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This dissertation is concerned with the relevant research in developing finite dimen

sional indirect adaptive schemes to control vibrations in flexible smart structures 

based on the finite element approximation of the infinite dimensional system. The 

advantage of this type of modeling is that the dominant modes of vibrations wherein 

the total energy is concentrated are accommodated thereby avoiding the so-called 

"spillover" phenomenon. Further. the mass. stiffness and damping coefficients asso

ciated with each element appear explicitly in th~ model facilitating the derivation 

of the ARMA parametric representation which is suitable for on-line estimation of 

the structural parameters. 

The state-space representation of the finite dimensional model is used to design an 

indirect linear quadratic self tuning regulator algorithm using the parameter estima

tion, indicated above. Further, a method to choose the control and state weighting 

matrices (required to design the controller) to yield a stable closed-loop system. is 

prE;sented. Simulation results demonstrating the performance of the adaptive control 

system are presented. 

Another algorithm based on the model reference technique is also developed 

by considering the discrete time approximation of the finite dimensional model. 

This control algorithm in conjunction with the parameter estimation constitute an 

indirect model reference adaptive control system. Simulation results are presented 

to demonstrate the effect of the reference model parameters. which may impose 
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certain constraints on the force requirements causing actuator saturation and therelJ~· 

affecting the stability of the closed-loop system. 

In order to overcome the problem of using bulky and expensive sensors to measure 

transverse displacement and velocity, a new spatial recursive technique to estimate 

these variables alternatively by using distributed set of (measured) strain data. is 

developed. Relevant algorithm enables the use of smart materials to sense the !:train 

developed at various locations along the length of the stmcture leading to the devel

opment of flexible smart structures. Experimental results on the personal computer 

based control of vibrations in an aluminum i.Jeam using patches of polyvinyldene flu

oride (PVDF), and lead zirconate titanate (PZT) rts .:ensors and control actuators 

respectively, are furnished to demonstrate the feasibility of real-time implementation 

of the above mentioned control algorithms. 
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Chapter 1 

Introduction 

1.1 General 

Any periodic motion of a physical body (that repeats itself after an interval) of 

time is called vibration. Interest in the study of vibrations stems classically from 

analyzing musical instruments. Mathematicians like Taylor, Bernoulli, D'Alembert. 

Euler, Lagrange and Fourier have made useful contributions in the development of 

the theory of vibrations. Other practical avenues of studying vibrations refer to 

vibration of ear drums, breathing (associated with the vibration of lungs) etc .. in 

biomedical engineering. vibration of civil engineering structures, earthquake analysis. 

vibrations in aerospace vehicles and in the kinematics of machines, turbines etc. 

Early studies concerning vibrations focused on understanding vibrations in natural 

phenomena and developing mathematical theories to describe them in reference to 

physical systems. With the advent of new technologies, more and more problems in 

the field of vibrations have started to creep in. In recent times, vibration studies 

have been motivated largely by the engineering aspects of vibrations in designing 

the machines. building structures, engines, turbines, etc. 

Vibration problems occur in machinery due to imbalance in the parts as a result 

of faulty design or poor manufacturing. Such imbalances may lead to excessive 

vibrations which may eventually cause structural failures. Structures designed to 
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support machines like motors. turbines etc. are ulsu suLjected to vibrations induced 

by the machines. Such vibrations may again result in the failure of the supporting 

structures as well as the associated machine components due to material fatiguP 

resulting from cyclic vibrations of the induced stress. Furthermore, vibrations would 

encourage rapid wear and tear of the machine parts and the structures and may cause 

noise pollution. 

Studies in the field of vibrations have been intensively motivated by the damages 

m civil engineering structures like bridges, dams, skyscrapers etc., resulting from 

cyclic loading. earthquakes. etc. Whenever the natural frequencies of vibrations of 

a structural part coincide with the frequencies of excitation. resonance takes place. 

leading to undamped deflections and ultimately lead tu destruction of the strur.t ure 

itself. Considerations which have motivated researchers in recent times in studying 

vibrations also includt aerospace structures. Flutter in airpiane wings. noise i:1 the 

airplane cabins. helicopter blade vibrations, in spacecraft, etc., resulting from various 

factors at different stages of vehicular mission, are some of the issues under rigorous 

investigations in aerospace industry. 

The types of excitations can be categorized as deterministic (specified by known 

loadir.g conditions, ascertainable vibrations induced by moving mechanical parts, 

etc.) and stochastical manifesting as random vibrations (such as in natural calami

ties like earthquakes, hurricanes etc.) Thus, one of the important objectives of 

vibration study is to reduce the vibration through proper design of machines and 

their mountings. In this perspective, the mechanical engineer would try to design 

the machine so as to minimize the imbalance, while the structural engineer would 

design the supporting structures so as to ensure that the effects of the imbalance 

will not be damaging. 

Apart from addressing the detrimental effects of the vibrations. studies also refer 

to vibrations which can be utilized profitably in several industrial applications. For 

example, vibration is used effectively in vibratory conveyors, washing machines etc. 
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[91]. Another classical example is the design of electronic oscillators with piezueler

tric crystals. Vibrations have also been found to improve the efficiency of certain 

machining, welding processes etc. [91]. They are also used to simulate earthquake 

artifacts in geological research. 

In both, detrimental as well as the usable considerations of vibrational studies. 

the target is to keep the vibrations rontrolled at a desired level. Commensurate 

with such a research prevalence, the objective of the present research as detailed 

in this dissertation is motivated towards certain specific considerations vis-a-1•is in 

studying different ways of controlling or suppressing the vibrations in what are known 

as flexible structures. 

1.2 Flexible Structures 

Any 'ibratory system, in general. includes a means to store potential energy(PE) 

(spring or elasticity), a means of storing kinetic energy (KE)(mass or inertia) and a 

means (damper) by which energy is gradually dissipated. The vibrations in a system 

involve the transfer of its PE to KE and vice 1•ersa. ~lost of the engineering struc

tures, in general, are flexible in nature concerning the design involved and in selecting 

the geometrical and physical properties of the structures. Thus, the amount of PE 

and KE stored in the structure may vary across the cross-section of the structure. 

Such structures are termed as distributed parameter systems (DPS). They have in

finite number of degrees of freedom. Their dynamics can be described by partial 

differential equations (PDE). Typical examples (other than the ones mentioned in 

the previous section) are, transverse \ibrations of strings. beams, plates etc., rods 

under axial vibration, shafts in torsion, bars in bending, etc. In the medical appli

cations of robotics, for example. the robotic arm must be able to reach a specific 

location interior to the human body and perform various tasks. Thus the robotic 

arm must be capable of following a curved/twisted path, thereby requiring the arm 

to be flexible to bend and twist. Therefore, robotic arms, in such applications. are 
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designed as flexible structures. The dynamics uf these structures are represented Ly 

the following general PDE: [75] 

£w(P, t) + m(P)w(P, t) = f(P, t); P E D ( 1.1) 

Here,£ is a linear, homogeneous differential operator. m is the mass density. u· is the 

displacement of a nominal point in the spatial position Pat time t, f is the external 

force density and D is the spatial domain of the structure. The above equatiun ( 1.1) 

is constrained by geometric and natural boundary conditiuns depending upun the 

geometry and the type of the structure [72, 75]. 

The main characteristics of these structures are that they have infinite natural 

frequencies with different extents of damping pertinent to each one of them. In some 

applications. for example. in the viLrations of airfoils of jet engines. a large numLer 

of these modes may be closely spaced and are more or less equally damped. The 

level of damping in these structures depend on the type of material used and the 

environmental conditions, while the frequencies depend upon the physical properties 

and the geometry of the structure itself. 

1.3 Control of Vibrations 

Most of the causes for failure/damage of structures and machines and reasons for 

excessive noise exterior to the machinery are due to the vibrating members of the 

machine elements. Thus, it is often necessary to kill these vibrations. 1f possible. at 

the root itself. That is, vibrations are to be suppressed in each vibrating member 

itself. Some of the techniques presently available for such vibration control are 

discussed in this sectioT! and the focus is made mainly on the control of vibrations 

specific to flexible structures. 

The subject of vibration control in flexible structures has attracted wide interest 

over the past several decades. One of the major driving forces (in the recent past) 
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behind such interest is the real possil.Jility of large flexilJle space structures with strin

gent mission requirements. The question arises whether the techniques present!~· 

available would be sufficient to handle such stringent requirements. For example 

control of space structures include precision control of large units like antennas. 

Normally due to constraints on the payload weight requirements, space-borne struc

tures are made of light-weight materials which are rather lightly damped. Therefore. 

large forces acting on them may lead to excessive (uncontrolled) oscillations whirh 

have to be suppressed in order to avoid structural damages. 

Controlling structural vibrations due to earthquake, hurricanes etc. is a topir of 

research interest which falls under the category of stochastic control of vibration in 

flexible structures wherein the engineering design aims at suppressing the vibrations 

to a minimal level (a stochastical as~mptotic limit) in order to a\'oid damages. 

The main strategy behind the control of vibrations is to introduce damping and 

stiffness into the structures so as to counteract the vibration induced excitations. 

There are two main techniques that are being followed conventionally in vibration 

control efforts. They are designated as passive and active controls. 

1.3.1 Passive Control 

The structures are initially designed to meet necessary strength and structural re

qu'!"<::rutilts. In order to control the vibrations in these structures passively. addi

tional materials are added on an ad hoc basis to introduce mass to the structure 

and dampen (absorb) the vibrations. By adding mass to the existing structures, the 

natural frequencies are shifted away from the driving frequencies of excitation. The 

additional materials used are called tuned mass dampers [93]. Vibration absorl.Jers. 

when introduced. may create anti-resonances which would promote additional damp

ing. The net effect of using vibration absorbers is to effectively alter the response 

characteristics of the already designed structures. The advantage of this type of 

control is that there are no moving mechanical parts involved and hence, little or 
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no maintanence is required. However. the meti10d has several disadvantages. The 

additional mass introduced may increase the overall mass of the structure which 

may violate the design constraints imposed on the overall weight. Quite often. it 

may not be possible to use this method over a broad range of operating conditions. 

!\Ioreover, this method lacks robustness and would prove to be costly to implement. 

Engine mounts and vehicle suspension systems are some of the examples in which 

passive control methods are used traditionall~·. 

1.3.2 Active Control 

Passive control systems, though judiciously designed, may not facilitate their im

plementation due to lack of robustness, or due to cost factors. This calls fur an 

alternative mechanism to control vibrations. Hence researchers have investigated 

the use of external devices that can absorb vibration energy from the parent strur

ture. Such a mechanism is termed active control. Relevant schemes generally dis

sipate the vibration energy by opposing the vibration with the use of external and 

discrete actuators to impart a motion or force to the structure to counteract the 

driving dynamics of the vibrations. These actuators and the associated sensors are 

called "active elements". The advent of inexpensive microprocessors has opened the 

door to use these active elements with feedback and automatic control feasibilities 

towards act1ve control of vibrations. The use of such active elements in dissipating 

the energy from the parent structure can be equated to introducing stiffness and 

damping into the structure. Thus, the purpose of the active control is similar to 

that of passive control, but performed actively, thereby allowing certain flexibility 

to the designer. Active control also allows robust mechanisms for controlling the 

vibrations. 
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1.4 Active Materials for Sensing and Actuation 

As explained in the previous Sl?'!:don, active control which is a robust and efficient 

way of controlling vibrations in structures, requires active elements to carry uut 

its objective. In effect, the complete system (including the sensors and actuators) 

should be capable of changing the physical properties namely. stiffness and damp

ing. Though a variety of devices can be considered as sensors and actuators. most 

of them may not be suitable for controlling the vibrations efficiently. There are. 

however, certain materials which have the unique ability in changing their physical 

properties through application of external electrical stimuli [93]. This phenomenun 

can be profitably utilized for the active control of vibrations. Such materials are 

termed as "intelligent/smart" materials [i7]. Some of the examples are piezoelectric 

(PZ) materials. electrorheological (ER) fluids and shape memory alloys (S~IA). the 

discussions on which are as follows: 

1.4.1 Piezoelectric Materials 

If a stress is applied to certain crystalline materials they develop an electric moment 

whose magnitude is proportional to the applied stress [81]. This is known as the 

direct piezoeleciric effect. Such crystals are known as piezoelectric materials. Con

versely when an electric potential is applied to these crystals, a mechanical stress is 

induced due to the ;everse piezoelectric effect. Examples of the materials possessing 

these properties are: Quartz, polyvinyldene fluoride (PVDF), lead zirconate titanate 

(PZT) and barium titanate. Commercially available PVDFs are of film type of vari

ous dimensions, while PZTs are available as thin wafers. Piezoelectric materials are 

more suitable for vibration control purposes because they can easily be adhered to 

any surface. These materials as such, are not, however, electrical conductors. They 

have to be coated with conducting materials like silver, nickel paint etc. Only the 

portion of the material covered by the conductor on both sides will be influenced 

7 



by the electric potential [64]. Thus. the PVDFs or PZTs. cuated with conducting 

materials can be thought of as a voltage source in series with a capacitor [87]. The 

electrical output of these materials (due to piezoelectric effect) is the electric charge 

developed on the surface that can be measured across the conducting surfaces [78]. 

1.4.2 Electrorheological Fluids 

These fluids have the inherent ability to undergo abrupt and reversible changes in 

viscosity when subjected to electro-static potentials. ER fluids are typically susJ.len

sions of micron-sized hydrophilic particles suspended in suitable hydrophobic carrier 

fluids [43, 77, 78, 93]. On application of electric potential across the fluid. these par

ticles arrange themselves in particle 'trains· and cause an increase in the viscosity· 

of the fluid [93]. These fluids can be used within a structure thereby allo\\'ing for 

variable damping within the structure. 

1.4.3 Shape Memory Alloys 

SMAs have the inherent ability to remember a specific 'memorized' shape. The 

original shape of the SMA is the memorized shape. When cooled below the transition 

shape, they undergo a plastic deformation and assume a new shape. \Vhen the 

SMA is heated above the transition temperature, the SMA will return to its original 

memorized shape, if not constrained from doing so [93-95]. The large recovery force 

associated in returning to the memorized shape is typically the mechanism exploited 

to create SMA actuators. There are a number of alloys that can qualify as SMAs. 

