function for each electron a hydrogenic wave function appropriate to a
nucleus of charge Z'e, say, instead of Ze, and then determining Z'
variationally. Specifically, we write for the first electron

I (Z' )3/2
cPtrial = -v;.~' e-Z'rlao (8)

and similarly, for the second. We then find, after some straightforward
but tedious calculations, that

Eo(Z') =_ ~2 (2ZZ'-Z'2_ 5i'),
o .

which reduces, of course, to equation (7) for Z' = Z (why?). Setting
dEoldZ' equal to zero, we obtain

whence

Z'=Z-5/16, (9)

(10)Eo = - ( Z - (6Y=: '
which is seen to be lower, and hence more accurate, than the first-order
perturbation theory result, equation (7). Note that the result is exactly
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what would be obtained if each electron moved independently in the field
of a nucleus of charge (2 - 5/16) e. The variational results are also given
in Table I and are seen to be quite close to the observed values.

I
Ground state energies (eV)

-------

Element l==u=n=p=er=tu=r=b=ed==F=ir=st=o=rd=c=r==V=ar=ia=t=io=n=,,=I==E=x=p=e=ri=m=e=nt=a=1

He ~ 108.24 74.42 77.09 78.62

Li+ 243.54 192.80 195.47 197.14
f------------------------

Be++ 432.96 365.31 367.98 369.96

B+++

C++++

676.50

974.16

591.94

872.69

594.6

875.4

596.4

876.2

T ABLE I. Calculated and observed binding energies of helium-like atoms (after
Pauling and Wilson, Reference [20]).

Now we come to the much harder problem of the excited states of
helium-like atoms, which we shall discuss only in perturbation theory.
From the unperturbed result we see at once that, except for very highly
excited states, we need concern ourselves only with cases in which one
electron remains in its lowest state (why?). A general unperturbed,
symmetrized, not too highly excited state thus has the form

<Pn1m(r l , r2) = ~ [<PlOo(rl)<Pnlm(r2) ± <P100(r2)<Pnlm (r1)], (11)

where we now label the states by the quantum numbers of the excited
electron only, since only these change from one state to the next. More
important, since the ground state electron carries no orbital angular
momentum, the total orbital angular momentum of the state <P n1m is I
and its z-component is m. Now for the spin-independent Hamiltonian
we are considering, the total orbital angular momentum and its z-com
ponent are exact constants of the motion. Hence our classification of
states will be exact within our spin-independent approximation, even
if estimates of the energies are rather rough.

Note that states of different I or of different m are not coupled together
by the perturbation and hence ordinary nondegenerate perturbation
theory can be used directly to calculate the first-order correction to the
energy of the states of equation (11). From our previous work in Chapter
VIII, we know that the perturbed energies to this order have the form,
independent of m,

(12)
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where the plus sign appears for space symmetric states and the minus
sign for space antisymmetric states. The Coulomb energy Jill is given by

and Kilt. the exchange energy, by

Kill = JJcP\Oo(r\)cP·1l10 (r2) Ir
1
~ r

2
1cPIOO(r2)cPnIO(r1) d3r\ d3r2'

These integrals can be evaluated, but we shall not bother to do so. Evi
dently each is just the familiar quantity Ze 2/ao, up to numerical factors
(which decrease with increasing n).

Finally, we must include the spin to complete our description. Since
the electrons are identical spin one-half particles, they must satisfy the
exclusion principle. Hence the space symmetric states must be multiplied
by antisymmetric or singlet spin states, the space anti symmetric states
by symmetric or triplet spin states. As one consequence we see that the
spin of one electron or the other must be altered or "flipped" if a transi
tion occurs between any state in the singlet series and any in the triplet
series, as these sets of states are called. Such transitions almost never
occur under normal conditions, and these series are practically inde
pendent. Historically, they were given quite separate names and origins,
the singlet states being ascribed to something called para-helium and the
triplet to something different called ortho-helium.

Although we have not attempted to evaluate the integrals for J and for
K, we note thatJ is clearly positive and that K must therefore be positive,
too. This last follows, since the mean electrostatic interaction of the
electrons in the space anti symmetric state must be smaller than in the
space symmetric states because of the correlations imposed by symmetry.
This will indeed be so, provided that K has the same sign as J. Thus the
triplet states lie lower than the corresponding singlet states and this
is an example of a general rule, known as Hund's rule, that states of the
highest spin normally lie lowest.

Putting all this together, we are now in a position to exhibit the spec
trum of helium in its main features. This is done, rather schematically,
in Figure 2. In the figure, the unperturbed configuration is given, as is
the common spectroscopic designation of the states 28+\ LJ and of the
electronic configuration.

The difference in the sign of the contribution of the exchange energy
Kill in singlet and triplet states can be expressed in the following inter
esting and suggestive way. Recall that the operator (T\ • (T2 = - 3 when
acting upon singlet spin states and that (T\ • (T2 = I when acting upon
triplet spin states. The first-order energy can thus be symbolically written
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FIGURE 2. Spectrum of helium.

in the form

(
I + tTl • tT2)

E"I= 6"1+ 1"1- 2 K"I'

because the factor in parentheses is +1 for triplet spin states, -1 for
singlet. In this special sense, the energy depends explicitly upon the
relative spins of the electrons, even though the Hamiltonian does not
contain the spin. Because the electrons carry magnetic moments aligned
with their spin angular momentum, we here discern the basis of ferro
magnetism, including the purely electrostatic nature of the forces respon
sible for it.

Thus far we have neglected all spin-dependent interactions, and par
ticularly the spin-orbit interaction, which is the dominant one of these.
When such a term is included in the Hamiltonian, the following modifi
cations result:

(l) U, L z , S 2, S z are no longer exact constants of the motion, although
1 2 and 1 z are, of course. Thus the states are no longer strictly singlet
or triplet spin states, and weak transitions between the (approximately)
"singlet" and "triplet" series occur. These are called intercombination
lines.

(2) "Triplet" states are split into three components corresponding,
for given I, to j = I + I, I, I - 1. This classification of the states is only
approximate, but the spin-orbit interaction is weak, the splitting is small
and the approximation is good.

We conclude this section with some brief remarks about the periodic
table.! We consider a highly approximate independent particle descrip-

1 For a detailed treatment, see J. C. Slater, Quantum Theory of Atomic Structure, Vols.
I and 2, McGraw-Hili (1960). See also, for a more elementary discussion, G. P. Harnwell
and w. E. Stephens, Atomic Physics, McGraw-Hill (1955).
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tion of an atom in which each electron is assumed to move in the Coulomb
potential of the nucleus and in the average electrostatic field of all the
other electrons. Further, this average field is assumed to be spherically
symmetric. Neglecting spin-orbit forces, each electron can be assigned a
principal quantum number n and angular momentum quantum numbers
I and m, in analogy to hydrogenic states. The energy does not depend on
m, of course, and hence each level of given i is (21 + I )-fold degenerate.
Also taking into account the two possible orientations of electron spin,
the total degeneracy is 2(2l + 1). For hydrogenic states, the energy de
pends only on n and not on I, as a consequence of the special properties
of the Coulomb potential. However, the average electrostatic interaction
between the electrons alters the radial dependence of the potential energy
in which each electron moves, and hence introduces a dependence upon
I. Specifically, states of smallest I for a given n have the lowest energy.

This follows because the smaller the angular momentum, the less effec
tive is the centrifugal barrier and the more likely is an electron to be found
close to the nucleus, where the attractive nuclear Coulomb potential is
strong. The energy of states of given n and I depend upon the nuclear
charge Ze, of course, and gradually shift downward as Z increases from
one element to the next.

The ground state of a given element is that in which its Z electrons
occupy the lowest possible set of independent particle states consistent
with the Pauli exclusion principle. Generally speaking, the states are
occupied in order of increasing principle quantum number n and of in
creasing I for each n. A state of given n and I can contain 2 (21 + I)
electrons, each of which has the same energy. Such states are called shells
and electrons in the same shell are called equivalent electrons. In large
part the ground state configurations of atoms can be inferred from a
knowledge of the ordering of these shells with energy. Using the standard
spectroscopic notation in which the principle quantum number is given
its proper numerical value and the I value is denoted by a letter, the
empirically observed order of the states is

Is,2s,2p,3s,3p, [4s,3d],4p, [5s,4d],

5p, [6s, 4f, 5dJ, 6p, [7s, 5f, 6d].

As we have said, these states generally appear in order of increasing
n and of increasing I. Note, however, that for larger I values the increase
in energy with I more than compensates the increase with n and the states
appear in reverse order. Thus, for example, the 5s(n = 5, 1=0) and
5p (n = 5, I = I) shells have lower energies than the 4f( n = 4, 1= 3) .
Similarly the 6s and 6p shells have lower energies than the 5f. The
brackets enclose shells where this compensation is almost exact, so that
two or more shells have very nearly the same energy. The filling of such



THEORY OF SCATTERING 351

states is rather complicated, since it involves a detailed competition
between the shells in question. The filling of the 3d shell is responsible
for the first transition elements, the iron group, while the filling of the
4d shell produces the palladium group. The filling of the fourteen 4f
states produces the rare earths and of the 5f states the actinide group.

The ground state electronic configuration for a given atom is specified
by the number of electrons in each shell. This number is conventionally
attached as a superscript to the shell designation. Thus, using the shell
ordering scheme above, we can write the following examples:

Z=I,

Z=2,

Z=3,

Z=4,

Z=5,

Z= II,

Z=36,

H : Is

He: Is2

To make the meaning clear, Kr has two electrons in its Is shell, two in
its 2s shell, 6 in its 2p shell, and so on up to 6 in its 4p shell. This nota
tion is clearly redundant, since the filled shells need not be explicitly
written out; only the last partially filled shell is required to uniquely
specify the configuration. Thus one uses the abbreviation 3s for Na,
4p 6 for Kr, 5d1o for Hg (Z = 80), 5s4d8 for Rh (Z = 45) or 5so4d lO

for Pd (Z = 46). This last pair illustrates the complicated nature of the
competition between the 5s and 4d states in the Pd group.

The chemical properties of atoms are determined primarily by the most
loosely bound, or valence, electrons. The dominant factors are the num
ber of such valence electrons and the energy interval to the next higher
unfilled shell. The recurrence of similar sequences of shells produces a
similar recurrence in chemical properties and hence is responsible for the
periodic character of the table of elements.

2. THEORY OF SCATTERING

In our discussion of the stationary states characterizing the motion of
a pair of particles interacting through a potential V(r) we have thus far
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emphasized only discrete, bound states. We now consider states in the
continuum. We shall assume that V(r) vanishes at infinity sufficiently
rapidly that

lim rV(r) = 0, (14)

so that continuum states exist for all positive energies, E ~ O. Note that
condition (14) rules out the Coulomb potential. We shall return to that
special case later.

One immediate consequence of equation (14) is that for sufficiently
large values of r, V(r) becomes negligible and Schrodinger's equation
reduces to that for a free particle. The state function at large r is thus com
posed of familiar free particle states. In Chapter IX we obtained two
alternative descriptions of such states, one in terms of eigenfunctions of
the linear momentum, the other in terms of eigenfunctions of the orbital
angular momentum. Both are involved in the description of the states we
now seek if these states are to be physically significant.

In order to understand the question of pbysical significance, we turn
for a moment to a time dependent description. Imagine a wave packet in
which the particles are far apart initially, but are approaching each other
with mean relative momentum p. As time goes on the particles come
close together, eventually interact and then finally separate with altered
direction but with the magnitude of their mean relative momentum un
changed from its original value, as is required if energy is to be conserved.
We have thus given a description of a collision or scattering process. Now
imagine the initial wave packet to become broader and broader. As it
does so its width in momentum space, and therefore also its energy
spread, becomes narrower and narrower. Indeed, if the packet is made
broad enough, the energy spread can be made infinitesimal. Further, the
time required for the incident wave packet to complete its interaction with
the potential becomes longer and longer. Hence, in the limit of an in
finitely broad wave packet, the momentum (and energy) become precisely
defined and the incident and scattered wave packets all coexist in time.
In this limit, which corresponds to a stationary state description, the
incident wave l/linc becomes an eigenstate of the linear momentum,

l/llnc = eip
·r/h = eik·r , (15)

where we have introduced the wave vector k = p/h.
On the other hand, the scattered wave l/lsc' which emanates from the

neighborhood of the origin, since that is where the interaction which
produces it occurs, must have the form of an outward traveling gen
eralized spherical wave. That is, at large distances, as r approaches
infinity along some given direction n, we must have



THEORY OF SCATTERING

eiprlfl e ikr

t/Jsc (itr) = /(0) -r-= /(0) -r-'
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(16)

Note that 0 is simply a unit vector along the direction of the radius
vector r. Putting equations (15) and (16) together, the complete field for
large r has the form

• e ikr

t/J(n r) = eik .nr + /(0) _., r (17)

The coordinates used in this expression are shown in Figure 3, which
also depicts the incident plane wave and the scattered spherical wave.

FIGURE 3. The incident and scattered waves of equation (17).

The language of our subsequent analysis is considerably simplified
if we temporarily imagine one of the particles to be infinitely massive
and at rest. We shall call this particle the target particle. The states then
involve only the motion of a single particle which is incident upon and
scattered by the target particle. For now, we shall assume this to be the
case.

The quantity /(0) is called the scattering amplitude. It is the proba
bility amplitude that the incident particle will emerge along the direction
o as a result of the collision. To put this idea into more quantitative
terms, note that the probability flux in the incident wave, normalized to
unit amplitude, is

J' -~I'" 1
2 -~.inc - m 'i'inc - m

With the same normalization the probability flux in the outgoing spherical
wave is



(18)
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Now the probability per second that the particle will emerge after the
collision through some surface element dS is j se . dS. If dS lies at a dis
tance r from the origin, then

since n. dS = r2dO, where dO is the solid angle subtended at the origin
by dS. Finally, the relative probability dcr that the particle will emerge
into the solid angle dO is given by

jse . dS I Idcr = -.- = f(n) 2 dO.
IJinel

The quantity dcr has the dimensions of an area, and it is called the differ
ential cross section for scattering into the element of solid angle dO
at n. The quantity If(o)l2, which may be symbolically written as dcr/dO,
is usually simply called the differential cross section. 2

The reason for calling these relative probabilities "cross sections" is
the following. Think of the uniform flux of probability j inc in the incident
wave. Then dcr is the effective cross-sectional area of the interaction
region for intercepting probability flux from the incident wave and trans
ferring it into the solid angle dO. This will perhaps be clearer if we think
not of a single incident particle and a single target particle but rather of
a beam of particles incident upon an ensemble of target par!icles. Then,
if the flux of incident particles is J per cm2 per second, and if the number
of target particles irradiated by the beam is N, the number of particles
dN emerging per second into dO is

dN = J Ndcr =JNlf(n) 1
2 dO, (19)

and each target particle has an effective area dcr for intercepting an in
cident particle and scattering it into dO. The quantity dN is an experi
mentally observable quantity, and indeed, the observation of cross
sections and of their dependence on energy and direction is the main
source of information about the elementary particles and their inter-

2 It is instructive to compare this quantum mechanical description, involving incident and
scattered probability waves, with the classical description in terms of trajectories. Recall
that the classical cross section is defined in terms of the number of particles deflected into
dO per unit time and per unit incident flux, in complete analogy to the quantum definition.
Recall also that for a given spherically symmetrical potential, the angle through which a
classical particle of given energy is deflected depEnds only upon its impact parameter and
hence only upon its angular momentum. The classical analysis thus conveniently proceeds
through the isolation of states of definite angular momentum. As we shall see in a moment,
the quantum analysis for such potentials is also conveniently treated in the same way,
although the simple direct and precise connection between angular momentum and de
flection angles is lost. A detailed presentation of classical scattering theory is given in
Reference [15]; the subject is also treated, but more briefly, in Reference [14].



THEORY OF SCATTERING 355

actions. The information is somewhat tenuous, of course, since one must
essentially work backwards in order to draw inferences about the nature
of the interactions from the observed cross sections.

For most of the discussion above we have treated the target particle
as if it were infinitely massive. However, no serious complications occur
when the mass of the target particle is taken into account. In fact all of
our results apply as written, provided only that the center-of-mass and
not laboratory coordinates are understood in all of the equations.

