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Previous studies of the relative pitch of intervals 

composed of Shepard tones (Shepard, 1964) revealed a 

sinusoidal structure of the directional distortion. 

Deutsch and coworkers found a similar sinusoidal 

structure when tritones alone were presented to 

listeners (Deutsch, 1987). In the first study, the 

tritone paradox was studied among listeners in 

Florida. The typical sinusoidal response function 

appeared for averaged data as well as for tones 

generated in two different octave ranges, consistent 

with earlier work (Deutsch, 1991; 1994). The degree of 

context sensitivity of tritones composed of Shepard 

tones and Deutsch tones is discussed in terms of what 

we call a whole tone context. This idea is explored in 

the second study. 

The second study measures the relative 
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distribution and rate of new musical information growth 

in melodic flows in pre-20th and 20th century diatonic 

styles, and compares these with 20th century melodies 

in whole tone and pantanal compositional settings. 

Three measures of complexity were used in these 

analyses: 1) metric or probabilistic entropy, hM, is 

derived from the melodic sequence as a Markov process 

yielding a logarithmic quantifier of the dispersion of 

statistical weight in its asymptotic distribution; 2) 

topological entropy, hr, quantifies the logarithmic 

rate of growth of new pitch pattern subsequences along 

the melodic line; 3) hr - hM = 0 in a uniformly random 

system so that deviation from zero indicates 

nonuniformity in the melodic line, i.e., 

says the former makes more motions on fewer melodic 

elements. 

Analyses of 34 compositions indicated that the 

metric entropy, hM, alone is not distinguishing, 

consistent with the findings of Boon and Decroly 

(1990). However, the topological entropy, hr, 

quantified differences within a composer's work, and 

the ratio hr - hM distinguished among composers. The 

findings suggest that complexity measured by the 
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difference (ratio) in entropy computations is lower in 

20th century styles in which the tritone is part of the 

interval vocabulary (e.g., Bartok and Schoenberg) than 

in 19th or 20th century styles (e.g., Mozart and 

Prokofiev) in which functional harmony dominates the 

tonal picture and the tritone is considered an altered 

fourth or fifth. The metric and topological entropies 

considered together suggest a technique for 

quantifiable characterization of differences between 

the works of composers studied, including those of the 

20th century. 
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INTRODUCTION 

The present work describes two different 

approaches to the study of ambiguity and information in 

musical tone-structures. The first involves 

experiments concerning relative pitch and pitch motion 

(Shepard, 1964; Deutsch, 1986; 1987) and focuses on a 

singular musical interval which is characteristic of 

much "unusual" music in the past and in contemporary 

music. The tritone, a musical interval composed of 

three whole tones, is known to be the most perceptually 

ambiguous interval (Shepard, 1964) and most subject to 

contextual influences (Giangrande and Mandell, 

submitted} . Response patterns to sequential tritone 

intervals composed of height-ambiguous tones are 

examined in experimental subjects. The second 

approach, more musicological content-oriented, 

introduces and examines the usefulness of statistical 

analytic techniques for quantifying relative ambiguity 

and information in comparisons of the works of pre-20th 

and 20th century composers. A technique called 

symbolic dynamics in which the orbits of flows are 

transformed into symbol sequences, developed by the 

mathematician and Bach music organist, Marston Morse 

(1921), is combined with measure theoretic entropies as 
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pioneered by the Russian mathematician, Andrei 

Kolmogorov {1957), to here quantify differences between 

sequential tonal structure as reflected in the work of 

classical diatonic composers such as Mozart and 20th 

century whole tone composers such as Bartok. The 

Belgian theoretical physicists, Boon and Decroly 

(1990), were the first to apply one of these 

techniques, the metric entropy, hM, to the 

characterization of sample tonal sequences from a 

variety of composers, but failed to find significant 

relationships. In contrast to this earlier work, we 

have 1) constructed our data sequence from the melody 

in whatever line the melody occurs; 2) time-weighted 

the data points to reflect the duration of pitches in 

the composition; and 3) added a more meaningful 

measure, the topological entropy, hT. We found that 

our techniques allowed us to find differences among 

composers, including those of the 20th century. 

2 



EXPERIMENT 1 

The tritone is a particular musical interval in 

which the two notes are separated by three whole tones 

(e.g . , C-F#, A-D#, etc.). This interval is not an 

element of any of the 12 major or minor diatonic scales 

that are the musical pitch vocabularies of 18th and 

19th century classical music. In the present work, the 

directional patterns of sequential tritones are 

studied. 

The tritone interval in both composition and 

appreciation, augmented step 4, A4, or diminished step 

5, dS, with the diatonic scale as reference, and step 4 

in any whole tone scale, is usually regarded as 

unstable, having a strong tendency to resolve to 

another more stable interval. In fact, in most pre-

20th practice of music composition, is was generally 

regarded to implicate dissonant unpredictability. When 

it appeared in such music, it was analyzed as an 

altered version of the diatonic intervals perfect 

fourth or perfect fifth with well defined rules for 

handling its note-spelling, naming, and approach

determined resolution. In tonal music, its use was 

often either of a passing nature or as a dramatic or 

expressive device. 
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In contrast, in much of 20th century music, the 

tritone may occur not as an altered version of a 

diatonic interval but as an interval that is part of 

the vocabulary of the pitch systems used. Twelve-tone, 

whole-tone, and certain modal scales (e.g., Lydian) are 

among examples of musical pitch vocabularies that 

contain the tritone as an interval. The tritone is so 

central to the whole tone vocabulary that the two whole 

tone scales can be thought of as sets of tritones. For 

example, in the whole tone scale C-0-E-F#-G#-A#-C, 

tritone relationships occur at intervals C-F#, D-G#, E

A#, and their inverses, A#-E, G#-0, and F#-C. 

Similarly, in the other whole tone scale C#-0#-F-G-A-B

~~. tritones occur at intervals C#-F, D#-G, F-B, and 

their inverses. 

A musical context is established by stating the 

pitch vocabulary. In diatonic music, for example in C 

Major, a context is unquivocally established by a 

cadence consisting of the three chords: subdominant 

triad (F-A-C), dominant triad (G-B-D) and tonic triad 

(C-E-G) , or alternately by the elements of the C Major 

scale. Thus, the C Major diatonic scale C-0-B-F-G-A-B-C 

followed by the tritone relative to the tonic, C-F# (or 

any other tritone), causes the tritone to sound 
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dissonant or strange. However, successions of tritones 

lose their strangeness. This was a common device in 

late diatonic music used to diffuse the tonal center 

for coloristic effect. For example, the opening bars 

of Liszt's "Dante" Sonata effectively allow no 

particular tonal center to be heard by succession of 

tritones. Successions of tritones set up a whole tone 

context, and conversely, the whole tone scales set up a 

tritone context. Empirical studies have also shown 

that the tritone is a poor "fit" in a tonal context 

(e.g., Krurnhansl, 1979). 

It is easily demonstrated that the tritone is 

experienced as a good fit in a whole tone context, even 

when the tritone judged for goodness consists of tones 

that do not occur in the context whole tone scale. The 

tritone C-F# sounds "at horne" following either of 

the whole tone scales, C-D-E-F#-G#-A#-B-C or C#-0#-F-G

A-B-C#. 

The context sensitivity of tritones in real 

musical situations is also seen when experimental 

contexts are constructed that provide for directional 

ambiguity. A spectral way of doing this is by 

manipulation of the well known Shepard set of computer

generated octave-spaced complex tones (Shepard, 1964) 
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by which pitch height ambiguity is instilled in each 

tone by the lack of the harmonic series represented in 

the waveform, the subthreshold fundamental frequency 

and first harmonic, and the relatively wide spacing of 

components in the higher frequencies. In these tones, 

chroma is unambiguous because each sinewave component 

is of the same pitch class. However pitch height is 

ambiguous because an adjustable sinewave can be matched 

to the frequency of more than one of the components. 

It is essential to recognize the directional ambiguity 

built into these tones and to understand that there is 

no "correct" answer to the directional pattern of pairs 

of this type of tone. 

By varying the frequency components under a fixed 

bell shaped envelope, Shepard considered that he 

collapsed the rectilinear height dimension of a regular 

helix onto an orthogonal circular pitch class dimension 

with the result of interesting relative pitch effects 

when patterns of tones are played. Among effects that 

Shepard reported were the relative stability of 

semitone intervals with respect to directional pitch 

motion, the directional ambiguity of the tritone 

interval, the curious effect of major sevenths {under a 

movable envelope) that appear to ascend in height and 
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descend in chroma at the same time, and the well-known 

illusion of endlessly rising or endlessly falling tones 

(Shepard, 1964; Shepard, 1983). 