Among these, the most popular is the nickel titanium alloy (:r\itinolTM), because 

of their relatively high electrical resistivity which lends itself to easy and uniform 

heating via electric current [94, 95]. 
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1.4.4 Fiber Optic Sensor l\!laterials 

These are the most recent versions of materials tu be categorized primarily as smart 

sensors. Their certain distinct properties are being utilized to categorize them as 

extrinsic and intrinsic sensors [93]. Extrinsic sensors basically transmit light and are 

primarily used as detectors and do not perform any sensing. They are mainly used 

in robotics to detect the presence of a workpiece and also used to detect damages 

in structures. Intrinsic sensors are those used to quantify a measurement, which in 

vibration control experiments would be the strain. 

1.4.5 Magnetostrictive Materials 

These are certain class of materials with modifiable elastic properties self-adaptively 

in response to a magnetic field applied in proportion to a sensed and fed-Lack stress

strain information. These materials undergo ,,·hat is known as magnetostrictive 

effect. This effect refers to the structural strain experienced in a material subjected 

to a polarizing magnetic fitL'X [78]. A static strain ( is produced by a d.c. polarizing 

magnetic ftux Bo such that f. = C B5 where C is a material constant expressed in 

(meter 4 fweber 2
) with units of 80 being (weberfmcter2 ). For more information on 

these materials, the readers are referred to [78, 80, 92]. 

1.5 Smart Structures 

Smart/intelligent structures contain cohesively sensors. actuators and control mech

anisms. Thus, smart structures have built-in capabilities to actively change the 

geometry or the physical properties of a structure. Some of the active elements 

(used to build smart structures) are discussed in Section 1.4. In [93], Rogers. et a!.. 

have compared smart strur:tures with human body. According to the authors, the 

skeletal structure is similar to the fabrication of composite and the adaptive mate

rials that are integrated to the composite during the curing process, is equivalent 
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to the nervous system capnule of sensing both internal and external conditions and 

a muscular system capable of responding to this sensed information. Finally. the 

controller is equivalent to the brain that transforms the sensed information into a 

desired response. The biomimetic considerations of composite materials have been 

portrayed by Park [86] and Neelakanta and Park [79]. With the advancements in 

composite fabrications the smart materials can be integrated into a structure to form 

smart/intelligent/adaptive structures. Smart structure technology is still a new and 

evolving area with lots of scope for refinement in every constituting elements and 

their integration. 

1.6 Adaptive Control of Vibration 

The necessity to control vibrations in flexible strudures and the possible types of 

such controls are discussed in the previous sections. Three main physical parame

ters of any structure are mass, stiffness and damping coefficient. Mass and stiffness 

parameters can be obtained from the physical properties and the geometry of the 

structures, whereas it is rather difficult to ascertain the damping coefficient explic

itly. This data can, however, be experimentally estimated only to a certain degree of 

accuracy. The control system designed based on structural parameters is expected 

to function adequately with tolerance bounds. But, the design may suffer from 

the uncertainties in the parameter values used. Moreover, flexible smart structures 

are usually constructed with composite materials which have variable (in space and 

time) geometry and the material parameters (due to the inclusion of smart materials, 

adhesives to bond them on to the structure, associated electronics, etc.). Therefore, 

it is almost impossible to determine even the mass and stiffness parameters of the 

complex composite structures accurately. Thus, it is necessary to estimate these 

parameters on real-time basis and controllers on the basis of these estimated param

eters. This is the philosophy behind the so-called adaptive or self-tuning controllers. 
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Most of the structures like engine-mounts. airplane wings. helicopter !)lades. 

space structures. etc. are exposed to extreme environmental conditions. Hence. 

the properties of the material of ~he structures ma~· change very significantly (up to 

500%) [12]. Therefore, it is necessary to monitor these changes on-line and design 

controllers that can adapt to these char1g:es dynamically. 

1.7 Literature Survey 

In this section a literature st;rvey on the pertine:1t research works on various aspects 

of the vibration control problems is furnished. Topics include both theoretical and 

experimental issues of the prublem. Flexible structure control is an extremely inter

disciplinary subject dependant on structural dynamics. mathematical modeling and 

approximation of DPS. optimization, estimation and controL numerical analysis. 

large-scale computation, and electronic engineering. Often these areas are cross

coupled and formal solutions are dependant on all disciplines. A number uf refer

ences on various theoretical and experimental issues of the problem under discussion 

can be found in [10]. 

1.7.1 Control of Distributed Parameter Systems 

The dynamics of DPS are essentially described by Equation (1.1). Flexible struc

tures are governed by the dynamics of DPS. Thus the framework for analysis and 

design of DPS-based control systems are completely different from those of lumped

parameter-based finite dimensional systems. In DPS mode. the concepts of control 

design, estimation theory, controllability and observability etc., have to be estab

lished uniquely in infinite dimensional spaces. Some of the theoretical issues in the 

area of deterministic control of DPS can be found in [1, 69, 70, 82]. In [82], Omatu 

and Seinfeld have presented some of the major results of DPS theory in a compre

hensive manner. One of the approaches in the control of DPS is to use point-wise 
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or boundary control strategy or both. Though these approaches appear to Le fea

sible from the application point of view. they have the disadvantage of leading tv 

unbounded operators, from the theoretical view point. This type of control has 

been analyzed (theoretical!:-·:) using functional analytic approach by Lions in [70]. 

Relevant results are found useful in the control of flexible structures using smart 

sensors/actuators ·whose dynamics can be modeled via Dirac's delta funct10n and its 

derivatives. ~lore results on general optimal control theory of infinite dimensional 

systems are explained in detail [1, 69]. 

With the availability of theoretical results (cited in the previous paragraph) on 

the control of infinite dimensional systems, from applications point of view. such 

infinite dimensional systems have to be reduced to a finite order (so that the fi

nite dimensional controllers can be designed thereof). Relevant finite dimensional 

truncation (to be discussed in the next subsection) would introduce. however. uncer

tainties in the model. These uncertainties may be of parametric type or of structural 

type. Thus, the finite dimensional controller designed with these uncertainties may 

degrade the performance of the dosed-loop s~·stem. Therefore. the controller has 

to be robust and insensitiw to the uncertainties. Bontsema. et al .. in [24]. have 

applied the robust controller design method (presented in [35]). to a flexible beam 

with three different types of damping (viscous. material. .. ). They have shown that 

for certain values of the damping coefficients, the discrete pole locations (due to dif

ferent damping mechanisms) may be quite close in the L00-norm. They also showed 

that this proximity in pole-locations is good enough so that the controller designed 

for the beam with one type of damping may well stabilize a model with another 

type of damping. However, in [24]. they have also shown that their theory may not 

predict the stability if the pole locations (due to the actual damping present in the 

system) are quite far from that due to the assumed damping model. In [67], Lenz, 

et al., demonstrate the use of distributed parameter Hoo method by designing a 

feedback controller for a highly flexible Euler-Bernoulli beam with and without pure 
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time delay. Bontsema and de Vries, in [25]. studied the robustness against small 

delays in the feedback loop of a controlled flexible structure. The main drawbac-k 

of the above mentioned robust controllers is that it is difficult to obtain a low-order 

controller [24]. This leads to an increase in computational cost. 

1. 7.2 Finite Dimensional Approximation 

The results provided in the mrious references rited above are highly theoretical in 

nature. These results provide a fair understanding of the analytical aspects and the 

associated closed-loop control of the physical system. However. in practice. as stated 

earlier the infinite dimensional systems have to be reduced to finite dimensional sys

tems in structural implementations. Also. the actuators and sensors which play a 

key role in the relevant dynamics, are often ignored in theoretical analyses. Prac

tical sensors and actuators are always limited by their finite frequenc-y bandwidth. 

Control of vibrations in flexible structures (having infinite bandwidth) has to be per

formed using finite bandwidth sensors and actuators. This has led the researchers 

to investigate the methods of approximating the infinite dimensional systems to a 

finite dimensional one. The traditional approach for approximation is to consider 

only the first few important modes of vibration and neglect the rest of the higher 

order modes. In [16]. the authors have considered the direct position plus velocit~· 

feedback control of flexible space structures by including a large number of modes 

with collocated sensors and actuators. They have also shown that when the number 

of inputs equals the number of outputs, any positive definite matrix (of appropriate 

dimensions) could be a stabilizing feedback gain matrix. This leads to the use of 

decentralized controllers. Balas in [9], has considered controlling specific modes of 

certain flexible dynamic systems. He has shown that such a controller will stabilize 

the selected modes. However, he has also shown that the actuators will excite the 

neglected uncontrolled modes called control "spillover" which will degrade the sys

tem performance severely. But, he has proved in [9], that if the controlled modes 
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are controllable and observable, with the remaining modes are unobsen·aLle and if 

the control spillover meets a priori bounds determined by the system performance. 

then the system is guaranteed to satisfy suitable performance criteria. The above 

mentioned conditions may not, however. always be satisfied. Therefore, in order tu 

use the modal feedback suggested by Balas in [9]. an alternative way to suppress 

the control spillover has been proposed by the same author in [8] in which he used a 

spatial phase locked loop filter to reduce the control spillover and restrict it within 

certain bounds that would guarantee a suitaLle system performance. Baruh and 

Meirovitch [15] adopted a finite series approximation using eigenfunction represen

tation t.o reduce the system to a finite dimensional one. Bona et. al [23] derived a 

discrete-time dynamic model of the piezoelectric materials (treated as flexible struc

tures) by truncating the infinite series eigen-function expansion to obtain the finite 

dimensional representation. Such representations result in spillo\·er of the neglected 

terms of the infinite series. as indicated before. ~1odel reduction of flexible struc

tures is also discussed by Gawronski and Juang in [44], wherein part of the state 

variables is truncated and the components being truncated are determined by re

duction indices. In [44], a method to determine the reduction indices and perform a 

near-optimal reduction is also described along with refen'nces on model reduction. 

in general, and their applications to flexible structures. 

The above-mentioned modal truncation or eigen-series expansion methods repre

sent one form of approximation of the infinite dimensional model. Another form of 

approximation involves spatial discretization of the PDE (1.1), so that the approxi

mate solution i;:; obtained by means of a finite set of ordinary differential equations. 

Common procedures for spatial discretization are the classical Rayleigh-Ritz (R

R) method. finite element method (FE~!) and the Galerkin procedure [72. 73. 75]. 

These methods im·olve the choice of trial functions to approximate the displace

ment distribution. In R-R method, the trial functions are merely admissible or 

formal basis functions satisfying the geometric boundary conditions. On the other 
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hand, Galerkin procedure applies to the PDE ( 1.1) and requires the use comparison 

functions satisfying all the boundary conditions [75]. FE~l is a variant of the R-R 

method, with the main difference being in the choice of trial functions. In FE~l. lu

cal admissible functions are used, while in R-R method, global admissible functions 

are adopted. ~Ioreowr. in R-R method, the generalized coordinate vector contains 

abstract quantities, while in FEM they represent physical/measurable parameters 

[75]. The FEM based approximation of flexible structure dynamics is presented in 

detail in [20, 72, 73, 75]. 

1. 7.3 Control of Vibrations in Flexible Smart Structures 

As mentioned earlier. flexible smart structures are structures mounted with smart 

materials for vibration sensing and for counter-actuation to suppress the vibrations. 

These are inherently infinite dimensional systems. As indicated in the previous 

section, applying the distributed parameter control is rather difficult when discrete 

sensors and actuators are used. Physical sensors and actuators are attributed with 

finite frequency bandwidth and Goh and Caughey [46] studied the problem of sta

bility caused by the interaction between the finite dynamics of the actuators with 

the infinite bandwidth structures. In [46]. Goh and Caughey have considered a fi

nite dimensional representation (hav;ng very large bandwidth) and showed that in 

the absence of the finite actuator dynamics (or negligible dynamics), velocity feed

back always resulted in a globally stable system. They have also shown that. with 

finite actuator dynamics, if a priori precautions are not taken. velocity feedback 

may lead to instability. In [46] it is also suggested that position feedback can be 

used as an alternative which enjoys the advantage that conditional global stabil

ity (which can be derived analytically) is easily satisfied. In [61-63] and in severai 

other works, feedback laws involving boundary or pointwise observation and control 

which yield uniform asymptotic stability have been developed. In practice. the sen

sors and actuators are distributed over a small region and hence the measurement 
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and control are effected over the region of distribution. In [~{6]. the authors han' 

investigated the stability of the overall system when concentrated sensors/actuators 

are introduced to a class of hyperbolic systems (which are known to be uniformly 

asymptotically stable using boundary feedback). They have shown that the system 

will be strongly stable with a finite pair of collocated sensors/ actuators if and on!~· 

if atleast one of the weighting functions (used to represent the spatial distribution of 

sensor/actuator) not be orthogonal to the span of the eigen-functions of the uncon

trolled system. A good review of the literature on the issues related to stabilization 

of flexible structures is furnished in [37]. 

Piezoelectric materials, as described in Section 1.4.1, are more suitable for dis

tributed sensing and actuation purposes. The shape of the electrode coating can 

be utilized to achieve appropriate spatial distribution [64]. Lee and ?vloon [64] haw 

demonstrated this concept to create piezoelectric modal sensors/actuators. The sen

sors/actuators which they developed, respond to the modes of vibrations to which 

the electrode coatings are appropriately shaped (tuned). Devasia, et al., [39] haw 

studied the optimal placement and sizing of piezoelectric actuators for suppressing 

the vibrations in uniform beams. In [27] a simple method to obtain optimal sensor 

shape functions based on controller gains calculated for an FE).! of the structure is 

developed. The feasibility of implementing LQR and pole placement control algo

rithms with the optimally shaped distributed sensor is also demonstrated. }.!eyer. 

et al., [76] studied the problem of designing distributed and discrete transducer 

for a complicated two-dimensional structure. In [34], static and dynamic models 

for segmented piezoelectric actuators that are bonded to an elastic substructure 

or embedded in a laminated compo~ite are described. These models are useful in 

predicting, a priori, the response of the structural member to a command voltage 

applied to the piezoelectric material and also provide guidance to obtain the opti

mal location for the actuator placement. Bailey and Hubbard [7] have used PVDF 

film for distributed actuation to control the vibrations in a flexible cantilever beam. 
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They developed a Lyapunov method Lased Lang-bang type distributed contrul law 

that requires angular velocity at the free-end of the beam as the feedback variable. 