We must still supply a method for calculating scattering amplitudes
and cross sections. We restrict our attention to spherically symmetric
potentials, considering states of definite angular momentum I. The radial
part of the wave function REI then satisfies equation (lX-49), which we
rewrite here for reference,

_!!Z... 1 !i ( 2 dR El ) + [V( ) + l(l + l)h
2
]R = ER

2m r2 dr r dr r 2mr2 EI El' (20)

Now if V(r) were zero, these radial functions would be the free particle
functions jl (kr) which, according to equation (lX-63), take the form,
for large r,

r~ 00,
. (k ) sin (kr - 17T/2)

Ji r = kr .

Since V(r) becomes negligible at large r, the presence of the potential
cannot change this functional form but can, at most, alter the phase of
the sinusoidal function. We thus write,

r~ 00,
R _ sin (kr - 17T/2 + ad .

EI - kr (21)

The quantity al = al (E) is called the phase shift of the Ith partial wave.
It can be calculated by solving the radial equation for REI and examining
the asymptotic form of the solution for large r.

Let us suppose that this has been done and that the a1 have been deter
mined. Our final task is then to express the scattering amplitude and cross
section in terms of the phase shifts. This is achieved by forming a general
superposition of partial waves,

ljJ = L C lm R E1 (r) Y!"l (8,1» ,
I.m

and then choosing the expansion coefficients C 1m in such a way that
ljJ has precisely the form of equation (17) as r becomes very large. Choos
ing the z-axis to coincide with the direction of incidence for simplicity,
the incident plane wave term in equation (17) can be expressed in terms
of spherical waves using equation (lX-68),
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00

eikz =eikr cos 8 = L i/ (21 + IH(kr) p/(cos e),
/=0

whence it is not too hard to show that (see, for example, Reference [24])

C1m=O

C/m =V47T(21+ I) ei8/,

With this result it then follows that

m ¥ 0

m= O.

. eikr

t/J - e'kz + fee) -r-'

(22)

where

fee) = i f V47T(21 + I) eiS/ sin (j/ y/o (e)
/=0

= if (21 + I) ei8
/ sin (j/p/(e).

/=0

For given energy E, the scattering amplitude thus depends only upon the
angle ebetween the direction of incidence and the direction of scattering,
and it is completely determined once the (j/ are known. The magnitudes
of the (j/ are related to the strength of the interaction potential in a rather
complicated way. We note, however, that if there is no interaction, so
that the particles move freely, then by their definition the phase shifts
are all zero and the scattering amplitude and cross section are seen to
vanish, as they must.

The differential cross section d(J" is a measure of the probability for
scattering into some particular infinitesimal element of solid angle dO.
It is also of interest to consider the total cross section (J", which is a
measure of the probability for scattering into any and all elements of
solid angle. From its definition, we have

(J" = f ~~ dO = f If(e) 1
2 dO = f If(e) 1

2 sin e de d¢ (23)

whence, using the first form of equation (22) and noting the orthonor
mality of the Y/ (e) , we obtain

(J" = ~~ f (21 + I) sin2 (j/. (24)
1=0

The fact that there is a definite probability, proportional to the total
cross section (J", for an incident particle to be scattered in some direction
or other means that there must be a compensating decrease in the
probability flux along the direction of incidence, if probability is to be
conserved. This compensation is accomplished through interference
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(25)

between the incident state function and the scattering amplitude in the
forward direction. This argument implies the existence of a general
relationship between the total cross section and the forward scattering
amplitude. We now establish this relationship. To do so, we examine the
forward scattering amplitudefCO = 0). Recalling that for alll

P1CO=0)=I,

we have, from equation (22),

fCO = 0) = ±~ C2l + I) ei81 sin 81
1=0

I 00 i 00

= k L C2l + I) cos 81sin 81 + - L C2l + I) sin2 81 ,

1=0 k 1=0

The second term is seen to be porportional to the total cross section,
and hence the relation we seek may be expressed in the form

47T
(T=T ImfCO=O).

In words, the total cross section (T is 47T divided by the reduced wave
number k times the imaginary part of the scattering amplitude in the
forward direction. This important result is known as the optical theorem
or as the cross section theorem. For emphasis, we repeat that it expresses
the probability conservation requirement that the amplitude of the
incident wave must ultimately be reduced in proportion to the total
probability that the particle is scattered in any way. We also emphasize
that it is a far more general result than our method of derivation would
seem to indicate; it holds for arbitrary potentials, spherical or not, and
for arbitrary scattering processes.

The expressions we have obtained for the scattering amplitude and
cross section involve summations over the partial wave phase shifts.
Questions of the convergence of these infinite series expressions deserve
some attention at this point. The role of the centrifugal barrier in keeping
the particles apart plays the dominant role in these considerations. For
sufficiently large l values the particles do not approach each other closely
enough to interact and the phase shifts corresponding to such l values
must vanish. To become a bit more quantitative, the distance of closest
approach ro of two particles with relative energy E and relative angular
momentum l is roughly that point at which the centrifugal barrier height
is equal to the total energy E,

l(l + I)1i2 = E
2mr

0
2 •

If we neglect unity In comparison with l we obtain the somewhat
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simpler relation

l=kro, k=V2mE/h.

Now if the effective range of the interaction is R, we thus expect that
0/ will become very small when I appreciably exceeds Imax == kR, because
then the particles simply do not come close enough to each other to
interact. Hence, the number of contributing terms in the summations
over the partial wave phase shifts is of the order of kR. This means that
at high energies, where kR ;;> I, the cross section involves many phase
shifts and becomes a rapidly varying function of angle. On the other hand,
at low enough energies that kR <;g I, only the I = 0 or S-wave phase
shift differs significantly from zero and the scattering is isotropic.

We conclude this section with some remarks on the special case of
the Coulomb potential, which violates equation (14). Because of this,
the continuum states do not reduce to equation (17) for large r, but
are somewhat more complicated. Nonetheless, the analysis can be carried
through and the scattering amplitude and differential cross section found.
Indeed, using parabolic coordinates, a complete and exact solution can
be obtained and the scattering amplitude can be written in closed form,
the only known case for which this can be done. Specifically, it is found
that if two particles of reduced mass m, carrying charges Zle and Z2e
respectively, are incident upon each other with relative momentum hk,
the amplitude for Coulomb scattering through the angle 8 with respect
to the direction of incidence is

fd8) = - 2k si~2 8/2 exp [-i7) In (sin2 8/2) + 2i/3] , (26)

where the Coulomb parameter ''I is given by

7) = ZIZ2e2m/h2k

and where the phase factor /3 is such that

e2iIJ = f(l + i7)/f(l - i7).

The function f is called the gamma function3 and is a generalized fac
torial function, defined by

f(v+ I) == 10'" e-Xx" dx.

When v is an integer it is readily verified that f(v + I) = v!.
The Coulomb parameter 7) is frequently expressed in terms of the rela

tive velocity v of the particles,

3 See, for example, Reference [8].
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where the dimensionless fine structure constant a is given by
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e2

a= he = 1/137.

It should be remarked that the expression we have given for the
Coulomb scattering amplitude is that corresponding to the repulsive
interaction of two like charges. For two unlike charges Tj changes sign,
which simply means that fe is replaced by the negative of its complex
conjugate.

The differential cross section for Coulomb scattering is obtained in
the usual way from the scattering amplitude and is thus given by

dcr _ 2 _ Tj2 _ (ZJZ2e2/2mv2)2 .
dO - Ifel - 4k2 sin4 e/2 - sin4 8/2

This expression is in exact agreement with the classicaL result for the
scattering of point charges, first obtained by Rutherford in 1911, and is
commonly called the Rutherford cross section. No explanation can be
offered for this unique and strange correspondence between the classical
and quantum mechanical cross sections. It is important to observe, how
ever, that this exact agreement occurs because the magnitude of the
scattering amplitude happens not to contain h and hence neither does
dcr/dO, which must necessarily assume its classical value as a conse
quence. On the other hand, the phase of the scattering amplitude is an
entirely quantum mechanical quantity so that any processes which
depend upon that phase will exhibit quantum effects. An important and
interesting example in which this is so is the scattering of identical
particles, as we now show.

If two particles interact and if one of them emerges at angle e in the
center-of-mass system of coordinates, the other must emerge at angle
1T - e. On the other hand, if the first emerges at 1T - e the second must
emerge at e. If the particles are identical these two possibilities cannot
be distinguished from each other in any way whatsoever. Classically,
therefore, the cross sections for both processes must be added so that
the classical result for identical particles is

(
dcr) = dcr(e) + dcr(1T - 8).
dO classical dO dO

Quantum mechanically, on the other hand, the scattering amplitudes,
and not the cross sections, must be combined, with relative sign deter
mined by the symmetry of the state function. For spinless particles
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(a-particles, for example) the total wave function must be symmetric
and the scattering amplitudes add with the same sign,

For spin one-half particles (electrons or protons, for example) the wave
function must be antisymmetric in the space and spin coordinates to
gether. The spatially symmetric state combines with a singlet spin state,
the spatially antisymmetric state with a triplet spin state. The former
has statistical weight one, the latter three. Hence for unpolarized spin
one-half particles

du 1 3
dO = 4 If (0) + f(7T - oW + 4If(0) - f(7T - 0) 12 •

In both cases, the results contain interference terms which depend on
the relative phase of the scattering amplitude at 0 and at 7T - 0 and which
are clearly quantum mechanical in structure.4 Specifically, for Coulomb
scattering of identical particles these expressions become, upon substi
tution for fe from equation (26):

spin zero

du = (ZtZ2e2)2 [ 1 + 1 + 2 cos (TJln tan2 0/2)]
dO 2mv2 sin4 0/2 cos4 0/2 sin2 0/2 cos2 0/2

spin one-half

du = (ZtZ2e2)2 r 1 + I _ cos (TJln tan2 0/2)].
dO 2mv2 l sin4 0/2 cos4 0/2 sin2 0/2 cos2 0/2

The first two terms in each case give the classical result; the last is the
quantum mechanical interference term. In the classical limit the inter
ference term must disappear, of course, and it is interesting to see how
this comes about. As h tends toward zero l TJ increases without limit and
the interference term oscillates more and more rapidly. An infinitesimal
spread in energy, or in angle of observation, thus causes this term to
average to zero and hence to become unobservable.

3. GREEN'S FUNCTIONS FOR SCATTERING;
THE BORN APPROXIMATION

In the preceding section we have given a rather formal treatment of the
theory of scattering. The scattering amplitude was introduced, and in

4 Note that these effects are far from small. At 90°, for example, dajdfl. is twice the classical
result for spinless particles and half the classical result for spin one-half particles.
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terms of it was defined the experimentally measurable quantity, the cross
section. For the special case of spherically symmetrical potentials a
method was given for evaluating this quantity, the method of partial
waves. The actual calculation requires the solution of the set of radial
equations (20). These are so complicated, even for the simplest inter
action, that no attempt was made to even discuss their properties.s

As a result we were unable to present, to any significant degree, a
qualitative description of the general character of quantum mechanical
scattering processes.

In the present section we correct this defect by presenting an approxi
mation method first introduced by Born. The Born approximation is
nothing more than perturbation theory applied to continuum states, as
we shall see, and it is therefore restricted to sufficiently weak inter
actions. 6 Even so, it is the physicist's absolutely indispensable quali
tative guide to scattering and it effectively serves as the norm to which all
is referred.

We shall derive the Born approximation by two quite distinct methods.
In the first, we obtain an exact integral equation for the state function
through the intermediary of the free particle Green's function. In the
second we regard the scattering process as a transition, induced by the
interaction potential, between states of definite initial and final momenta,
and we thus use the methods of time dependent perturbation theory.

(a) Green's Function Method. 7 We seek a solution of the time in
dependent Schrodinger equation, which we write in the form

Here

2m
(V2 + k2 )tjJ(r) = ¥ V(r)tjJ(r). (27)

k2 = 2mE/h 2 ,

so that k is the free particle wave number for energy E. We assume
E > 0 and that rV(r) vanishes at infinity, in accord with equation (14).
The solution we seek is subject to the asymptotic boundary conditions
for large r, given in equation (17), which we repeat here for convenience:

• A eikr

tjJ(r) = e'k.r + f(o) ----;-,

S In practice, these equations are almost exclusively solved numerically with the aid of a
high-speed digital computer. See Section 10, Chapter VI.

61t is not, however, restricted to spherically symmetrical interactions. This is in contrast
to the method of partial waves, which becomes completely intractable for non-spherical
interactions, except in rather special cases.

7 For a general discussion of Green's functions, see References [6) through [13).
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where r = Dr.
We now obtain an integral equation for l/J(r), which incorporates

these boundary conditions, by introducing the Green's function G (r, r')
= G (r', r), defined as the purely outgoing wave solution of the inhomo
geneous equation

(28)

Here 8(r - r') is the three-dimensional Dirac 8-function, which may be
thought of as the product of three one-dimensional 8-functions,

8(r - r') == 8(x - x') 8(y - y') 8(z - z')

and which therefore is such that

J 8(r - r') d3r' = 1.

The Green's function is thus seen to be the wave function at the point
r generated by a pointsource at r' .

Deferring the actual construction of G for a moment, we observe that
any function l/J which satisfies the integral equation

l/J(r) = eikor
- 2n: f G (r, r') V(r') l/J(r') d3r' (29)

h all space

is a solution of Schrodinger's equation (27) and that this solution auto
matically satisfies the boundary conditions of equation (17). That l/J is
a solution follows by operating on equation (29) with (V 2 + k2). This
operator annihilates the first term on the right and, when taken under the
integral sign to operate on G, the only quantity dependent upon r, it
yields the Dirac 8-function according to equation (28). Hence we obtain

('\7 2 + k2 )l/J = - ~n: J(V 2 + k2
) G(r, r') V(r') l/J(r') d3r',

2mJ= ¥ 8(r - r') V(r') l/J(r') d3r' ,

2m
= ¥ V(r) l/J(r),

which is indeed equation (27). That equation (17) is satisfied follows
because G contains only outgoing waves at r generated by a point source
at r', whence the integral on the right of equation (29) is simply a super
position of such outgoing waves, and therefore assumes the required form
for r sufficiently large. We shall shortly demonstrate this aspect quite
explicitly.

The next step is the construction of G itself. We start with the relation,
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I
V2 -=-47T8(r) (30)

r '

which is the transcription into the language of differential equations of the
Coulomb expression for the electrostatic potential of a point charge.
Recall that the electrostatic potential </J generated by a charge density
p is given by Poisson's equation

V2</J = - 47Tp.

The potential of a point charge of unit strength is I/r, and its charge
density pis 8(r), whence equation (30) follows. s Next, using the readily
verifiable identity

eikr I e ikr

V 2 -= eikr V 2 -- k2-,
r r r

we obtain

= - 47T8 (r) eikr

= - 47T8(r),

where, in going to the last line, we have used the fact that, because of
the properties of the 8-function, g(r)8(r) = g(0)8(r) for arbitrary g(r).
Finally, shifting the origin to the point r I, we have

iklr-r'l

(V 2 + P) 4 e
l

'I = -8(r - r / ),7Tr-r

so that, upon comparison with equation (27), we obtain

iklr-r'l

G(r,r
/
)=4

e
l 'I'7Tr-r

(31 )

Substitution of this explicit expression for the Green's function into
equation (29) then gives the exact integral equation,

m Jeiklr-r'l

lJJ(r) = e ik
·
r

- 27T1i2 Ir _ r'l V(r')lJJ(r
/
) d 3 r ' . (32)

We now find an expression for the scattering amplitude by letting
r = Dr approach infinity. Under these circumstances

8 This appeal to electrostatics can be avoided by direct analysis of equation (30). It is readily
verified by carrying out the differentiations that the Laplacian of l/r vanishes for r # O.
Integration of equation (30) over an infinitesimal volume containing the origin then yields
- 417 for the right side, and the same result is obtained for the left after application of
Green's theorem (Gauss's law). See Reference [18], especially pp. 543,4.
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e iklr-r'l

Ir- r'l
eiklnr-r'l

Inr - r'l
e

ikr
• ( I )-- e-ikn ·r ' + 0 - ,

r r 2

where we have expanded Ir - r'l in a Taylor series according to

h(r - r') = h(r) - r' . Vh(r) + .. '.

We thus find, upon substitution of this result into equation (32), that for
large r,

m J . e
ikr

tJ;(r) = e ik 'n,' - -- e- ikn .r ' V(r')tJ;(r') d 3 r' . - ,
2~h2 r

which is of the form demanded by equation (17). Further, upon compari
son with that equation, we see that the scattering amplitude is identified
as

(33)

where we have dropped the prime on the integration variables for sim
plicity. Again, this expression is exact for any potential V(r).

