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ABSTRACT 
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Title:  Geoacoustic Inversion of Subbottom Channels Using  
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This thesis investigates inversion techniques used to determine the geoacoustic properties 

of a shallow-water waveguide. The data used were obtained in the Shallow Water ’06 

Modal Mapping Experiment in which four buoys drifted over a system of subbottom 

channels. The method used was perturbative inversion using modal eigenvalues as input 

parameters, which were found using an autoregressive spectral estimator. This work 

investigates the differences between a “channel” region and a “no channel” region based 

on an inferred stratigraphic model. Inversions were performed on data from a single buoy 

both at individual frequencies and multiple frequencies simultaneously. Since the use of 

multiple frequencies and a certain set of constraints proved to be an effective method of 

inversion, the method was applied to data from the other three buoys as well. It is shown 

that the “channel” and “no channel” regions have significantly different sound speed 

profiles. 



 
 

v 
 

 
CONTENTS 

List of Tables ..................................................................................................................... vi 

List of Figures ................................................................................................................... vii 

1.0 Introduction ....................................................................................................................1 

1.1 Objectives ...................................................................................................................1 

1.2 Modal Mapping Experiment ......................................................................................2 

1.3 Background ................................................................................................................6 

1.3.1 Normal Mode Theory ..........................................................................................6 

1.3.2 Perturbative Inversion .........................................................................................9 

1.3.3 Wavenumber Estimation ...................................................................................10 

1.4 Outline of Work .......................................................................................................14 

2.0 Early Models Based on the Kraken Normal Mode Program .......................................16 

3.0 Inversion Program ........................................................................................................24 

3.1 Inversion Using Multiple Frequency Inputs .............................................................30 

4.0 Modal Spectroscopy.....................................................................................................33 

4.1 Mode Identification ..................................................................................................33 

5.0 Using Limits.................................................................................................................37 

6.0 Application to Other Buoys .........................................................................................42 

6.1 Spectroscopy ............................................................................................................44 

6.2 Mode Identification ..................................................................................................48 

6.3 Inversions .................................................................................................................49 

7.0 Conclusions and Suggestions for Future Work ...........................................................53 

7.1 Stratigraphy ..............................................................................................................53 

7.2 Patterns in Modal Spectroscopy ...............................................................................54 

7.3 Qualitative Regularization ........................................................................................54 

References ..........................................................................................................................57 



 
 

vi 
 

TABLES 

Table 2.1: Eigenvalues obtained from the pressure field of the SW06 data ......................20 

Table 3.1: Eigenvalues organized by frequency ................................................................28 

Table 4.1: Eigenvalues organized by modal identification ................................................36 

Table 5.1: Differences between calculated eigenvalues and measured eigenvalues .........38 

Table 6.1: Mode identification for Moe, Larry, and Shemp eigenvalues ..........................48 

 

 



 
 

vii 
 

FIGURES 

Figure 1.1: Diagram of the MOMAX buoy used in SW06..................................................3 

Figure 1.2: SW06 experiment set up....................................................................................4 

Figure 1.3: Stratigraphic model based on CHIRP data  .......................................................4 

Figure 1.4: Paths of buoys, source, and environmental mooring locations .........................5 

Figure 1.5: Homogeneous fluid layer bounded by horizontally stratified media ................8 

Figure 1.6: Full aperture spectrum wavenumber estimator  ..............................................11 

Figure 1.7: Autoregressive spectral estimator  ..................................................................11 

Figure 2.1: Curley Chunk 71, “Channel” ..........................................................................16 

Figure 2.2: Curley Chunk 72, “No Channel”  ....................................................................17 

Figure 2.3: CHIRP and modal inversion results ................................................................18 

Figure 2.4: Approximate depth of layers ...........................................................................18 

Figure 2.5: Early models of “Channel” and “No Channel” ...............................................19 

Figure 2.6: Eigenvalues from data (yellow) compared to theoretical (red) .......................21 

Figure 2.7: Data output of a single chunk ..........................................................................22 

Figure 2.8: Paths of buoys with a map of the channels .....................................................23 

Figure 3.1: Background profile used in inversions ............................................................26 

Figure 3.2: Channel structure vs. two-way travel time  .....................................................27 

Figure 3.3: Channel structure vs. two-way travel time  .....................................................27 

Figure 3.4: Channel structures vs. depth ............................................................................28 

Figure 3.5: “Channel” Inversions by frequency ................................................................29 

Figure 3.6: “No Channel” Inversions by frequency...........................................................29 

Figure 3.7: Multiple frequency inversions .........................................................................31 

Figure 3.8: Mean Squared Error vs. iteration number for the “No Channel” inversion ....32 

Figure 3.9: Mean Squared Error vs. iteration number for the “Channel” inversion ..........32 

Figure 4.1: Modal Spectroscopy at each frequency ...........................................................35 



 
 

viii 
 

Figure 5.1: Inversion using multiple frequencies and limits..............................................38 