Dosch, et al.. [40] , have described a method by which the same piezoelectric patch 

can be used for both sensing and actuation. They have demonstrated the use of this 

self-sensing piezoactuator to suppress the vibrations in a cantilever beam, using pos

itive position feedback control algorithm. Tzou. et a!., [102] used PVDF materials 

to demonstrate their use in the distributed control of fiexi ble robotic manipulators. 

Dosch, et al., [41] conducted a performance study for suppressing vibrations in a 

beam embedded with a self-sensing actuator and a self-contained surface mounted 

control electronics module. In [4]. a pilot study has IJeen conducted to demonstrate 

control of vibrations using barium titanate. 

Another smart material that has gained wide attention for distributed sens

ing and actuation purposes. is the S?-.IA. In [94. 95]. Rogers. et al .. introduce the 

use of NitinoiTM (which is an S?-.IA) for dynamic control of composite structures. 

Hashimoto, et al., [52] show the use of S?\IAs in robotic actuators, wherein they dis

cuss two types of actuation, namely, biased and differential. As Rogers, et al.. [9:3] 

have pointed out, most of the applications of SMA appear to take place in Japan. 

Applications of S:MAs for control of flexible structures can be found in [18, 19. 98]. 

Gandhi and Thompson [43] employed various ER fluids to control the vibrations 

m a hollow graphite-epoxy cantilever beams. Duclos [42] described an adaptive 

system that uses ER fluids and valves to tune a dynamic stiffness notch. Coulter. et 

al., [32] have discussed extensively on the engineering applications of ER materials. 

Application of ER fluids to suppress the vibrations in helicopter blades has been 

studied by Wereley [104], wherein it is indicated that much stronger ER materials 

need to be developed for helicopter fluid-filled flex beam-type structures. Pinkos. et. 

al., [88] used low voltage ER magnetic fluid t.o damp the vibrations in passenger car 

suspension systems. 
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Recent nnd the most ad\·anced material that is recognized as smart sensur ma

terials is the optical fibers. Fiber optic sensors were first used to measure strain 

in low temperature composite materials in an experiment conducted at the :\ASA 

Langley Research Center [96]. Bucholtz et al., [26] describe a fiber optic accelerom

eter, based on the displacement to strain conversion, suitable for use at DC and lo"· 

frequencies. Allan [2] describes the use of fiber optic bundles as tactile sensors for 

robotic systems. Bogue [22] '\ddresses the use of fiber optics in accelerometers. 

1.7.4 Identification of Distributed Parameter Systems 

System identification refers to the identification of the parameters or the states uf a 

system (based on the input-output information). In the case of flexible structures. 

system identification either refers tu the identification of the modes of vibration (also 

referred to as modal identification) or to the estimation of the distributed structural 

parameters. 

In the modal identification case, in order to identify the system accurately. it is 

essential to estimate all the modes of vibrations (infinite in number), which is nut. 

however, possible. For approximate modeling on the other hand, it is enough to 

identify a finite number of modes of vibration. This is usually done using sweep-sine 

method, wherein the structure is excited with a sinusoidal input of fi..xed amplitude 

while frequency of excitation is varied at a known fi..xed rate. The m0dal informations 

are obtained from the Bode plot of the response of the structure at each frequency. 

The main drawback of this method is that only finite number of modes are deter

mined and in many applications this information may not be sufficient. Moreo\'er. as 

discussed in Section 1.7, the structural parameters and hence the modes of vibration 

may vary with time. Therefore, the initially identified system may be quite different 

from the actual system with new set of parameters. 

In the case of lumped parameter systems, estimation of parameters refers to 

the identification of a point in the finite dimensional parameter space. whereas for 

18 



distributed parameter systems. estimation refers to the identification of a function 

in the parameter space or a point in infinite dimensional spare. Therefore. the 

standard issues involved in lumped parameter estimation such as the consistency 

of the estimates, convergence of the estimated values to thP actual values etc .. [5. 

47, 97], have to be extended to the DPS in infinite dimensional space. Kitamura 

and Nakagiri [57] have addressed the issue of identifiability of spatially VMying and 

constant parameters in distributed systems of parabolic type. The results of their 

investigations show that the conditions on identifiability depend on the profile uf 

the state of the model for the case of distributed measurements; whereas. in the 

case of point-wise measurements, these conditions depend on the position of the 

detector and the form of input functions. Banks and Kunisch [12] have treated the 

estimation of distributed parameters in an abstract framework. They have detailed 

the results on the convergence and consistency of the parameter estimates using 

functional analytic framework. In [14], Banks. et a!.. have developed an off-line 

technique to estimate the mass. stiffness and damping distribution in an aluminum 

cantilever beam mounted with PZT actuator and accelerometer. and the results on 

the estimation of parameters using experimental data, seem to agree closely with 

those of the actual values. Banks and Smith [13] have described an off-line opti

mization based estimation technique to estimate the distributed parameters. Their 

method assumes the use of piezo-patches for estimation. Numerical results on the 

estimation of parameters. for struc~ural acoustic applications, are provided in [13] 

to validate the method. In [75], Meirovitch and 1\orris use different types of spatial 

discretization to approximate the DPS and use the approximate finite dimensional 

model to estimate the distributed structural parameters. They have also discussed a 

method for modal identification of self-adjoint systems based on the time-history of 

the input-output data. Rajaram and Junkins [90] have suggested a method to iden

tify either the elements or some parameters like eigenvalues and eigenvectors of the 

system matrices of the finite dimensional representation of flexible structures. Baruh 
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and Meirovitch [15] haw discussed a method to estimate the distributed parameters 

of a structure. Their method involves representation of the spatial distribution uf the 

parameters in terms of finite series of known functions multiplied by undetermined 

coefficients. Estimation of distributed parameters therefore involve the estimat iun uf 

these undetermined coefficients. In [15], an approach to estimate a limited number 

of eigenvalues and eigenfunctions (of the system) which are required for the estima

tion of the undetermined coefficients is also outlined. 11ost of the above-mentioned 

methods, in their present form, are not, however. suitable for on-line estimation of 

the parameters. which. on the other hand. is rather essential for indirect adaptiw 

control strategies. 

1. 7.5 Adaptive Control 

The need for self-tuning/ adaptive controller for suppressing the vibrations in com

plex composite flexible structures was discussed in Section 1.6. Self-tuning con

trollers are essential in situations where the parameters of the system are unknown 

while the structure of the model is known [6]. In such cases, in order to determine 

the parameters of the system, the system is excited by known input functions like 

multiple-sinusoids, pseudo-random binary sequence etc .. for a fixed amount of time. 

Based on the steady-state input-output information. the system parameters are es

timated. These estimated parameters are then used to design the controller [6]. An 

adaptive controller. on the otherhand. is required when the system parameters are 

known (or estimated before hand) and are time-varying. In such case:,. the param

eters have to be estimated on-line and the controller should be able to adapt to the 

changes in the parameters [5. 47, 97]. In principle, self-tuning controllers may require 

off-line parameter estimation techniques, while adaptive controllers require on-line 

estimation of the parameters. For the control of flexible structures, both self-tuning 

and adaptive controllers may be required. In [58], Kobayashi has developed a new 

finite dimensional adaptive control algorithm of general infinite dimensional systems 
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based on dynamic input-output representation of the plant. This nC'w adaptiw iaw. 

presented in [58], guarantees bounded input-output signals and convergence of t hC' 

tracking error to a small residual set. Wen and Balas [103] have developed a direct 

model reference adaptive controller in infinite dimensional Hitbert space. In [11]. 

Balas has extended the ideas presented in [103], to design finite dimensional direct 

adaptive control for discrete-time infinite dimensional systems. In [54, 55], Hong 

and Bentsman have presented the problem of direct adaptive control of parabolic 

systems, wherein they developed model reference controller for suppressing the vi

brations. They have proved the com·ergence of the parameter error using averaging 

analysis. In [54, 55], Hong and Bentsman have also addressed the issue of persis

tency of excitation in the distributed parameter setting and proved that for DPS 

even constant input is persistently exciting. In [38]. Demetriou and Rosen haw 

considered model reference adaptive control of hyperbolic systems in an abstract 

framework. The design and analysis presented by in [38], seems to be similar to the 

ones presented in [54], for parabolic systems. 

The above-cited works on the adaptive control of infinite dimensional systems 

are of the direct model reference type and are highly theoretical in nature. Till date. 

very few works have been report'?d on the application of adaptive control algorithms 

for suppressing the vibrations in flexible structures. Bayard, et al., [17] studied the 

adaptive control of flexible structures in the presence of measurement noise. Ih. 

et al., [56] conducted an experimental study on the robustness issues of adaptive 

control of flexible structures. 

1.7.6 Optimal Placement of Active Elements 

One of the major issues related to the control of vibrations in flexible structures is 

the determination of optimal number and location of the active elements for proper 

sensing and control. Though this topic is beyond the scope of this dissertation efforts. 
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for the sake of completion, a brief survey on the nature of the relevant research un 

this topic. is highlighted here. 

Flexible structures vibrate with infinite frequency components. Each mode has 

a specific shape which is a spatial function. The nature of these functions haw 

been explained in detail (for one-dimensional structures) in [i2, i3]. Hence. each 

mode has specific locations/regions, in the Syatial domain, where the modal energy 

is maximum. In order to capture the dynamics of the structure properly, the trans

ducers have to be placed at these locations. Thus, it is very essential to determine 

the optimal number of sensors/actuators required and to determine tl-teir optimal 

locations, so as to accomplish proper sensing and control. This problem has been 

under investigation for several years. The optimal location of the sensors from a 

theoretical point of \'iew are dealt with in [29, 59, 82, 89. 106], while in [53. 83. 100. 

105] the problem has been handled using numerical optimization techniques. 

1.8 Statement of the Research Work 

As indicated in the earlier sections, the need to design self-tuning adaptive controller 

for suppressing the vibrations in flexible structures is self-explanatory. Though the 

mathematical treatments available on the relevant topics of (adaptive) control of 

vibrations provide some insight into the problem, as the structure to be controlled 

becomes more complex and composite, these mathematical treatments are not com

prehensive enough. Thus, one has to resort to approximate methods to find solutions 

to the problems faced while performing experiments on the control of vibrations in 

complex structures. Therefore, the main objective of this research work is to de

velop approximate self-tuning/adaptive control strategies that can be implemented 

using a personal computer and/or a microprocessor based system. For this purpose, 

it is required to develop a finite dimensional approximate model to represent the 

dynamics of a flexible structure that includes all the dominant modes of vib::ation 
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and at the same time takes into account the distributed nature of the IJnrame

ters. The finite dimensional model should further be reduced to obtain parametric 

representation of the flexible structure that enables on-line estimation of the sys

tem parameters. The finite dimensional model can further be used to design finite 

dimensional controllers which in conjunction with the parameter estimators yield 

self-tuning adaptive controllers conducive for suppressing the vibrations in flexiule 

structures. The performance of the finite dimensional estimation and control algo

rithms can be demonstrated through simulations and experiments. 

In summary, commensurate with the title of this dissertation. the research efforts 

performed can be briefed as follows: 

• Derivation of FE).l-based finite dimensicmal model of a flexible structure 

(Chapter 2). 

• Deduction of ARMA parametric representation which enables the on-line es

timation of structural parameters, namely, mass, stiffness and damping coeffi

cients (Chapter 2). 

• Designing finite dimensional controllers to suppress the vibrations in flexible 

structures, which in combination with parameter estimation algorithm yields 

self-tuning/adaptive controller (Chapter 3). 

• Estimation of transverse/angular displacement and velocity at the nodes from 

the strain/strain-rate data measured (using smart materials) at the nodes of 

the finite element system (Chapter 5) 

• Development of a personal computer based adaptive control system for on-line 

estimation and control of vibrations in an aluminum test beam mounted with 

PVDF sensors and PZT actuators (Chapter 6). 
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1.9 Organization of the Dissertation 

Following this introductory chapter (Chapter 1), Chapter 2 deals with the derivation 

of the finite dimensional model and estimation of the distributed parameters of the 

system. Simulation results are presented to validate the model and the estimation 

algorithms. 

In Chapter 3, a continuous time linear quadratic regulator and a discrete-time 

model reference controller are derived based on the finite dimensional model of the 

structure. These are used in conjunction with the parameter estimation algorithm 

to obtain adaptive control algorithms. The performance of the two adaptive control 

algorithms are demonstrated through simulations. 

Experimental setup. required to demonstrate the application of the parameter 

estimation and adaptive control algorithms in suppressing the vibrations induced in 

an aluminum cantilever beam. is described in Chapter 4. 

A new type of spatinl recursive algorithm, to estimate the transverse/angular 

displacement and velocity using the strain data measured using PVDF sensors. is 

developed in Chapter 5. 

In Chapter 6, experimental results to demonstrate the feasibility of the imple

mentation of parameter estimation and adaptive control algorithms evolved in order 

to suppress the vibrations in an aluminum test cantilever beam, are furnished. 