The Born approximation follows quickly by observing that if V(r) is
sufficiently small,9 then the second term of equation (32) is a small
correction to the incident wave term e ik·r. We can thus consider solving
equation (32) iteratively, just as we did in perturbation theory. The
zeroth-order solution is the incident wave, the first-order solution is
obtained by replacing tJ; in the integral by its zeroth-order expression,
the second-order by replacing it by the first-order solution, and so on.
The result is a series in increasing powers of the interaction potential
which we shall assume to be convergent if V is small enough. We shall
not carry the process beyond the first step. Looking only at the resulting
expression for the scattering amplitude, obtained from equation (33) by
replacing tJ;(r) by the zeroth-order expression e ik ' r , we find

m J "f(o) =-2~h2 eik(no-n)'r V(r) d 3 r, (34)

where we have introduced the direction of incidence 00 by wrItmg
k = fiok. The quantity k(no - n) == Llk is just the change in the wave
number vector between the direction of incidence and the direction of
scattering, and we see that, to this approximation, the scattering ampli
tude is proportional to the Fourier transform of the potential with Ll k as
transform variable. The intrinsically quantum mechanical nature of this
result is readily apparent; contributing to the scattering through a given
angle is the potential function at every point in space, not just the poten-

9 We discuss the meaning of this condition later.
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tial along a localized trajectory, as would be the case classically.
It is instructive to rewrite equation (34) in terms of momenta rather

than wave number. We have, rearranging the terms slightly,

(35)

where we have introduced the initial and final momenta Pi and PI by
writing

Pi = likiio = pOo

PI = hkn = po
and where

p = Y2mE.

We thus observe that f(o) is proportional to the matrix element of V
between unperturbed (free particle) final and initial momentum states.
The differential cross section, given by

is then proportional to the square of this matrix element and hence has
the form of atransition probability. We next show how this result can
be obtained directly, using the conventional methods of time dependent
perturbation theory.

(b) Perturbation Theory Method. Consider now the interaction po
tential as a perturbation which induces transitions between a state of
definite initial momentum Pi and a dense set of energy conserving final
states, namely those with momentum PI = pD.. According to the golden
rule of time dependent perturbation theory, equation (VII-37), the transi
tion rate is given by

where p(E) is the density of final states and Vii is the matrix element
connecting the initial state and a typical final state. to We are here dealing
with idealized, nonphysical continuum states of definite momentum,
and we therefore adopt the conventional artifice of periodic boundary

10 The precise meaning of typical with reference to the final states will be made clear in a
moment.
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conditions in a cube of side L to permit us to properly normalize these
states and to calculate their density. With this convention, the momen
tum states are written as

,I. = _1- e ip·rm
'l'P L3/2 (37)

and are evidently correctly normalized over the periodicity volume L3.

We thus have at once

(38)

Observe now that Vfi is not necessarily slowly varying, as assumed in
the derivation of the golden rule, if Pr is permitted to range freely over
all final states which conserve energy. Otherwise stated, the requirement
that Vfi represent the matrix element to a typical final state has no
meaning if Pr is permitted to vary over all directions. Accordingly, PI
must be restricted to an infinitesimal range of orientations about some
given direction it, which is to say that it must lie in an infinitesimal solid
angle dO. about n. This means that p (E) is to be interpreted as the dens
ity of that particular fraction of all the states with energy between E
and E + dE which have momenta in dD. To symbolize this fact, we
denote the relative density by dp(E) and the corresponding transition
rate by dW, whence, using equation (38),

(39)

Because the distribution of momentum states for a free particle is
isotropic in momentum space, dp is easily expressed in terms of the
density p of all states; it is just p itself multiplied by the ratio of dD to
47T, the total solid angle encompassing all directions,

dD
dp=p-'

47T

Now, according to equation (IX-18),

(2m )3/2 • r;:; mp
p(E) = 47T 2h 3 LJ V E = 27T 2h 3 LJ,

whence

and equation (39) yields



(41)

GREEN'S FUNCTION; THE BORN APPROXIMATION 367

dW = mp l(eiPrr IVI e iP;-r)12 dO
47T 2h4L3 .

This, then, is the probabiiity per unit time of a transition from the initial
state to any final state with momentum oriented in the solid angle dO.
Otherwise stated, dW is the probability per unit time that scattering into
dfl has occurred. Ry the definition of the differential cross section drr,
equation (18), this is nothing more than drrljinel, where Ijinel is the mag
nitude of the incident probability flux,

I · I - £ 1'
"

12 - -.l!..-Jine - m 'l'lne - mL3'

in virtue of the normalization of equation (36). Hence, finally,

mL3 m 2

drr = -- dW = --I( e iprr IVI e iPi 'r)12 dO
p 47T 2h '

in agreement with equation (37).
The utility and simplicity of the Born approximation is best illustrated

by considering some examples. As the first case, which we shall work
through in some detail because of its importance, we examine scattering
by the so-called Yukawa pontential,ll

e-rlR
V(r) = VoR -' (40)

r

The constant Vo is usually called the strength of the Yukawa potential,
and R is called the range. Substitution into equation (34) gives

V R J -riRf(n) =-~ eik(rio-n)·r _e_ d3r.
27Th 2 r

The integration is easily performed by choosing the polar axis to lie
along (no - n) , as illustrated in Figure 4. Denoting the angle between
(no - it) and r by w, as indicated, we thus pave

V R foo J1T J21T ., e-r/RfUi) = -~ r2 dr sin w dw de/> eiklno-nlreosw --.
27Th 2 0 0 0 r

The integrand is independent of azimuthal angle so that integration over
azimuth simply gives a factor of 27T. The integration over w is also readily
carried out to give

f( ~) m VoR {OOO dr e-r/R (eiklno-rilr _ e-iklno-nlr)
n = - Wkloo - 01 JI

II The Yukawa potential is an essential ingredient in nucleon-nucleon interactions. It also
is frequently used to describe a screened Coulomb potential (see Problem 8).
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n

FIGURE 4. Coordinate system for the integration of equation (40).

This result is readily expressed in terms of the scattering angle 6, which
is the angle between Do and n, as shown in Figure 4. We have at once

(no - 0)2 = 4 sin2 6/2,

whence, writing f(n) as f( 6),

f(6) = - 2m~~R3 (1 + 4k2R2 sin2 6/2)-1,

and the differential cross section is

~~ = If(6) 1
2 = cm~~R3r (1 + 4k 2R2 sin2 6/2)-2. (43)

Finally, the total cross section is obtained by integrating the differential
cross section over all solid angles, as in equation (23). Upon performing
the integration,12 we find

(F= cm~~R7 (I +::2R2)'

Observe first that at energies sufficiently low that 4k 2 R 2 ~ I, equa
tion (43) shows the scattering to be isotropic, agreeing with our earlier
prediction in terms of the properties of the phase shifts iii' As kR in
creases, the cross section becomes more and more peaked in the forward
direction and, for 4k 2 R 2 ~ I, the scattering is largely confined to the
small angular domain 6 :S l/kR, which is called the main diffraction peak

12 The integral is readily evaluated by introducing the new variable of integration
z = (I - cos 0) = 2 sin 2 012.
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This behavior is illustrated in Figure 5. As shown in the figure, the for
ward scattering turns out to be independent of energy in Born approxi
mation, whereas the total cross section decreases with increasing energy,
ultimately inversely as the energy according to equation (44).

drr

o e o e o e

FIGURE 5. Differential scattering for the Yukawa potential at different values
of kR, according to the Born approximation, equation (43).

All of these features are quite general ones, with only the details differ
ing from one interaction potential to the next. To make this explicit,
let us consider as a second example a Gaussian potential,

V(r) = Vo e-(r/R)2.

Omitting details, we obtain

f( () = - ( m ~~ 3) y;. e-k2R2 sin2 9/2

da/dfl = (m~h~3r 7T e-2k2R2s1n29/2

and

Exercise 1. Derive equations (46), (47), and (48).

(45)

(46)

(47)

(48)

Again we find that the scattering in the forward direction, () = 0, is
independent of energy, that the cross section is independent of angle
at low energies but as the energy increases a diffraction peak develops
which is of angular width () = l/kR and, finally, that the total cross sec
tion decreases inversely as the energy at high energies. The explanation
of these common general features follows:
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Forward Scattering. According to equation (34), the scattering am
plitude in the forward direction, 0 = 00' is simply proportional to the
volume integral of the potential. Specifically, denoting the forward scat
tering amplitude by 1(0), we have

(49)

(50)

Up to numerical factors of order unity, this can be expressed, in agree
ment with equations (42) and (46), as

1(0) = - m~02R3,

where Vo is the strength of the potential and R is its range.
Angular Dependence. At energies low enough that kR ~ I, the

exponential factor in the integrand of equation (34) never deviates sig
nificantly from unity over the effective domain of integration, which is
simply a sphere of radius approximately R. Consequently, for all angles,

1(8) = 1(0) ,

whence the cross section is isotropic at low energies and the total cross
section is

(51)

Comparison with equations (44) and (48) in the low energy limit shows
that we have again obtained the correct result, up to numerical factors
of order unity.

We next consider the opposite limit in which the energy is high enough
that kR ~ 1. Here the oscillations of the exponential factor in the inte
grand of equation (34) must be taken into account. Evidently this factor
oscillates more and more rapidly as the scattering angle increases, thus
causing the scattering amplitude to diminish sharply as one moves away
from the forward direction. This diminution sets in at scattering angles
such that

kRloo- 01 = 2kR sin 0/2 = 1,

because at smaller angles than this the exponential deviates little from
unity. Since kR ~ 1, this relation can be written in the simpler form

8 = l/kR,

and we have thus demonstrated that the width of the high energy dif
fraction peak is of the order l/kR, as claimed.
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Total Cross Section at High Energies. This last result permits us to
quickly estimate the high energy total cross section. The essential fea
ture is that only the main diffraction peak contributes significantly to
the scattering, whence we have

0- = JI!(O) 12 sin 0 de d¢ = 27T J:1kR
I!(O) 12 sin 0 dO

= 27T J:'kR I!(O) 12 0 dO = 7T1!(O) 1
2/k2 R 2

and, finally, using equation (48),

(
mVR3)2 7T

0- = h~ k2R2' (52)

in agreement with the high energy limit of equations (44) and (48), up to
the usual numerical factors.

We conclude our discussion of the Born approximation with some re
marks about its domain of validity. Most treatments of this subject are
based on a consideration, which turns out to be rather complicated,
of the magnitude of the first-order correction to the zero-order plane
wave state function. 13 However, we give here a much simpler analysis
in which the total cross section 0- plays the key role. The essence of the
argument is that, in the spirit of time dependent perturbation theory, the
cross section directly measures the effective rate for transitions out of the
initial state. Now this rate must be small if the perturbation treatment is
to be valid. To put this on a quantitative basis, we shall take the effective
rate to be the ratio of the scattered probability flux to the maximum pos
sible scattered flux, namely that incident on the geometrical cross se~tion

of the scatterer,14 7TR2. The ratio in question is simply 0-/7TR2 and hence
our condition for the validity of the Born approximation is that this ratio
be small,

(53)

At low energies, using equation (51), the validity condition is thus

(54)

and at high energies, using equation (52), it is

'" A particularly complete treatment is presented in Reference [18].

" Strictly speaking, this is the maximum only at high energies. At low energies the maximum
is considerably larger because of diffraction. As a result, our estimate is on the conserva
tive side.
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1 (mV R2)2
PR2 Ii~ «; 1. (55)

(56)

(57)

Observe that the low energy condition is much more stringent than the
high energy one; whenever equation (54) is satisfied, equation (55) is
automatically, and much more strongly, satisfied, because it contains
the extra factor (kR)-2, which is small at high energies. Moreover, at
sufficiently high energies, equation (55) can always be satisfied, even if
equation (54) is not. For this reason, the Born approximation is primarily
regarded as a high energy approximation and it thus nicely supplements
the phase shift method which, it is recalled, becomes quite unwieldy in
the high energy domain.

Equations (54) and (55) cannot be thought of as particularly precise
or rigorous conditions, as is evid~nt from our mode of derivation. The
following argument, however, may perhaps serve to increase our confi
dence in their reliability. Recall that the exact solution to any scattering
problem satisfies the optical theorem of equation (25),

47T
(J' = T 1m 1(0) .

Now the Born approximation can never satisfy this theorem because,
as equation (49) makes clear, the forward scattering amplitude in Born
approximation is always real. This implies that the Born approximation
is not reliable unless the imaginary part of the true forward scattering
amplitude is negligibly small compared to the entire forward scattering
amplitude. In brief, we must have as a kind of self-consistency condition

1m 1(0) «; 1/(0) I
or, multiplying through by 47T/k and using the optical theorem,

47T
(J' «; k 1/(0) I·

At low energies this gives, using the estimates of equations (50) and (51),

kR (m V~~2) «; 1.

This is seen to be a generally weaker condition than equation (54) be
cause it contains the factor kR, which becomes vanishingly small in the
low energy limit. On the other hand, at high energies we obtain

1 (mVoR2)
4kR 1i2 «; 1,

which is the square root of equation (55) up to numerical factors, and
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hence is a generally somewhat stronger condition.
In summary, then, the self-consistency requirement and the require

ment that the total transition rate be small lead roughly, but not precisely,
to equivalent conditions for the validity of the Born approximation. This
may be taken as rather strong evidence that we have indeed identified
the relevant features. As far as the application of these conditions in
practice is concerned, the safest guide is to use whichever of the two
sets of conditions is more restrictive in the energy domain under con
sideration.

4. MOTION IN AN ELECTROMAGNETIC FIELD

Consider a particle of positive charge e moving in a given externally
imposed electromagnetic field described by the vector potential A(r, t)
and scalar potential cf>(r, t). It is recalled that in Gaussian units the
electromagnetic field strengths 8 and 96 are given in terms of these
potentials by

96=v x A

I aA8=-vcf>---
c at'

and the classical Hamiltonian is

I
H = 2m (p - eAIc)2 + ecf> + V,

(58)

(59a)

(59b)

where V is any additional potential which may be present. 15 It is not
difficult to verify that Hamilton's equations

dXi= aH
dt api

dpi aH
----cit = - ax i

then yield the correct equations of motion

d 2r e
m dt 2 = e8+~ (v x %) - VV.

Note however, that from the first of equations (59b)

(60)

(61)

15 See, for example, Reference [14], especially Chapter I, Section 5, and Chapter VII,
Section 3. See also Problem II.
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so that p is not the kinetic momentum. It is nonetheless the canonical
momentum, that is, the formal momentum variable in the sense of Hamil
ton's equations.

Note also that the electromagnetic potentials have no direct physical
significance; only the field strengths do. Indeed A and cP are not uniquely
defined by equation (58). The class of tranJiormations which leave §
and 96 unchanged are called gauge transformations and are generated
by arbitrary scalar functions X according to

(62)A'=A-VX, cP' = cP + ! ax.
c at

The choice of X determines the gauge, but no physical result depends
upon this choice. Otherwise stated, the potentials A' , cP' yield the same
field strengths, equations of motion, and so forth, as do A, cPo Note that
while the canonical momentum does depend upon the gauge, the particle
velocity does not, as may be seen from equation (60), which makes no
reference to gauge dependent quantities.

As usual, the Hamiltonian operator is obtained by replacing the classi
cal dynamical variables in the classical Hamiltonian by the quantum
mechanical operators which represent them. Thus Schrodinger's equation
becomes

(63)_I (p_ eA)2 1/1+ (ecP+ V)I/I=-~ al/l.
2m c I at

The commutation rules between p and r are unaltered by the presence
of the field and thus assume their usual form

Ii
(Pi, X j) = -:- Oij.