Further study of the endless tones illusion using 

modified Shepard tones revealed that this effect is not 

dependent for its existence on the harmonic 

impoverishment of the tones or the tuning of components 

to a precise 2:1 octave (Burns, 1981; Nakajima, 

Tsumura, Matsuura, Minami, and Teranishi, 1988). 

However, the saliency of the endless tones illusion is 

in fact influenced by these factors. Modified Shepard 

tones may produce a more compelling impression of 

endlessly rising tones than the repeated Shepard tone 

chromatic set. For example, Burns tones which consist 

of stretched octaves, and Nakajima tones which consist 

of components derived from major triads suggest a more 

compelling endless ascent when timing is correctly 

adjusted than do the Shepard octave spaced complex 

tones. 

During the course of the present work, the author 

has discovered that Shepard tones presented in a 

diatonic rather than a chromatic sequence promote the 

endless tones effect at shorter interpitch time than 

the 840 msec required for the illusion in a chromatic 
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sequence, thus allowing the illusion to be heard over a 

broader range of interpitch times (Giangrande, 

unpublished observations) . Most compelling of all are 

the continuous Risset tones, perceived as an ever 

ascending glide. In this demonstration, the pitch 

vocabulary used is not chromatic (consisting of 12 

elements) or diatonic (consisting of seven elements) , 

but consists of an octave spaced complex tone that 

passes through an infinite number of frequencies 

within a single tonal structure. The saliency of the 

endless tones illusion may be increased by both a local 

(within tone) musical context as well as a global 

musical context. 

Pairs of Shepard tones have been used to 

demonstrate the directional stability of semitones and 

the ambiguity of tritones, independent of the shape of 

the amplitude envelope or the number of components 

used, within some limit (Pollack, 1978). However, the 

presentation context of Shepard tones does influence 

the context sensitivity of tritone judgments. For 

example, if the tritone C-F# is presented in a 

chromatic context starting from a stable ascending 

semitone (e.g., C-C#), C-F# ascends. However, if C-F# 

is approached from a stable descending semitone (e.g., 
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C-B) C-F# descends. Thus, the tritone is context 

sensitive in a chromatic context (Giangrande, 

unpublished thesis). In contrast, randomly permuted 

tritones presented in a resultant whole tone context 

exhibit much less context sensitivity than in a 

chromatic context, and much more context sensitivity in 

a whole tone context composed of chromatically 

sequenced tritones. In the latter case, the tritones 

all ascend or all descend (Giangrande & Mandell, 

submitted) . Judgments of Shepard tritones depend on 

the global musical presentation context for their 

degree of context sensitivity. 

Pairs of Shepard tones in randomly permuted order 

tend to generate sinusoidal response functions when the 

full set of intervals are judged (Shepard, 1964; 

Pollack, 1978; Giangrande and Mandell, submitted). 

While there is some disagreement over whether the 

Shepard tones form a circular physical set, or the 

resultant percepts form the circular set, the pitch 

class circle (and its isomorphism, the circle of 

intervals) is reconstructed on the basis of judgments 

of pairs of stimuli in randomly permuted order. When 

tritone intervals alone are examined by the pitch class 

of the first tone of a pair, a sinusoidal response 
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function is once again obtained, implying that the 

pitch class circle may be once again reconstructed from 

judgments to tritone intervals alone. However, the 

structure demonstrated should be considered with 

respect to the intrinsic dynamical instability of 

tritone intervals in the context of evocative patterns 

of moving tones (Giangrande and Mandell, submitted). 

In recent work, I concluded that relative pitch of 

tritone related Shepard tones take three general forms 

in randomly permuted presentation of all intervals. 

Whereas most listeners tended to produce a sinusoidal 

response function to tritones, some listeners heard all 

of the tritones as clearly ascending or descending with 

a sinusoidal function occurring at nearby intervals 

instead. I suggested that tritones occupy a singular 

region of relative pitch space characterized by the 

appearance of circular structure, multiple behavioral 

patterns, and heightened sensitivity to experimental 

context. If we consider both tones of a pair to be 

derived from two separate pitch circles, then moving 

patterns of tones can be thought of in terms of the 

dynamics of simple clocks. In such systems, there will 

be a phase relation {or interval, in musical terms) 

where singularity and paradox occur (see Winfree, 1980, 
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for a discussion of phase singularity in biological 

systems that can be modeled as simple clocks) . 

The pitch class distortion called the tritone 

paradox was first reported by Deutsch (1986), further 

explored by Deutsch (1987; 1991), Deutsch, Kuyper and 

Fisher (1987), Deutsch, North and Ray (1990), Raggozine 

and Deutsch (1994), and demonstrated for Shepard 

tritones by Giangrande and Mandell (submitted) . The 

tritone paradox refers to a striking yet robust 

phenomenon of relative pitch that occurs for a class of 

complex tones consisting of components that stand in 

octave relation. A tritone interval composed of such 

tones was heard as clearly ascending by one listener, 

yet as descending by another. Further, the particular 

tritones that were heard as ascending or as descending 

varied across listeners. The musical essence of the 

paradox is that transposition of tritone intervals does 

not preserve their melodic contours. In the context of 

the full set of intervals, the astounding aspect of the 

tritone paradox is that any of the tritones are heard 

as moving clearly in one direction or the other because 

of the height ambiguity inherent in each tone. 

In the present experiment the influence of the 

pitch range in which tones are generated is examined 
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for its influence on the sinusoidal response function 

obtained from judgments to Deutsch tritones (Deutsch, 

1987) . A Deutsch envelope is used because the 6-octave 

expanse of each Deutsch tone allows for a shift of the 

envelope in the frequency domain whereas the 10-octave 

expanse of the Shepard tone prohibits such a shift. It 

was hypothesized that separate sinusoidal curves would 

appear for each pitch range explored, and directional 

judgments of tritones would exhibit little context 

sensitivity on average. This hypothesis was supported. 

The results provide further evidence of circular 

structure in tritone perception. We also consider, in 

discussion, the relatively weak context sensitivity in 

the whole tone presentation context as well as multiple 

behavioral patterns observed in the paradigm. 

METHOD 

Stimuli 

The stimulus patterns, and the procedure for 

generating them, were identical to those used by 

Deutsch et al. (1987). Each tone consisted of six 

octave related sinusoids, the amplitudes of which were 

determined by a fixed, bell-shaped envelope. The 

equation describing the envelope is : 
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[
21T f l Alf) = 0.5 -0.5cos - logp 1-r--1 /min ~ f ~ lf'/mon 'Y Jmm 

A(f} is the relative amplitude of a sinusoid with a 

frequency of f Hz, B is the frequency ratio between 

adjacent sinusoids, "{ is the number of sinusoids 

making up the tone, and fmin is the minimum nonzero 

frequency. In the present experiment, six octave

related components were used. Thus, B = 2, Y = 

6, and the spectral envelope ranged six octaves from 

fmin to 64 fmin· 

Each tone pair was generated under each of four 

spectral envelopes that were shifted along the 

frequency continuum by half-octave intervals. These 

envelopes were centered at C4 (262 Hz, fmin=32.7 Hz), 

F#4 (370Hz, fmin=46.2 Hz), CS (523Hz, fmin=65.4 Hz), 

and F#S (740 Hz, fmin=92.4 Hz). Figure 1 shows the 

relative amplitudes of the components for the tritone 

pair G#-D generated under one of these four envelopes. 

Note that the amplitudes of the components of pitch 

class G# generated under the CS envelope (shown) and C4 

envelope were identical to the amplitudes of the 

components of pitch class D generated under the F#S 

and F#4 envelopes, and vice versa. This relationship 
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was maintained for all tritone pairs. By averaging 

over these four envelopes, we counterbalanced for 

possible spectral effects due to the relative 

amplitudes of the components . 

Figure 1. Spectral Composition of a Tone Pair Used to 

Generate the Tritone Paradox. 
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Spectral composition of tones comprising the G#-0 
tritone pattern, generated under the CS envelope. The 
top diagram displays the spectral components of pitch 
class G#, and the bottom diagram represents pitch class 
D. 