Conclusions (based on the results) are drawn pertinent to the performance of 

the modeling, estimation and adaptive control algorithms and directions for future 

works are enumerated in Chapter 7. 
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Chapter 2 

Finite Dimensional Modeling and Parameter 

Estimation 

2.1 Introduction 

Consistent with the objecti\·e of this work in developing an adaptive control scheme 

to suppress vibrations in flexible structures (by using a personal computer or a micro

processor based system), the infinite dimensional system has to be reduced to a finite 

dimensional one. For this purpose. as indicated in the previous chapter. the finite 

element method is conducive to derive the relevant finite dimensional model. The 

sensor/actuator locations on the structure are treated accordingly as the nodes of the 

finite element system being formulated. The finite dimensional model thus derived is 

used subsequently to obtain the auto-regressive moving average (ARMA) parametric 

representation of the flexible structure. The ARMA model enables on-line estimation 

of the structural parameters using least-squares type recursive algorithms. Pertinent 

analytical efforts and results are presented and discussed. 
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2.2 Dynamics of Flexible Structures 

In order to facilitate the formulation of finite dimensional modeling and its analysis. 

the flexible test structure considered in this work is a one-dimensional cantilever 

beam of length l. The transverse vibrations of the beam can be described by: [14] 

fPy By fYm 
p(x)~ + 1(x)!) + ~ = f(x, t); 

ot ul ox 
( 2.1) 

xE[O,l];t~O 

with the boundary conditions. namely: 

{h; Dm 
y(t, 0) = -a' (t' 0) = m(t, !) = -a (t, l) = 0 

X X 
(2.2) 

where x is the spatial coordinate, y(x, t) is the transverse displacement distribution. 

pis the linear mass density, 1 is the coefficient of viscous damping, m is the internal 

moment, and f(x, t) is the distributed transverse force acting on the beam. In the 

case of Euler-Bernoulli description of the beam with Kelvin-Voigt damping model. 

the internal moment is written as: 

a2y ff3y 
m(x,t) = EI(x)f) 2 + CDI(x) n 2 n 

X ux ul 
(2.3) 

where E is the Young's modulus of the material of the beam, I is the area moment 

of inertia and CDI is the Kelvin-Voigt damping coefficient. Combining equations 

(2.1) and (2.3), the dynamics of the beam is given by 

(2.4) 

In the above equation, p(x) and EI(x) is decided explicitly by the properties of 

the material; however, the damping coefficients are not known a priori and can be 
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experimentally determined only to a certain degree of accuracy. Thus, the proulem 

under consideration is to estimate the unknown and time-varying (as explained in 

Chapter 1) structural parameters of the beam and design an adaptive controller to 

suppress the vibrations in it. 

2.3 Finite Element Approximation 

In this work, FE:V1 is used to derive the finite dimensional model of the system. This 

method is based on the Lagrangian principle of dynamics which is an energy-based 

method. Thus, the finite dimensional model includes the dominant modes of vibra

tion in which the total energy is assumed to be concentrated. Therefore, no modal 

truncation is necessisated thereby avoiding the spillover phenomenon evidenced in 

[8, 9]. 

In order to derive the finite dimensional model. the one dimensional structure is 

subdivided into N subdomains and p;, (El);, ~fi and (CDJ)i denote the average values 

of the mass density, stiffness and damping coefficient distributions respectively, over 

a typical element i, (i = 1 ... N). In the case of structures having variable geometry. 

these subdivisions can be performed in such a way that the above parameters are 

constant ·within each element. The subdivisions can also be done so that the nodes 

are optimally located to include all the modes of vibrations. The displacement 

y(x, t) within the finite element can be expressed in terms of the displacement at 

the boundaries of the element using some interpolation functions. For cantilever 

beam-like structures, there can be two degrees of freedom per node, namely the 

transverse and angular displacement, leading to four degrees of freedom per element. 

Thus, cubic spline functions can be used to obtain the y(x, t) within each element. 

Currently, the following form of cubic splines is used [101]. 
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where 

qy(x,t) = y(:r,t) V;r E [x;_ 1 ,x;]; w;(t) = y(x,,t) 

~X,= X;- X;- 1; 
X- Xi-! 

1' = 
~x, 

f' = 1 - 7' 

~W; 
d; = -;;---; ~W; = W;- W;-1 

ux, 

In the above representation, k; is equivalent to the anguiar displacement. Further. 

the nodal continuity assumptions yield: 

(2.6) 

Applying the conditions (2.2) and (2.6) to (2.5) gi\'es the following matrix nota-

tion: 

1 

lz 

0 

0 

0 

0 

2(lJ + lz) 
[3 

0 

0 

0 

ll 

2(l2 + l3) 

0 

0 

0 

[2 

0 

0 0 1 
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0 
ko 

0 

0 
kl 

k2 

2 



=3 

0 

dl /2 + d2ll 

d2l3 + d3l2 

dN-l[N + dNlN. 1 

ds J 

(~.i) 

from which k; 'scan be determined from the measured w;s. Thus the main advantage 

of using the above cubic spline is that it enables the estimation of the angular 

displacement from the measured transverse displacement. 

I\ odes 

C!L_....___C~_______,~...___) -»'CD 
0 

(a): Nodes and Elements 

1 
X 

! ~ 

~ 
0 .. 

0 Xi-l X; X 

!-L; .. , 
(b): Global and Local Coordinates 

Figure 2.1: Beam with local and global coordinates 
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Transforming r into a coordinate system that is lucal to each element (see Figure 

2.1b), so that~= :r- x;. equation (2.5) can further be simplified as: 

qf(~, t) = X?'(OP;(t); i = l...N, o:::; ~:::; l; 

where l; is the length of the i 1h element and 

P;(t) = 

Wi-l(t) 

k,_J(t) 

w,(t) 

k,(t) 

(2.9) 

The equation of motion for the i1
" element is obtained via Lagrangian princiJ.>le 

of dynamics [72. 73, 75] (see Appendix I for the complete derivation). as 

( 2.10) 

where a superposed dot refers to the time derivative. Further, 

156 22l; 54 -13l; 

M·- p;l; 22l; 4z2 13l; -3[2 
= p;rvr 

t t 

t- 420 
54 13l; 156 -22l; 

-13l; -3[2 
t 

-22l, 4[2 
' 

12 6l; -12 6l; 

(El); 6l; 4[2 -6l; 2z2 
K·--- • t = (EJ);K; 
t- [3 

-12 -6l; 12 -6l; t 

6l; 2[2 
• -6l; 4[2 

t 
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C; = (CDI);K' + ');l'vf; /·~ = [ J, 1 m,_ 1 J; 1n, J 
'/' 

where p;, (El);, ')';and (Cvl); are the iinear mass density. stiffness. viscous damping 

and Kelvin-Voigt damping coefficient, respectively. of the it'• element. J, is the 

transverse force and mi is the moment acting at the node i. Moreover. 

p; > 0, (CDI)i ~ 0, ')'; ~ 0, (El); ~ 0 i = l. ... N (2.11) 

In the above formulation M; is p1)sitive definite, C, and K; are positive semi-definite 

with all three being symmetric. 

2.4 The Equation of l\1otion of the Co1nplete 

System: The Assembling Process 

The essence of t.he FE).l is to assume the continuous structnre as an assemblage of 

individual elements. Thus the geometric compatibility between adjacent elements 

require that the displacements (transverse and angular) at the nodes shared by 

several elements must be the same for each element. Moreover. the corresponding 

nodal transverse forces and moments/torques must be statically equivalent to the 

applied forces [72, 73]. 

For anN element one-dimensional system under consideration, the displacement 

and force vector of the complete system must contain 2(N + 1) elements. Let P; 

and Fi be the displacement and force vectors respectively of the ith element which 

are as given in the previous section. Let P be the displacement vector and F. the 

force vector of the r0mplete system. Hence, as per the argument presented in the 

previous paragraph, P and F are given by: 
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p = [ Wo ko w, k, .WJ\· kN r· 
[ fc~ 

T (:?.1~) 

F n/ fi 711' Jk 111~. 1 0 I 

where, 1/ is the total force and m: is the total moment acting at the node i. 

The elemental mass, stiffness and damping matrices are extended to M~.Tt. K:.rr 

and Cf' respectively, by appending zeros in the rows and columns not corresponding 

to the nodes of the i 1
h element. Hence, it follows that: [72, 73. 75] 

which should satisfy 

Mext p + cc:rrp + Kc.rt p = F(t) 
' ' ' 

where 

and (Mi)ext and (Ki)c.rt are the extended matrices of 1\fi and Ki respectively. which 

are defined in the previous section. To obtain the matrices of the complete system. 

these extended matrices are summed together as: 

N N N 

Me= LPil\'I:""'; Ke = L(EJ)iK~t; ce = LCft (2.13) 
i"'l 1=1 i=l 

The dynamics of the complete system is then given by: 

(2.1-1) 

This procedure is explained in detail in the following example [73]: 
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Example 2.1: As an example a cantilever beam is considered and divided into twv 

elements of equal lengths h. as shown in Figure 2.2. For simplicity, the system is 

assumed to be undamped. The elemental mass and stiffness matrices are given b~·: 

tfi t£1 
twl 

Q) 
t \\'2 

kl,./\ k~ 

two 

P2· El2 

\.._/m; \.._PTI~ 

14-----h ------~~-------h 

Figure 2.2: Cantilever beam for example 2.1 

156 22h 54 -l3h 12 6h -12 6h 

p;h 22h 4h2 13h -3h2 
K·- (El); 6h 4h2 -6h 2h2 

l\.f; = 420 
54 13h 156 -22h 

l- h3 
-12 -6h 12 -6h 

-13h -3h2 -22h 4h2 6h 2h2 -6h 4h2 

F; = [ J.-1 mi-l J; m; r; J~(t) = [ W;-J(t.) k;-J(t) U';(t) k;(t) r 
The extended matrices of the two elements are then given by: 
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156 22h 54 -1311 0 0 

22h 4h'l 1311 -3h 2 0 0 

l\fc.rt = PI h 54 13h 156 -22h 0 0 
I 420 -13h -3h'l -22h 4h2 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 J 

0 0 0 0 0 0 

0 0 0 0 0 0 

I'vlc..rr = P2h 0 0 156 2211 54 -1311 
2 420 0 0 2211 4h2 13h -3h2 

0 0 54 13h 156 -2211 

0 0 -13h -3h2 -22/t ~h2 

12 6/z -12 6h 0 0 

6h 4h2 -6h 2h2 0 0 

Kc..rt _ (El)1 -12 -6h 12 -6h 0 0 
1 - h3 

6h 2h2 -6h 4h2 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 
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0 0 0 0 0 0 l 
0 0 0 0 0 0 

K~r = (Elh 0 0 12 6h -·12 6h 
'l h:! 

0 0 6h 4h 2 -6h 2h2 

0 0 -12 -611 12 -6h 

0 0 6h 2h 2 -6h 41!2 

The above matrices are added as shown in Equation (2.13) to obtain the matrices 

of the complete system. The coordinate and force \'ectors are given by: 

T T 

P = [ Wo ko W1 k1 W2 k2 ] ; F = [ JJ mi1 J! m~ JJ m~ ] 

2.5 Parameter Estimation 

One of the main advantages of the finite dimensional representation indicated above 

is that the structural parameters of each element appear explicitly in the model 

which can be utilized to derive the parametric representation of the system. In this 

work, the parameter estimation and control are done using a personal computer on 

real-time basis. Therefore, it is required to discretize the system temporally. The 

main drawback in using the standard discretization procedures is that the explicit 

nature of the parameters in the discretized model is lost. Moreover, the number 

of unknown parameters may be more than the number of the structural parame

ters being estimated. In order to avoid these drawbacks, an alternative temporal 

discretization is performed as follows: 

.. P(t + 1)- P(t- 1) 
P(t) = 27~ (2.15) 
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where 7~ is the sampling time and t refers to the normalized discrete time instances. 

This approximation is valid for smaller sampling times as in the case when large 

number of modes of \ibrations are considered. With this approximation, and intru

ducing the following substitutions: 

f:)(t) = Q(t) (2.16) 

X;(t.) = M~.x'Q(t); Y,.,, (t) = (I\Iitz'Q(t); YK, (t) = (Kir:.x'Q(t); Z;(t) = K~zr fJ(t) 

(2.1i) 

and 
D( )=X,(t+1)-X,(t-1) 
't + 1 27:, 

equation (2.14) simplifies tu 

= 

(2.18) 

-tl\' 
L O;Z,.-3,>-.·(t- 1) 

i=3N-!·l 

F(t- 1) 
(2.19) 

after shifting the time scale by one unit to the left. Here the subscript i refers to 

the element number in the parameter vector 0. The AR~1A model representation of 

equation (2.19) is: 

F(t.- l) = CI>T(t)O (2.20) 

where 

0 = [ P1 . . PN (Cvl)l - . (Cv/)N /1 . . 'YN (£1)1 . . (El)x ] 

which is the unknown time-varying parameter \'ector. and 
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~(t) = 

vr ( t) 

YftN(t- 1) 

zru- 1) 

'With the representation as above. the parameters can be estimated on-line using a 

least-square type recursive algorithm [5. 4i] given by: 

O(t) = O(t- 1) + S(t- 1)~(t)L(t)[F(t- 1)- ~T(t)O(t- 1)] (2.21) 

when~ 

L(t) = (.\(t)J + ~r(t)S(t -1)<J>(t)f 1
; 0 < .\(t)::; 1 (2.22) 

S(t) = .\~t) [s(t- 1)- (S(t- 1)~(t)L(t)~rS(t- 1))] (2.23) 

in which .\(t) is called the forgetting factor and S(t) is the covariance matrix with 

S(O)=s0I, where I is the identity matrix and so is a large positive number. Initial 

values of the parameters are chosen based on a priori knowledge of the system. In 

the relevant formulation. the parameter vector contains the physical parameters of 

the system, which are governed by the physical constraints (2.11).These constraints 
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have to be duly taken into account while estimating the parameters. This is done 

by using the procedure outlined in Chapter 3 of [47]. 

In the case of structures with constant mass. stiffness and damping. the AR~IA 

model can be simplified as: 

2.6 Simulation Results 

In this section, the performance of the proposed estimation algorithm is demon

strated through simulations. For this purpose, a variable geometry cantilever beam 

of length 5 meters is considered. The mass and stiffness distribution data for this 

beam are the first five values of the data given in Tal>le I of [75], and reproduced 

here as Table 2.1. The system is assumed to haw zero damping. The objectiw is 

Table 2.1: r.Iass and stiffness distribution 

Element No. 1 2 3 4 5 
Mass (Kg/m) 8.4 1.6 2.3 4.8 6.3 

Stiffness (N/m) 3.3 2.3 1.2 1.3 3.3 

to estimate the mass and stiffness parameters in each element using the algorithm 

proposed in the previous section. The following assumptions are made in reference 

to the test system as well as on the parameters for simulation: 

1. The beam is divided into 5 elements of length 1 meter each. 

2. Mass, and stiffness coefficient are constant within each element and vary be

tween any two elements. 