Figure 5.2: Comparison of “No Channel” pressure fields at 75 Hz ...................................39 

Figure 5.3: Comparison of “Channel” pressure fields at 75 Hz ........................................39 

Figure 5.4: Comparison of “No Channel” pressure fields at 175 Hz .................................40 

Figure 5.5: Comparison of “Channel” pressure fields at 175 Hz ......................................40 

Figure 6.1: Map of Moe over “No Channel” and “Channel” ............................................42 

Figure 6.2: Map of Larry over “No Channel” and “Channel” ...........................................43 

Figure 6.3: Map of Shemp over “No Channel” and “Channel” .........................................43 

Figure 6.4: Modal Spectroscopy of Moe’s Eigenvalues ....................................................45 

Figure 6.5: Modal Spectroscopy of Larry’s Eigenvalues  .................................................46 

Figure 6.6: Modal Spectroscopy of Shemp’s Eigenvalues  ...............................................47 

Figure 6.7: “No Channel” inversion for Moe ....................................................................50 

Figure 6.8: “No Channel” inversion for Larry ...................................................................50 

Figure 6.9: “Channel” inversion for Moe ..........................................................................51 

Figure 6.10: “Channel” inversion for Shemp ....................................................................51 

Figure 6.11: Paths of buoys ...............................................................................................52 

 

 



1 
 

 

 

1.0  Introduction 

1.1  Objectives 

Sound waves in deep water environments propagate through a medium that is large, 

stable, and slowly varying, and bottom interaction is typically of secondary importance. 

However, in shallow water, the seafloor significantly interacts with and reflects the sound 

waves, which react differently to seafloors with different compositions. Research is being 

done to increase understanding of this shallow water acoustic propagation. The goals of 

this research at Florida Atlantic University are  

(1) to develop high-resolution methods for characterizing the spatial and 
temporal behavior of the normal mode field in shallow water; (2) to use 
this characterization as input data to inversion techniques for inferring the 
acoustic properties of the shallow-water waveguide; and (3) to use this 
characterization to improve our ability to localize and track sources. [1] 

This thesis will focus on inversion techniques and inferring the properties of the seabed.  

The objective of this research is to determine subbottom sound speed profiles for the 

significantly different environments observed in the SW06 experiment, termed “Channel” 

and “No Channel”. There are Compressed High Intensity Radar Pulse (CHIRP) and 

modal inversion results that accurately depict a “No Channel” region outside of the 

SW06 area of measurement that were used as a base model for these profiles [14]. Later 

models were based on CHIRP data within the region of the experiment. 

 



2 
 

1.2  Modal Mapping Experiment 

The data this work is based on are from the Shallow Water ’06 (SW06) Modal Mapping 

Experiment (MOMAX). This experiment was conducted in the summer of 2006 at a 

location about 100 miles east of Atlantic City, New Jersey. This site has previously 

served as a natural laboratory for seabed studies in marine geology and has been shown 

to be characterized by a high degree of spatial variability of the sediment sound speed 

structure [2, 14, 33, 45]. The equipment consisted of four drifting MOMAX buoys named 

Moe, Larry, Shemp, and Curley, each with two hydrophones at depths of 40 m and 43 m 

and equipped with GPS; and a drifting source at a depth of 60 m that emitted tones of 

distinct frequencies: 50 Hz, 75 Hz, 125 Hz, and 175 Hz. Data were also received on a 

moored 8-channel Webb vertical line array and temperature measurements were obtained 

from the source string, the buoys, and the Webb vertical line array. A diagram of a 

MOMAX buoy is shown in figure 1.1 and a diagram of the experiment set up is shown in 

figure 1.2. 

High resolution environmental data are required for accurate predictions of acoustic 

propagation and scattering in shallow water [21]. The area surrounding that of the SW06 

experiment had been extensively surveyed in 2001-2002 using CHIRP sonar [2, 3] 

creating a grid of closely spaced tracks which provided knowledge of buried subbottom 

river channels. The buoys each spent time drifting over both channel and channel-free 

regions during the experiment. This CHIRP data provided the basis for a stratigraphic 

model for this area [4], shown in figure 1.3, as well as being used to create a complete 

three dimensional representation of the bottom inhomogeneities [33]. The paths the buoys 

took are shown in figure 1.4. 
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Figure 1.1: Diagram of the MOMAX buoy used in SW06

MOMAX 4  Drifter 
Suspension System

3ft

13ft

18ft

22ft

120ft

136ft

140ft

Entrained water drogue, M=4.6 slugs

Temp/pressure module, internally recording

4 conductor cable/strength member, 189’ ft, 450lb BS

Stretch section (50’ relaxed, 98’ deployed), K=.17 lb/ft
System natural period ~ 34 seconds

Hydrophones

8 lb wet weight mass

vdH, 2006
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Figure 1.2: SW06 experiment set up  

Figure 1.3: Stratigraphic model based on CHIRP data 
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Figure 1.4: Paths of buoys, source, and environmental mooring locations 
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1.3  Background 

1.3.1 Normal Mode Theory 

In water less than 200 m in depth and with frequencies less than 500 Hz, the acoustic 

field can be described by a sum of normal modes that correspond to standing waves in 

depth and propagating waves in range [5, 6]. In the case these conditions are met, the 

method of normal modes is used to determine modal characteristics, which depend on the 

properties of the water column and its boundaries. 

