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How does �������	
?
How can we approximate ����?  

Math behind these approximations?

Introduction

• When attempting to find the square-root of a 
number, x, you may simply go to your calculator 
or have a computer find you the answer. Or, you 
can simply use a pencil and piece of paper to 
arrive at same approximation, or within half-a-
percent.

• Lets take an example of the number 5, after 
finding the square-root of 5, we will again take 
the square-root of the answer, and so on, as 
follows:
��5 = 2.23606
��2.23606 = 1.49534 
��1.49534 = 1.22284
��1.22284 = 1.10582
��1.10582 = 1.05158
��1.05158...

• So what is the square-root of a number, x? 
Although it may appear to be almost half of the 
value you are square-rooting, it is not. A square-
root is a number whose square (the result of 
multiplying the number by itself) produces your 
square-rooted value of x.

• IE: y = �� = y^(2) = x

• Understanding the methodology behind square-
roots is essential in order to hand-derive an 
approximation. Furthermore, summation allows 
us to arrive at these approximations using 
Taylor’s Series of f(x) as an infinite sum of terms 
around the expansion point x = a. Taylor series 
allows us to express any mathematical function, 
real or complex, in terms of its n derivatives. 
The Taylor series can also be called a power 
series as each term is a power of x, multiplied 
by a different constant

Method

Taylor’s Series
Around the point x = a;

Solving for the ���):

Now writing the Taylor Series:

Since we can evaluate each of the n-derivatives at 
x=1, then we will let a=1, which simplifies the 
series to:

Proofs:
The proof of Taylor’s Theorem involves a 

combination of the Fundamental theorem of 
Calculus and the Mean value theorem, where we 
are integrating a function , to get . These 
two theorems say:

Result:

Whereas,      went to zero as n went to 

infinity. Based on the fact that: 

For zero is being multiplied by the value with the 

power.

In terms of �����:

Whereas, we let a=1 to find the square-root of any

number x. Valid only for x values of:

This tells us that for x in this range of values, the 
infinite term will go to zero and the series will 
converge.

Results

1. Let us use this series to find the square root of 2 
or 

After a few simple calculations we arrive at:

From the calculator the square root of two is:

Therefore using eight terms we found the square 
root of two to an error of only .50% or half a 
percent. Had we used more terms the error would 
have been even less. With an infinite amount of 
terms the error would be zero or next to nothing. 

This same procedure can be used again on the 
answer in order to find its square-root by simply 
plugging in 1.414213562 where x is located:

�������	�
��	����������	�
��	�	-
(.1715728749/8)+(.07106781167/16)-
(.1471862571/128)+(.08535316135/256)-
(.106063311/1024)+(.4832614802/14336)

�������	�
��	��������	����

Via calculator, �������	�
��	��������	�����

Once again, you could take the square-root of the answer 
and approximate what it equals. 

However, we can find the square root of any number, 
greater than 2, by taking the reciprocal of its square root. If 
we had to find the ������������������������������ ����������
Since then we just find the square root of (1/47) by letting 
x=(1/47), then taking the reciprocal of this value.

IE:
After taking the reciprocal of its square root
�������������
Solving this reciprocal
����������������
Finally, taking the reciprocal of the value
1/(��������������

Discussion

1. It is necessary to take the reciprocal of a 
number greater then 2 when in terms of ����!"��
this is how we derived our original equation:

Thus, to solve any number x, greater then 2, 
simply take its reciprocal, plug in as x, then take 
the reciprocal of the result.

2. You must remember that normally this series 
would repeat infinitely, so in these examples, we 
are simply approximating the value to n=8. 
Therefore using eight terms we found the 
square root of two to an error of only .50% or 
half a percent. Had we used more terms the 
error would have been even less. With an 
infinite amount of terms the error would be zero 
or next to nothing. 

3. In conclusion, solving repeated square-roots 
isn’t as challenging as it may appear. Simply 
understand the basics of calculus, along with 
understand the principals of Taylors Series and 
summation, one can compute and approximate 
the value of any number ����
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