Twelve tritone pairs were generated under each of 

the four spectral envelopes. The pitch classes of the 
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pairs were C-F#, C#-G, D-G#, D#-A, B-A#, F-B, F#-C, G

C#, G#-D, A-D#, A#-E, and B-F. For each of the four 

envelopes, four quasi-random orderings of the 12 tone 

pairs were constructed, with the restriction that the 

same pitch classes did not follow in any two 

consecutive pairs. Tones were presented in 16 blocks, 

with each block consisting of all 12 of the tritone 

pairs generated under one of the four spectral 

envelopes in one of the four orderings. 

Procedure 

Participants were tested individually and were 

asked to judge whether each tone pair formed an 

ascending or descending pattern. All tones had a 

duration of 500 ms, and there was no silence between 

tones within a pair. Within blocks, tone pairs were 

separated by 4-s intertrial intervals. Blocks were 

separated by 1-min. pauses, and a 5-min break was given 

between the eighth and ninth blocks. Each participant 

was tested in the same manner in a second session, 

which was held on a different day, and responses from 

both sessions were averaged. 

Before the testing, participants filled out a 

ques,.ionna.ire deca.i.l.ing h'.I.Je..re c/Jttr /lad' .l.irC'd' 1/Ll/.i./ ~t!' 
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20 and after age 20, and also where their parents were 

born and had lived until age 20. 

Equipment 

Tones were generated on a VAX 11/780 computer 

using the cmusic sound synthesis software and were 

recorded onto a Sony digital audio tape using a 

portable Sony DAT player/recorder model TCD-D10PRO. 

Playback was through a Sony PCM-2300 digital 

player/recorder and matched Grason-Stadler headphones 

at approximately 72 dB SPL. 

Listeners 

Forty-three adults who had spent their first 20 

years in the United States, and whose parents were also 

born and raised in the United States, participated in 

the experiment. 

Listeners were selected on the basis of making no 

more than four errors out of 48 in a preliminary test 

in which they judged whether pairs of sine waves that 

were related by a tritone formed ascending or 

descending patterns. All participants were free of 

clinical hearing loss as measured by audiometry. All 

listeners were paid for their participation. 
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RESULTS AND DISCUSSION 

The percent descending judgments of each tritone 

was averaged over the four amplitude envelopes, for 

each participant, as a function of the pitch class of 

the first tone of each pair. The responses of four 

participants are displayed in Figures 2 and 3. 

Figure 2. Percent Descending Judgments of Tritones for 

Individual Listeners. 

100 100 
.... 

~ g ~ ~ ...., 
IJI !I) 01 !I) 

,£; ,£; 

~ 
lJ 70 u 70 
ii c 

4J 
() ffJ M ffJ il 
IJ IJ 
0 :i) 0 :i) 

'2 40 
E 40 a 0 

4l IJ 
I lJ I ]) 
E E 

:ll ~ :ll B .., 
0 

10 
0 

10 il il 

0 0 

c 0 E Ff Gl Af c 0 E Fi Gl AN 
C# Dl F G A 8 C# Dl F G A 8 

Pitch Ch.;s of r rst T tre Pitdl Ch.;s of Fist T tre 

Percentages of judgments that a tritone pair formed a 
descending pattern, plotted by the first tone of each 
pair, for two listeners. Both listeners exemplify the 
Type I orientation. 
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Figure 3. Percent Descending Judgments of Tritones for 

Individual Listeners. 
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Percentages of judgments that a tritone pair formed a 
descending pattern, plotted by the first tone of each 
pair, for two listeners. The graph on the left 
exemplifies the Type I orientation, and the graph on 
the right is typical of the Type II orientation. 

The orientation of the pitch class circle was 

determined for each subject using the following 

procedure (after Deutsch, Kuyper and Fisher, 1987). 

The pitch class circle was divided into a higher and 

lower half. For 33 of 43 listeners the circle could be 

divided such that all of the tones in one half were 

higher than, or equivalent in height to, any of the 

tones in the other half. For the remaining 10 

participants, the circle was bisected so as to maximize 
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the difference between the upper and lower halves. For 

each participant, the peak pitch classes were 

identified as the central two pitch classes in the 

higher half of the circle. Figure 4 shows the 

distribution of peak pitch classes for all 

participants. 

Figure 4. Distribution of Peak Pitch Classes for All 

Participants. 
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Inspection of the data revealed that 31 listeners 

produced the Type I orientation, with peak pitch 

classes occurring in the range from A#B moving 

clockwise to D#E. The remaining 12 listeners evidenced 

the Type II orientation, with peak pitch classes in the 

opposite half of the circle, i.e., moving clockwise 
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from EF to AA#. Figure 5 displays data from the two 

groups, in each case averaged over the four placements 

of amplitude envelope. For each group, the percent 

descending judgments was evidently an orderly function 

of the position of the tones around the pitch class 

circle. However, consistent with previous reports, the 

direction of the relationship between pitch height and 

position along the pitch class circle differed 

considerably for the two groups of subjects. 

Figure 5. Percent Descending Judgments of Tritones for 

Different Pitch Class Circle Orientation. 
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The percent descending judgments by the first tone of 
each tritone pair. The data for listeners who heard 
pitch classes from A#-E as relatively higher than 
pitches from E-A# are shown on the left. The respcnses 
of the group for whom the opposite was true are 
displayed at right. 
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One might wonder whether the overall peak pitch 

classes for one or both groups would vary with the 

frequency range in which the tones had been generated. 

To explore this question, the data were plotted for 

each group for tones generated under the higher 

envelopes (i.e., averaged across envelopes centered at 

CS and F#S) and the two lower envelopes (i.e., averaged 

across envelopes centered at C4 and F#4) . From Figure 

6, it is evident that the peak pitch classes for 

listeners who followed the Type I pattern were 

on the whole in the opposite half of the circle than 

for the group showing the Type II pattern, and this 

was true for both the higher and the lower envelopes. 



Figure 6. Percent Descending Judgments of Tritones 

Generated in Different Octave Range for Different Pitch 

Class Circle Orientation. 
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Percentages of judgments that a tone pair formed a 
descending pattern, plotted as a function of the pitch 
class of the first tone of a pair. Filled squares show 
judgments averaged for tones generated under the lower 
envelopes. Open squares show judgments averaged for 
tones generated under the higher envelopes. The graph 
on the left displays the data from listeners who 
produced the Type I pattern. The graph on the right 
displays the data from listeners who produced the Type 
II pattern. 

We now turn to an examination of the response 

function when differences in orientation of the pitch 

class circle were removed. The percentage of 

descending judgments for each tone pair was computed as 

a function of the pitch class of the first tone of each 

pair, averaged over the four envelopes centered at C4, 
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F#4, cs and F#S. The orientation of the pitch class 

circle was normalized for each listener following the 

procedure described by Deutsch et al. (1987). First, 

the pitch class circle was bisected to maximize the 

difference between the scores in the upper and lower 

halves. The circle was then oriented so that the line 

of bisection was horizontal, and the data were 

retabulated, with the leftmost pitch class of the upper 

half of the circle assigned to position 1, the adjacent 

clockwise pitch class assigned to position 2, and so 

on. 

The normalized data, averaged across listeners, 

are shown in Figure 7. So averaged, the percent 

descending judgments depended systematically on the 

position of the first tone of the pair along a 

normalized pitch circle. The normalized data, plotted 

separately for the 31 listeners showing the Type I 

orientation and the 12 listeners who evidenced the 

Type II orientation appear in Figure 8. 
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Figure 7. Percent Descending Judgments of Tritones 

(Normalized) 
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Percentages of judgments that a tone pair formed a 
descending pattern, plotted as a function of the 
position of the first tone of a pair around a 
normalized pitch class circle (see text for details) . 
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Figure 8. Percent Descending Judgments of Tritones for 

Different Pitch Class Circle Orientation (Normalized) 
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Percentages of judgments that a tone pair formed a 
descending pattern, plotted as a function of the 
position of the first tone around a normalized pitch 
class circle . The graph on the left displays the 
judgments of listeners who showed the Type I 
orientation. The graph on the right shows the 
judgments of listeners who evidenced the Type II 
orientation. 

To explore whether the normalized peak in the 

response function was dependent upon the spectral 

envelope under which the tones were generated, the 

pitch class circle was normalized separately for each 

12 

listener for tones that were generated under the higher 

envelopes (averaged across CS and F#S) and the lower 

envelopes (averaged across C4 and F#4) . The results of 
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this analysis are pictured in Figure 9, which shows the 

percent descending judgments, as a function of the 

position of the first tone of each pair around a 

normalized circle, plotted separately for tones 

generated under the higher and the lower envelopes. 