I

In configuration space we still have, therefore,

fi
P=-:-V·

I

(64)

Note that p and A(r, t) do not commute in general and hence that the
meaning of the first term of equation (63) must be spelled out. Specifi
cally, this term is to be understood as having the symmetrized form,

(
eA ')2 e e2

p-c =p2- C(p. A+A· p) + c2 A2,

in which case it is not hard to see that it is properly Hermitian.
We have argued that the vector and scalar potentials are not uniquely

defined but may be altered at will by a gauge transformation. Classically,
no physical results are affected by such a transformation, and the same
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conclusion must hold in the quantum mechanical case as well. To see
how this comes about, consider \he gauge transformation of equation (62).
Let 1./1' (x, t) denote the transformed state function, which is to say, let
it be the solution to Schrodinger's equation in the new gauge,

-1- (p _eA')2 1./1' + (e¢' + VH' = _ ~ a1./1 , .
2m c I at

Substitution of equation (62) then yields

_1 ( +~ 'i7 _~A)2 tfJ'+ (e¢+ VH' =-~ al./l' -~ aX 1./1'. (65)
2m P c X C I at c at

Comparison of equations (63) and (65) now shows that 1./1 and 1./1' are re
lated by the expression

1./1' (x, t) = 1./1 (x , t) e-ieX/flc, (66)

as is readily verified by direct substitution. Otherwise stated, the gauge
transformation of equation (62) is generated by replacing 1./1 by t/J eiexW

in equation (63). We thus conclude that the arbitrariness in the defini
tion of the electromagnetic potentials is reflected in a corresponding
arbitrariness in the phase of the state function. The phase is actually
determined only within an undetectable scalar function ex /lic, and this
is the meaning of gauge invariance for Schrodinger's equation. 16

As an illustrative example, consider a charged particle in a uniform
magnetic field 96. For this case the vector potential can be written in
the form

1
A="2(96Xr).

It may readily be verified that equation (58) is satisfied with this choice.
Since p commutes with this particular vector potential, we can write
A . P + P . A = 2A . p and hence

e e2

(p-eA/c)2=p2_-(9bxr) ·p+-(96xr)2.
C 4c2

Now

(96 X r) . p = 96 . (r X p) = 96· L,

where L is the orbital angular momentum operator, and hence Schrodin
ger's equation becomes

p2 [e e
2 2J Ii al./l-1./1+ V--96·L+-.-(96xr) 1./1=--;--'

2m .2mc 8mc2 I at (67)

16 See Problem 10. Chapter V, for a discussion of the undetectability of a phase factor such
as that referred to above.
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The term quadratic in 9G is most easily understood by considering the
motion of a free particle in a magnetic field. Classically, this motion pro
ceeds along a helical orbit and is bounded in the plane perpendicular to
9G. The quadratic term in 9G in Schrodinger's equation is responsible for
a similar confinement of the state function with respect to motion in the
transverse plane. Indeed, it is not hard to show, although we shall not
do so, that the motion in this plane is equivalent to that of a two-dimen
sional harmonic oscillator.1 7 The quadratic term is thus clearly essential
for the description of such states. On the other hand, in discussing the
bound states of a particle in some confining potential V, the contribution
of the quadratic term is generally quite small and it can often be neglected
entirely.

The term linear in 9G in Schrodinger's equation is at once seen to de
scribe the interaction of a magnetic dipole of magnetic moment

- e L
IJ-- 2mc

with the magnetic field. If the quadratic term is neglected, if V(r) is
spherically symmetrical and if the z-axis is chosen to coincide with 9G,
then the stationary states can be classified as simultaneous eigenfunctions
of U and of L z , as usual. However, the energy now depends upon the
eigenvalues mlh of L z . Specifically, if we have a state tfilllmi with energy
Enl in the absence of a magnetic field, then in the presence of the field
we have

and the intrinsic (2/ + I)-fold degenerate state is split into 2/ + I states
with equal energy separations

~E=~9G.
2mc

The quantity eh/2mc is called a Bohr magneton; it is the magnetic moment
of a particle with unit orbital angular momentum. Because of the role of
the quantum number ml in the above, ml is frequently called the magnetic
quantum number. It is well to remark at this point that all of our equa
tions have been written for a particle of positive charge e. For an electron,
e must be replaced by - e everywhere.

We now briefly mention the effect of spin. Associated with the spin is
a magnetic moment, which we write in the form

eh
IJ-spin = g -2- S/h.

mc

17 See References [19] or [24].
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The dimensionless quantity g measures the ratio of the magnetic moment,
in units ek(2mc, to the angular momentum in units ofk. For orbital motion
g was seen to be unity. For the intrinsic magnetic moment ofthe electron
g turns out to have the value two. In a sense, the spin angular momentum
is thus twice as effective as the orbital angular momentum in generating
a magnetic moment. IS

The existence of the spin magnetic moment means that the Hamiltonian
must be supplemented by an additional magnetic energy term /Lspin ·96,
Thus, for example, for an electron in a uniform magnetic field the term
linear in 96 in the Hamiltonian has the form

e e
(/L+/LsPin) '96=-2- (L+2S) '96=-2- (J+S)'96,

mc mc

where J is the total angular momentum. The analysis of this term, leading
to the so-called anomalous Zeeman effect, is considerably more compli
cated than for the case of a particle without spin, and we shall not carry
it OUt. 19

5. DIRAC THEORY OF THE ELECTRON

We now want to develop a relativistic version of Schrodinger's equation
for the motion of an electron. We shall consider primarily the case in
which no external forces act so that the electron can be treated as free.
In that case, the classical relativistic Hamiltonian is

H = V (pc)2 + (mc 2 ) 2 ,

where m is the rest mass of the electron and p is its momentum. We now
see at once that if p is the usual quantum mechanical operator, H is not
well-defined because of the square root sign. 20 One way out of this diffi
culty was suggested by Klein and Gordon, who considered

18 It is of interest to remark on the g-values for other particles, measuring magnetic moments
always in the natural units eh/2mc, where m is the mass of the particle. For the JL-meson,
g is again two, as for the electron. Both cases are in agreement with the predictions of
the Dirac theory. On the other hand, the intrinsic magnetic moment of the proton is not one
nuclear magneton, as it is called, (g = 2), but 2.79 nuclear magnetons (g = 5.59), while
the neutron's magnetic moment is not zero (as for the neutrino) but is - 1.91 nuclear magne
ton, the minus sign meaning that it is directed opposite to the spin. These anomalous
magnetic moments clearly indicate the existence of some kind of charge structure for the
proton and neutron. These are subjects of great current interest in the physics of elementary
particles.

19 See, for example, Reference [22].

20 In configuration space the square root must be expanded in a power series, whence H
is equivalent to a differential operator of infinite order. This can be circumvented by work
ing in momentum space, but the resulting equations are completely intractable except for
the special case of a free particle.
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(70)
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rather than

This is a perfectly good relativistic wave equation but, because of the
second time derivative, probability is not conserved if I/J is interpreted
as a probability amplitude. It turns out that this equation, the Klein
Gordon equation, can be interpreted in the quantum theory of fields,
but it cannot be applied to the motion of a single particle.

The dilemma was resolved by Dirac using the following argument. If
t/J is to be a probability amplitude, then only a first-order time derivative
can appear in Schrodinger's equation. Since time and space coordinates
enter on an essentially equal footing relativistically, the space derivatives
in Schrodinger's equation must also appear only linearly. Thus he wrote

Ii al/J
HI/J=-j at'

where H is now constrained to be linear in the momentum,

H = [a . pc + ,Bmc2] ,

and where a and ,B are to be determined by the requirement that

H2 = (pcF + (mc2)2.

Thus Dirac forced the issue by imposing the condition that

H = V(pcP + (mc2)2

be a well-defined linear function of p. It is clear, of course, that a and ,B
cannot be ordinary numbers if equations (69) and (70) are to be satisfied
but must be (space and time independent) operators.

Keeping in mind the operator nature of a and ,B we thus require

[a . pc + ,Bmc2J2 = (pC)2 + (mc2)2

or, preserving the order of all relevant factors,

2: alp/c2+ ~ L (a;aj + aja;) P;PjC2+ L (a;,B + ,Ba;)mc2p;c
i i~ i

+ ,B2(mc2)2 = p2C2 -t- (mc2 )2.

Comparing terms we thus see that a/ = ,B2 = 1 or

(71)

and
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i~j

(72)

In words, the four matrices ax, ay, az and 13 mutually anti-commute
and the square of each is unity.

The algebra of these Dirac operators is seen to be identical to that of
the Pauli spin operators, except that there are four of them. Since the
Pauli operators (along with the unit matrix) exhaust the independent
two-by-two matrices, the four Dirac operators cannot be represented by
two-by-two matrices. It turns out that three-by-three matrices do not
suffice, either, and the smallest matrices that do are four-by-four. These
are not uniquely defined by the commutation relations, but the conven
tional choice is

0 0 0 0

0 0 0

13= 0 0
a =-

00 -1 x

0 0 0 -1 0 0
(73)

0 0 0 -i 0 0

0 0 0 0 -1
a =

0
a =

0 0y 0 -i z

0 0 -1 0

or, in compressed notation,

13 = (~ -n a=(~ ~), (74)

where each element now stands for a two-by-two matrix and (J denotes
the usual Pauli spin operator.

The Dirac operators commute with all external variables such as
p and r and hence must act on some kind of internal degrees of freedom.
Evidently l/J must now be regarded as a four-component wave function,
called a spinor, in view of the dimensionality of the Dirac matrices.
We shall write such a four-component function as a column matrix, that
is, as

(75)
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with the understanding that when an arbitrary four-by-four matrix A,
with elements Ai;, acts on l/J it does so according to the rules of matrix
multiplication to produce an altered column matrix. Explicitly written
out, this means that

Al/J=

Thus, specifically,

f3l/J =

(76)

(77)

The Dirac equation

c [a . p + f3mc] l/J = - ~ al/J = El/J
I at

is now to be understood as an equation in these column matrices. Note
that E is the operator for the total energy, including the rest energy of
the particle.

Recall now that if two matrices are equal, each element of the first
must equal the corresponding element of the second. We thus see that
the Dirac equation is a compact way to write a set of four coupled linear
differential equations in the four components of l/J. Writing these out
explicitly, using equation (76), we have

(
_. ) 2,1. __ !!:. al/JI

c Px Ipy l/J4+ cPzl/J3+ mc O/l- . a
I t

(78)
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(
.) .1, 2.1, _ Ii at/J4c PX+1Py t/JI-CPZ'¥2- mC '¥4---:- -a .

I t

We now consider a stationary state of definite linear momentum p
and energy E. For simplicity, we shall take p to be directed along the
z-axis. Writing

(81)

(80)

(79)

V=

t/J = VeiPzlft

where V is a spinor with constant components,

VI

V 2

V 3

V4

equation (78) then reduces to the algebraic equations

cPV 3 - (E - mc2 ) V I = 0

-cpV4 - (E - mc2 ) V 2 = 0

cpVI - (E + mc2 )V3 = 0

-cpV2 - (E + mc2
) V 4 = o.

It is then easily verified that we obtain a solution, provided that

E = ± V (pcF + (mc2)2.

With either choice of sign, we then have

VI E + mc2 pc
V 3 pc E - mc2

(82)
pc

E-mc2

Note first that equation (81) gives the correct relativistic relation be
tween energy and momentum, but that states of both positive and nega
tive energy are possible. For now we restrict our attention to positive
energy states. We shall return later to the question of negative energies.

Next note that VI and V 3 are entirely independent of V 2 and V 4 .

This means that our solution can be expressed as an arbitrary linear
combination of two independent states. Let us exhibit these states by
writing

(83)

where
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X+ = X-= (84)

The coefficients Q+ and Q_ are arbitrary and, of course, VI and V 3 are
related to each other by equation (82), as are U2 and V4'

We thus see that states of given energy E and given linear momentum
vector (which is directed along the z-axis in the case under consideration)
are not unique but are doubly degenerate. This means Hand p do not
form a complete set of commuting operators but must be supplemented
by an additional operator which can be associated only with some kind
of internal coordinate. This internal coordinate turns out to be the spin
and the missing operator to be the component of the spin along the
direction of p, as we now demonstrate.

First define the four-component analog of the Pauli spin operator by
writing

(85)

The notation means, for example, that

o• _ (crz 0)_cr -- -
z 0 crz

o 0

-I

o
o 0-1

(86)

and similarly for the remaining components. It is now seen at once that

where X± are given by equation (84). Since the Dirac operator fr has
exactly the same algebraic properties as the Pauli operator cr, we thus
tentatively conclude that X+ describes a state in which the spin is oriented
along the positive z-axis and X_ a state in which it is oriented along the
negative z-axis. As our notation indicates, these states are the spinor
analogs of the two-component nonrelativistic states discussed in Chapter
X. This relationship can be made clearer by passing to the nonrelativistic
limit, which can be defined by

In that limit, it follows from equation (82) that V 3 and V 4 become neg-
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ligible compared to VI and V 2 . If these small components are neglected,
the Dirac spinors X± can be collapsed to two-component states which are
precisely the usual representations of nonrelativistic spin states X+

and X_, and the Dirac operator &- collapses to the Pauli (T.

The argument above makes it plausible that &- is related to the internal
angular momentum of the electron, but it is by no means a proof. Indeed,
it should be observed that whell relativistic effects are important, a state
function which is an eigenstate of Hand p can be simultaneously made an
eigenfunction only of that component of &- which is directed along p,
and not of either perpendicular component. Otherwise stated, only the
parallel component of &- commutes with H. Thus, relativistically, there
is a coupling between the internal and external degrees of freedom and
the separation into "internal" and "external" is no longer quite so sharp.

A genuine proof, instead of a plausibility argument, can be constructed
in the following way. We first ask whether orbital angular momentum is a
constant of the motion. To answer this, let us examine the commutation
relations between Land H. After some algebra,21 we find

(L, H) = ific(a x p) ,

so that orbital angular momentum is not conserved. This is no surprise;
a glance at the Dirac Hamiltonian shows that it is not invariant under
space rotations alone. Next examine the commutator of &- and H. After
some more algebra we obtain

(&-,H)=-2ic (aXp),

whence it follows that J = L + (fiI2)&- is a constant of the motion,

[(L+~&-),H] = (J, H) =0.

Hence the quantity J, which satisfies the requisite commutation relations
for angular momentum, must be interpreted as the total angular momen
tum and (fiI2)&- as the operator representing intrinsic angular momentum.
The Dirac equation thus has the automatic consequence that the electron,
or any other particle it describes, has spin angular momentum one-half.

Since spinor wave functions have four components, we must extend
our definition of expectation values and matrix elements. The meaning
of an expression like (t/JI<p) is

4

(t/JI<p) = L (l/Jd<Pi),
i=1

where t/Ji and <Pi are the ith components of the spinor states t/J and .p.
The quantities (t/Jd<Pi) have their normal meaning. Thus, for example,
in configuration space

21 The details are left to the problems.
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Note that this rule is all that is required for the evaluation of the matrix
elements of an arbitrary operator A, arbitrary in both spinor and ordinary
space, since we can always write (t/JIA 1<1> >= (t/JI<1> / >, where <1> I is simply
the new spinor obtained by operating upon <1> with A.

We turn now to the question of the negative energy states. According
to equation (81), the free particle energy spectrum is a continuum
ranging from plus infinity down to the rest energy mc 2

• Below this energy
there is a gap containing no states, and this gap extends to the negative
energy -mc 2 • At more negative energies still the spectrum again be
comes continuous and extends to minus infinity. This spectrum is shown
in Figure 6. In a certain sense it is no different than the classical spectrum,
since the same negative energy solutions are formally possible in the
classical- case as well. Classically, however, no communication whatso
ever is possible between the positive and negative energy portions of the
spectrum. A particle cannot change from a state of motion with positive
energy to one with negative energy, for to do so it would have to pass
through an energy interval in which motion is impossible. The existence
of such states thus causes no difficulty on the classical level; such states
are simply inaccessible and therefore unobservable.

E

Positive energy continuum

No free

particle states

Negative energy continuum

FIGURE 6. Spectrum of allowed energies for a free Dirac particle.

On the quantum level, all is changed; discontinuous changes are the
nile. Hence, transitions from positive to negative energy states would
certainly be expected to occur, and with the release of an enormous
amount of energy - in excess of 2mc 2

• Indeed, since the negative energy
spectrum extends to indefinitely large values it would appear that no
Dirac particle could ever be observed in a positive energy state. In
other words, all of the electrons in the universe would quickly fall into
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the negative energy "sea," a sea more than deep enough to accept them.
It might appear that one way out of this difficulty would be to rule out

negative energy states as physically inadmissible. It turns out, however,
that if this is done the Dirac states do not form a complete set.22 Dirac
gave a brilliant solution to this problem by postulating that in the normal
state of the universe all of these negative energy states are completely
occupied. Under these conditions the exclusion principle then forbids
any transitions of an electron from a state of positive to a state of nega
tive energy. Furthermore, this vast, infinitely dense ensemble of negative
energy state electrons would be electrically and mechanically inert,
except for transitions a particle in the filled negative sea might make to
the relatively empty states of positive energy. Such a transition would
require an energy in excess of 2mc 2

• This huge energy is not available
under normal conditions and the negative energy particles are not ob
servable, in agreement with experience.