The method of normal modes is equivalent to the construction of the Green’s function 

using an eigenfunction expansion [6]. The response of a wave-mechanical system to an 

arbitrary driving force can be expressed using these normal modes.  

The inhomogeneous, time-independent wave equation in cylindrical coordinates, where 

r=(r,θ,z) and the wavenumber k(z)=ω/c(z), is (assume harmonic time dependence ) 

[6] 

 

where  is the pressure field,  is the density, and  is the source depth. 

The complete solution to this wave equation is 

 

where the  are the normal modes of the waveguide,  is the eigenfunction, 

and  is the zero-order Hankel function of the first kind:  
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In the far field ( , Eq. 1.2 has the form 

 

The vertical eigenfunctions  and the eigenvalues  satisfy the equation [6, 7] 

 

Normal mode theory assumes variability in only one dimension (depth) when the more 

realistic case is in fact variability in three dimensions. An intermediate case in which the 

acoustic properties vary in two dimensions, range and depth, is the adiabatic mode theory 

in which the variation in range is much slower than the variation in depth. The 

inhomogeneous, time-independent wave equation where r=(r,θ,z) and the wavenumber 

k(r,z)=ω/c(r,z) is [6] 

             

and the complete solution to the wave equation is 

 

The eigenfunctions  and the eigenvalues  satisfy the local equation [6] 
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As an example of the influence of the boundaries on the eigenvalues, consider the range-

independent case of a homogeneous fluid layer bounded by horizontally stratified media 

with reflection coefficients  above and  below, shown in figure 1.5. A method for 

determining the characteristic equation for eigenvalues is described in Tolstoy and Clay 

[17] and Clay and Medwin [18]. 

 
Figure 1.5: Homogeneous fluid layer bounded by horizontally stratified media with 

plane wave reflection coefficients  and . [6] 

The depth dependent  with no sources is a sum of up-going and down-going waves 

 

where A and B are constants determined by the boundary conditions.  

At the surface, 

 

and at the bottom, 
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By combining (1.9) and (1.10), the following eigenvalue equation is obtained: 

 

1.3.2 Perturbative Inversion 

An inverse method is one that determines the properties of the media based on 

measurements of the acoustic field. There are many iterative methods available to 

determine bottom geoacoustic parameters [8-11, 15]. Specific feature methods invert the 

dominant feature to result in geoacoustic parameters, but can become ineffective if other 

effects interfere with the dominant feature. Iteration of forward models uses theoretical 

acoustic fields for various values of the bottom parameters until a best fit is found, but 

this method is time consuming and is not a true inverse method because only solutions to 

the forward problem are found. Perturbative inversion makes small perturbations around 

an assumed background model until a best fit is found for the input parameters. Exact 

inverse methods are non-perturbative and therefore do not require a background model, 

but are difficult to implement on real data [8]. 

The method used here is perturbative inversion, which is based on making small 

perturbations to a background model, (z), using measured eigenvalues as the input data 

[10]. 

The wavenumber of the background is 

 

and the perturbed wavenumber is 
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where  is the perturbation of the background model. The difference between the 

measured and background wavenumbers, , where  is the measured 

eigenvalue and  is the background eigenvalue, for mode n is 

 

where  and  are the background mode function and density, respectively. 

This result shows that linear inverse theory can be applied to obtain . 

The resulting eigenvalues are then compared to the measured input values, and the 

background is iterated until the eigenvalues resulting from the inversion agree with the 

input values [2, 9, 10, 11]. Iteration ends when the mismatch between the measured data 

and the data produced has been reduced to an acceptable level [45]. 

 

1.3.3  Wavenumber Estimation 

The classical approach to spectral analysis to determine wavenumbers uses the Fast 

Fourier Transform with a Hann window applied to data from the full aperture [9]. Using 

this method, closely spaced wavenumbers cannot be resolved, and values will be 

inaccurate if the aperture contains a rapidly changing environment in range. An example 

of this full aperture spectrum is shown in figure 1.6. A high-resolution estimator is 

necessary to resolve closely spaced wavenumbers and to view the evolution of 

wavenumbers with range.  
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Figure 1.6: Full aperture spectrum wavenumber estimator 

 

 

 

 

 

 

Figure 1.7: Autoregressive spectral estimator 
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The method used in this work for the estimation of modal eigenvalues is a sliding 

window autoregressive spectral estimator [9, 11]. This method was used because it does 

not require the large apertures to resolve low order modes that the short-time Fourier 

transform requires, and allows for the tracking of modal evolution with range [9, 11, 24], 

as shown in figure 1.7. This means this approach is useful in an environment that is 

rapidly changing. Eigenvalues are determined at each range step and depend on the local 

acoustic properties of the water column and seafloor. A range-dependent environment is 

approximated by a series of range-independent environments with a certain amount of 

overlap between the apertures in range. A high rate of overlap, 99%, was used in this 

work to aid in picking the peak locations from the spectrum in the midst of spurious 

peaks and peak broadening [24]. 