3. The structure is excited only as transverse forces at each node and not excited 

by moments (mi(t) = 0 Vi). 
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4. The integration step-size for the simulatiuns is chosen as 0.001secs. 

5. S(O) = 10001 and .A(t) = 1.0 

The transverse force excitation is chosen as: 

4 1 
Jf(t) = L -') .-sin((2i- l)wot); wo = 41T rad/ sees. 

i=l -7- 1 

"With the parameters given in Table 2.1, the system matrices were constructed as 

explained in Section 2.3 and Equation (2.14) was simulated using Runge-Kutta"s 

fourth order method with Gill's mudification [28] using the above-mentioned step

siz~. The estimation algorithm given by Equations (2.21 - 2.23) was used to estimate 

the parameters recursively. 

As a first case. the trans\'er..,e force was applied only at the free-end of the 

beam. The time history of the parameter estimation for this case with the choice of 

T.~ = 0.001 sees are shown in Figures 2.3 and 2.4. The results with T, = 0.01 sees 

are shown in Figures 2.5 and 2.6. As a second case. the parameter estimation was 

performed by applying the transverse force f;1 
( t) at all the 5 nodes of the system and 

the results are shown in Figures 2.7- 2.10. These graphs illustrate the convergence 

of the parameters with a small offset in the amplitude, which is negligible for smaller 

sampling times. as expected. The root-mean-square (RMS) error is defined as: 

N 1 -
CRMS = ~ N ~ IIO(t)- O(t)ll 2 

in which 0 and 0 are the actual and estimated parameter vectors respectively. The 

RMS error for the above cases are tabulated in Table 2.2. From this table. it can 

be observed that the error is small for smaller sampling times and also for the case 

when the excitation is present in all the nodes. This may be due to the fact that 

the input is sufficiently rich in frequency in time as well as space. 
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As a final case, random noise was introduced in all the measured quantities (F. Q), 

with 2% signal to noise ratio. In practice, a low pass filter will Le used to filter t lw 

data before performing the parameter estimation. An 81
h order Butterworth low 

pass filter with a cut-off frequency of 50 Hz was designed using Matlab and used to 

filter the noisy data. Such a filter introduces phase shift which will be predominant 

at higher frequencies. This results in a large artificial phase difference between the 

input and output. Hence, the same amount of phase shift was also introduced in the 

input by passing the input through the same filter. The results on the parameter 

estimation (with Ts = 0.001 sees) are furnished in Figures 2.11 and 2.12, while the 

RMS error is shown in Table 2.2. The effect of the random noise can be noticed in 

these figures as well in the R!\IS error. However, such a small offset can be tolerated 

by the adaptive controlier which utilizes this parameter estimation algorithm. 

Table 2.2: R:.JS error 

No. of RMS error 
Input. Nodes r. = o.oo1 7~ = 0.01 Remarks 

1 1.5555 2.0408 No Noise 
;:) 0.5009 1.3408 No Noise 

Random 
5 1.2296 - Noise 

2% SNR 

2.7 Summary 

A finite dimensional reduction of the infinite dimensional system is presented. One 

of the main advantages of this modeling is that the finite dimensional system de

rived includes the total energy and hence will represent all the dominant modes of 

vibration wherein the energy is predominantly concentrated. Thus. no mode of vi

bration is neglected thereby avoiding the effeds of spillover of the truncated modes. 

Further, in this representation the structural parameters appear explicitly so that 
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the AR~IA representation of the system is facilitated enabling un-line estimation 

of these parameters. Simulation results are furnished to illustrate the performance 

of the approximated model. Though the algorithm is derived exclusive to an one

dimensional cantilever beam. it can as well be extended to two-dimensional flexible 

structures. In such case of two-dimensional structures, bicubic splines can Le chosen 

as the interpolating polynomials retaining the structure of the matrices same as in 

the one-dimensional case. though their dimensions will be larger. And. the structure 

of the AR:t\,1A representation will also remain unaltered in the twc -dimensional case. 
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Figure 2.3: Estimation of mass with excitation at the free-end (T11 = O.OOlsecs). 
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Figure 2.4: Estimation of stiffness with excitation at the free-end (T8 = O.OOlsecs). 
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Figure 2.5: Estimation of mass with excitation at the free-end (T$ = O.Olsecs). 
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Figure 2.6: Estimation of stiffness with excitation at the free-end (T$ = O.Olsecs). 
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Figure 2.i: Estimation of mass with excitation at all the nodes (T~ = O.OOlsecs). 
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Figure 2.8: Estimation of stiffness with excitation at all the nodes (T~ = O.OOlsecs). 
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Figure 2.9: Estimation of mass with excitation at all the nodes (T, = O.Olsecs). 
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Figure 2.10: Estimation of stiffness with excitation at all the nodes (T, = O.Olsecs). 
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Figure 2.11: Estimation of mMs in the presence of noise (Ts = O.OOlsecs). 
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Chapter 3 

Adaptive Control of Vibration in Flexible 

Structures 

3.1 Introduction 

Flexible structures, as discussed in Chapter 1, are essentially distributed parame

ter systems. Strategies to implement the control of vibrations in such structures. 

therefore, warrant the application uf distributed control theory. Distribution of tutal 

control efforts across a test structure can be done in several ways. In the present 

research work, it is done as a point-wise distribution by applying ~he control inputs 

as transverse forces at the nodes of a finite element system. The main advantage of 

this method is the increased reliability of controlling actuators. Further, the con

trol scheme envisaged currently refers to an indirect adaptive control method. This 

scheme involves the combination of parameter estimation algorithm described in 

Chapter 2 and the relevant control system based on the so-called certainty equiva

lence principle [5, 6, 47]. 

The control algorithm being developed is based on the finite dimensional model 

presented in Chapter 2 and is reproduced here for reference: 

(3.1) 
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The control system design assumes the knowledge on structural parameters (which 

can be estimated by a parameter estimation algorithm). Two different control al

gorithms. namely, continuous time LQR algorithm and discrete time l\lRC are de

scribed in this chapter along with the simulation results to demonstrate their per

formance in indirect adaptive control schemes. 

3.2 Linear Quadratic Adaptive Controller 

In this section, the continuous time LQR algorithm is presented along with relevant 

simulation results on the adaptive control of vibrations in a cantilever beam. An 

efficient and appropriate method to choose the control and state weighting matrices 

are also discussed in reference to a flexible structure. 

3.2.1 Control Algorithm 

The dynamics of the finite dimensional system under discussion is described by (3.1) 

which yjelds the following state space representation: 

X=AX+BF (3.2) 

where I and 0 are the identity and zero matrices of appropriate dimensions respec

tively. In this representation, the state vector X consists of nodal transverse/ angular 

displacement and velocity which can be measured/estimated. 

With the above representation, the controller can be designed based on the infi

nite horizon LQR by minimizing a cost function given by: 

(3.3) 
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subject to (3.2) [60. 68]. Here. N is the state weighting matrix which is symmetric 

and positiYe semidefinite, whereas R is the control weighting matrix which is s~·m

metric and positive definite. These matrices are chosen normally on a trial and errur 

basis to satisfy the required performance criteria. The optimal feedback gain matrix 

is obtained as a solution to the above minimization problem and is given by [60. 68]: 

(3.4) 

where S is the covariance matrix obtained by solving the following algebraic Rirrati 

equation: 

(3.5) 

The corresponding state feedback control law is given by 

F=-LX (3.6) 

which corresponds to a position plus velocity feedbark controller. 

3.2.2 Choice of Weighting Matrices 

In general any positive semi-definite matrix can qualify as N matrix and R can be 

any positive definite matrix [68]. These matrices are chosen so as to satisfy certain 

performance criteria. However. in with reference to flexible structures N and R can 

be chosen based on energy considerations as follows: 

The totai energy in the system governed by (3.1) is written as: 

v = ~[PTMep + prKeP] 

= .!XTNX 
2 
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where X is the state vector defined in the previous subsection. Thus N can be 

chosen as 

This method, there!"ore, directs towards a specific choire which can be utilized b~· 

the control system designer. 

The R matrix can be chosen based on Lyapunov's method of stability, as dis

cussed below: 

The control law is given IJy: 

F = --LX 

where L1• and Lp are the partitioned from L of appropriate dimensions. Thus. the 

closed-loop system can be written as: 

Thus, the total energy in the closed-loop system is given by: 

Therefore. the rate of change of energy is stipulated by: 

i'c1 = jJTMc[-(~Ft 1 (Cc + L1.)F- (J'vlct 1(K" + Lp)P] + PT(Kc + Lp)f.) 

_pr(cc + Lv)P 
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Hence, the closed-loop system is stable if (Cl + L11 ) is positive definite. lnasmurh 

as cc is positive semidefmite, Lt. determines the stability of the closed-loop srstem 

and Risso chosen as to ensure that (Cc + L,.) is positive definite. 

3.2.3 Adaptive Control System 

The discrete time parameter estimation algorithm described in Chapter 2 is com

bined with the continuous time LQR algorithm, presented in the previous subsection 

using certainty equivalence principle. The result yields an indirect adaptive control 

algorithm for suppressing the vibrations (adaptively) in flexible structures. Relevant 

procedure is as follows: At each sampling instant, the parameters are estimated 

based on the input-output data. These estimated parameters are then used in the 

design of the controller for that sampling period under the assumption that the es

timated parameters correspond to the exart values. Th€' overall adaptive rontrul 

system is shown in the flowchart of Figure 3.1. 

3.2.4 Simulation Results 

To demonstrate the performance of the control system explained in the previous 

subsection, a homogeneous cantilever beam of length 2 meters is chosen as the 

test structure. The structural parameters are taken from Table 3 of [14] and are 

reproduced here: 

p = 0.089I<gjm; El = 0.495N- m2
; ,. = CDJ = 0 

Further, the following assumptions are made in respect of the system considered: 

1. The beam is divided into two elements of one meter each. 

2. The beam is excited as transverse nodal forces alone. 
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Figure 3.1: Overall Adaptive Control Algorithm 
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Due to the assumption (2), the force vector can be modified as: 

F(t) = r Jf(t) o !J(t) o r 
Due to the presence of zeros in the even numbered elements of F(t). the state-space 

equation (3.2) can be reduced to: 

(:ti) 

where Br is obtained by removing the even numbered column of the B matrix and 

Fr contains the non-zero elements of F. The test controller is designed with this 

reduced state-space representation. 

The objective of the adaptive control system is to suppress the vibrations due to 

an impulse excitation of 1 Newton acting at the free-end of the beam. The controller 

is to be designed under the assumption that the system parameters are not known 

a priori. In such cases, it is required to provide a start-up for the adaptive control 

system by designing the controller based on certain nominal plant parameters. This 

controller is used to close the control-loop for the first few sampling instances. while 

the parameters are estimated based on the input-output response of the nominal 

closed-loop system. Presently the start-up values of the nominal parameters (of the 

beam) are chosen as: 

Pnominal = 0.05Kgfm; Elnamina! = 0.2N- m 2
; Cvlnaminal =/nominal= 0 

The system matrices are formed using the actual parameters and the finite dimen

sional model (3.1) is simulated via Runge-Kutta's fourth-order method \Vith Gill's 

modification [28] with a step size of O.OOlsecs. Since the material damping of such 

slender beams will be very small (refer to the results obtained in [14]), it was de

cided to estimate the viscous damping coefficient alone, along with the mass density 

and stiffness coefficient. The parameters are estimated using the Equations (2.21) -

(2.23) with S(O) = 10001, >.(t) = 1.0 and Ts = O.Olsecs. The start-up of the nominal 

58 



control-loop is performed for 0.3secs. During the start-up period. N is formed (us 

discussed in Section 3.2.2) based on the nominal plant, after which at each sampling 

instant it is formed based on the estimated plant parameters. Two different R ma

trices are selected to demonstrate its eft"ect on the performance of the closed-loop 

system. The LQR subroutine in :l\1atlab7 M was used to design the controller and 

the results are shown graphically in Figures 3.2 to 3.5. 

Figure 3.2 depicts the closed-loop and open-loop response of the system for the 

case when R =I, while Figure 3.3 illustrates the on-line estimation of the system 

parameters. The closed-loop and open-loop response of the system for the case when 

R = 51 is shown in Figure 3.4. The time history of the on-line parameter estimation 

is shown in Figure 3.5. From Figures 3.3 and :3.5. it is seen that the estimated 

parameters are different from the actual ones. This discrepancy can be attributed 

to the following: 

1. The input signal (control signal) may not be sufficiently rich in frequency. 

2. The approximation involved in temporal discretization might have introduced 

time quantization errors. 

From Figures 3.2 and 3.4. it can be noticed that R plays an important role in 

achieving the desired performance. Smaller value of R would result in the closed

loop poles being far away from the imaginary axis and may even lie on the real line 

leading to a highly overdamped system. Moreover, smaller values of R may result in 

a large control gain which would saturate the actuators thereby leading to instability 

of the overall system. On the other hand, large values of R places the closed-loop 

poles very close to the imaginary a..xis and hence any small perturbation may lead to 

instability. Thus, R has to be chosen carefully with a trade-off between performance 

and stability. 
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3.3 Model Reference Adaptive Controller 

In the previuus section, a continuous time LQR algorithm is presented along with the 

simulation results. Though the results (which utilizes the LQR subroutine in :\latlulJ) 

show satisfactory performance, in practice, it is difficult to solve the continuous time 

minimization problem within a sampling period and achieve proper adaptive contrul. 

especially when the sampling time chosen is small in order to enable large number of 

modes. Thus, it is rather essential to develop a computationally feasible, more easil~· 

implementable distributed adaptive control algorithm to suppress the vibrations in 

flexible structures. To achieve this, a discrete-time ?\1RC algorithm is derived in this 

section. Simulation results are also provided to illustrate the performance of the 

controller. (In this section, t refers to the normalized discrete time instant). 