Suppose, however, that enough energy were supplied to produce a
transition from the negative sea to a positive energy state. We would
then observe the sudden appearance of an ordinary electron, originally
unobservable as an occupant of a negative energy state. We would also
observe a correspondingly sudden change in the properties of the nega
tive energy sea. This sea would no longer be electrically and mechani
cally inert, and therefore unobservable, because it would no longer be
completely filled; one state would be unoccupied. This hole state, as it
is called, is associated with the removal of a negative charge of negative
energy from the inert normal state of the universe, which we might call
the vacuum. The removal of a negative charge of negative energy from
the vacuum can be interpreted as the appearance of a positive charge
of positive energy, called the positron, completely equivalent to an
electron except for its opposite charge.

That thi~ interpretation is reasonable can be seen by considering the
effects of an applied electromagnetic force on the negative energy sea
when the sea contains a hole state. The electrons would tend to move
in the direction of the applied force, and transitions to the hole state,
the only available state within the sea, would be favored if they supported
this tendency. The hole would then tend to move oppositely to the elec
trons, and indeed to do so as freely as if it were an isolated object.

22 This is one example, and a very important one, in which the mathematics initially forced
the physical picture, rather than the other way around. We have given a physical interpre
tation of completeness by arguing, correctly, that the totality of physically admissible
states must be complete. This leaves the question of how we are to identify all of the
physically admissible states. In the past we have more or less taken this identification for
granted and have then asserted completeness as a necessary consequence. In the present
instance, even if our intuition about physical admissibility is inadequate, the completeness
requirement forces us to admit negative energy states.
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It is now seen that the transition of an electron from a negative to a
positive energy state corresponds to the sudden appearance of an elec
tron and positron at the same point in space and time and requires a
minimum energy ex.penditure of 2mc 2

• This is the famous phenomenon
of pair production. The reverse of this process also occurs, of course,
when an electron happens to fall from a positive energy state into a hole
state. This is the phenomenon of electron-positron annihilation, and the
energy appears as electromagnetic energy, normally as a pair of photons.

So far we have considered only the free particle Dirac Hamiltonian.
Suppose now that the electron moves in an external electromagnetic
field or other potential. The Dirac Hamiltonian is then modified in the
canonical way by writing

H=c[a' (p-eAfc)]+f3mc 2 +e<fJ+V,

where A and <fJ are the electromagnetic vector and scalar potentials and
where V is any other independent interaction which may exist. If one
solves this equation for an electron in a uniform magnetic field, for
example, the magnetic interaction energy turns out to be precisely that
of a spin one-half particle carrying a magnetic moment of one Bohr
magneton, just as required by observation. To mention a second exam
ple, the solution of the Dirac equation for the states of the hydrogen
atom gives almost perfect agreement with experiment, including all fine
structure corrections.23

Starting with only its mass and charge, the Dirac theory of the elec
tron is thus seen to account for all of its intrinsic properties as well as
for the existence of the positron and the phenomena of pair production
and annihilation.

We have emphasized the electron in our discussion. However, every
spin one-half particle is described by the Dirac equation. Muons and
neutrinos, for example, are described by precisely the same equation,
with appropriate rest mass, as that for electrons. On the other hand,
protons and neutrons, as a consequence of their anomalous magnetic
moments, are described by a Dirac Hamiltonian supplemented by an
extra term, empirically adjusted to give: the observed magnetic moment.
Pair production and annihilation involving all of these particles and their
anti-particles, as they are called, have been observed, in full agreement
with the predictions of the theory.

23 However, the Dirac equation as we have considered it does not give the so-called Lamb
shift. This very small shift is generated by interactions with the fluctuating vacuum elec
tromagnetic fields. Such field fluctuations, like the zero point motion of the harmonic
oscillator, are entirely quantum mechanical in nature and do not appear in any treatment,
such as ours, in which the electromagnetic field is taken to be classical.
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Every uniquely defined state of a quantum mechanical system must be
a simultaneous eigenfunction of some complete set of operators. Ex
pressed in terms of observations, this means that some complete sei of
noninterfering measurements must be performed if a state is to be
uniquely specified. Such a uniquely specified state is called a pure state.
The evolution of a pure state with time is governed by Schrodinger's
equation, and this evolution proceeds in a perfectly definite predictable
way. The intrinsic statistical nature of quantum mechanics manifests
itself in the distributions of observed values which are obtained when
measurements are performed upon an ensemble of identically prepared
systems, each in the same pure state. Only pure states have concerned
U8 to the present. More often than not, however, our knowledge of
complicated systems is not complete and a description in terms of pure
states is impossible. This lack of knowledge introduces a second sta
tistical element, which is not quantum mechanical in origin and which is
familiar from classical statistical mechanics. We now briefly show how in
completely defined or mixed states can be treated quantum mechanically.

The description of a mixed state requires a statistical mixture of all
those pure states which happen to be consistent with our incomplete
knowledge, whatever it may be. Alternatively, we can think of an en
semble of systems, each of which is in one or another of such pure
states. Consider now one such system of the ensemble described by the
pure state t/J, and suppose l/J to be expressed in terms of some complete
orthonormal set,

(87)
n

Let A be an operator representing some arbitrary observable. Then

(88)

where the A nm are the matrix elements of A ,

Averaging over the ensemble, in the usual sense of statistical mechanics,
we then obtain

(89)
n~m

where a bar over a quantity denotes that an ensemble average has been
taken. Note that the A nm are fixed known numbers so that the ensemble
average on the right involves only the en, which play the role of sta
tistical variables. Since A is arbitrary, we thus see that the ensemble
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average for any physical operator whatsoever is uniquely specified by a
knowledge of the quantity

IPmnl ::;;: I. (90)

The operator P, with matrix elements Pmn, is called the density matrix.
It contains all of the available information about the system, since if P
is known, so is the distribution of measured values for every measure
ment which might conceivably be performed upon the ensemble.

Expressing equation (89) in terms of P, we now obtain

(A) = L PmnAnm.
n,m

Since the right-hand side can be interpreted as a matrix product, this
reduces to

(91)
m

The sum of the diagonal elements of a matrix is called the trace of the
matrix and is written as

Tr B == L B mm ,
m

whence equation (91) can be expressed in the representation inde
pendent form

(A ) = Tr (pA) . (92)

We have now achieved our main objective, namely, to develop a
suitable characterization of mixed states. The density matrix for such
states is seen to play the same role as does the state function for pure
states. In particular, all of the information available is contained in each,
and each defines the state it characterizes.

We next develop some of the properties of the density matrix. Note
first, from equation (90), that P is Hermitian,

Pmn = Pnm*' (93)

This follows because of the independence of ensemble averaging and
complex conjugation. Next observe, setting A equal to unity in equation
(92), that

Tr P = I. (94)

In words, the diagonal elements of the density matrix sum to unity. This
result can be verified from equation (90), since we have

Tr P = L em em* = L em em* = 1.
m m
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Observe also that the diagonal element Pmm directly gives the probability
that the system is in the state cl>m. Hence Pmm can never be negative, but
must lie between zero and unity. Considering a representation in which
P is diagonal, the diagonal elements are then the eigenvalues of P, and
we see that the eigenvalues of the density matrix all lie between zero and
unity, so that P is a positive definite, bounded operator.

Suppose now that P is prescribed initially. What can we say about its
development in time? Let H denote the Hamiltonian of the system and
consider the Cn in equation (87) to be functions of time,

Since t/J satisfies

H"'=-~ at/J
'I' i at'

we find in the usual way that the Cm satisfy the set of equations

- ~ d;t
m = L HmiCi ,

I

whence also,

(95)

(96)

where we have used the fact that H is Hermitian in taking the last step.
Multiplying equation (95) by Cn* and equation (96) by Cm and subtract
ing, this gives

Ii d
- -:- -d (CmCn*) = L (HmiC;Cn* - CmCi*Hin ).

I t i

The operations of time differentiation and ensemble averaging are inde
pendent, and hence, upon averaging over the ensemble, we obtain

= (H, P)mn.

Thus finally, the time development of P is given by

Ii dp
-idi=(H,p), (97)

whence we observe that P is stationary if it commutes with the Hamil
tonian.

To illustrate some of these properties of P we now give some simple
examples. Consider a system in a state of definite energy E and angular
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momentum L, but suppose its angular momentum to be oriented at
random. Then each of its 2L + 1 degenerate states of the given E and I
are equally probable. These 2L + 1 states are complete for the system,
and in a representation using these states P is simply the unit matrix
divided by (2L + I). A similar example is that of an unpolarized particle
of spin one-half. Then, in the usual representation in which cr. is diagonal,

(
1/2 0 )

P = 0 1/2'

which describes a mixed state in which the spin is equally likely to be up
or down with respect to any axis. Note that in both cases the trace of P
is properly unity and that P is stationary.

A final and extremely important example is that of a system in thermal
equilibrium at some temperature· T. The probability that the system is
in a given state is determined by the Boltzmann factor and hence

P = 1. e-H/kT
Z '

where Z, the partition function, is given by

Z = Tr e-H/kT

so that the trace of P is unity. Note that since p is a function only of
H it commutes with H and hence is stationary, as it must be for equili
brium. All thermodynamic properties of the system are determined in
the usual way in terms of the partition function.

We conclude by remarking that the density matrix formalism is appli
cable to the description of pure states as well as to mixed. If a state is
pure, all systems of the ensemble are in the same state and the ensemble
average has no effect. Thus Pmn has the product form

(98)

It is precisely this product form that identifies P as describing a pure
state. To obtain a representation-independent characterization, observe
that

(p2
) mn = L PmiPin

i

= L CmC;* CiCn* ,
i

whence, since the ICY sum to unity,

(p2
)mn = Pmn'

that is to say, p2 = P for a pure state. As a consequence

Tr p2 = 1, (99)
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which can be shown to be a necessary and)iufficient condition that the
state is pure. 24

Problem 1. Evaluate the integral of equation (5) to find the first·order
perturbation theory correction to the energy of helium-like atoms.

Problem 2. Starting with the trial function of equation (8) for the helium
like atom, derive equation (10).

Problem 3. Consider the helium-like atom with Z = I, the negative
hydrogen ion. Show that according to the variational estimate of equation
(10) the system is unstable against dissociation by a little less than one
eV. [The H- system is actually stabLe, but it requires a considerably
more refined calculation to show this than that leading to equation (10).]

Problem 4.
(a) Treating the protons as infinitely massive, and neglecting spin

dependent terms, show that the Hamiltonian for the hydrogen moLecuLe is

Pl2 P22 e2 e2 e2 e2
H = - +-_. - - - - + - + .,..-~.-.,..-

2m 2m r l r2 R Ir t - r2 - RI
using the coordinate system shown in Figure 7.

e2 e2

Irt - RI 11"2 + RI'

-e
•-e

J'
•

I
e R e

FIGURE 7. Coordinate system for the hydrogen molecule.

(b) A reasonable trial function for a Rayleigh-Ritz calculation is
one in which each electron is assumed to be in a hydrogenic ground state
¢o with respect to its "own" nucleus. Show that a properLy symmetrized
trial function based on this idea is

tJ;(r t , r2) = ¢0(r1)¢0(r2) ± ¢0(r2 + R)¢o(r l - R).

(c) Using this trial function show that

J±K
E± (R) = 1 ± a'

where J and K are direct and exchange integrals of the total Hamiltonian
H, and where

2. See Reference [22].
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Q' = f 4>0 (1'1)4>0 (r2 )4>0(r2 + R)4>0(r 1 - R) d 3r, d 3r2 •

This result, when the integrals are evaluated, shows that only the sym
metrical case leads to a bound state, E+ (R) having a minimum of about
the right value at about the right value of R. See reference [20].

Pr-oblem 5. Plot the ratio of quantum mechanical to classical differential
cross sections for Coulomb scattering of electrons by electrons at a
center-of-mass energy of 100 electron volts; for alpha particles on alpha
particles at 5 MeV.

Problem 6. Use Born approximation to find the scattering amplitude
plus the differential and total cross sections for the exponential potential

Compare the low and high energy behavior with that predicted in the text.

Problem 7. The same as problem 6 for a square well potential,

V= {- Vo,
o ,

I' < R
,.~R.

Problem 8. The screening effect of the electrons in a neutral atom modi
fies the electrostatic interaction between an atom and an incident charged
particle. A reasonable approximation to this screened Coulomb poten
tial, as it is called, is

Zze2

V(r) = -1'- e-rlR ,

which is seen to be the same as the Yukawa potential in form. Here Z
is the atomic number of the atom, ze is the charge of the incident particle,
and R is the effective atomic radius.

(a) Show that the Born approximation gives the exact result for
the Rutherford cross section in the limit R ~ 00.

(b) Use Born approximation to estimate the angular domain over
which the differential scattering cross section from a screened Coulomb
potential differs from Rutherford scattering in the following cases:

(i) a 5 MeV alpha particle scattered by gold;
(ii) a 1 MeV proton scattered by carbon;
(iii) a 100 eV electron scattered by carbon.

o
For simplicity take R = IA in all cases and assume all energies to be in
the center-of-mass system.

Problem 9.
(a) At a center-of-mass energy of 5 MeV, the phase shifts describ

ing the elastic scattering of a neutron by a certain nucleus have the
following values:
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Assuming all other phase shifts to be negligible, plot du/dO as a function
of scattering angle. What is the total cross section u? For simplicity take
the reduced mass of the system to be that of the neutron.

(b) The same if the algebraic sign of all three phase shifts is re
versed.

(c) The same if the sign of only 00 is reversed.
(d) Using the results of part (a), calculate the total number of neu

trons scattered per second out of a beam of 1010 neutrons per cm2 per sec,
of cross-sectional area 2 cm2 , incident upon a foil containing 1021 nuclei
per cm2

• How many neutrons per second would be scattered into a coun
ter at 90° to the incident beam and subtending a solid angle of 2 x 10-5

ster-radians?

Problem 10. Find the states of the hydrogen atom in a magnetic field
of strength 104 gauss. For simplicity, take the efectron tc be spinless
and neglect the quadratic terms in the magnetic field. Is the latter justi
fied?

Problem 11. Show that the classical Hamiltonian, equation (59a), yields
the correct classical equations of motion, equation (60). Note that

dA(r, t) = aA + (v . V')A
dt at

aA
=-+V'(v·A)-vX (V'XA)

at

and that, for any vector B,

V' (B2) =2(B'V' )B+2B x (V' x B).

Problem 12. Show that, for the Dirac equation just as for Schrodinger's
equation,

where A is an arbitrary (spinor) operator.

Problem 13. A particle satisfying the free particle Dirac equation is in
an arbitrary state. Find explicit expressions for

(a) (x), (p)

(b) d ( x ) d ( p) .
dt' dt

Problem 14. Show by direct calculation that J = L + fi&/2 commutes
with the Dirac Hamiltonian.
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Problem 15.
(a) Starting with equation (80), derive equation (83).
(b) Find the free particle Dirac state function for a particle of rest

mass m moving along the x-axis with momentum p.

Problem 16.
(a) A system is known to be in one of three states. Its probability

of being in the first is 1/2 and of being in the second is 1/3. What is the
density matrix for the system?

(b) Which, if any, of the following density matrices describe pure
states?

I ( 2 i)
4 -i 2

Problem 17. The state of a certain system is described by the density
matrix

10.4 0.2 ei7T
/
4

)

P=~x y .

(a) x = ?, y = ?
(b) Verify whether or not the system is in a pure state.

Problem 18.
(a) A system is known to be in one of two states. Show that the

most general possible density matrix has the form

_ (a (3e
idJ

). {? < a < ?
P - {3e- idJ I - a ' 1{31 < ?

(b) Show that {3 = ± yO' (L - a) if the system is in a pure state.
(c) Show that 0'= -}, {3 = 0 for an unpolarized beam of particles of

spin one-half.
(d) Find a and {3 (in a representation in which U-z is diagonal) for

a partially polarized beam of particles such that spin parallel to the
z-axis occurs twice as often as spin anti-parallel to the z-axis.

Problem 19. The state of polarization of a beam of spin one-half particles
is described by the polarization vector P defined in terms of the density
matrix p as follows:

P = (u-) = Tr (pu- ) .

Supposing P to be determined experimentally, show that

p=i(l+P·u-).