In this method, an estimator is used to find peaks in the depth-dependent Green’s 

function that correspond to the horizontal wavenumbers of the propagating modes [9]. An 

autoregressive spectral method was chosen for its high-resolution frequency estimation 

property [12]. The theoretical resolution of AR based frequency estimation is [13] 

 

where  is the resolution, T is the sample interval in seconds,  is the AR order, and 

 is the signal-to-noise ratio in linear units. As the SNR decreases, the advantage of 

using the AR estimator will also decrease [9]. 

The measured data can be related to the input data through a transfer function. The linear 

difference equation is 
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where  is the input driving sequence with parameters , and  is the output sequence 

with parameters . Their z-transforms are 

 

 

and the transfer function is 

 

The power spectrum of the output is  

 

where is the power spectrum of the input.  

The Autoregressive spectral estimator is an all-pole model of the transfer function, so the 

first term on the right hand side of the difference equation becomes , therefore 
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Evaluated along the circle  with variance  and written in terms of , 

the power spectrum becomes 

 

The AR parameters are  and , and peaks occur when the denominator is zero. 

 

 

1.4 Outline of Work 

Chapter 2 describes the Kraken Normal Mode program and its use to develop the original 

models of the sediment sound speed profiles. Kraken was used to determine if the 

assumed models could provide eigenvalues in the appropriate range compared with the 

measured values.  

Chapter 3 describes the inversion program, which was the main source of data for this 

thesis. The inversion program uses the known eigenvalues from the buoy, Curley, as 

inputs and results in a sound speed profile using a perturbative method. This program was 

originally used with data from only one frequency at a time and was later used with data 

from multiple frequencies simultaneously.  

Chapter 4 explains the importance of mode identification and how modal spectroscopy 

was used to accurately identify the modes at each frequency. 

Chapter 5 examines the use of constraints during the inversion process so as to not allow 

sound speed values above or below certain points in order to keep the result within the 

limits of reality. 
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Chapter 6 describes the application of all of these techniques to the other three buoys 

involved in the experiment (Moe, Larry, and Shemp).  

Chapter 7 concludes this thesis with a summary of the present work and suggestions for 

future efforts. Future work includes gathering new stratigraphy information, looking for 

patterns in the modal spectroscopy, and using the method of Qualitative Regularization. 
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2.0  Early Models Based on the Kraken Normal Mode Program 

During the SW06 experiment, the buoys drifted over a system of sub-bottom channels 

assumed to have layers of sediment of slower sound speed than the basement sediment. 

To analyze the difference between these regions for when a buoy was over a channel and 

when it was not, the data were broken into segmental data (chunks) rather than looking at 

the full range of data all at once. The segments focused on for this research were from 

Curley, chunks 71 and 72, shown in figures 2.1 and 2.2. The paths start at the square and 

the circle for the source and receiver, respectively, and are opening in range. 

 

 

 

 

 

 

Figure 2.1: Curley Chunk 71, “Channel” 
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Figure 2.2: Curley Chunk 72, “No Channel” 

Early models for these regions were based on CHIRP and modal inversion data (figures 

2.3 and 2.4) from a region to the northeast of this experiment which was stratigraphically 

very similar to the “No Channel” section of data. The sound speed profiles of the models 

are shown in figure 2.5. The sound speed profile for the water column in these models 

was based on the average of the profiles taken over the course of the experiment. 

KRAKEN is a program which computes the normal mode field for range-independent 

and range-dependent environments [19]. When using these profiles in the forward 

problem with the KRAKEN normal mode program, the resulting eigenvalues were almost 

exactly those from the pressure field obtained from the SW06 experiment. 

Based on these pieces of background information along with the stratigraphic model, 

approximate depths of layers were assumed and sound speed profiles were developed to 

determine, using KRAKEN, if eigenvalues similar to the actual data could be simulated.
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Figure 2.3: CHIRP and modal inversion results, [14] 

 

  

Channel                     No Channel  Channel 

Figure 2.4: Approximate depth of layers 
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(a) 

(b) 

Figure 2.5: (a)Early model of “Channel” sound speed profile, 
(b) Early model of “No Channel” sound speed profile 
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The eigenvalues from the data that these models were aiming for are listed in Table 2.1. 

 Channel No Channel Channel 

Mode 1 0.209005 0.207854 0.208622 

Mode 2 _ 0.198263 _ 

Mode 3 0.186765 0.184836 0.186800 

Table 2.1: Eigenvalues obtained from the pressure field of the SW06 data 

The simulated eigenvalues obtained through KRAKEN using these models were very 

close to the actual data as seen in figure 2.6. 