3.3.1 System Model 

The continuous-time dynamics of the flexible system is given by (3.1). Using the 

temporal discretization discussed in Chapter 2. equation (3.1) can be written as: 

Introducing the discrete-time shift operator q defined by, 

q- 1 P(t) = P(t- 1) 

equation (3.8) can be rewritten in the difference equation form as: 

(3.9) 
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where 

(:uu) 

(3.11) 

3.3.2 Reference Model 

In the FEM based finite dimensional modeling. the structure of the system model and 

the time delay involved are known a priori. This makes the choice of the reference 

model easier without any assumptions on the model structure itself and on the time 

delay involved. The reference model can thus be chosen as: 

(3.12) 

where !\1m, Km and em are the mass stiffness and damping matrices of the reference 

model, respectively. The structure of these matrices are similar to those of their 

counterparts of the original system described by equation (3.1). p• is the response 

of the reference model to the reference input R(t). The mass, damping and stiffness 

parameters of the reference model can be so chosen that p• satisfies the required 

performance criteria. The reference model d:yilamics (3.12) can further be rewritten 

in the difference equation form as: 

(3.13) 

E(q- 1
) = [I 0 ] + 2Ts [ (!\·1m)- 1Cm (l'v1m)- 1Km ] q- 1

- [ I 0] q- 2 (3.14) 

g = 2Ts(Mmt 1; y•(t) = [ P•(t) 1 ; H(q- 1) =I (3.15) 
p•(t) 

.J 
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3.3.3 One-Step Ahead Predictor 

The objective of the !\IRC is to design a controller so that the response of the 

controlled system follows that of the reference model. Since the time delay imoh·ed 

in the system is taken ns one discrete time unit. the closed-loop response should 

follow that of the reference model in one-step. This requires the prediction of the 

system response one-step ahead of time. This predictor for a single input/single 

output system is described in Chapter 5 of [47], which is directly extended here for 

the multi-input/multi-output case as specified in the following lemma: 

Lemma [47]: For the system described by equation (3.9) the one-step ahead predictor 

is given by: 

E(q- 1}Y(t + 1) = a(q- 1)Y(t) + /-J(q 1)F(t) (3.16) 

where 

in which L and G satisfy 

(3.17) 

with 

and 

Proof. Proof of this lemma is similar to the proof for Lemma 5.2.1 in [47]. 

66 



From the lemma referenced. 

Therefore. 

Go(q-1) = 27~[ (MmtlCm-(l\IctlCc 

GI(q- 1) = 0 

The model reference control law based on this predictor is given by [47] 

from which 

F(t) = Mc{(l\1mtl R(t) - [(MrntJCm- (MetlCc]JJ(t) 

- [(MmtiKm- (Mr)-lKc]P(t)} 

and it also depicts a position plus \'elocity feedback control law. 

3.3.4 Adaptive Control System 

(3.18) 

(3.19) 

At each sampling instant, the parameters of the original system are estimated and 

the system matrices are formed with these estimated parameters as M:e, I(e and <>. 
which are used in (3.19) to yield the indirect model reference controlla\v, name!~·. 

F(t) = :r\'F{(Mmt 1R(t.) - [(Mmt 1Cm- (rVIct 1Ce]P(t) 

- [(MmtiKm- (rVJCtiKc]P(t)} 
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3.3.5 Simulation Results 

To demonstrate the performance of the MRAC explained in the previous subsection. 

the system that was considered in Section 3.2.-t is revisited. However, for simplicity 

reasons, the structure is presumed to be homogeneous and the corresponding param

eter estimation for homogeneous structures (as explained in Sertion 2.5 of Chapter 

2) is adopted. This results in the estimation of only three parameters overall. The 

parameters of the original system. the nominal model and those of two different 

reference models are furnished in Table 3.1. In this case. the start-up is done fur 

Table 3.1: !\lode! parameters 

Parameters Original I\ominal Reference1 Referenre2 
p (Kg/m) 0.089 0.05 0.1 0.1 
El (N-m~) O..t95 0.2 0.4 0.75 

Col 0.0 0.0 0.0 0.0 

I 0.0 0.0 1.0 5.0 

0.2 sees and the rest of the details on the simulation as well as parameter estimation 

are the same as those described in Section 3.2.-t. 

The structure is assumed to Le controlled by nodal transverse (point-wise) forces 

and no other modes of excitation are used for controlling the vibrations. This as

sumption yields the following force vector: 

F = [ JJ 0 f~ 0 . . f'N 0 ] T 

The zero elements are disregarded by eliminating the even-numbered columns of the 

(Met 1 matrix and hence the adaptive control law (3.20) can be re-..vritten as: 

[(Mmt!Cm- (rVIct l(;e]P(t) 

[(Mm)-IKm- (rVIetiKe]P(t)} 
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in which (r\1c); 1 is the reduced (rvlc)- 1 matrix and the superscript t refers to pseudu

inversion. Fr(t) is the force vector containing the non-zero elements of F(t.). 

In Figun- 3.6 the response of the system for the case when reference model 1 was 

used to design the controller, and Figure 3.7 depicts the corresponding estimated 

parameters. Figures 3.7 and 3.9 illustrate the response and parameter estimates 

for the case when reference model 2 was used. From these figures it can be seen that 

the parameters estimated represent the exact values of the original system. This 

may be due to the fact that only three parameters were considered for estimation. 

In Figure 3.8, large oscillations can be noticed during the switchover period 

from the nominal controller to adaptive contt oiler. !his is due to the fact that the 

choice of the reference model parameters lead to a larger fundamental frequenr:v (of 

the reference model) than that of the original system. Hence. the original system. 

in order to follow the reference model. is Leing excited at frequencies other than its 

natural frequencies. while still being controlled. This can also be seen as a lower 

response level for a very large control force (excited at off-resonant modes). It is 

worthwhile to note that large control forces are required to control the vibrations 

which may saturate the actuators thereby leading to instability. Thus, the choice of 

the reference model parameters is very crucial in achieving closed-loop stability. 

3.4 Summary 

Combination of a continuous time LQR algorithm with the discrete-time parameter 

estimation algorithm is presented. This combination yields a hybrid distributed 

indirect adaptive control algorithm for vibration suppression in flexible structures. 

Simulation results illustrating the performance of the adaptiYe controller are found to 

be satisfactory. A method that facilitates the proper choice of the control and state 

weighting matrices is also discussed. This choice ensures stability of the controlled 
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system but at the expense of increased settling time. However. the choice of control 

weighting matrix should be made such that it does not let the actuators to saturate. 

A discrete-time !\lRAC algorithm is also deYeloped. This is based on the approx

imate discretization discussed in Chapter 2. The simulation results illustrating its 

performance is presented. The choice of the reference model parameters are shown 

to be rather critical, lest saturation of the nct.uators may occur, ~hereby affecting 

the stability of the controlled system. 
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Chapter 4 

Experimental Studies 

4.1 Introduction 

In the previous chapters, modeling considerations, parameter estimation techniques 

and adaptive control algorithms were presented. Simulation results were provided tv 

validate and demonstrate the performance of the proposed algorithms for adaptive 

control of vibrations in flexible structures. Those simulation results are supple

mented here with experimental studies to evaluate the performance aspects of the 

proposed algorithms. Experimental setup constituted by the test structure and the 

associated sensors, actuators, relevant electronics etc. are described. Test results 

are furnished and discussed. 

4.2 The Test Structure 

The structure chosen for experimental evaluation is a simple aluminum cantilever 

beam whose dimensions and properties are listed in Table 4.1. Beams of different 

length for different experiments are used and are described as appropriate in the rel

evant sections of this chapter. The test beams used are essentially one dimensional 

structures. The control algorithms and estimation methods discussed in Chapters 2 
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and 3 were specific to flexible cantilever beams and the structure of the model pre

sumed and the algorithms developed thereof are common to both one-dimensional 

as well as and two-dimensional structures. Therefore, the test structures (which are 

essentially one dimensional) are amenable for the theoretical treatment via these 

algorithms. In case, two dimensional structures are to be studied, relevant algo-

experimental evaluation of two dimensional test structures. 

Table 4.1: Dimensions and properties of the aluminum beam 

Quantity Description Units Values 
p Density I\gjm3 2100 
E Young's ~Iodulus ~/111"1. 7.3e10 
b Width m 0.028 
tb Thickness m 0.95e-03 
pA Linear Density Kg/m 0.056 
EI Stiffness Coefficient N-m"'- 0.146 

4.3 Theory of Piezoelectric Mater!· .ls 

The following discussions are in reference to the Figure 4.1. In a piezoelectric 

material, the stress, strain, electric field and electric displacement are described by 

the following two sets of electro-mechanical relations [40]: 

5;_; = stktTkt + dk;jEk ( 4.1) 

Di = diklTkl + E~Ek (4.2) 

and 

T;i = c~1 Skt + ekijEk (4.3) 

D; = eiktSkt + E~:Ek (4.4) 
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Figure 4.1: Typical piezoelectric material with electrode coatings 

The notations in the above equations are of !EEE standards [3]. In the above 

equations ij,k,l take on values 1.2,3. S;1 is the strain tensor. Tu is the stress tensor. 

s~kl is the compliance sensor, dkij and eikl are the piezoelectric constants. Ek is the 

electric field, D; is the electric displacement and c~, is the permittivity at constant 

stress, while c~, is the permitti\·ity at constant strain. Equations (4.1) and (4.2) are 

physically equivalent to the equations (4.3) and (4.4). 

Under the assumption that the material used is isotropic. stress and strain are 

symmetric (S;1 = Sji and T;1 = T1,) and the above equations can be written in 

compact form as [40. 81]: 

S E1' d E p = S pq q + kp ' I; (4.5) 

(4.6) 

and 

(4.i) 

( 4.8) 

in which i,j, k = 1 to 3, p, q = 1 to 6. Considering the structural application of 

the piezoelectric materials, the placement of the conductive electrodes on the piezo

electric material constrains the application of the electric field and measurement of 
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the electric displacement to the 3-axis (refer to 4.1). J\1oreover. the piezue lect ri r 

constants dkp and eiq• the compliance matrix s:
9

, stiffness matrix c~ and the per

mittivity c'f~ are considered constant. Pertinent to the application considered in this 

dissertation, the test structure is an Euler-Bernoulli beam which undergoes pure 

bending about the 2-axis. Therefore. the stress in the piezoelectric material will Le 

confined to the normal stress in the 1-direction. For this application, equations ( 4.5) 

and (4.6) reduce to 

where 

l ,E 
- =.s3] E . 

p 

Here E,, is the Young's modulus of the piezoelectric materiaL 

4.4 Piezoelectric Sensors 

(4.9) 

( 4.10) 

In this research work, PVDF sensors are used to sense the vibrations in the test beam. 

These sensors are available commercially in various dimensions and shapes. One 

can obtain these materials as thin sheets and cut them to the required dimensions. 

However, careful cutting is advised to avoid burrs at the edges. The sensors can also 

be obtained as small patches. A patch of dimensions 3cm x l.3cm x 28pm (which 

is suitable for point-wise strain measurements in the beam), is used in the present 

investigations. 

In the previous section. a general theory of the piezoelectric materials is fur

nished. In deriving the compact relations (4.9) and (4.10), it ·was assumed that the 

electric displacement Di and the electric field Ek are measured. HowevP.r, based on 
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linear piezoelectric theory, on application of the Gauss' law [66. 6-1]. the relation

ship between the electric charge developed Q on the surface of the material and the 

mechanical strain is given by: 

or 

. r ( dS\) Q(t) = lA d31 l~-dt dxdy (4.11) 

The above relationship indicates that by measuring the rate of flow of charge over 

the surface of the piezoelectric material, the strain-rate can be obtained. For the 

one-dimensional problem being considered (\\"here strain is assumed to be cunst ant 

along the width of the cantile\·er beam) the above equation reduces to: 

(4.12) 

Here W 8 is the width and Ls is the length of the sensor. The properties of the PVDF 

sensors used are listed in Table 4.2 [87]. They have a thickness of 28J.Lm and are 

manufactured by AMP Sensors, Inc. 

Table 4.2: Properties of the PVDF film 

Quantity Description Units Values 
d31 Lateral Strain Coeff. m/V or Coul/N 23e-12 
E Young's Modulus Njm2 or Pascal 2e9 
c Capacitance nF 1.4 

4.5 Piezoelectric Actuators 

Piezoelectric materials, as indicated earlier, are inherently electro-mechanical trans

ducers. When these materials are excited by an electric field, strain is induced in 
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these materials. For the structural applications considered. the piezoelectric mate

rials are assumed to be polarized across the thickness as depicted in Figure -!.2. 

Application of electric field in the 3-direction induces elongation or contraction in 

Polarization 

l ~7oltage 
T 

Polarization 

l - -,__ ____ _, 
Elongation- - ..__+ ____ ,_, Contractiun 

Voltage 

Figure 4.2: Actuation moment generation in piezoelectric materials 

the 1-direction. The compact notations of the electro-mechanical relationships in 

the piezoelectric materials can further be simplified as [40]: 

m(x, t) = ka Va(x, t) (-!.13) 

where Va(x, t) is the voltage applied at any location x along the lPngth of the actuator 

at time t, m is the bending moment generated at x. ka is a constant. given by: 

(4.14) 

in which t.b is the thickness of the beam on which the sensor and the actuator are 

mounted, Wa is the width of the actuator, Ea is the Young's modulus of the material 

of the actuator. \Vhen the actuator is used as a small patch between the locations 

x1 and x 2 with an uniform electrode coating on its area. Equation (4.13) reduces to: 

m(x, t) = k0 l'a(t)[H(x- xi)- ll(x- x2)] (4.15) 

where H(x) is the Heaviside step function defined by: 
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{ 

1 X> X1 
H(x-xt) = -

0 X< X1 

Not all piezoelectric materials can be used for actuation purposes. A piezoelec

tric material qualifies as an actuator material for a parent structure, if the elastic 

modulus of the piezoelecLic material must be comparable with that of the parent 

structure material [34]. The comparable elastic modulus of the PZT with that of 

aluminum makes it a suitable (matching) choice for use as actuators in the vibration 

control experiments on aluminum test beams described in this dissertation. PZTs 

are available as thin wafers which can easily be cut to required dimensions. The 

properties of PZTs listed in Table 4.3 refer to a a commercial version. (PZT Model 

No.PSI-5A-S2, Thickness 0.0075", Manufactured by Piezo Systems, Inc.). 