Averaged across all participants, the peak of the 

normalized response function was the same for both 

higher and lower envelopes. 

Figure 9. Percent Descending Judgments of Tritones 

Generated in Different Octave Range (Normalized) . 
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Percentages of judgments that a tone pair formed a 
descending pattern, plotted as a function of the 
position of the first tone around a normalized pitch 
class circle. Normalization was done for each category 
of envelope and for each subject separately. 
Filled squares represent judgments for tones generated 
under the lower envelopes. Open squares show judgments 
for tones generated under the higher envelopes. 
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In a recent article, Deutsch (1994) conjectured 

that, for groups of listeners who show either the 

Type I {Deutsch's "Californian pattern") or Type II 

(Deutsch's "English pattern") orientation, tones in one 

pitch range might produce a pronounced profile relating 

pitch class to perceived height, while tones in a 

different pitch range might produce another, subsidiary 

profile. Deutsch found that the strengths of the 

response profiles for tones generated under the higher 

compared with the lower envelopes was related to which 

half of the circle was perceived as relatively higher 

than the other half. Specifically, she found that 

listeners who heard pitch classes in the range moving 

clockwise from A#B to D#E (Type I orientation) produced 

a stronger profile for tones generated under lower 

envelopes, and a weaker profile for tones generated 

under higher envelopes. In contrast, listeners who 

perceived the highest pitch classes to be in the range 

moving clockwise from EF to AA# {Type II orientation) 

produced a stronger profile for tones generated under 

higher envelopes, and a weaker profile for tones 

generated under lower envelopes. 

To test this prediction in the present data, 

subjects were again divided into two groups. The first 
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group consisted of the 31 subjects whose overall peak 

pitch classes were located in the range A#B moving 

clockwise to D#E (i.e., the Type I orientation). The 

second group consisted of the 12 subjects whose overall 

peak pitch classes were located in the opposite region 

of the circle, that is, from EF moving clockwise to AA# 

(i.e., the Type II orientation). 

The orientation of the pitch circle was normalized 

separately for each subject, for tones generated under 

the two higher envelopes (those centered at CS and F#S) 

and the two lower envelopes (those centered at C4 and 

F#4) . The percent descending judgments of each tone 

pair was then computed as a function of the position of 

the first tone of the pair around the normalized 

circle. 

The results of this analysis, plotted separately 

for subjects showing the Type I orientation and for 

those showing the Type II orientation appear in Figure 

10. The trend in the data supported the prediction. 

For subjects showing the Type I orientation, the tones 

generated under the lower envelopes produced a slightly 

more pronounced profile than did the tones generated 

under the higher envelopes. Subjects who showed the 

Type II pattern produced a trend in the opposite 
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direction: tones generated under the higher envelopes 

produced a slightly more pronounced profile than did 

the tones generated under the lower envelopes. 

Figure 10. Percent Descending Judgments of Tritones 

Generated in Different Octave Range. 
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Percentages of judgments that a tone pair formed a 
descending pattern, plotted as a function of the 
position of the first tone around a normalized pitch 
class circle. Filled squares represent judgments for 
tones generated under the lower envelopes. Open 
squares show judgments for tones generated under the 
higher enveiopes. The graph on the left displays the 
data for listeners who showed the Type I orientation. 
The graph on the right displays the data for listeners 
who showed the Type II orientation. 

In order to statistically compare the strengths of 

the profiles under the two categories of envelope for 

the two groups of listeners, we used (after Deutsch, 
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1994) the difference between the summed scores in the 

higher and lower halves of the circle as a measure, and 

noted the pitch range at which this value was greatest. 

For 21 of 31 listeners who produced the Type I pattern, 

the difference between the scores was greater for the 

lower envelopes than for the higher envelopes. Of the 

12 listeners showing the Type II pattern, we 

found a difference between the scores that was greater 

for the lower envelopes than for the higher ones for 

only six listeners. Although we obtained a trend in the 

same direction as found by Deutsch {1994), the 

difference between the two groups on this measure did 

not reach significance (~ > .05 on a Fisher exact 

probability test) . 

Deutsch also hypothesized that for tones generated 

under envelopes that produced a more salient profile 

(the lower envelopes for listeners showing the Type I 

pattern and the higher envelopes for listeners showing 

the Type II pattern), the peak pitch classes would be 

more strongly clustered than for tones generated under 

the envelopes producing a weaker profile. To test this 

hypothesis, the distributions of peak pitch classes 

were tabulated for each group of subjects separately 

under each category of envelope. 

30 



In the present data, results for the participants 

showing the Type I orientation are shown in Figure 11. 

For the lower envelopes, a slightly more clustered 

distribution of peak pitch classes was obtained. 

However, consistent in trend with the prediction of 

Deutsch (1994}, the peak pitch classes were distributed 

slightly more broadly for tones generated under the 

higher envelopes. The results for participants showing 

the Type II orientation are shown in Figure 12. Here, 

no difference in clustering was found between the 

higher and lower envelopes. 

31 



X 
0 
G 
a. 
0 
u 
() 

B 
( 
u 

~ 
a. 

Figure 11. Distribution of Peak Pitch Classes for 

Tritones Generated in Different Octave Range. 

ll ll 

25 25 
X 

~ 
LU 20 a. 

0 
15 G 15 () 

1l 
( 
u 

10 10 ~ 
a. 

5 5 

0 
~ 

0 
Gf AI c 0 E Ff Gl AI c 0 E F Ff G 

A 8 Cl Dl F G A 8 Cf Dl 
Pfdl (1m P~rm 

Distribution of peak pitch classes for listeners who 
showed the Type I orientation. The graph on the left 
displays the percentage of peak pitch classes for tones 
generated under the higher envelopes. The graph on the 
right displays the percentage of peak pitch classes for 
tones generated under lower envelopes. 
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Figure 12. Distribution of Peak Pitch Classes for 

Tritones Generated in Different Octave Range. 
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Distribution of peak pitch classes for listeners who 
showed the Type II orientation. The graph on the left 
displays the percentage of peak pitch classes for tones 
generated under higher envelopes. The graph on the 
right displays the percentage of peak pitch classes for 
tones generated under lower envelopes. 

In the present study, we replicated a number of 

findings obtained by Deutsch and co-workers (Deutsch et 

al., 1987; Deutsch, 1991; 1994), employing a single 

sample of listeners who lived in Southeast Florida. 

Perception of tritone-related Deutsch complexes was 

evidently an orderly function of position along the 

pitch class circle, and the representation of the 

33 

8 
c 



pitch class circle differed in orientation across 

listeners. The majority of listeners generated 

response profiles in which the highest tones in the set 

were in the half of the circle from A# moving clockwise 

to B, while for the minority of listeners, peak pitch 

classes were located in the opposite half of the 

circle, i.e., from B moving clockwise to A#. The 

tritone in randomly permuted presentation (which 

produces a whole tone context) is associated with less 

context sensitivity than tritones presented in a 

chromatic context, and much less context sensitivity 

than chromatically sequenced tritones. 

In order to see context sensitivity in the present 

paradigm, individual data sets must be considered. 

First, many of the data sets do not span the Y axis as 

broadly as did the data for the individual shown on the 

left side graph of Figure 2. Some individual data sets 

were on average not very different from chance, and the 

sinusoidal response structure was more pronounced when 

the data were examined by octave range. An extreme 

example occurred for two Canadian pilot listeners whose 

data are not included in the study. These listeners 

produced a strong sinusoidal curve for tritones 

generated in the higher octaves and a strong sinusoidal 
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curve for tritones generated in the lower octaves, one 

appearing as a mirror of the other rotated about the 

horizontal aspect of the figure. 

For listeners who produced data that hovers about 

chance in the present study, inspection of individual 

runs revealed that in many cases, these listeners were 

stuck in one or another directional response pattern 

for many successive trials, in some cases for over one 

hundred trials. It should be noted that no listener 

produced a flat response profile. Even if the function 

did not deviate significantly from 50% descending, at 

least a weak sinusoidal curve was visually apparent in 

all of the data sets. 