This did show, however, that the second mode in the actual data seems to disappear while 

the buoy is over a channel. The observed disappearance of the mode may be due to the 

measurement being taken at a receiver depth near the node of the second mode [14]. 

An example of the data output of a single chunk of data is shown in figure 2.7. This 

includes the magnitude and phase of the pressure field, the map of the chunk, the full 

aperture spectrum of wavenumber, and the AR spectrum.  

A map of the entire SW06 experiment showing where the channels are compared to the 

paths of the buoys can be seen in figure 2.8. The box indicates where these Curley chunks 

were compared to the other buoys.
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Figure 2.6: Eigenvalues from data (yellow) compared to theoretical (red) 
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3.0 Inversion Program 

The process described in the previous section is the forward problem, which helped to 

determine that the proposed models do result in eigenvalues similar to those from the 

actual data. The next step is to use the eigenvalues from the actual data as the inputs into 

the inverse problem to determine the sound speed profiles for the environments using the 

proposed models as the basis for a “correct” inversion. This technique is appropriate for 

the highly variable shallow water environment because eigenvalues can be measured 

locally and their values are a direct measurement of the local environmental parameters 

[23, 24, 25]. 

A Matlab program [11] was used in which a single layer of a background profile is 

perturbed, so to perturb for the entire sediment as a whole the sediment must consist of a 

linear gradient overlaying a halfspace in the background. The sound speed profile of this 

background is shown in figure 3.1. Each iteration of this program results in a sound speed 

profile for which the eigenvalues are calculated and compared to measured eigenvalues 

that were given as inputs, and the differences between them are recorded. Another 

iteration will follow using the same steps in order to correct the eigenvalues that were not 

close enough to the measured, but this time the two sets of differences will also be 

compared. The iterations will continue until there is no noticeable variation in the 

differences from one iteration to the next. If the mean squared difference of the 
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perturbation values at each depth,  , found using eq. 1.15, is less than one, then the 

inversion is complete: 

 

Other inputs include the frequency at which the measured eigenvalues are obtained and 

the number of iterations to run. The method of inversion used for this data set was 

Singular Value Decomposition (SVD) because it can be effectively applied to both under 

determined and over determined problems [15]. A detailed description of SVD can be 

found in Rajan, et al.  [15]. 

The background model used for these inversions was a simple linear profile with the 

speed at the water/bottom interface set as 1800 m/s and the speed of the halfspace set at 

1850 m/s. The assumed profile that these perturbations were aiming for was based on 

CHIRP data from a grid of closely spaced tracks over this region [4]. These data were 

provided as a function of two-way travel time arranged in layers which included assumed 

sound speeds and sediment material, and can be seen in figures 3.2 and 3.3 [16]. The 

second plot was needed because the first cut off the full length of the first channel. These 

channel structures were converted to a function of depth rather than travel time by 

treating each of the layers as isovelocity to approximate a depth. This depth plot can be 

seen in figure 3.4.  

Inversions were carried out by using actual data from one frequency at a time and using 

eigenvalues from Receiver 1 at a depth of 40 m using an aperture of 700 m, shown in 

figures 3.5 and 3.6. All of the eigenvalues obtained can be seen in Table 3.1, but not all 
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of these were used. The eigenvalues too far above or below the expected values based on 

the Kraken results were excluded from the inversion data, and the eigenvalues that are 

shown in bold in Table 3.1 are the ones used. 

 

Figure 3.1: Background profile used in inversions 
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Figure 3.2: Channel structure vs. two-way travel time [16] 

 

 

Figure 3.3: Channel structure vs. two-way travel time [16] 
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Figure 3.4: Channel structures vs. depth, assuming sound velocities shown in Fig. 3.2 

 

Aperture: 700m Receiver 1 
     Channel 

        frequency eigs 
       50 0.236185 0.210347 0.188847 0.166628 0.139412 

   75 0.317965 0.305166 0.284577 0.262622 
    125 0.529439 0.508658 0.481717 0.445142 
    175 0.797825 0.765672 0.732487 0.720012 0.696199 0.672374 0.648370 0.611674 

         No Channel 
       frequency eigs 
       50 0.208273 0.191076 0.163548 

     75 0.316012 0.284841 
      125 0.547882 0.525412 0.503289 0.481682 0.449432 

   175 0.779082 0.738587 0.717747 0.674711 0.645997 0.613136 
   

Table 3.1: Eigenvalues organized by frequency 
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Figure 3.5: “Channel” Inversions by frequency; green is the background, 
red is the assumed, and blue is the inversion 

 
Figure 3.6: “No Channel” Inversions by frequency; green is the background, 

red is the assumed, and blue is the inversion 
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The inversions of the “channel” region vary greatly between each of the frequencies, 

whereas the inversions of the “no channel” region are very consistent. This shows that, 

while an accurate inversion of the stable “no channel” region should be rather straight 

forward, an inversion of the variable “no channel” region is more challenging and will 

need to be examined more closely. 