Problem 20. Recalling that the spin-dependent part of the Hamiltonian
for an electron in a magnetic field % is
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(a) show that the polarization vector P (see Problem 19) of a
beam of electrons in such a field satisfies the equation of motion

dP e
di = - ~e 96 x P.

(b) Assuming the magnetic field to be uniform, solve this equation
of motion and discuss your results.
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Evaluation of integrals
containing Gaussian functions

1. THE BASIC INTEGRAL

We seek to evaluate the integral

To do so we consider the square of this expression, which we write in
the product form

and which is then equivalent to the double integral
00

1
0

2 = JJdx dy e-(a+ib)(x2+y2) ,

If x and yare regarded as rectangular coordinates in a plane, this double
integral is readily evaluated by transforming to polar coordinates r, e/>,
We have at once

f21T foo 1T10
2 = de/> r dr e-(a+iblr

2 = --.
o 0 a + Ib

and, therefore,

10=)a:ib'

Note that, in the limit a -- 0,

10 = Y1T/ib = v;ji; e- i1T/4 •
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For a = 0, the Gaussian integral can be given a meaning in the sense of
this limit.

2. GAUSSIAN MOMENT INTEGRALS

We next generalize our result by considering the integral, for integer n,

In == J"" x n e-(u+iblx
2 dx.

, -00

Observe first that

12m+1= 0,

because the integrand is odd, Next observe that

12m = (_l)m (!!...)m f"" e-<u+iblx2 dx
da -00

= (-l)m dm/o
dam'

whence

As an example,

12=~ y:;;. (a + ib)-312 = 2(a lib) 10 ,

3. GENERALIZED GAUSSIAN INTEGRALS

Finally we consider an integral of the form

where both 0: and {3 may be complex but where the real part of 0: must be
greater than zero. To evaluate the integral we complete the square in
the exponent, writing

o:x2 + {3x = 0: ( X + fo:r-{32/40:.

Replacing x + {3/20: by a new integration variable, say y, the integral
reduces to the standard form considered in Section I, and we obtain at
once
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Jo= ~ e132
/
4a

•

Again, this result holds for a pure imaginary, if it is regarded as a limit.
Specifically, if a = a + ib, a > 0, it is the limit attained as a ~ O.

Moment integrals are again readily evaluated by the method of Section
2. If we define

then we obtain at once, as perhaps the simplest of many possible ex
pressions,

(
iJ )2m+l

= (- l)2m+J iJ{3

and

J = (-l)m iJmJo
2m iJam

As examples,

J =_JlJ
1 2a 0

and

Exercise 1. J3 can be evaluated by the prescription given above, but it
can also be evaluated from the relation

J=_oJ2 •
3 iJ{3

Verify that both methods give the same result. Show that, in general,

oJn
I n+1 = - 0{3 .
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APPENDIX III

Answers and solutions to
selected problems

CHAPTER I

Problem 2. Perhaps the simplest procedure is to write, after solving for
p in terms of (T/mc2

) ,

'A = 'Ac [ (T/mc2 )2 + 2T/mc2 ]-1/2,

where Xc = h/mc is the reduced Compton wavelength of the particle. We
find in this way,

'A (cm)
T

electron proton

30 eV 4 x 10-9 10-10

30 keV 10-10 4 X 10-12

30 MeV 7 x 10-13 10-[3

30 GeV 7 x 10-16 7 X 10-16

Note that at ultra-relativistic energies, T p mc2 , the de Broglie wave:
length is approximately hc/T and is independent of the mass of the
particle.

Problem 1.

Problem 2.

CHAPTER II

(a) IA I = 7T- 1/4 a-1/2 ; (b) (x) = X o

(b) Ic±1 = [2(1 ± e-1/4 )]-1/2
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Problem 2.

APPENDICES

CHAPTER III

(a) - 2L ~ (_ 1)" sin (n7Tx/L)
7T ) n

Problem 3.

(c)· g(k) = If (Si~/;/2r
Problem 4.

(a) A = L -1/2

(b) ep(p) = (2 h3/7TU)1/2 [(p - PO)2 + h2/UJ-l

Problem 7. The ground state energies are roughly

(a) h2/mU

(b) hw

(c) (h 2mg 2 )1/3.

CHAPTER IV

Problem 1.

10-
(a) Vg = 2 Yr;;. = vp /2

(b) Vg = C VI - (WO/W)2 ~ C

Problem 3.

L
(a) (t/JElllxlt/JEIl)=2

(t/JE ll l
x2 1t/JE) = ;2 (1 - 2n~7T2)

(t/JElllplt/JE) = 0

p2 1 (n7Th)2
(t/JE II 12m It/JE II ) = 2m L = Ell

(b) Consider a wave packet initially centered about x = xo with
mean momentum Po and described by
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ljJ(x, t=O) =f(x-xo) eiPo(x-xo)/n. (I)

According to equations (I V-43) and (I V-45), the development of such
a state with time is given by

ljJ(x, t) = I (I- dx' f f(x' - xo) eiPo(X'-xo)/ft sin n~x' sin nzx
Jo 11=1

x exp [- in 27T 2ht/2mU] .

Note that any such state is exactly periodic, with period

4mU
T = ----;r;- ,

but that this period obviously has nothing to do with the classical period
(why?). In fact, it is of the order of 1027 seconds for a macroscopic object
in a macroscopic box!

We now consider the classical limit of equations (I) and (2). To settle
orders of magnitude, think of a particle with mass a gram or so, in a box
a few centimeters in length. Suppose its initial momentum to be one
gm-cm/sec and its initial position to be defined within one micron
(10-4 em). This last means that the amplitude function f is sharply
peaked about the point x = Xo for which its argument is zero, with a
width of about 10-4 em. Because Po/h is of the order of 1027

, this in turn
means that the exponential factor in equation (I) oscillates about 1023

times over the width of the wave packet. Accordingly, for the nth term
in the summation of equation (2), the integral yields a negligible contri
bution unless n is such that the oscillations of sin n7Tx' /L are almost
exactly in phase with the oscillations of the exponential factor. To make
this explicit, introduce a new summation index s by writing

n = PoL + s
7Th

(3)

= 1027 + s.

That the main contribution to the summation comes for values of s
which are relatively small is now readily established. The relevant factor
in tte nth term of equation (2) now becomes

f(x' - xo) eiPo(X'-Xo)!n sin (po;' + 7Tl' s)

= - ~if(x' - xo) e-ipoxolft [e- i7TX 'sID - exp (2iPox'/h + i7Tx's/L)].

The second term in the bracket oscillates so rapidly over the wave packet
that it yields a negligible contribution for all values of s. The first term
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oscillates approximately SAX7T/L times over the one micron width, Ax,
of the packet. Hence, the effective domain for the summation is

L
lsi < - = 104

•
~ 7TAx (4)

(5)

To establish the classical periodicity of the motion, we now need
examine the consequences of these results only for the time dependent
exponential factor in each term of equation (2). Upon substitution of
equation (3), this factor for the nth term becomes

. . [. P02 t . S7TPot . S27T2ht]
exp [- m27T2ht/2mU] = exp -/ 2mh - / mL - / 2mU .

Now according to equation (4), the term quadratic in s does not exceed
ht/m(AxF = 10-19 t in magnitude, and hence it is negligible over time
intervals comparable to the age of the universe. [Compare this analysis
with that leading to equation (IV-9).] Omitting the quadratic term,
therefore, we have

exp [- in 27T2ht/2mU] = exp [- Po2t - i 7Tpot s]. (6)
2mh mL

Hence, except for the phase factor exp [- i ( po2t/2mh) ], which multi
plies the entire wave packet and thus plays no significant role (why?),
we see that the solution is indeed periodic with just the classical period

T =2mL = 2L.
Po v

We conclude by remarking without proof that, using equation (6),
first the summation and then the integration in equation (2) can be
evaluated in closed form without further approximation, the result being
that the wave packet travels without distortion and alternately bounces
off the walls at x = 0 and x = L. In short, the center of the undistorted
wave packet displays a periodic saw-toothed form when plotted against
t, in exact agreement with the classical solution. The details, which are
not entirely trivial, are left as an exercise.

Problem 5. Suppose, for generality, the particle to be in the nth state
of the box when the walls are dissolved. We thus have, as the initial
state,

t/J(x, 0) = {V27L Si~ n7Tx/L: O~x~L

otherwise.

After the walls are dissolved, we have, in momentum space,

¢(p, t) = ¢(p) e-ip2tlm~,
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where

I JOO .1>(p) =-- lfi(x, 0) e-1Pxtfl dx.
Y2TTh -00

The integral is elementary, and we obtain at once

2_ hPn2 11- (_I)" e-iPLtfl!2
11>1 - TTL (p2 - p,,2)2

where

p" = nTTh/L = Y2mEn .

For large n, the momentum distribution is readily seen to be sharply
peaked about p = ± Pn' in agreement with the classical result.

CHAPTER V

Problem 2.
(a) A is Hermitian if and only if n is even.
(b) For n = 3, lfil = x 2 - U (unnormalized). For n = 4, the general

eigenfunction is a cubic in x. However, the eigenfunction identified above
for n = 3, which we have called lfil' is automatically an eigenfunction
for n = 4. We thus have a pair of degenerate eigenfunctions. The cubic
eigenfunction can readily be made orthogonal to lfil , thereby determining
its coefficients, and we thus find the degenerate orthogonal pair (un
normalized)

lfil =x2-U

lfi2=X(X2-U).

For n = 5, the general eigenfunction is a quartic in x, and t/JI and lfi2 are
also eigenfunctions. Choosing the coefficients of the quartic so that it
is orthogonal to both lfil and lfi2' we thus identify a set of three-fold
degenerate and orthogonal eigenfunctions which are

lfi. =x2-U

lfi2 = x(x2 - U)

lfi:l = x 4 - ~ Ux2+ ~ V = (x 2_ U) (x2 _ ~2).

Note that, except for n = 3, these eigenfunctions are not unique. For
example, for n = 4, one can choose any linear combination of lfil and
lfi2 as a new eigenfunction, lfil say, and then use orthogonalization to
find a second and linearly independent combination lfi2' Similarly for
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(d) none(c) iii;(b) 11;

n = 5. The particular orthogonal eigenfunctions given above are merely
the easiest to construct.

Problem 6.
(a) ii, iv, v;

Problem 10.
(a) The new momentum eigenfunctions are defined by

and hence are given by

,t, = _1_ eilpx-y(x)J/fl
'f'p Y27Th '

where

g(x)=rf(x) dx.

These states thus differ by a phase factor from the conventional momen
tum states; which we denote by ijjp to make the distinction clear, and
which are given by

- I . ~
t/Jp = Y27Th e'px/".

(b) t/J(x) = I cf>(p)t/Jp(x) dp

= e-iY(Xl/fl I cf> (p ) ijjp dp

= e-iY(Xl{fl iJi(x) ,

where ijj(x) is the state function in the conventional representation.
We emphasize that t/J and lfj represent the same physical state, namely
that corresponding to the particular momentum state function cf> (p).

(c) Observe first that

(t/Jlxlt/J) = (lfj Ix Ilfj ) ,

because the phase factor e-iy(x){fl plays no role in the evaluation of the
left side. Next, observe that

I
ha I -Ihal-)(t/J i ax + f(x) t/J) = (t/J i ax t/J

because

[ ~ .i- + f(X)] t/J = e-iY(Xl/fl ~ alfj
I ax I ax

and the phase factors on the left then cancel. Finally, taking into ac-
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count the fact that the commutation relation is unaltered, it follows that
(f(x, p) yields the same result in either representation. Hence the
expectation values of any and all observables are independent of j, as
was to be proved.

Problem 12.

where the (j, are arbitrary constants.

eifh-iEltifl ei62-iE211fl ei63-iE311fl

(b) t/J(X,t)=t/JI v'2 +t/J2 2 +t/J3 2

(c) iv
(d) all but v

(c) zero;

Problem 2.
(a) (jos

CHAPTER VI

( I) (mwh)2.mwh 11 + 2"; 3 -2- (2n 2 + 2n + I)

~ n' (j(n - s)! lIl,n-s
~(n+s)!

n! (jlll.n+s;(d)

Problem 3.

(a) t/J(x, 0) = (~:of4 e-lIlwox2/2"

(b) Taking w to be arbitrary, we treat both cases together. We then
have

t/J(x, t) = I t/J(x', O)K(x', x; t) dx',

where the propagator K is given by equation (68). The integral is of stan
dard Gaussian form and, after some algebra, yields

_ (mwo/h7T) 1/4

t/J(x, t) - [cos wt + (iwo/w) sin wtJ1/2

{
mwx2 [wo cos wt + iw sin wt]}X exp ---

2h w cos wt + iwo sin wt '

which is seen to reduce to the correct result when w = Wo' It also yields,
for 1t/J12, the expression to which equation (73) reduces for the particular
Gaussian initial packet of part (a).

(c) We have
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cf>(p, t) = '\~7Th Jl/J(X, t) e- iPX
/
ft dx,

which is seen to be of standard Gaussian form. After evaluation of the
integral one finds the momentum space probability density to be

(7Tmw h)-liZ
Icf>(p, t)IZ = [COSZ wt + (wz/WOZ) sinz W/]lIZ

[
pZJmhwo ]x exp

cosz wI + (wz/WOZ) sinz wI

which yields, using the indicated representation for l/Jn'

p _ 2~ (25)! (wo - W)Z8
Z8 - wo+w 228 (5!)Z wo+w

PZS+1 = O.

Although it is not a trivial exercise, it can be verified that, as it must,

Problem 4.
(d) Schrodinger's equation is

hZ dZl/JE ' _
- 2m dx2 - g 8(X)l/JE - El/JE'

Thinking of the 8-function as the limit of a sharply peaked function, it
is not hard to see that l/JE is continuous but that dl/JEJdx changes dramati
cally over the width of the potential, by an amount proportional to the
area under the potential. In the limit, dl/JEJdx actually becomes discon
tinuous. To display this discontinuity quantitatively, first integrate
Schrodinger's equation from a point just to the left of the origin (0_)
to a point just to the right (0+), and then consider the limit as each of
these points approaches the origin (and thus each approaches the other
from its respective domain). We find

- ~ {dl/JEI _ dl/JE I } - gl/JE(O) = 0,
2m dx 0+ dx 0-

where the right side vanishes, as indicated, because l/JE is continuous.
The discontinuity in dl/JEJdx is thus

dl/JE I - dl/JE I = - 2~g l/JE (0) .
dx 0+ dx 0_ h
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The prescription for solving Schrodinger's equation is now the following:
Call the region to the left of the origin, x < 0, region I, to the right,
x > 0, region II. Noting that the origin is excluded from each region,
we see that in both regions Schrodinger's equation becomes that for a
free particle. Hence, writing a general solution which satisfies the correct
boundary condition at infinity on the right, say, the solution on the left
is then fixed by requiring that !JJE be continuous and that d~JE/dx have
the correct discontinuity. We now construct solutions for bound and con
tinuous states.

(i) Bound States, E < O. Writing E = - E, we have in region II,

!JJEiI = A exp (- V2mE/fi2x) ,

the posItive exponential being inadmissible, of course. Similarly, in
region I,

!JJE1 = B exp (V2mE/h2x)

the negative exponential now being inadmissible. The condition that
!JJE be continuous at the origin then yields A = B. The discontinuity
condition on d!JJE/dx can now only be satisfied if E has the unique value,

E = mg 2/2fi2,

. which is the binding energy of the single bound state of a a-function
potential, in agreement with the result quoted in part (a). The normalized
bound state function is readily seen to be that given in part (b).

(ii) Continuum States, E > O. To construct a solution correspond
ing to the conventional case of a wave incident only from the left with
amplitude, say, A, we take the free particle solutions in each region to be

!JJE1 ~ A ei v'2mE xlft + B e-iV2mE xlft

!JJEII = C eiYrniF xlft •

Application of both boundary conditions at the origin then gives, almost
at once,

C I
A == r = -=-1-----:i-g-:-Y7=m=:/'="2E=fi:=::'2

B igYm/2Efi2-==p=- .
A 1 - igYm/2Efi2

Note that Ipl2 + Irl2= 1, as demanded by probability conservation.

Problem 6.
(a) Region I, x < O. Letting z = eXI2J, we obtain a form of Bessel's

equation, and the general solution, for energy E, can be expressed in
the form
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where
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y = i'\/2mE (2L/h)

a = V2mVo (2L/h).

Region II, x > O. Letting z = e-x /n , in the same way we find the
general solution

l/JEIl = CJy(ae-x /n ) + DJ_y(ae- X /2L ).