Finally, it should be recognized that the naming of 

a peak pitch class does not necessarily mean the 

response profile is altogether convincing. For 

example, the curve at the right of Figure 2 is typical 

in that both lOOt descending and 0% descending are not 

seen. In fact, this subject heard few tritones descend 

consistently. In cases where the sinusoidal function 

does not span the full range of the Y axis, the 

quality of the percepts may be more informative than 

the labeling of a peak pitch class. This particular 

individual demonstrates two different behaviors to 
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tritones: ambiguous and ascending. A recent paper 

that examined perception of tritones composed of 

Shepard tones, in randomly permuted presentation among 

all of the intervals, revealed that some people 

produced a strong curve at the PS rather than at the 

tritone, and perceived tritones as all moving in one 

direction or the other (Giangrande and Mandell, 

submitted) . It would be informative to use a paradigm 

like Shepard (1964) used which would allow data 

collection over the complete set of intervals with 

Deutsch tones as stimuli for the purpose of 

investigating this explanation for relatively weak 

data sets. 

Context sensitivity was not apparent in averaged 

data, and this was true for the response profiles for 

tones generated in the higher octave as well as for 

tones generated in the lower one. In this whole tone 

context, the tritone shows less context sensitivity 

than in my earlier work where Shepard tritones were 

presented in a chromatic context. Therefore, real 

musical contours that occur in a whole tone context 

should have more stability {less potential for motion) 

than those that occur in a diatonic context. 
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EXPERIMENT 2 

Representative of still current techniques of 

analysis of tonal structures in music is the work of 

Allen Forte (1955) who used Alfred Korzybski's general 

definition of structure, "· .. a complex of ordered and 

interrelated parts ... " to derive a restatement for 

musical structure: a musical structure is a complex of 

ordered and interrelated tonal events which unfolds in 

time. In this context he devised a group of 

qualitative descriptions including sequence, 

succession, time-spans, interdependence, large and 

small structure, and perspective including foreground, 

middle ground and background detail and perceptual 

location of musical elements. At more detailed scale, 

his qualitative descriptors included doubling (octave 

reinforcing), repetition, recurrence, duration 

{temporal dominance), accent, volume, timbre and 

register. 

At more global scale, Forte acknowledged that the 

analysis of modern music presented great difficulties. 

In contrasting pre-20th and 20th-Century compositions, 

he referred to the loss of the tonic-centric triadic 

tonality (primary tones and overtones) of eighteenth 
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and nineteenth centuries and the difficulties attendent 

with respect to finding frames of reference for 

contemporary works. His well-known analyses of 

Bartokrs Fourth String Quartet and Schoenberg's 

Phantasy tor Violin and Piano were mostly ad hoc and 

composed of compendia of qualitative detail vis-a-vis a 

finite number of characteristic patterns, reductions of 

larger scale forms to smaller ones, and indications of 

the absenses of expected harmonic and melodic triadic 

structure. He had generally little to say about global 

characteristics, leaving analysis of these and other 

representative modern work in the descriptive, semi

literary realm of musicology. Without quantifiable or 

quantitative transformations, no disconfirmable 

hypotheses could be constructed or tested. It was in 

the interest of obtaining both quantities and 

disconfirmable hypotheses involving the non-triadic 

tonal structure of 20th Century music that the current 

work was undertaken. 

The Analytic System 

We borrow from the tools of statistical studies of 

dynamical systems, repeated measurements of observables 

that are evolving in time, that focus on quantitative 

descriptions of the sequences of visitations in the 
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available space of states (Bowen, 1973; Bowen, 1977; 

Alexeev and Jacobson, 1981; Mandell, 1987). These 

descriptions include patterns of recurrence and the 

relative statistical prominence of some states relative 

to others, including the area emphasis of occupancy of 

the dynamics with respect to the possible (Bowen and 

Ruelle, 1975; Cornfield, Fomin, and Sinai, 1982; 

Lasota and Mackey, 1985). These approaches have 

been used successfully in the analysis of the behavior 

of a wide range of complicated physical systems such as 

the hinged-pendulum and turbulent hydrodynamic waves, 

sequences of time-dependent central nervous system 

observables, and suitably encoded information-like 

processes including prose and music (Paulus, Geyer, 

Gold, and Mandell, 1989; Mandell and Selz, 1994; Boon 

and Decroly, 1990; Boon, Noullez, and Mommeu, in 

press} . 

Since time in such systems is simply a one 

dimensional parameter, an indexing of sequence position 

in an ordered set of observables in a finite space of 

states can serve as an absolute metric-free but 

relative time-weighted sequence, a topological 

transformation that preserves relative proximity and 

order. In addition, because (as in the case of the 12 
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notes of the Western musical octave) , the discrete and 

finite set of observables can be partitioned in one 

dimension, one can easily imagine that in addition to 

orbital sequences, a density distribution can serve to 

represent the evolutionary dynamics of a melodic flow 

(Lasota and Mackey, 1985). The study of asymptotic 

{invariant) measures in time (or sequence), made on 

orbits, is the subject of ergodic theory which studies 

them as abstract dynamical systems. 

An abstract dynamical system is one by which the 

motions of a physically realizable system are described 

in terms of a representative system. The statistical 

(ergodic) theory of dynamical systems (ergodic implies 

the presence of an invariant measure), supports 

investigations of the asymptotic properties of motion, 

and characterizes changes using systems of invariant 

measures rather than the features of the phase space 

geometries of attractors (Alexeev and Jacobson, 1981) . 

Deterministic unpredictability (from sources more 

like unresolved degrees of freedom than measurement 

error magnification) can be quantified and given 

distributional and information theoretic 

interpretations. The best known example of an 

invariant measure is the probability distribution. In 
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ergodic, or nearly ergodic dynamical systems, even if 

the specific trajectory of an orbit is altered 

significantly by a slight change in initial conditions, 

the distribution of states is invariant at sufficient 

sample length. 

Another system of invariant measures is 

composed of a set of variously defined entropies. 

These range from the more classically thermodynamically 

defined area or volume measure (the greater the volume 

occupied by a finite set of points, the greater is its 

entropy), to properties such as the logarithmic growth 

rate of unstable periodic orbits, called the 

topological entropy, hT, or the degree of 

equidistribution of the densities over the possible 

states, the metric entropy, hM (Alexeev and Jacobson, 

1981; Cornfield et al., 1982). These quantities, and 

their derivative ideas are qualitatively relatable to 

some of the properties discussed by Forte (1955) such 

as repetition, novelty, and recurrence, but are both 

quantifiable and testable consistent with the 

scientific method. 

The Transformations 

A general and useful representation for a 
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dynamical system is its reconfiguration as an abstract 

system and receding in the form of symbolic dynamics, 

the statistical study of motions in sequence spaces. 

The state space, M, is partitioned into a finite number 

of sets, S. The time evolution of the system is 

expressed as a sequence of symbols, s = { ... s_ 1 , so, 

s 1, s 2 ... }. For the dynamical system, f: M --> M, the 

transformation f is replaced by a shift operator, a, 

which reindexes s (moves the time or position of the 

symbol sequence) one place to the right. Symbolic 

dynamics allows us to study evolution in time or 

sequence of any suitably coded system through invariant 

properties of the evolution of the symbol sequence. 

Metric entropy is a static measure of the 

distribution of information that serves to quantify the 

uncertainty of the outcome of each observation (Shannon 

and Weaver, 1949; Alexeev and Jacobson, 1981, Cornfield 

et al, 1982). Its computation is made possible by the 

Frobenius-Perron theorem (Seneta, 1981) which states 

that every nonnegative square matrix has a unique 

largest eigenvalue. When this matrix is exponentiated, 

each column converges to a single value given a 

sufficient number of iterations of the matrix. This 

row is a maximum eigenvalue-derived eigenvector of the 



Markov matrix. In this case it represents the 

asymptotic probabilities of moving (or staying) among 

the 12 possibilities in the shift space of tonal 

sequences. This matrix is derived from a transition 

matrix, T, constructed from the data sequence, and can 

be computed as the uniform columns limit as n --> 

infinity of ~. Metric entropy, hM, is calculated from 

this eigenvector using Shannon entropy computed across 

the rows as hM = -Epilogpi where Pi are the column 

elements of the asymptotic matrix, ~- The metric 

entropy, hM, is largest when the invariant probability 

distribution is equidistributed and the column entries 

of the asymptotic Markov matrix are identical. Metric 

entropy is lowest when one single state is occupied, 

hM = 0. Figure 13 illustrates the invariant 

probability distribution for contrasting musical 

compositions with relatively high and low metric 

entropy. Since hM is an exponential (logarithmic) 

number, small differences of the order 0.05 are 

frequently significant in studies of real systems 

(Mandell, 1987; Paulus, Geyer, Gold and Mandell, 1989; 

Mandell and Selz, 1994). 
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The invariant probability distribution for a data 
sequence with a lower metric entropy is shown on the 
left. On the right is pictured the invariant 
probability distribution derived from a data sequence 
with a relatively higher metric entropy. 