 

3.1 Inversion Using Multiple Frequency Inputs 

In order to improve the resulting sound speed profiles, data from multiple frequencies 

were used simultaneously in the inversion program, which resulted in profiles closer to 

the assumed result, shown in figure 3.7, in which the red profile is the assumed profile 

based on the stratigraphy and the blue is the inversion. Lower frequencies produce modes 

which penetrate significantly deeper into the sediment and higher frequencies make it 

possible to resolve smaller features because shorter wavelengths are more sensitive to 

detailed structure [45]. So, with more information used as inputs into the inversion 

program, the program was able to determine profiles with a higher chance of being 

accurate [11]. The mean squared difference between the measured and perturbed 

eigenvalues for these multiple frequency inversions for each iteration can be seen in 

figures 3.8 and 3.9. It can be seen that the “No Channel” inversion converged quickly, 

only requiring four iterations because the mean squared difference dropped off steeply 

after the first iteration and found the minimum. The “Channel” inversion required more 

iterations to find the minimum and did not converge as quickly. 
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(a)                                                                      (b) 

Figure 3.7: Multiple frequency inversions (blue) and the assumed profile (red); (a) 

“Channel”, (b) “No Channel” 
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Figure 3.8: Mean Squared Error of vs. iteration number for the 

 “No Channel” inversion. 

 

Figure 3.9: Mean Squared Error of  vs. iteration number for the “Channel” inversion. 
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4.0 Modal Spectroscopy 

At first, the eigenvalues were entered into the inversion program in the order they 

appeared from the AR data; however, mode identification is very important. Since it was 

noticed in the very early models that the second mode seemed to disappear, it was 

possible that more modes disappeared. New plots were made to visually determine which 

eigenvalues should be paired between the “Channel” and “No Channel” regions. These 

were then compared with the simulated eigenvalues from KRAKEN to determine if a 

mode was not being represented in the actual data. In this inversion program, a mode can 

be identified while not knowing the exact eigenvalue by inserting a zero into its place. 

This method also helped to determine spurious peaks on either end of the data due to 

analysis error. The modal spectroscopy can be seen in figure 4.1.  

 

4.1  Mode Identification 

The number of modes propagating in a given waveguide,  can be estimated as [6, 

45] 
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where D is the depth of the waveguide,  is the frequency,  is the speed of sound in the 

water, and   is the approximate speed of sound in the bottom. These values agree with 

the number of modes produced for each frequency using the Kraken models.  

Using the modal spectroscopy, the eigenvalues from both receivers were identified as the 

mode number of the identified Kraken mode each was closest to. Any eigenvalues 

outside the range of the Kraken eigenvalues were considered spurious peaks in the AR 

and were not included in the inversion input data. Where there was a Kraken value but no 

matching measured value, it was assumed that this peak was not strong enough to see and 

was considered missing. A zero was used as a placeholder for these values in the 

inversion input data so the modes could be identified correctly.  

Table 4.1 shows these eigenvalues organized by modal identification and by frequency. 

In this table, wherever there is a Kraken value and no receiver values, the zero 

placeholder was used. Wherever there is a receiver value and no Kraken value, this was 

considered spurious and was not used.
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Figure 4.1: Modal Spectroscopy at each frequency; red for theoretical,  

yellow for Receiver 1, blue for Receiver 2 
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Table 4.1: Eigenvalues organized by modal identification 
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5.0 Using Limits 

The inversions resulted in profiles for the “channel” segment that were somewhat 

unrealistic; they showed speeds in the bottom that were significantly slower than the 

sound speed in the water. To see if the inversions could be pushed in the right direction, 

limits were implemented in the program such that the first time the profile had a value of 

less than 1000 m/s that point would be given the value of 1700 m/s and the program 

would continue inverting using that new point. Many combinations of limits were used to 

determine the best fit for what was assumed to be the actual profile based on the CHIRP 

data for the region, but the best fit was determined to be when the constraints were set to 

1000 m/s and 1780 m/s. The inversion constrained to a set of limits can be seen in figure 

5.1.  

Although using limits resulted in more accurate profiles visually, it seemed that these 

inversions included too much manipulation to be truly accurate. To determine the validity 

of using limits, the mean squared error of the difference between the eigenvalues from 

the inverted profile using limits and the actual values was compared with the mean 

squared error from the profiles with no limits. The errors using the limits were on par 

with the errors without the limits, which can be seen in Table 5.1. The magnitude of the 

pressure fields of the inverted profiles were compared with the magnitude of the pressure 

field of actual data as another way to determine how accurate these inversions using 

limits were. The comparisons of the pressure fields can be seen in figures 5.2-5.  
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Figure 5.1: Inversion using multiple frequencies and limits 

 

no limits 
 

limits 
0.0014 

 
0.0021 

-0.0056 
 

-0.0041 
-0.0042 

 
-0.0021 

0.0025 
 

0.0045 
0.000655 

 
-0.0016 

-0.0004 
 

0.00005 
0.0037 

 
0.0048 

-0.0023 
 

-0.001 
0.000872 

 
0.0012 

0.0033 
 

0.0041 

   mean square 
difference 

 
   0.000088 

 
0.0000907 

 