Boundary Conditions at x = 0: Both l/Jt: and dl/Jeldx must be con
tinuous.

(b) Bound States, E < O. Writing E = - E, we see that y is real,

y = V2mE (2L/h) ,

where we have arbitrarily chosen the sign of the square root to make
y positive (why do we have the freedom to do this?). Observe now, look
ing at l/JE1, that for x ~ 00, the argument of the Bessel functions approaches
zero. Because

J (z) = (z/2)" + ...
" r(v+l)

for z~ 0 (see references [6] - [13]), we see that only the J y term is
physically admissible. Similarly, in region II we see that again only the
J y term is physically admissible. Hence, we have

l/JE1 = AJy (aeX
/
2L

)

l/JEIl = BJ y (ae- x /2L ).

Both l/JE and dl/Jt:/dx must be continuous at the origin and hence we
require

AJy(a) = BJy(a),

but also

A dJy(a) = _ B dJy(a).
da da

The solutions are thus given by either A = B, dJy/da = 0 or by A = -B,
J y(a) = O. The former are seen to be even, the latter odd.

Problem 8.

Problem 18.

(c) K(p', p; t) = ei(p'3-p3l/6fB"F o(p - p' - Ft)

(a) Writing a = b -~, at = bt - E2, we find H = E1btb - E//El;
E1 EI
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(bt, b) = I. Comparison with the harmonic oscillator Hamiltonian then
shows Ell = nE j - E22/Ej , n = 0, 1,2, ....

CHAPTER VII

Problem 3.
(a) £0 = fiwl2 (exact! why?)
(b) £j = ~~ fiw = 1.6 fiw

Problem 4.

fi2 7T 2 fi2
(a) £ = 5 -L?' about I% greater than the correct value -2 -LoJm - m -

Problem 7.

(c) A2 = (~ I~)

A+B=n ~) AB = ( ~ :) =BA

Problem 9.
(a) b ~ 2mfi Vol [2m (£ - VoHlI2
(b) T=e iB(/:;), 0(£) =-2VobmlfiY2m£

Problem 15.

=0, n7"o1

Problem 16.·

(a) ljJ(t) = [ cos (~) ljJj - i sin (~) ljJ2] e- iEr
",

CHAPTER VIIl

Problem 5.

I e28>2
(a) -2 fiw - 2 oJ ~, where m is the mass of the charged constituent.

m-w-
(b) 0' = J.le21m 2w 2

(c) uniform acceleration under the force e 8>

Problem 6.
(a) 11£= <<PIO(X j )<P20(x2)1H'1<pIO(X j )<P20(X2», where <PIO and <P20
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are the harmonic oscillator ground state eigenfunctions of particles I
and 2, respectively. Thus

boE = vim 1m2 ~~o JdX1 JdX2

exp (- K(m1xJ
2 + m2x 22) - (XI - x 2)2/a2)

= Vo ( J-Lwa
2

)1/2
J-L(lJa2 + Ii '

where J-L is the reduced mass ml m2/ (m l + m2) .
(b) The result is unchanged, but the analysis is much simpler. In

center of mass coordinates, the Hamiltonian becomes

2/ I 2 I
H = L- +- Mw2X 2+ L + - J-Lw 2 x 2+ V e-x2

/
a2

2M 2 2J-L 2 0,

and hence is separable. The problem thus reduces to an equivalent single
particle problem which, in fact, is just one of the examples discussed in
detail in Section 3 of Chapter VII.

Problem 12.
(a) ljJpqrs = cPp(x1 )cPq(X2)cPr(x3 )cPs(X4 )

Epqrs = (2 + P + q + r + s) liw,

where p, q, r, s can take on all integral values starting with zero and
where cPn (x) is the nth harmonic oscillator eigenfunction.

(b) Writing p + q + r + s = N, we see that

E pqrs = (N + 2)liw.

The degeneracy of the Nth state is thus the number of ways four non
negative integers can be chosen so that their sum is N. It can be shown
that this number is (N + I) (N + 2) (N + 3) /6. The first four states then
have degeneracies 1,4, 10,20, respectively. Table I gives the quantum
numbers of these degenerate states.

(c) For spinless particles, only those states totally symmetric under
exchange are physically realizable. The ground state is automatically
symmetrical. The four states for N = I are an exchange degenerate set
and a symmetric combination of them is the only realizable state. For
N = 2, the states in the grout' (a) are an exchange degenerate set, as are
separately those in group (b). Because these two groups of states are inde
pendent, there are two physically realizable states of N = 2, the sym
metric combination of the states of type (a) and of the states of type (b).
For N = 3, by the same argument, there are three physically realizable
states, namely the symmetric combinations of the exchange degenerate
states of types (a), (b) and (c), respectively.
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N Degeneracy pqrs

0 0000

4 1000, 0100, 0010, 0001

(a) 2000, 0200, 0020, 0002
2 10

(b)
{l1oo, 1010, 1001, 0110

0101, 0011

(a) 3000, 0300, 0030, 0003
(b) 1110, 1101, 1011,0111

3 20 rlOO, 2010, 2001, 1200,
(c) 0210, 0201, 1020, 0120,

0021, 1002, 0102, 0012

TABLE I. Quantum numbers and degeneracies of lowest four states

(d) The ground state for spin 1/2 particles is easy to identify using
the Pauli exclusion principle. It is the state N = 2 and is the totally anti
symmetric combination of single-particle states in which two particles
with opposite spin are in the ground state and two with opposite spin
are in the first excited state. It is not degenerate.

CHAPTER IX

Problem 3.
(a) a = e2/mw2

(b) same as with zero field

Problem 4.

(a)
Ze2

V(r) = - 2R
o

[3 - (r/R o)2],

Ze2

r
(b) 6.£ = ~ Z4e2Ro2/ao3

= 7 x 10-9 ZI4/3 eV

Problem 6.

I . ~
(a) tflm = yz; e,m~, m = O,±I,±2, ....
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(b) IJ.Em(I) = 0

IJ.Em(2) = g2M3R4/(4m2- l)h 2

(c) WKB: Eo = ~ Vi/ii - MgR

Problem 8.
(a) tPlm=y1m(o,ep)

El = h2[(l + l)/2MR2

Problem 11. Probability for Is state = 0.70, for 2s state = 0.25, for any
state other than an s-state = O. (See Reference [29], pp. 250-2.)

Problem 17.

- 1 f e- r
/
ao

[. p . r . p2
t 1 3

(a) ep(p, t) - (27Thp/2 (7Ta03) 1/2 exp - I -h--/ 2mh d r

=; C~or2

[I :-(i;~:';~)2F
8a 3

p(p, t) = ep*ep = 7T2~3 [I + (pao/h)2]-4 = p(p)

(b) PE(E) = 27T(2mp/2 VE p(p = V2mE)

Problem 19.

(a) Yukawa:

Exponential: E = same (coincidence!)

( 5) h
2

Square Well' E = 1 - - e- 1 V ---. 2 0 8p,R2

CHAPTER X

Problem 1.

(a) Eo (l = -}) = ~ Eo (l = I)

(b) ,I, I ~ +~ = Vr sinO e±i<l>/2 e-21'/3ao
'I' '2'-2

Problem 3. Some typical commutators are the following:

(Lx,x)=O; (Lx, y) = ihz; (Lx, py) = ihpz

Problem 7. The pairs (i), (ii) and (v) commute; the other pairs do not.
Ta and R" (f3) commute if and only if nand a are co-linear.
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Problem 11.

(a) Jz = (Lz + Sz)

Lzl/J= hR(r) v2i3 YII X-

Szl/J = I R (r) {v'ill Y l
O X+ - v2i3 Y II X- }

and hence

(b) Probability density for spin-up:

P+ = llR (r) 1
2

1y l ol2.

Probability for spin down:

p_=j IR(r)12IY/12.

(c) p++p_=1IR(r)12 (IYIOI2+2IYllj2)

=.! IR (r)\2 (~COS2e+~ sin2 e)
3 47T 47T

1
=-IR(r)\2

47T

Problem 13.
(a) All are constants of the motion.
(b) All but the components of linear momentum are constants of

the motion.
(c) the energy and the parity
(d) same as (b)
(e) E and Lz
(f) only E
(g) E,Lz,Px,PY
(h) Lz,Px,PY.

Problem 22. The probability that the hydrogen atom will remain in its
ground state is [I + (mvGo/2hF]-4. (See Reference [29], pp. 310-14.)

CHAPTER XI

Problem 3. According to the variational estimate of equation (10), the
binding energy of H- is

E __ ll! e2
•

°- 256 Go
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This must be compared with the energy of the dissociated system, a
neutral hydrogen atom plus a free electron at infinity. The ground state
energy of the dissociated system is just the binding energy of the hydrogen
atom, -e2j2ao. Accordingly, the H- system is unstable to dissociation
in this approximation by ri-B- e2jao, or by about 0.7 eV. Of course, the
fact that the H- system is actually stable does not violate the minimum
principle for ground state energies (why?).

Problem 7. After a straightforward evaluation of the integral, the Born
approximation scattering amplitude for a square well can be expressed
in the form

2mVoR3 jl(2kR sin ~)
f(O) = h 2 0'

2kR sin "2

where jl denotes the spherical Bessel function of order unity [see equa
tion (lX-61)] and is thus given by

j (z) = sin z _ cos Z.
1 Z2 Z

The differential cross section is then du-jdO = If(0) 12 and the total cross
section is

That the low and high energy behavior is in agreement with expectations
can now be shown with relative ease. (See Reference [23], pp. 168-9,
for a detailed discussion.)

Problem 9.
(a) u = 2 X 10-25 cm2

(b) Both u and dujdO are unaltered.
(c) u is unchanged but dujdO is altered.
(d) Total number scattered per second = 4 X 106 ; the number

scattered into the counter at 90° is about six per second.

Problem 10. Taking the z-axis along the magnetic field direction, the
energy En1ml of a state of principal quantum number n, total angular
momentum I and z-componeni ml is

e2 eh9&
E -------m

nlml- 2n2ao 2mc I
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Thus s-states are unaffected and states of / ~ 0 are split into 2/ + 1
components of equal spacing, this spacing being about 5 x 10-5 eV in
magnitude.

We now consider the neglected (quadratic) term in %, which we
denote by A. According to equation (67),

Because r is of the order of n2ao, where n is the principal quantum num
ber, we thus have

2 2Q/2
( A) = e ao-:/U 4

8mc2 n.

Comparing this to the first-order splitting, we then have

(A) _ eao2% 4 _ 10-6 4

(eh%/2mc) - 4lic n - n ,

whence this term is seen to be negligible for almost all principal quantum
numbers of interest.

Problem 13.
4

(a) (x) = (l/Jlxll/J) = L (l/J;lxll/J;) ,
;=1

(b) d~~) =k(l/JIH,xll/J)

d~) = k(l/JIH, pll/J)

For a free particle, (H, p) = 0 and (H, x) = ~ ca x ' whence, as expected,
I

d(p) = 0
dt '

but, surprisingly,

d(x)
--;jf=c (ax).

Noting that this last result also holds when the electron is not free but
moves in a static potential, we see that ca plays the role of a velocity
operator in Dirac theory. Because the eigenvalues of each component of
a are ± I, the eigenvalues of the velocity operator are ± c, which is to
say that a measurement of velocity can yield only the magnitude c. This
seemingly paradoxical result can be understood intuitively in the follow
ing way. A measurement of instantaneous velocity implies an absolutely
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precise measurement of position at two infinitesimally separated time
intervals. However, any precise determination of position makes the
momentum completely uncertain, of course, so that the mean momentum
between measurements becomes indefinitely large. Hence the velocity
measurement must always yield the value c. For further discussion see
Reference [30].

Problem 18.

(a) 0 ~ 0' ~ I,

(d) 0' = 2/3

I.BI ~ \/0'(1-0')

.B=O
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Absorption of light, 213-214
Accidental degeneracy (see Degeneracy)
Addition of angular momentum, 327-335
Adiabatic perturbation, 224
Adjoint of an operator, 88-90
Adjoint of a matrix, 203-204
Admissable state functions, 19
Amplitude (see Probability amplitude,

Scattering amplitude)
Angular momentum, 271-274, 298-333

addition of, 327-335
commutation relations for, 298-300, 308
conservation of, 315
eigenvalues of, 271-274, 302, 309
intrinsic or spin, 316-327
operator, 271-272, 298-300
orbital, 271-274, 298-302
parity of eigenstates of, 276
rotations and, 313, 315
tot~,301, 309,327-335
uncertainty relations for, 309-3 10

Anharmonic oscillator, 197-201
Annihilation and production of pairs, 386
Annihilation and creation operators,

131-133
Anticommutation relations, 321, 325, 379
Anticommutator, 321
Antisymmetric states and exclusion

principle, 245-249
Arfken, G., 400
Associated Laguerre polynomials, 288-289
Associated Legendre functions, 274-275
Atoms, helium-like, 344-349

hydrogenic,286-292
mu-mesonic, 293

Barrier penetration (see Tunnel effect)
Basis, 202

Becker, R. A., 401
Berg, P. W., 401
Bessel functions, 283n

spherical, 282-284
Bjorken, J. D., 402
Black body radiation, 13-15
Bloch, I., 238n
Bohr magneton, 376
Bohr radius, 289-290
Bohm, D., 401
Born, M., 400
Born approximation, 360-373

validity of, 371-373
Bose-Einstein statistics, 247
Bosons,247
Bound states, 77, .118

numerical methods, 158, 163-167
in Rayleigh- Ritz approximation,

184-189
in WKB approximation, 182-184

Canonical transformation, 232
Cantor, D., 163n
Caswell, R. S., 163n, 167n
Center-of-mass coordinates, 229-233
Central potentials, 268-279

scattering from, 355-358
Centrifugal potential (see Effective radial

potential)
Classical limit, 17, 174
Classical turning point, 117-118
Classical vs quantum theory, 1-4,8-13,

25-27,65-66,359-360
(See also Correspondence principle,

WKB approximation)
Clebsch-Gordon coefficients, 329
Closure, 100-102
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Commutation relations, angular
momentum, 299-300, 308

linear momentum and coordinate, 45-47,
228, 263

Commutator, 46
Complementarity, 16
Complete set of commuting operators,

104-i05,111
Complete set of eigenfunctions, 98,

100-102,111
Complex conjugation, operation of,

114-115
Compton effect, 15
Compton wavelength, 15
Configuration space, 38,228-229
Conservation, of angular momentum, 315

of energy, 96
of linear momentum, 63, 232, 316
of probability, 68-70, 153-154

restriction imposed by, 84-85
Constants of motion, 63, 96, 232, 3 15-3 16
Continuous spectrum, 117
Continuum states, free particle, 29, 60-64,

264, 282-284
one-dimensional, 117-118, 147-155
and scattering, 351

Coordinate systems, center of mass,
229-233

spherical, 268-270
Correlations in quantum mechanics,

239-240, 248
Correspondence principle, 16-17

restriction imposed by, 59-60, 91-94
Coulomb scattering, 358-360
Coupled harmonic oscillators, 236-238,

244-245, 253-255, 259-260
Creation and annihilation operators,

131-133
Creation operator representation, 138-143
Cross section, differential, 354

Rutherford, 359
theorem, 357
total, 356

Crossing of energy levels, 206-207

Davisson and Germer experiment, 5-7
Davydov, A. S., 401
de Broglie wave, 11, 264
de Broglie wavelength, 5
Degeneracy, 99-100, 117-118

accidental, 277, 279,281,291
exchange, 242
for hydrogenic atom, 291
for isotropic harmonic oscillator, 268,

280-281
for particle in a box, 266-267

Degeneracy (continued)
for central potential, 275-276

Degenerate perturbation theory (see
Stationary state perturbation theory,
Time dependent perturbation theory)

Delta function potential, 169, 410-411
Dennary, P., 400
Density matrix, 387-391

equation of motion for, 389
for pure states, 390

Density of states, 211, 215-216, 267
Deuteron, 280, 297
Diatomic molecule, 235, 238, 391
Dicke, R. H., 401
Differential cross section, 354
Dipole moment, electric, 194n, 226, 235

magnetic, 376--377
Dirac, P. A. M., 401
Dirac bracket notation, 72, 86-87, 91
Dirac delta function, 36-37, 54

in three dimensions, 362
Dirac equation, 377-386
Discrete spectrum, 76, 118
Double slit interference, 22-23
Drell, S. D., 402
Dynamical variables as operators, 3,