The topological entropy, hT, is a time or 

sequence-dependent measure of the asymptotic rate of 

11 

growth of new information (Alexaev and Jacobson, 1981; 

Cornfield et al, 1982). On a finite set such as 

that composed of the 12 notes of the Western musical 
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octave, hT is equivalent to the logarithmic growth rate 

of the number of periodic orbits of all periods (Bowen, 

1978), here specifically the growth rate of new 

sequences per unit of the original partition. hT can 

be visualized as the spread of new intervals from the 

identity diagonal of the transition matrix. hT has 

also been shown to serve as a quantitative estimate of 

the average time or indexical sequence-dependent rate 

of divergence of nearby conditions and is computed as n 

--> infinity of logN(n)/n where N(n) is the number of 

new symbol sequences generated with time or indexical 

order. Topological entropy, hT, can be estimated from 

the [0,1]-coded incidence matrix, I, as zn , n --> 

infinity, derived from the transition matrix, T, as 

log(Tr(In+l)/Tr(In)). Alternately, hT can be computed 

from the characteristic polynomial of I as the 

logarithm of the largest eigenvalue of the nonnegative 

incidence matrix (as supported by the Frobenius-Perron 

theorem; Seneta, 1981; Cornfield et al., 1982) . 

It should be noted that because both entropy 

computations involve matrix exponentiation toward or to 

a limit (finding out "What would happen if the way 

things are now they would remain until an infinite 

sample length was collected"), the differences in 
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sequence length dictated by artistic integrity (a 

composer's single piece, a single movement) are 

somewhat mitigated. 

Application 

In the present work, the two types of entropy, hr 

and hM, were computed for each of a number of melodies 

in keyboard music. Where there was some ambiguity in 

the choice of foreground, middle ground, or background 

themes for coding, the melody line is that which would 

be sung if the musician were asked "How does this 

phrase go?". The melodies were each converted to a 

data sequence of time-weighted pitches whereby the 

fastest time element that appeared as a non-decorative 

tone served as the fundamental time unit. Each note 

was then assigned a code from 1 to 12 according to the 

key signature specified by the composer. Unless the 

composer changed the key signature, the coding scheme 

did not change within the piece. In cases where no key 

signature appeared yet there was no evidence of a tonal 

center of C or A, C was chosen by default to represent 

l. 

The present approach differs from that used by 

Boon and co-workers (1990; 1995) in several ways. Boon 

et. al. measured metric entropy but not topological 
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entropy. First, the earlier investigators constructed 

their data sequence from the top (soprano) line in the 

music, whether or not the melody actually occurred in 

that line. In the present work, the data sequence is 

constructed from the melody in whatever line it 

appears. Secondly, Boon et al controlled for sequence 

length by choosing a fixed limit on the number of (non 

time-weighted) data points such that the first N points 

were analyzed. In the present work, the entire piece or 

movement was studied. Boon reported no difference in 

complexity of various music on the basis of the metric 

entropy, a conclusion we also reach using different 

methodology. However, differences within a composer 

were quantified by hT, the topological entropy, and 

differences between composers were reflected in the 

difference measure, hT - hM. 

Hypotheses 

Due to the commonly held, intuitive meaning of 

high and low entropy and the subjective experience of 

more "unusualness" in the work of 20th versus pre-20th 

Century composers, it was originally expected that 

pieces composed of largely tonic-centered, triadic 

diatonic materials would evidence a lower entropy than 
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20th century pieces that depart from diatonic 

structure. The simplicity of this notion was ruled out 

during pilot evaluations of melodies in the works of 

Mozart and Bartok which produced an opposite and 

counterintuitive result. 

Several general and qualitative observations were 

made during the computation of the abstract measures 

which afford hT and hM both musical meaning and some 

caveats. The metric entropy, hM, is inversely related 

to the pull of the tonal center. If the composer 

changes the key but not the key signature, the effect 

is exaggerated. See, for example, the left side of 

Figure 13, which represents a melody in which the 

composer makes relatively many changes in key signature 

to indicate a change in tonal center. The distribution 

is obviously that of the the minor tonality. If the 

composer had used accidentals rather than new key 

signatures, the tonality would have been masked more so 

than the figure shows and the metric entropy value 

would be (misleadingly) higher. 

A less trivial concern is the influence of the 

size of the pitch vocabulary on the metric entropy. 

For example, a composition that uses all elements 

rather uniformly (see for example the right side of 
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Figure 13) produces a high value for metric entropy. 

Should a melody exist that uses only a few intervals, 

yet these intervals are uniformly distributed, a 

relatively high metric entropy would also result. It 

would seem that musical sensibility would demand a 

distinction between these situations. 

A serious limitation of the use of the metric 

entropy, bM, alone is that it is contaminated by 

differences in the number of elements utilized; a 

sequence with maximum motion on N+l elements has a 

higher metric entropy than a melody with maximum motion 

on only N elements. In other words, a more uniform 

distribution with few elements may have the same metric 

entropy as a less uniform distribution with more 

elements. The topological entropy, bT, does not suffer 

from this limitation because it deals with the number 

of elements in the musical vocabulary but is 

independent of their statistical weights. 

The topological entropy, bT, reflects the growth 

rate of new melodic intervals, which is limited by the 

size of the pitch vocabulary. Melodies composed of 

whole tone materials have fewer possible pitch 

combinations. As described earlier, there are only two 

whole tone scales consisting of 6 elements each. There 
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are not only fewer elements intrinsically, but no 

"modulation" in the sense of traditional harmony. In 

contrast, diatonic and pantonal musical vocabularies 

have the most elements intrinsically. There are 12 

major and minor diatonic scales, each consisting of 

seven notes each. Extensive modulation is possible 

with farther modulations along the circle of fifths 

associated with fewer shared scale elements than are 

modulations adjacent on the circle of fifths. Pantonal 

music uses all 12 pitches, and in the case of 12-tone 

pitch serialism (e.g., Schoenberg), the 12 tone row may 

appear in any of four versions (i.e., prime, 

retrograde, inversion, and retrograde inversion) which 

can each be transposed to any one of 12 pitch 

locations. 

Our hypotheses concern the topological entropy, 

hT, and were refined as follows. First, we 

hypothesized that across composers, higher topological 

entropy would occur for melodies that are built 

on pitch systems with more notes to work with, either 

inherently or due to greater modulation/transposition 

potential (e.g., extended diatonic music and pantonal 

compositions), whereas melodies composed within pitch 

vocabularies that have fewer notes and less 
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transposition potential (e.g., modal, pentatonic, or 

whole tone materials) would have lower topological 

entropy because of the fewer possible pitch 

combinations that can occur. Secondly, we hypothesized 

that within a composer the topological entropy for the 

first movements of piano sonatas in sonata allegro form 

would be higher than that for the corresponding slow 

movements (Movement II in the pieces studied here) in 

either abridged sonata or sonata rondo form. The 

development section of the first movement in sonata 

allegro form is an opportunity for the elaboration of 

themes stated in the exposition and for rapid tonal 

digression in their treatment, whereas the abridged 

sonata form or sonata rondo form lacks this development 

section. Both hypotheses were supported. OUr results 

suggest that the topological entropy considered with 

the metric entropy provides an approach to the problem 

of quantifying differences between composers (in 

contrast to the metric entropy alone} that stem from 

idiosyncratic use of the vocabulary of pitches. 
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RESULTS AND DISCUSSION 

The metric entropy, hM, and the topological entropy, 

hT, were computed for the melodies of 34 compositions. 

Also noted were the number of times the matrix was 

exponentiated in order for the growth rate of the trace 

of the incidence matrix or the columns of the Markov 

matrix to converge to 4 decimal places. The results are 

shown in Table 1. In the table, pts refers to the 

length of the data sequence, nt is the number of 

iterations of the incidence matrix to get convergence 

of the growth rate of the trace, ht is the topological 

entropy, nm is the number of iterations of the Markov 

matrix to achieve convergence of the columns, hm is the 

metric entropy and the value ht-hm is the ratio of the 

two entropy measures. 
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Table 1. Entropy Calculations for Keyboard Melodies. 