Table 5.1: Differences between calculated eigenvalues and measured eigenvalues with 
and without limits 
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Figure 5.2: Comparison of pressure field magnitude from the inversion (red) and the data 
(blue) of Curley’s 75 Hz No Channel 

 

Figure 5.3: Comparison of pressure field magnitude from the inversion (red) and the data 
(blue) of Curley’s 75 Hz Channel 
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Figure 5.4: Comparison of pressure field magnitude from the inversion (red) and the data 
(blue) of Curley’s 175 Hz No Channel 

 

 

Figure 5.5: Comparison of pressure field magnitude from the inversion (red) and the data 
(blue) of Curley’s 175 Hz Channel 
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The “no channel” inversions were obtained without the use of limits and the “channel” 

regions did use limits, but the peaks and valleys of both inversions show about the same 

amount of agreement with the actual data. The comparisons of pressure field magnitudes 

are shown at both 75 Hz and 175 Hz to show that this agreement was at both the low end 

and the high end of the frequency range. This, and the agreement in the mean squared 

error of the difference in the eigenvalues, shows that the use of limits is a valid method of 

inversion.
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6.0 Application to the Other Buoys 

Data from the SW06 experiment were collected on four separate buoys; up to this point, 

only data from the buoy Curley has been analyzed. To determine if this method is reliable 

it will have to be tested on data from the other buoys, Moe, Larry, and Shemp, as well.  

The firsts step in analyzing these new buoys is to find regions of “Channel” and “No 

Channel” for each. Maps of the regions traversed by Moe, Larry, and Shemp can be seen 

in figures 6.1, 6.2, and 6.3 respectively.  

 

 

a)                                                                          b) 

Figure 6.1: Map of Moe over a) “No Channel” and b) “Channel” 
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a)                                                                      b) 

Figure 6.2: Map of Larry over a) “No Channel” and b) “Channel” 

 

a)                                                                    b) 

Figure 6.3: Map of Shemp over a) “No Channel” and b) “Channel” 
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6.1 Spectroscopy 

Eigenvalues from Moe, Larry and Shemp were successfully obtained for “No Channel” 

regions from Moe and Larry, and for “Channel” regions from Moe and Shemp. They 

were collected in the same manner as the eigenvalues from Curley from the 

autoregressive spectra. After the eigenvalues were obtained by frequency, they were 

compared to the KRAKEN results to see if any were spurious or outside the acceptable 

range for each frequency. Since both “Channel” and “No Channel” data were obtained 

for Moe, they are both shown in the same plots in figure 6.4. Larry’s “No Channel” 

spectroscopy can be seen in figure 6.5 and Shemp’s “Channel” data can be seen in figure 

6.6. In all three sets of spectroscopy the yellow lines are for the actual data from the buoy 

and the red lines are for the synthetic data from KRAKEN based on the models from the 

stratigraphy of the area.  
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Figure 6.4: Modal Spectroscopy of Moe’s eigenvalues 
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Figure 6.5: Modal Spectroscopy of Larry’s eigenvalues 
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Figure 6.6: Modal Spectroscopy of Shemp’s eigenvalues 
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6.2 Mode Identification 

This modal spectroscopy helped again to determine the identification of each mode 

compared to the KRAKEN results from simulated data and if some of the obtained 

eigenvalues were results of spurious peaks in the AR data. The mode identification can 

be seen in Table 6.1.  

 

 

 

 

Table 6.1: Mode identification for Moe, Larry, and Shemp eigenvalues
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6.3 Inversions 

With identified modes it is possible to use these eigenvalues with the inversion program. 

Since it has already been shown with the Curley data that using multiple frequency data 

simultaneously is effective, as well as implementing limits on the range of values the 

points in the sound speed profile are allowed to take, these inversions can be done with 

these ideas already in place. Inversions using multiple frequency data and constraints on 

sound speed for “No Channel” for Moe and Larry and “Channel” for Moe and Shemp can 

be seen in figures 6.7-10 in which the blue line is the inversion, the red line is the 

assumed profile and the green line is the background for the inversion.  

The paths of each of the buoys are shown in figure 6.11 in which it is shown that Moe, 

Larry, and Shemp traveled roughly the same path compared to Curley whose path varied 

greatly from the others; each of these areas are boxed in the figure. Because Moe, Larry, 

and Shemp were in close proximity it can be assumed that the stratigraphy of the “No 

Channel” and “Channel” regions would be very similar to the “No Channel” and 

“Channel” regions of each of the other buoys. However, since Curley was in a slightly 

different region, the stratigraphy cannot be assumed to be the same as the others. This can 

account for the fact that the inversions do not match perfectly to the assumed truth. The 

assumed profile for each region was based on the stratigraphy of the area Curley traveled 

over, not Moe, Larry, and Shemp. 
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Figure 6.7: “No Channel” inversion for Moe (blue), background (green), and assumed 
profile (red) 

 

Figure 6.8: “No Channel” inversion for Larry (blue), background (green), and assumed 
profile (red) 
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Figure 6.9: “Channel” inversion for Moe, (blue), background (green), and assumed 
profile (red) 

 

Figure 6.10: “Channel” inversion for Shemp (blue), background (green), and assumed 
profile (red) 
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7.0 Conclusions and Suggestions for Future Work 

The goal of this work was to determine an accurate method of geoacoustic inversion 

using data from multiple frequencies. Accurate models of the sound speed profile in both 

the “channel” and “no channel” regions will help to determine how the subbottom 

channels affect the sound propagation.  