Table 4.3: Properties of the PZT 

Quantity Description Units Values 
d31 Lateral Strain Coeff. m/V or Coul/N 180e-12 
E Young's Modulus N jn/· or Pascal 6.3e10 

Pu Density Kg/m3 7750 

4.6 Interfacing Piezofihn to Electronics 

For the implementation of a PC-based adaptive control system to suppress vibrations 

in a cantilever beam, the sensor outputs have to be acquired into the computer and 

actuators have to be driven by the output of the computer. A properly designed 

interface circuit plays a key-role in piezo-film sensing applications. However, the 

required interface is application-dependent. For general applications as in the present 

studies, the following four steps are necessary [87]: 

• Frequency and amplitude of the signal over a dynamic range be specified. 
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• Proper load resistance t:o ensure the lo\\"-end operating frequenr:v and tu min

imize signal loss due to the loading effect. 

• Selection of a buffer circuit between the sensor and the amplifier. 

• Conventional electronics can be used for signal processing. 

These steps are explained in detail below. 

Equivalent. Circuit of Piezo Film 

The equivalent circuit of a piezo-film consists of a voltage source in series with a ca

pacitor, as shown in Figure -L3. The series rapacitance is the piezo-film caparitance 

Voltage 
Source 

c 
~---1 --0 

Figure 4.3: Equivalent circuit of a piezo-film 

which is proportional to the active electrode area and inversely proportional to the 

thickness of the film. The voltage source v is the equivalent open circuit voltage of 

the film with capacitance C and charge Q on its surface. This circuit model is valid 

for most of the applications, but has limited value in ultra-sound applications. 

Role of Load Resistance 

The most critical part of an interface circuit is the load resistance. The load resis

tance affects low frequency measurement capability as well as the amplitude. From 
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Figure 4.4, the time constant of the circuit is given Ly H.C. A signal decays quicker 

with a smaller time constant. In order to minimize the signal decay during mea

surements, a long time constant is needed. Thus, a high load resistance is essential. 

especially when the capacitance of the piezo-film is small. The importance uf the 

finite time constant can also be found from the frequency response of the equiYalent 

circuit, which represents a RC high pass filter. Thus. larger time constant implies 

smaller cut-off frequency and viceversa. Therefore, the load resistance should lle 

chosen in such a way that the cut-off frequency is atleast one-tenth of the minimum 

frequency of the signal to be measured. 

Buffer Circuit 

Vol tag 
Source 

c 
1'out 

R (Load 

Resistance) 

Figure 4.4: Equivalent circuit with load resistance 

These circuits are generally used to convert the high impedance output of the sensor 

to a low impedance and thus minimizes the signal loss and noise. These are essential 

for low level signals and high load resistance requirements (which is the case in using 

the PVDF sensor for vibration control experiments). Typical operational amplifiers 

such as LMC660, LF353, OP80, etc. can be used in the buffer stage. 

The output of the PVDF sensors corresponds to the electric charge developed 

on their surface which is related to the strain developed as per the Equation ( 4.12). 

The physical quantities of interest for vibration control are the displacement and 
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velocity. Thus, the signals to be acquired from the sensors should be strain and 

strain-rate which are related to the charge and charge-rate. These outputs haw 

to be com·erted appropriately to \'oltage signals for further processing for eventual 

acquisition by the computer. 

4.6.1 Chargerate Acquisition 

The conversion of charge-rate to a voltage signal is done as suggested by Lee and 

O'Sullivan [66] using the .::i,cuit shown in Figure 4.5 wherein the current to charge

rate relationship is given by i = riff- and 

I dQ 
iJ =-iR=--R 

0 dt 

R 

i = dQ/dt 

c::::1 PVDF 

I_ 

Figure 4.5: Strain-rate amplifier 

,I 

1' 0 

(·U6) 

In order that this signal be sampled and acquired into the computer with a 

good resolution, the transducer output signal has to be linearly amplified and the 

amplified signal should not exceed ±lOV (maximum/minimum voltage limits at the 
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input of the data acquisition board). The amplification is done Ly using an inverting 

ampiifier shown in Figure -!.6. The output voltage is given by: 

i•o = R·· ·' -R;vo 

= RRz~ 
H1 dt 

(-!.1 i) 

,I 

Vo 

t'o 

Figure 4.6: Inverting amplifier 

4.6.2 Charge Acquisition 

The above section explains a method of acquiring the charge-rate signal. To obtain 

the signal proportional to the charge developed at the transducer surface. the charge-

rate signal can be integrated electronically using an integrator circuit shown in Figure 

4.7 with the output given by: 

1 r' I 

Vo = - R; C /_ i•0 (T)dT 
·nt f JO 

(4.18) 
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Rtnt 

Figure 4. 7: Integrator 

4.6.3 Low Pass Filter 

When the transducer signals are sampled the coexisting high frequency noise com

ponents may alias oYer the low frequency signal components resulting in a degraded 

signal. Hence. prior to sampling. the signal has to be filtered using anti-aliasing 

filters which are essentially low-pass filters. The signals relevant to vibration control 

experiments are sampled at 100Hz or higher in compliance with the Nyquist sam

pling criterion. By the sampling theorem, the signals then are band-limited atmost 

to 50Hz (theoretically). However. it is a good practice to band limit the signals to 

about one tenth of the sampling frequency to avoid sampling losses. A fourth order 

Butterworth low pass filter with a cut-off frequency at 50Hz is designed with the 

amplitude at the frequencies of interest being close to unity. The circuit diagram of 

the filter is shown in Figure 4.8 in which the cut-off frequency fc is given by: 

1 
fc = 2rrRC (4.19) 
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R1 = 2R 

Your 

Figure 4.8: Fourth order Butterworth low pass filter 

4. 7 Data Acquisition 

A personal computer is used to implement the data acquisition and control strategies. 

It is an Intel's 80486 based PC operating at 66MHz, manufactured by Dell Inc. The 

data acquisition is performed using l\ational Instrument's Data Acquisition Board 

AT -:MI0-16DL. This has 16 single-ended or 8 differential analog input channels. 2 

analog output channels with a maximum feasible sampling rate of 100KHz. The 

data acquisition and control programs were written in C-language using Microsoft 

C/C++ version 7.0 

4.8 Complete Experimental Arrangement 

The complete electronic circuit along with the values of the components is shown in 

Figure 4.9. Two PVDF sensors were used in the experiments and hence two such 
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circuits (shown in Figure 4.9) are used for earh transducer. The photograph uf the 

setup is shown in Figure 4.10. 

On the output side, the voltage output of the data acquisition board is limited 

within ±10V. Thus, if the control signal should exceed this ±lOV. then it has tu 

be properly scaled down. This factor has to be compensated as amplification by an 

amplifier external to the computer. This is done with a Krohn-Hite wide-band (DC 

- lMHz.) 10 Watt amplifier model DCA-10. The complete setup of the PC-based 

data acquisition and control system is shown in Figure 4.11 

88 



00 
co 

20M lOK 

Figure 4.9: Complete circuit diagram 
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Figure 4.11: Complete setup for the PC-based control system 

91 



Chapter 5 

Estimation of 'Iransverse/ Angular Displacement 

and Velocity Using Distributed Strain and 

Strain-Rate Measurements 

5.1 Introduction 

The parameter estimation and adaptive control algorithms explained in Chapters 2 

and 3 require data on transverse/angular displacement and velocity of the vibrat

ing structure. In the previous chapter (Chapter 4) the experimental setup used in 

demonstrating the application of the algorithms for vibration control. is explained. 

These experiments use PVDF sensors and PZT actuators for sensing and actuation 

purposes. The PVDF sensors, however. have the capability to measure only the 

longitudinal strain/strain-rate developed at any location. Therefore, the measured 

variables have to be converted to the corresponding transverse/ angular displace

ment and velocity data for the purpose of parameter estimation and use in adaptive 

control algorithms. In the following sections, a new recursive algorithm that can 

be adopted to determine the transverse/angular displacement and the velocity from 

the measured strain/strain-rate data is explained. Experimental results to validate 

the adopted procedure under static and dynamic load conditions are furnished. 
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5.2 Estimation Algorithm 

The algorithm to determine the transverse/n'1gular displacement and velocity frum 

measured strain/strain-rate data is based on the basic curvature relationship in an)· 

cantile-ver beam. Assuming that the strain is uniform throughout the cross-sert ivn 

of a cantilever beam, it is related to the transverse displacement are related by a 

partial differential equation given by [71. 85]: 

fYy 2 

D 2 
(.r, t) = --51 (x, t); .T E [0, l] 

X lb 
( 5.1) 

where y(x,l) is the transverse displacement distribution and S 1(x,t) is the strain 

distribution. As indicated in Chapter 2, y(x, t) in any element of the finite element 

system can be approximated using Hermite cubics, (see Equation (2.8)) which is 

reproduced here for clarity: 

where li is the length of the ith element and 

P;(t) = 

Wi-1 (t) 

ki-1 ( t) 

W;(t) 

k;( t) 

(5.2) 

(5.3) 

in which wi is the transverse displacement and ki is the angular displacement at. 

node i. By the nature of Equations (5.3) and (5.1) it is obvious that linear spline 

approximation seems to be a natural choice for approximating the strain distribution. 

Let St be the strain measured at the ith node (i=0,1.2 .... ?\). then the linear spline 

approximation in the ith element is given by: 
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5(c t) = s··- 1 - ~(s•--l- S')· q, "' ' I [, 1 1 • 

where 

~=X- X;-1; S; = qf(~, t); i = l...N 

Pertinent to the i 111 element. 

and 

Hence, it follows that 

_ 6 + 12E 
[1 7 . . 
4 GE --+l't I, I, 

6 12' 
TI- IT . ' 

~-1 
I, I, 

(5.4) 

(5.5) 

Equating the coefficients of ~ and the independent terms on the right hand side 

of Equations (5.4) and (5.5) and using Equation (5.1), the followir1g set of linear 

algebraic equations can be obtained: 

12 6k 12 6k trW>-1 + 1 •-1- trW;+ 1 , 
t 1 1 1 

The above equations can be cast in the matrix form as, 
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[ ~ !4] [ Wi-1 l -j-
jT l k,_1 . . [ 

-12 
7 . 

6 
11 . 

which can further be simplified and written in algebraic form as: 

I z, [s'-1 s'] k ~i = -- 1 + 1 + ···-1 
tb 

(5.6) 

(5.i) 

The above equations are spatially recursive fori = 1,2,. ., ~and can be solved for 

each i using the fact that Wo = ko = 0 (geometric boundary conditions) and S';v = 0 

(natural boundary conditions). Hence, the above set of spatial recursive equations 

can be used to estimate the transverse and angular displacements at the nodes or 

the finite element system based on the measured strain data available at each node 

(S;: i = 0.1,2, ... ,:\'). 

The Equations (5.6) and (5.7) are spatial equations and therefore their time 

derivative counterparts are specified by 

[2 . . 1 . . . 
· I [2S'I- 511 · z k W; = -- 1 + 1J + Wi-1 + I i-1 

3tb 
(5.8) 

. l 0 • 0 • • 

k - _...!.rs~- 1 + S1
] + k 

I - tb l 1 1 1-1 (5.9) 

which can be used to estimate the nodal transverse/angular velocity using nodal 

strain-rate data measured along the length together with the fact that w0 = i~o = 

sr = o 

5.3 Experimental Results 

Experimental studies to validate the proposed recursive estimation algorithm for 

both static and dynamic loading conditions are described in this section. 
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5.3.1 Static Loading Case 

Displacement of the free-end of the test cantilever beam is estimated based on the 

strain data collected at different locations along the length of the beam as a re

sult of the application of static loading at the free-end of the beam. Piezoelectrir 

transducers offer their w.:ability as strain sensors in conjunction with a charge am

plifier which converts the high-impedance charge output to a low-impedance ,·oltage 

output. However, because of the internal leakage resistance of the sensor and the 

frequency response of the associated charge amplifier, the performance of the sen

sor in measuring the strain does not have a true DC response [66. 87]. which is 

rather pertinent to static loading. Therefore. strain gauges were used to measme 

strain data at various locations under static loading. An aluminum beam of length 

0.392m. width 0.028m and Lhickness 0.95mm is used as a test beam. The strain 

gauges used are of constantan alloy encapsulated in polyimide and has dimensions 

of length 2.5mm and width 1.8mm (Manufactured by Ivleasurement Group. Inc.). 

Four such strain gauges were bonded to the top surface of the beam as shown in 

Figure 5.1, with the distance between 2 consecuti\·e gauges being 0.098m. Since the 

ff---L5---o-----o------~ 
TBD STBJ STB2 STB3 

I 
Clamped End Free End 

Figure 5.1: Cantilever beam mounted with strain gauges 

strain at the free-end of the beam is zero (portraying the boundary condition). no 

gauge is used at that location. The test beam in this configuration fc)::ms a four ele

ment system with the strain gauges located at the nodes. A strain indicator ~lode! 

P-3500 of Measurements Group Inc. is used to record the strain data from the four 
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gauges simultaneously at various loads. The deflection at the free-end (lund end) 

was measured using a traveling microscope. 

As a first case, only data from 2 strain gauges STRO and STR2 (see Figure 5.1) 

were used to estimate the displacement at the free-end. In other words. in this rase. 

a two element system was considered with h = 0.196m. These two data along with 

the zero strain value at the tip were used in Equations (5.6) and (5.7) to estimate 

the displacement at the free-end (w2). This was done for different loads and the 

measured and estimated values of w2 are tabulated in Table 5.1 for comparison. 