Composer Work pts nt ht run hm ht-hm 

Bach Fr Suite 1, III 281 11 1. 7361 15 2.1487 -0.4126 
Bach Prelude in C 586 13 1. 9765 18 2.0651 -0.0886 

Mozart K309, I 2132 7 2.1875 >35 2.2491 -0.0616 
Mozart K332, I 4641 8 2.2131 30-35 2.2270 -0.0139 
Mozart K333, I 4992 8 2.2530 20-25 2.2197 -0.0333 
Mozart K333, II 3288 9 2.0879 >35 2 . 4001 -0.3122 
Mozart K333, III 3336 8 2.1894 30-35 2.2075 -0.0181 

Beethoven Op 13, I 3079 6 2.2393 25 2.3307 -0.0914 
Beethoven Op 13, II 512 4 1.9187 >35 2.2481 -0.3294 

Chopin Op 18 2106 8 2.1325 21 2.1587 -0.0262 
Chopin Op 55, 1 1050 8 2.1431 >35 2.2204 -0.0773 

Tchaikovsky Op 37a, 12 1488 9 2.2020 >35 2.4173 -0.2153 
Tchaikovsky Op 37a, 6 539 7 2.0655 15-20 2.1903 -0.1248 

Debussy Gardens in the 
Rain 397 7 2.2542 12 2. 4113 -0.1571 

Debussy Arabesque 1 1142 6 ' 2.1717 30-35 2.0616 0.1101 
Debussy Sarabande 868 10 1.9149 >35 2 . 0717 -0.1568 
Debussy Passepied 930 8 2.0173 >35 2.2476 -0.2303 
Debussy Preludes, 10 437 13 1.9041 >35 2. 2725 -0.3684 

Prokoviev Op 83, I 2160 1 2.4849 17 2.4329 0.0520 
Prokofiev Op 83, II 1767 5 2.3088 >35 2 . 3944 -0.0856 
Prokofiev Op 84, I 4398 4 2.4707 30-35 2.2429 0.2278 
Prokofiev Op 84, II 896 8 2.0612 >35 2.1627 -0.1015 

Bartok Sonatina, I 427 9 1. 6217 24 1. 8738 -0.2521 
Bartok Mikrokosmos, 136 296 19 1. 6759 >35 2.2463 -0.5704 
Bartok Mikrokosmos, 101 168 13 1.6591 >35 1.9523 -0.2932 
Bartok Mikrokosmos, 130 286 13 1. 7495 22 2.2394 -0.6199 
Bartok Mikrokosmos, 97 317 19 1.4753 >35 1.9661 -0.4908 
Bartok Mikrokosmos, 92 215 6 1.7835 >35 2.1708 -0.3873 

Schoenberg Op 19, 4 175 11 1.5520 >35 2.3255 -0.7735 
Schoenberg Op 19, 2 98 12 1.3892 >35 1. 7769 -0.3877 
Schoenberg Op 11, 2 1231 8 2.0612 >35 2 . 4155 -0.3543 
Schoenberg Op 33a 583 8 2.2793 20-25 2.4546 -0.1753 
Schoenberg Op 25, I 518 7 2.2122 >35 2.4682 -0.2560 
Schoenberg Op 25, IV 2263 6 2.3131 >35 2.4557 -0.1426 
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In order to determine the extent to which sequence 

length is correlated with either of the entropy 

measures, regression analysis was performed of sequence 

length (pts) on hM and hT. The association of length 

with metric entropy, hM, was r2 = 0.0701 for 32 df, 

with constant = 2.1816 and SE of Y Estimate = 0.1672. 

Since only 7.01% of the variability in hM is 

attributable to sequence length, the conclusion is that 

Boon did not need be concerned with keeping a constant 

sample length for the metric entropy calculation. The 

association of length with the topological entropy was 

moderately high, r 2 = 0.4056 for 32 df, with constant = 

2.1816 and SE of Y Estimate = 0.2199. 

In order to consider the values of either entropy 

measure by the pitch materials used in composition, the 

composers were divided into groups. Table 2 lists the 

means and standard deviations of the measures. 
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Table 2. Mean (Standard Deviation) Entropy Measures 

Composer or Group n hM SD hM hT SD hT 

Modal\Whole Tone 6 2.0965 0.1948 1.6608 0.1087 
(Bartok) 

Bach 2 2.1069 0.0591 1.8563 0.1700 

Modal\Whole Tone 5 2.2129 0.1474 2.0524 0.1558 
(Debussy) 

Extended Diatonic 
(19th Century) 9 2.2513 0.0720 2.1516 0.1020 

Extended Diatonic 4 2.3082 0.1270 2.3314 0.1970 
(Prokofiev) 

Pan tonal 
(Schoenberg) All 6 2.3161 0.2693 1.9678 0.3981 

Op 19 2&4 2 2.0512 0.3879 1.4706 0.1151 
Others 4 2.4485 0.0228 2.2165 0.1117 

To statistically test the difference in entropy 

measures according to the predominant pitch materials 

used by each composer, the compositions were divided 

into two groups. The first group consisted of Bartok 

and Debussy (n=ll) and the second group consisted of 

the other composers (12-tone and extended diatonic, 

n:23) . As predicted, and consistent with the findings 

of Boon et al, the metric entropy was not 

distinguishing, ~ > .1 for the 2-tailed Mann-Whitney U 

test. Topological entropy was greatest for 
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Schoenberg's pantonal compositions and for 19th and 

20th century compositions that utilize extended 

diatonic materials. In contrast, topological 

entropy was lowest in the pieces by Debussy and Bartok 

who make great use of pentatonic, whole tone and modal 

materials, in which fewer elements are in the 

vocabulary and modulation/transposition is necessarily 

limited. The Mann-Whitney U test revealed a significant 

difference between the two groups, ~ < .01 for. a one

tailed test. 

We had expected that Movement I of the piano 

sonata in sonata allegro form would evidence a higher 

topological entropy than would the corresponding 

Movement II in abridged sonata or sonata rondo form. 

This hypothesis was supported by the data. Figure 14 

displays a comparison of the values of hT for Movement 

I vs Movement II for Mozart K333, Beethoven Op 13, 

Prokofiev Op 83 and Prokofiev Op 84. 
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Figure 14. Topological Entropy, hT, for Piano Sonatas 
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In all cases, the topological entropy was lower 

for Movement II compared with Movement I, t 3 = 4.5313, 

~ < .025 for a one-tailed test. Interestingly, a 

comparison of any Movement I with any Movement II 

studied did not show a statistically significant 

difference, R > .1 on the two tailed Mann-Whitney U 

test. The topological entropy alone is useful for 

describing differences within a composer but not 

between composers. 

To illustrate the explanation of rapid key change 

for the higher topological entropy in Movement I vs 

Movement II within a composer, Beethoven's Op 13 
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(Sonata Pathetique) will be discussed, in which hT for 

Movement I = 2.2393 and hT for Movement II = 1.9187). 

Beethoven Op 13, I EXPOSition 

measure 

1-10 

11-25 

25-40 

41-57 
57-69 
69-73 
73-75 
75-77 
77-79 
79-102 
103-122 

123-132 

133-157 

177-184 

185-197 
197-210 
211-284 

285-300 

Intro 

Theme group A 

Transition 

Theme group B 

New theme 
Closing theme 

Repeat of exposition 

Development 

Reca:gitulation 

Theme Group A 
transition (different) 
Theme Group B 

Coda 
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~ center 

c minor 
g minor 
c minor 
g minor 

c minor 
Bb major 
eb minor 
Db major 
eb minor 
f minor 
c minor 
Eb major 

c minor 
g minor 

g minor 
e minor 
NO SETTLED 

TONALITY 
suggestion 
of g, F, c, 
f, G 

cminor 

F Major 
c minor 



Beethoven, Op 13, II (sonata rondo form) 

measure 

1-8 
8-16 
17-28 

29-36 
37-50 

51-66 

67-73 

Main theme 

1st Episode 

Second theme 
2nd Episode 

Main theme 

Coda 

~ center 

Ab Major 
c minor 
f minor 
c minor 
g# minor 
Ab Major 
c minor 
E Major 
G# Major 
Ab Major 
c minor 

In Movement II, Beethoven used an Ab major key 

signature (four flats) throughout. In Movement I, 

Beethoven used a c minor key signature (three flats) 

throughout, except for the development section of 

Movement I where he chose to use no sharps or flats 

in the key signature. Also notice the 24 measures in 

the development section of Movement I in which no 

specific key is established, along with the greater 

number of (and distance between) tonal centers visited 

per theme in Movement I compared with Movement II. 