By breaking the Curley buoy data into regions of “channel” and “no channel”, it has been 

seen that the two areas are significantly different by comparing their eigenvalues and the 

resulting profiles when those eigenvalues are used in an inversion program. The inversion 

program proved to be a successful tool, especially when using multiple frequencies 

simultaneously and constraints were put on the range of acceptable sound speed values. 

7.1 Stratigraphy 

These ideas were also applied to the data from the other buoys involved in the 

experiment, although they were not entirely successful because the inversion did not 

perfectly match the model based on the stratigraphy. A suggestion for continuing this line 

of work would be to obtain the stratigraphy of the exact locations of the new “channel” 

and “no channel” regions to use as an assumed profile in the inversions to determine if 

these are more acceptable than using the stratigraphy of Curley’s “channel” and “no 

channel” regions.  
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7.2 Patterns in Modal Spectroscopy 

An area of interest that this work did not deal with, but would be useful, is to look for 

patterns in the modal spectroscopy. One pattern that was noticed in the Curley data was 

that the second mode at each frequency is consistently missing in the spectroscopy. 

Patterns such as this could help to predict what eigenvalues will be obtained in similar 

locations. It will also help when the sediment environment is unknown to determine if it 

could be a region with subbottom channels.  

7.3 Qualitative Regularization 

The next major step in this work will be to use the Qualitative Regularization method of 

inversion. This method allows the inversion program to perturb around known 

discontinuities, which are included in the models based on the stratigraphy. This method 

will allow the solution to be piecewise smooth, but also incorporates the Heaviside step 

function for the discontinuities. 

The perturbative inversion program is a method used to solve a problem that is both ill-

posed and underdetermined [45]. It is ill-posed because small errors in the data can cause 

large errors in the solution, and because there is the possibility of an infinite number of 

least squares solutions to one problem. It is underdetermined because the equation calls 

for a continuous function of sound speed with depth, but the models provide only speeds 

at discrete depths. These two issues have often been handled by setting a constraint such 

that the smoothest profile is the one chosen as the best fit. Methods that have successfully 

implemented this constraint are SVD and Tikhonov Regularization [10, 25-6, 38, 39, 40].  
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Due to geological processes, sediments are often better described by layers with distinct 

properties rather than being represented by a smooth profile. In cases such as this, both 

SVD and Tikhonov regularization result in a smoothed version of the true profile. A 

method has been developed that utilizes knowledge of locations of discontinuities in 

sediment layers to constrain the solution and resolve discontinuities in the sediment 

sound speed profile to provide a better result. Qualitative Regularization can be applied to 

the sediment inverse problem in order to incorporate discontinuities in the sound speed 

profile [34]. Qualitative regularization removes the effect of regularization by allowing a 

discretized Heaviside step function at a specified location which incorporates a jump with 

no constraint on the size or direction. The jump may be positive, negative, or remain the 

same [45].  

When inverting for the sediment sound speed profile independently, the water column 

sound speed profile is assumed to be known. If this assumption is not entirely correct, the 

sediment profile will also be incorrect because it will be compensating for the error in the 

water column [27, 41, 45]. If knowledge of the water column sound speed profile is poor, 

the effect will be significant errors in the estimation of the sediment properties [27, 28]. 

Qualitative Regularization has solved this issue by inverting simultaneously for the sound 

speed profiles of the water column and the sediment. Because the values at the very top 

and very bottom of the sound speed profile in the water column can vary greatly due to 

the variable temperature at the surface and the assumed properties of the water-bottom 

interface, the inversion of the water column uses the method of approximate equality 

constraints in which the two shallowest and two deepest depths of the water sound speed 

profile are approximated to the trajectory of the rest of the profile [35, 45]. 
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Qualitative Regularization can hold up well to inaccurate data. When wavenumbers are 

poorly estimated, this method can still obtain accurate results by increasing the Lagrange 

multiplier, which places less emphasis on the data and more weight on the knowledge of 

discontinuities [45]. However, when incorrect inputs for the sound speed discontinuities 

are used in the inversion, the solution will reflect this. In addition to having the 

discontinuities in the wrong locations, the solution will differ from the true profile by 

having different sound speed values in each layer. This is because the result is a layered 

profile with the sound speeds in each layer being the weighted average of the true speeds 

integrated over the depths of the layers.
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