41-42, 63, 85-86, III

Effective radial potential, 276-279
Ehrenfest's theorem, 97
Eigenfunctions and eigenvalues, 10 I-I 04
Eisberg, R. M., 400
Electric dipole moment, 194n, 226, 235
Electromagnetic field, gauge transforma-

tion of, 374
motion of particle in, 373-377

Emission of light, induced, 213-214
spontaneous, 214

Energy eigenvalues, for coupled oscillators,
237,254

for delta function potential, 169,411
for exponential well, 169-170,412
for free particle, 73-75
for harmonic oscillator, 129,268
for helium atom, 345-349
for hydrogenic atom, 290-291
for particle in a box, 75-78, 266-267
in Rayleigh-Ritz approximation,

184-189
for square well, 121-126
in WKB approximation, 183

Energy operator, 63, 96
Equation of motion, for density matrix, 389

for expectation values, 92, 113
for state functions (see Schrodinger's

equation)
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Exchange of identical particles, 241-243
degeneracy under, 242
operators for, 242, 258
symmetry under, 243-249

Exchange integral, 257, 348
Exclusion principle, 247-248
Expectation values, 23-25, 112,264

equation of motion for, 92, 113
of position and momentum, 40, 42
in spin space, 322-323
of spinors, 383

Factorization, method of, for angular
momentum, 302-309

for harmonic oscillator, 131-138
Fermi-Dirac statistics, 247
Fermion, 247
Fine structure constant, 359
Fourier integrals, 34-38
Fourier series, 34-35
Frank, N. H., 401
Free particle states, in one dimension,

56-75
for definite angular momentum, 282-284
for definite linear momentum, 264
relation between, for definite angular and

linear momentum, 285

g-value, 376-377, 377n
Galilean transformation, 341-343
Gauge transformations, and the electro-

magnetic field, 374
and Schrodinger's equation, 375

Gaussian function, integrals of, 397-399
Gaussian potential, 369
Gaussian wave packet, 49

motion of, for free particle, 64-65
for harmonic oscillator, 146-147
for square well, 158-166

Goldberg, A., 158n, 168£1
Golden rule, 212, 214
Goldstein, H., 401
Green's function, 362-363
Ground state, 53
Group velocity, 58
Gyromagnetic ratio (see g-value)

Hamiltonian operator, 94, 229, 262-263
in center-of-mass coordinates, 231-232
in external electromagnetic field,

373-374,386
for identical particle systems, 241, 245
relativistic, 377, 386

Harmonic oscillator, 127-147
eigenfunctions for, in configuration

space, 130

Harmonic oscillator (continued)
in creation operator space, 141
in momentum space, 131

propagator, 145
three-dimensional isotropic, 268,

280-281
wave packet motion in, 144-147
(See also Anharmonic oscillator,

Coupled oscillators)
Hamwell, G. P., 349£1
Heisenberg representation, 93n
Heisenberg uncertainty principle (see

Uncertainty principle)
Helium-like atom, 344-349
Hermite polynomials, 130, 134

generating function, 143
integral representation for, 143

Hermitian matrix, 204
Hermitian operators, 85-86

as observables, 85-86
orthogonal eigenfunctions of, 101-103

Holton, G., 400
Hsieh, Y., 238n
Hydrogen molecule, 391
Hydrogenic atom, 286-292

degeneracy, 291
eigenfunctions, 290
energy levels, 290-291

Identical particles, 241-258
and exchange degeneracy, 241-243
scattering of, 359-360
spin and statistics of, 247
and symmetry of state function, 243-249

Indistinguishability of identical particles,
241

Induced electric dipole moment, 235
Infinitesimal rotations, 313-314
Infinitesimal translations, 316
Integral equation for scattering states, 363
Interference and the superposition prin-

ciple,21
Intrinsic angular momentum (see Spin)
Invariance, under rotations, 315

under translations, 316
(See also Galilean invariance, Gauge

invariance)
Inverse of operator, 225£1, 339

Jackson, J. D., 400

Kennard, E. H., 400
Klein-Gordon equation, 377-378
Kraut, E. A., 400
Kronecker delta symbol, 78, 99
Krzywicki, A., 400
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Ladder method (see Factorization)
Laguerre polynomials, 289
Lamb shift, 386n
Landau, L. D., 401
Lauritsen, T., 400
Legendre polynomial expansion, of plane

wave, 285
for scattering, 355-356

Legendre polynomials, 274-275
Leighton, R. B., 400
Lifetime of metastable state, 20 I
Lifshitz, E. M., 401
Linear operators, 43
Lowering and raising operators, for

angular momentum, 302, 311-312
for harmonic oscillator, 131-133

McGregor, J. L., 401
Magnetic moment, 376-377, 377n
Magnetic quantum number, 376
Margenau, H., 400
Marion, J. B., 40 I
Mass, reduced, 230
Matrix algebra, 202-204
Matrix elements, 191, 202

of spin operators, 322-323
of spinor operators, 383

Matrix representation, of operators,
201-202

of spin, 324
Measurement of observables, 104
Melkanoff, M. A., 163n, 167n
Messiah, A., 40 I
Metastable states, 199-201
Minimum uncertainty wave packet,

109-110
Momentum states, 29, 264

as superposition of angular momentum
states, 285

and wave packets, 31-33
Momentum operator, 39-42, 228,262-263
Momentum space, 33, 38, 228-229, 265

harmonic oscillator in, 13 I
propagator for uniform acceleration,

170,412
representation, 38, 229
Schrodinger's equation in, 67,95, 170

Murphy, G. M., 400

Negative energy Dirac states, 381,
384-386

Nodvik, J. S., 163n
Normalization condition, 20

and physical admissability, 20

Observables, 3
complete set of, 104-105, III
as Hermitian operators, 85-87

Observations, 3
as Hermitian operators, 47, 104
mutual interference of, 4
(See also Uncertainty principle)

Operators, algebra of, 43-45
as dynamical variables, 39-42, 85-87,

III
(See also Matrix representation of

operators)
Optical theorem, 357
Orbital angular momentum (see Angular

momentum)
Orthogonality of eigenfunctions, 10 I-I 02
Orthonormal set, 78, 99
Oscillator (see Anharmonic oscillator,

Harmonic oscillator, Coupled
oscillators)

Pair production and annihilation, 386
Parity, 119-121

of angular momentum states, 276
and selection rules, 194

Park, D., 40 I
Partial waves, 285, 355-356
Particle in a box, 75-81, 266-267, 284
Pauli exclusion principle, 247-248
Pauli operators, 324-325
Pauli two component theory, 325-326
Pauling, L., 40 I
Periodic boundary conditions, 112,

215-216,267
Periodic table, 349-351
Perturbation theory (see Stationary state

perturbation theory, Time dependent
perturbation theory)

Phase shift, scattering, 355
in transmission through a barrier, time

increment associated with, 157
WKB approximation to, 181

Planck's constant, 4, 5
Polarizability, 235

of hydrogen atom, 295
of isotropic oscillator, 292, 415

Polarization vector, and density matrix, 394
equation of motion for, 395

Position operator, 39-42, 228
Potential barrier (see Square well potential,

Tunneling effect)
Power series, method of, for hydrogenic

atom, 286-288
for harmonic oscillator, 126-130
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Principal quantum number, 290
Probability amplitude, 20, 103,228, 264

in momentum space, 33, 229, 265
for stationary states, 79-80, 98

Probability conservation, 68-70,153-154
restriction imposed by, 84-85

Probability density, 20, 228, 264
in momentum space, 33, 229

Probability flux, 154, 264
Probability interpretation, 19,21, 78-80,

112,228-229
·Projection operator, for parity, 120

for exchange, 258
Propagator, 60-62, 110-111, 114

free particle, 6\, 292
harmonic oscillator, 144- 145,292
particle in a box, 80
for uniform acceleration, 170, 412

Quantum of action, 5
Quasi-bound or quasi-stationary states,

199-201

Radial eigenfunction, 275-279
Radial Schrodinger's equation, 275-279
Radiation, absorption and emission of,

213-214
black body, 13-15

Raising and lowering operators, for angular
momentum, 302, 311-312

for harmonic oscillator, 131-133
Ramsauer effect, 12
Rayleigh- Ritz approximation, 184-189

and harmonic oscillator, 188-189
and helium-like atom, 346-347
and perturbation theory, 192
upper bounds in, 186-187
trial functions for, 187-188

Raynal, J., 163n
Redheffer, R. M., 400
Reflection coefficient, 8-9, 149, 153
Relative motion, 233
Richtmyer, F. K., 400
Roller, D. H. D., 400
Rotation operator, 3 I 3-315
Rutherford cross section, 359

Saxon, D. S., 163n
Sawada, T., 163n
Scattering, 351-373

in Born approximation, 360-373
of identical particles, 359-360
phase shift analysis of, 355-358
of wave packets, 152-158, 352

numerical solution, 158-166

Scattering amplitude, 353, 364
in Born approximation, 364
Coulomb, 358
partial wave expansion of, 356

Scattering cross section (see Cross section)
Scattering phase shift (see Phase shift)
Schey, H. M., 158n, 168n
Schiff, L. I., 401
Schmidt orthogonalizaiion method, 100,

112
Schrodinger's equation, for free particle,

66-67
in momentum space, 67, 95
for motion in electromagnetic field, 374
for a system of particles, 229
in three dimensions, 263

Schwartz, J. L., 158n, 168n
Schwartz inequality, 107
Screened Coulomb potential, 392
Selection rules, 194
Self-adjoint operator (see Hermitian

operator)
Separation of variables, 73, 232
Simultaneous observables, 104-106
Single valuedness of state functions, 275,

307
Singlet state, 333, 348-349
Slater, J. c., 349n, 401
Slater determinant, 247-248
Sokolnikoff, J. S., 400
Sommerfeld, A., 400
Spectrum, energy, 77, 98, 116-118

for free Dirac particle, 384
Spherical Bessel fu'nctions, 282-284
Spherical coordinates, 268-270
Spherical harmonics, 274-275
Spin, 316-327

and Dirac theory, 382-383
and statistics, 247

Spin-orbit interaction, 334-335, 349
Spinors, 379-380

expectation values for, 383
Spins, addition of, 330-333
Spontaneous emission, 214
Square well, bound states of, 121-126

continuum states of, 147-152
in three dimensions, 280

State functions, 3, 18-19, 111
complex nature of, 30, 70-72
for definite energy, 74, 76-77
for definite momentum, 29-30
as eigenfunctions, \0 1-1 02
as superposition of stationary states, 78,

98
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Stationary state perturbation theory,
189-201,204-208

for degenerate or close lying states,
204-208

for non-degenerate states, to first order,
192

to second order, 192-193
physical interpretation of, 193-194
and selection rules, 194
for system of particles, 240-241,

255-258
upper bound to second order correction

in, 195
Stationary states, 73-75, 97-98

as complete orthonormal set, 98-101
Statistical ensemble, density matrix for,

387-391
Stehle, P., 401
Stephens, W. E., 349n
Stimulated emission, 213-214
Sum rule, 225-226
Superposition principle, 21
Superposition of states, and interference,

7,21
to form wave packets, 31-33, II 0-111

Symmetrization of identical particle states,
249-255, 261

Symmetry, classification of states by,
119-121,243,247

Symmetry properties of identical particle
states, 243-258

ter Haar, D., 402
Time dependent perturbation theory,

208-219
for degenerate or close lying states,

210-214
golden rule for, 212, 214
for impulsive perturbation, 224, 225
for non-degenerate states, 210
for scattering, 365-367
validity of, 210, 212-213

Time dependent Schrodinger's equation
(see Schrodinger's equation)

Time development, of density matrix, 389
of expectation values, 92, 112
of state functions (see Schrodinger's

equation)
Time independent Schrodinger's equation,

74,98

Total angular momentum (see Angular
momentum)

Trace of a matrix, 388
Transformations, Galilean, 341-343

of gauge, 374-375
as operators, 313-316, 339-341

Transition rate, 212
Translation operator, 315-316
Transmission coefficient, 8-9, 149, 153
Transposed matrix, 204
Trial wave function, 187-188
Triangle rule, 328n
Trigg, G. L., 401
Triplet states, 333, 348-349
Tunnel effect, 10, 151-152
Turning points, 117-118

Uncertainties, 4, 106
Uncertainty principle, 47-53, 106-110

for angular momentum, 309-310
for coordinates and momenta, 51, 108
for energy and time, 5 I, 20 I, 213

Variational method (see Rayleigh-Ritz
approximation)

Virial theorem, 115,297

Wave functions (see State functions)
Wave packets, 32, 48-50

and classical limit, 25-27, 65-66
and group velocity, 56-59
minimum uncertainty, 109-1 10
motion of, I 10-111

for free particle 60-65
for harmonic oscillator, 144-147

scattering of, 152-166, 352
spreading of, 27,59-60,64-65,

157-158,162
as superposition, 31-33

Wilson, E. B., 401
Witke, J. P" 401
WKB approximation, 174-184

for bound states, 182-184
for continuum states, 180-181
validity of, 177-180

¥ukawa potential, 367

Zeeman effect, 317, 376-377
Zero point energy, DO, 183
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Topics in Several Particle Dynamics

By K. M. Watson, University of California at
Berkeley and J. Nuttall, Texas A and M Uni
versity. With a chapter by J. S. R. Chisholm,
Texas A and M University and University of
Kent, Canterbury.

This monograph provides an introduction to
current research ,in several particle dynamics.
Based on non-relativistic quantum mechanics.
some of the techniques covered are also usefui
when considering the relativistic problem. It
begins with a survey of relative topics from the
theory of integral equations. These are applied
first to the two-body problem. Next the three·
body problem is discussed, with some com·
ments on the many-body problem. A review of
the use of variational methods in several body
interaction is also included. The description of
integral equations, as used in scattering theory,
can provide an easily read introduction to more
advanced treatises on this subject. Intended for
research seminars for professionals and for
students who have had a course in quantum
mechanics, it is also well suited for self·study,

Vector Analysis
and Cartesian Tensors
with Selected Applications

By Krishnamurty Karamcheti, Stanford Uni
versity.

This text clearly and systematically explains
all the important elements of vector analysis
and cartesian tensors, together with their phys
ical applications, for students of engineering
and the physical sciences who have only a
knowledge of elementary calculus, The author
first gives a thorough explanation of vector al
gebra and calculus. Cartesian tensors and
tensor notation are then explained so as to in
troduce the reader to a convenient way of
mathematically handling physical problems
that involve scalars, vectors, and quantities of
a more general character. The application of
the various concepts to the mathematical for
mulation of physical problems and to the der
ivation of some general results relating to such
problems are amply illustrated.

Problems and Solutions in
Mathematical Physics

By Y. Choquet.Bruhat, Faculte des Sciences de
Paris. TraliJ. i'y C. Peltzer. Ed. by J. J. Brand
statter.

Divided into two parts, this text contains
problems and worked out solutions for linear
algebra and analysis in the first; for function
spaces and differential and integral operators
in the second. The problems in both parts are
drawn from classical and modern physics, and
each is introduced in a manner which orients
the reader to a rapid understanding of it. The
method of solution immediately follows the
problem and utilizes the modern methods of
linear space theory. Linear algebra, matrices,
tensors, exterior differential forms, differential
geometry, Hilbert space, integral equations,
and ordinary and partial differential equations
are all covered in a novel. pedagogical method
which reflects Professor Choquet-Bruhat's
unique teaching approach. The book will be
especially valuable to physicists, engineers,
and mathematicians who are seeking modern
methods of approach to the solutions of non·
trivial problems of physics. It is an ideal text
for teachers in need of examples to supplement
their courses and especially well suited for
self study as well.

The translation of Linear Algebra and Analy.
sis by A. Lichnerowicz (Holden-Day) is recom'
mended for simultaneous reading,

Classical and Quantum Theories of
Spinning Particles

By H. C. Corben, TRW Systems.

This monograph provides an integrated dis·
cussion of the basic equations of motion of a
spinning particle according to non·relativistic
and relativistic classical and quantum me
chanics, emphasizing the correspondence be'.
tween these various levels of approximation.
This approach is intended to convey a deeper
concept of the unity of all physics and to
stimulate teacher and student with unusual
approaches and methods which shed new light
on traditional thinking. Presupposing only the
mathematical tools of algebra and vector and
tensor analysis, the book is well suited for self
study as well as supplementary use in senior·
graduate courses in physics, engineering, and
chemistry.
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