Another comparison will be discussed to illustrate 

the same principle of the association of higher 

topological entropy with more elements within a 

composer. Debussy, Gardens in the Rain (hT = 2.2542) 

will be compared with Debussy, Preludes, X 
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(hT = 1.9041) (The Engulfed Cathedral). The analysis 

given is one of many valid approaches to each of these 

pieces. 

Debussy, Gardens in the Rain Exposition 

measure ~ center 

1-56 

55-75 

75-83 

83-90 
90-100 
100-112 

112-116 
116-126 
126-133 
133-136 
136-140 
140-143 
143-147 

147-151 

Theme 1 

Transition 

Theme 2 

Theme 1 
Theme 2 
Transition 

Theme 1 
Transition 
Theme 2 

Theme 1 
Theme 2 
Theme 1 

Theme 1 

Debussy, Preludes, X 

measure 

1-6 Theme A1 

7-13 Theme B 
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c minor 
F# Major 
c minor 
db minor 
whole tone passage 
chromatic passage 
C# Major 

Development 

E Major 
C# Major 
whole tone passage 
series of dominant 7s 
b minor 
series of diminished 7s 
B Major 
E Major 
g# minor 
B Major 
g# minor 

B Major 
E Major 

~ center 

G pentatonic 
F Lydian 
B Pentatonic 
E Lydian 



13-27 Theme A1 

28-41 Theme A2 

42-46 Transition 
46-71 Theme B 

72-82 Theme A2 

83-84 Theme A1 
85-88 Cadence 

c Major 
B pentatonic 
Eb Major 
C Major 
c Major 
C Mixolydian 
C Major 
C Aolian 
C# Dorian 
C# Aolian 
Chromatic passage 
C Major 
c Mixolydian 
C Major 
c Major 

For Debussy, Gardens, notice the sonata allegro 

form, complete with development section. The piece 

uses pitch materials from major, minor, whole tone and 

chromatic scales. In general, many tonal centers are 

visited per theme. In contrast, the Debussy Prelude is 

written in free form, using modal and pentatonic 

materials with whole tone harmonies throughout. Notice 

the prominence of the c "tonal center". This piece 

uses few themes and visits relatively fewer tonal 

centers per theme. 

We now consider the growth rate of new sequences 

for a given occupancy of the transition space. Results 

are shown in Figure 15. 

61 



E 

f 
J 

J· 

E 

f 
I 

.... 
2 ... -2JJ -IJl 
Ull 
Ill 
Ull 
CJ) 

l«l 
Ill 

~ 

2 
2JI 
2ll 
2JJ 
zm 
15) 

Ull 
Ill 
Ull 
CJ) 

l 
Ill 
tl 

Figure 15. Metric Entropy Plotted Against Topological 

Entropy. 
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When both entropy measures are considered, we can 

see differences between the composers. Different 

composers tend to occupy different regions of the 

2-D space. Mozart has a strongly clustered appearance. 

The one outlying data point in each of the Mozart and 
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Prokofiev plots corresponds to Movement II of K333 and 

Movement II of Op 84, respectively. Note that Op 84 is 

a more "traditionally classical" work than is the Op 

83, both in structure and in use of harmonic devices. 

The two pieces in the Schoenberg plot associated with 

very low hT are the Op 19, Nos. 2 and 4. Both of these 

pieces are different structurally from the rest of the 

Schoenberg compositions that were studied. The Op 19 

pieces are very short, extremely compact works where 

the 12-tone serialism is played out vertically rather 

than in the horizontal lines. Debussy and Bartok 

occupy islands in the 2-D plot. The lower hT 

associated with Bartok is readily apparent. The degree 

of spread in the Debussy reflects versatility in the 

use of pitch materials across compositions. For 

example, the highest point on the hT axis for Debussy 

describes Gardens in the Rain, a piece discussed 

earlier which uses more materials that may be 

interpreted diatonically than do the other pieces by 

Debussy that were studied. 

The difference hT - hM is an index of complexity 

defined as the ratio of the number of melodic elements 

utilized to the amount of motion made on those 

elements. Table 3 summarizes the mean difference 

(and standard deviation) in entropy measures for each 

63 



composer . The difference between composers on this 

measure was significant, F(4,21) = 6.1952, ~ < .01. 

The Tukey HSD revealed Q(S,21) = 4.23, and specifically 

the works of Bartok differed significantly from those 

of both Mozart and Prokofiev, ~ < .OS, and the works 

of Prokofiev differed significantly from those of 

Schoenberg, ~ < .01 . 

The data suggest that Mozart and Prokofiev have 

the most motion over the most elements while Bartok and 

Schoenberg have relatively less motion on fewer 

elements. The Bartok pieces have much motion over 

relatively fewer elements than do the works by 

Schoenberg. It is interesting that this approach shows 

large differences across time yet is sensitive to 

differences between contemporaries. It may be 

concluded that the measure hT -hM is useful for 

describing differences between the melodies of 

different composers. 
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Table 3. Mean (Standard Deviation) hT - hM 

Composer n Mean (ht-hm) SD 

Bartok 6 -0.4356 0.1493 

Schoenberg 6 -0.3482 0.2294 

Debussy 5 -0.1605 0.1742 

Mozart 5 -0.0878 0.1268 

Prokofiev 4 0.0232 0.1528 
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GENERAL DISCUSSION 

The two experiments reported in this project 

describe different approaches to study of the tritone 

interval . In the first, pitch patterns of height

ambiguous tones separated by tritone intervals were 

presented in a context consisting of tritones. The 

pitch class distortion known as the tritone paradox 

(Deutsch, 1986; 1987) appeared in the data of listeners 

such that certain of the tritones were judged as 

consistently moving in one direction or the other, 

while other tritones retained their directional 

ambiguity. The sinusoidal response function appeared 

when tones were averaged over four placements of 

amplitude envelope as well as for tones generated in 

two different octave ranges. 

In recent work involving Shepard tones in various 

contexts {Giangrande and Mandell, submitted) it was 

found that the directional percept of the ambiguous 

tritone was strongly influenced by the pattern of tones 

that preceded it. In that study, a tritone perceived 

as ambiguous in randomly permuted presentation was 

heard as consistently ascending in a chromatic context 

if the prior intervals were consistently ascending but 

as descending if the prior intervals were perceived as 
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descending. Therefore, it was unexpected and 

paradoxical that a series of tritones should reveal a 

circular structure because tritones are labile in a 

non-tritone context. 

Tritones composed of octave spaced complexes are 

relatively less context sensitive when presented in a 

whole tone context instantiated by a series of randomly 

permuted tritones than they are in a chromatic context. 

Perhaps tritones take on the stability or instability 

of the surrounding pitch vocabulary context. That is, 

the tritone interval composed of octave spaced complex 

tones depends on the global musical context for its 

degree of context sensitivity (more sensitivity implies 

more motion which implies less stability) . These 

experimental results were also seen in real musical 

situations. 

In the second experiment, melodic sequences were 

studied in examples of musical composition in which the 

tritone is associated with the expectancy of continued 

motion (e.g., the diatonic context) and in sequences in 

which the tritone is associated with less expectancy of 

continued motion (e.g., the whole tone context). No 

difference was found in hM, the metric entropy, between 

whole tone and diatonic/pantanal composers. Metric 

67 



entropy when used alone is contaminated by the number 

of elements in the pitch vocabulary used by the 

composer. However, whole tone and diatonic/pantonal 

style composers differed significantly in hT, the 

topological entropy. Further, the Movement I in sonata 

allegro form differed in hT from the corresponding 

Movement II in abridged sonata form or sonata rondo 

form for all of the piano sonatas studied. The ratio 

hT - hM distinguishes among composers such that those 

who use predominantly whole tone materials evidence 

less motion on fewer elements whereas those who favor 

extended diatonic techniques show more motion on more 

elements. 

The work here is the first demonstration of 

quantitative differences among the melodies of 

different composers, including 20th century composers. 

Certain 20th century styles (e.g., Bartok) use a 

predominantly whole tone context in which the tritone 

is a natural member of the musical vocabulary. These 

styles exhibit a reduction in complexity compared with 

19th and 20th century styles (e.g., Mozart and 

Prokofiev) in which the tritone is not a member of the 

musical vocabulary but is instead analyzed as an 

altered perfect fourth or perfect fifth. 
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