From this table, it can be seen that the estimation error becomes larger at large 

load conditions. This error can be attributed tu the following: 

Table 5.1: ~!ensured and estimated tip displacement with twu strain gauges 

Tip Displacement Error 
(mm) (o/t) 

Load so 51 Measured Estimated U'1,-·~~ 

1 1 1L'2m 

(g) (J.LC) (J-l() W2rn W2c 

2 26 14 2.99 2.88 -3.69 
4 53 27 6.02 5.733 -4.76 
6 79 40 9.02 8.564 -5.05 
11 143 73 16.577 15.568 -6.09 

1. The beam curvature theory used here is valid only for small deflections. 

2. Improper clamping can alter the boundary conditions especially at larger loads. 

For the second case, data from all the four strain gauges were used to form a four 

element system with h = 0.098m. Equations (5.6) and (5.7) were used to estimate 

the displacement at the free-end (w.1). The measured and estimated w.1 are tabulated 

in Table 5.2. Errors resulting in using 2 or 4 element system (as shown in Tables 

5.1 and 5.2 respectively), are not appreciably different. Hence, for the system under 

consideration a two element approximation may suffice. 
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Table 5.2: ~1easured and estimated tip displacement with four strain gauges 

Tip Displacement Error 
(mm) (%) 

Load S? SI ')2 sa Measured Estimated w~c- w:azu 
I .. I I tL'4m 

(g) (pc) (pc) (pc) (pc) W4m W4e 

2 26 20 14 7 2.99 2.917 -2.44 
4 53 40 27 14 6.02 5.767 -4.25 
6 79 60 40 21 9.02 8.625 -4.34 
11 143 110 73 38 16.577 15.671 -5.46 

5.3.2 Dynamic Loading Case 

In order to validate the relevant algorithm. an aluminum beam of length 0...14m. 

width 0.028m and thickness 0.95mm was used. Two PVDF sensors of length 0.03m 

and width 0.01m were bonded to the top surface uf the beam using two part 5 

min epoxy. Since the strain at the free-end is zero (boundary condition). no sensor 

was used at the free-end of the beam, thereby constituting a two element system. 

The configuration is shown in Figure 5.2. Pertinent to the details on electronic 

circuits as explained in the previous chapter the charge and charge rate converted 

into corresponding voltages, were used to acquire the data from the sensors into the 

computer for calculating the strain. Before performing the experiments the sensors 

were calibrated as detailed in the next subsection. 

~+14---- t; ______ I 

PVIJF0 PVIJF1 

D D 

Clamped End Free End 

Figure 5.2: Beam mounted with PVDF and accelerometer 
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5.3.2.1 Calibration of PVDF Sensors 

Sensors play a crucial role in any real-time control system. Therefore. they ha\'e 

to be calibrated properly so as to obtain meaningful performance of the system. 

The governing relationship between the total charge accumulated on the surface uf 

the PVDF sensor and the strain developed at any point alung its length is gi\'en 

by Equation (4.12). However, if the length of the sensor is small compared to the 

smallest wavelength 1 of interest then the strain can be presumed almost uniform 

throughout its length and hence Equation (4.12) reduces to 

(5.10) 

where A is the lateral surface area of the sensor. In order to use this simple equation. 

the above mentioned condition has to be verified. In effect, the strain calculated L.r 

using the above formula with the measured total charge Q should be verified of its 

correspondence to the strain measured at any point along the length of the sensor. 

For this purpose a strain gauge is used (as in the static loading case) as a the 

calibrating device. The dimensions of the strain gauge is so small that it can Le 

considered to measure the point-wise strain. 

Two PVDF sensors of length 3cm, width 1.3cm and thickness 28J.tm and t\\'u 

strain gauges were used for calioration. One PVDF and a strain gauge form a 

pair of sensors. One such pair is mounted on the beam close to the clamped end 

in such a way that the PVDF and strain gauge are mounted on each side of the 

beam with their centers coinciding. Another pair is mounted in a similar fashion su 

that their centers are located at a distant of O.llm from the free end of the beam. 

The configuration is shown in Figure 5.3. A strain indicator is used to measure 

the strain data from the strain gauge (S!'r), while the charge output of the PVDF 

1 Pertinent to vibrations in flexible structures. wavelength refers to the distance between two 
adjacent peaks 
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sensors are measured using the circuits explained in the previous chapter; and. the 

corresponding strain (Sj'df) is calculated by using the Equation (5.10). 

PVD/~ 

Clamped 
End 

X 
1 STR I D 

Free End 

Figure 5.3: Beam mounted with PVDFs and strain gauges 

The data from PVDF0 and STR{) (refer to Figure 5.3) were acquired simulta

neously into the computer as the beam was allowed to vibrate freely from an initial 

displaced position. The strain data are plotted in Figure 5.-t from which it can be 

noticed that the point-wise strain measured by the strain gauge is half that of the 

value measured by the PVDF sensor. This may be due to the fact that the length 

of the sensor could be larger than the wavelength of interest. To substantiate this 

claim, data from P\l D F1 and ST R 1 were collected and the corresponding strains are 

plotted in Figure 5.5. Again the difference in the strains by a factor of 2 is observed. 

In order to further substanti11te the fact that the length of the sensor is the reason 

for this anomoly. another PVDF sensor of length 1.5cm (which is half that of the 

sensor used so far) and whose width and thickness are the same as the previous!~· 

used one, was used in conjunction with a similar strain gauge in another beam and 

mounted in a similar fashion as explained above. Data from this pair was collected 

simultaneously and the corresponding strains are plotted in Figure 5.6, wherein the 

data from the two sensors can be noticed to match perfectly. From Figure 5.6 it 

can also be seen that the frequency of vibration is larger than that of the previous 

case. This is due to the fact that only one PVDF and strain gauge were used and 

hence the properties of the beam were not affected unlike in the previous case. From 

Figures 5.4 and 5.6, the question of justification for comparing the data with two 
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different frequencies of vibrations. may arise. This question can be answered as fol

lows: The wavelength of Yibrations shown in Figure 5.6 is smaller than that shown 

in Figure 5.4. The strain measured by the smaller PVDF is found to be uniform 

over its length for the smaller wavelength of \'ibrntions. Hence the strain measured 

by the smaller PVDF wili also be uniform when used to measure the ,·ibrations with 

the larger wavelength (Figure 5.4). Therefore. the comparison between Figures 5.-! 

and 5.6 (to substantiate the fact that the length of the PVDF sensor plays a key 

role) is justified inspite of different frequencies of vibration. This proves the fact 

that the length of the sensor plays a crucial role in determining the point-wise strain 

from the measured total charge. So, either a PVDF sensor of smaller length should 

oe used or a PVDF of dimension PV D 1-(1 can oe used with a calibratiun factur uf 

2. Since. smaller length PVDF are not readil~· available. it was decided to use tlw 

larger dimension PVDF sensors (with the dimensions uf PVDF0 ) with a calibratiun 

factor of 2. 

The point-wise strain from the two PVDF sensors (refer Figure 5.2) were cal

culated from the measured total charge using the uniform strain modeL given by 

Equation (5.10) along with a calibration factor of 2. To cross-check the estimated 

displacement and velocity data, a piezoelectric accelerometer (~lodel ~o. ACH-01. 

manufactured by A:i\lP Sensors, Inc.), weighing 4 gms .. was bonded at the free-end 

of the beam {see Figure 5.2). The output of this accelerometer is connected to an 

amplifier (manufactured by AMP Sensors. Inc.) whose output can be connected to 

the anti-aliasing low pass filter before directing the signal to the data acquisition 

board. Displacement is obtained by dividing the acceleration data by w2
• where u.: 

is the angular frequency of oscillation while velocity is obtained by dividing accel

eration by w. Eventhough this type of calculation does not account for the phase 

difference between the acceleration and velocity and displacement, the interest being 

primarily the amplitude data. phase considerations were ignored. 
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Charge. charge-rate anJ acceleration data were collected simultaneously using 

Intel's 80486 based PC-AT installed with :\ational Instrument's A./D board. Data 

are collected at the rate of 100 samples per sec. The estimation of transverse/angular 

displacement and velocity were performed using the Equations (5.6- 5.9) as per the 

steps shown in the flowchart in Figure 5.7. 

5.3.2.2 Free Vibration 

Data were collected by allowing the beam to vibrate freely due to an initial displace

ment. The charge and charge-rate data gathered from the two sensors were used tu 

estimate the displacement and velocity at all the nodes as per the steps shown in 

Figure 5.7. The estimated and measured tip displacement and velocity are shown 

graphically in Figures 5.8 and 5.9 respectively. These plots illustrate the effirary 

of the algorithm for unknown excitations. 

5.3.2.3 Forced Vibration 

In order to apply force to the system, a piezo-ceramic (PZT) of dimensions -tern 

x 1cm, was bonded to the surface opposite to that in which the PVDF sensor is 

attached. A copper foil was attached between the beam and the surface of the PZT 

that is bonded to the beam surface, in such a way that 011ly a small portion uf 

the foil touches the PZT. The copper foil is connected to a function generator that 

generates sinusoidal voltage at the natural frequency (3.36Hz). Charge. charge-rate 

and acceleration data were collected for about 5 seconds and estimation was carried 

out as per the steps shown in Figure 5.7. Results are plotted in Figures 5.10 and 

5.11. These results show the effectiveness of the algorithm at the resonant frequenry 

at which the amplitude is maximum for a given force. 
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5.4 Summary 

In conclusion, a new recurs1ve technique that can be used to estimate trans

verse/angular displacements and velocities at any location along the length of a 

one-dimensional cantilever beam is presented. Results obtained for both static and 

dynamic loadings are found to be of acceptable range. Due to limitations of the 

available equipment in making measurements at various locations, the correlation 

between estimation and measurements are shown only in respect of the free-end. 

However, the algorithm has the capability to estimate the quantities at any node of 

the finite element system and can be used along with the cubic spline approximation 

to estimate the displacement as well as the velocity at any location along the length 

of the cantilever beam. The main advantages of this method are: 

1. No modal truncation is performed, thereby avoiding any "spillover'' from 

higher order modes. 

2. No a priori knowledge on the structural parameters and the loading conditions 

are required. 

3. This algorithm does not warrant measurements of the displacement. velocity or 

acceleration which otherwise would increase the overall cost as well as load the 

system. Thus the present technique enables the development of a cost-effective 

smart flexible structure. 

The main drawback of this method is that the beam curvature theory is valid 

only for small deflections. ThereforP the estimation error could be large for larger 

amplitudes of ··ibrations as evidenced in the static loading case studied. However. 

with the main purpose of the algorithm being as a state estimation tool for vibration 

control techniques, the error introduced by the algorithm can always be corrected in 

the controller section. This algorithm can further be ex~ended to two dimensional 

structures by considering appropriate curvature formulations and spline approxima

tions. 
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Chapter 6 

Active Control of Vibrations: Experimental 

Studies 

6.1 Introduction 

In Chapter 3. two types of control algorithms. namely. a continuous-time LQR al

gorithm and a discrete-time :\IRC algorithm were deriYed for vibration control aJ.>

plications vis-a-vis flexible structures. These are based on the finite dimensional 

approximation as stated earlier. In this chapter, the performance of the abo\·e

mentioned algorithms when implemented in suppressing the vibrations in a test 

(aluminum) cantilever beam is analyzed. Relevant experimental work uses PVDF 

sensors and PZT actuators and a personal computer in the feedback loop of the 

control system. The recursive algorithm, presented in Chapter 5, is used to estimate 

the transverse/angular displacement as well as the velocity which are required as 

the state feedback variables for the afore-mentioned control systems. The experi

mental setup is shown in Figure 6.1. The dimensions of the beam. sensors and the 

actuators are given in Table 6.1. The sampling rate is chosen as !Oms. The steJ.>S 

involved in implementing (within a sampling period) the PC-based control system 

are enumerated as follows: 

1. Voltages corresponding to the charge-rate and charge developed on the two 

PVDF sensors are acquired. 
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Copper Foil 

Figure 6.1: Beam mounted with PVDF Sensors and PZT actuators 

Table 6.1: Dimensions of the beam and the transducers 

Unit Length Width Thickness 
Beam 0.-!0lm 0.028m 0.95mm 
PVDF 0.030m 0.012m 28f,lm 
PZT 0.030m 0.012m 0.19mm 

2. These voltages are converted to the corresponding strain and strain-rate values 

as explained in Chapter 4. 

3. The transverse/angular displacement and the velocity at the nodes are esti

mated from the measured strain/strain-rate data obtained from the previous 

step. 

4. The control forces (transverse) to be applied at the nodes are then calculated. 

5. The transverse forces are converted into equivalent moments to be imparted 

to the sLructure via the PZT actuators. 

6. The voltages equivalent to the abovesaid moments are applied to each PZT 

actuating elements. 

The steps as above may, however, introduce computational delay which may not 

be tolerable and may even destabilize the system. In order to reduce this delay. 
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the finite dimensional model has to be simplified further in order to obtain a model 

representing the input/output voltage. This simplification procedure is explained 

in detail in Section 6.1. In Section 6.2, experimental results with the use of LQR 

algorithm in controlling the vibrations in the test cantilever beam are presented. 

The results pertinent to the ~1RC algorithm are furnished seperat.ely in Section 6.:~. 

The controllers adopted in the experiments are designed with the parameters of the 

beam and the transducers presumably known a priori. 

6.2 Displacement and Velocity versus Voltage 

TI:-ansformation 

In the foregoing discussions, a two-element system is assumed. Rele\·ant nodes and 

elements are shown in Figure 6.2. The left-end of the PVDF sensors and the PZT 

tn tn 

~ 
PVD~ PVD~ t 

•==31--~n~--~·~31~~~~----e• 
0 PZ~ V 1 Pzn V 2 

Circled I\umbers: Elements 

enCircled :\umbers: :\odes 

.Figure 6.2: Nodes and elements in the test beam 

actuators are assumed to be the locales of the nodes. The physical characteristics 

of the structure, the sensors and the actuators are assumed to be identical in both 

elements indicated. Further, the structure is assumed to be homogeneous. 

The controllers (derived in Chapter 3) require transverse/angular displacement 

and velocity data as the feedback variables. The strain and strain-rate are, however. 

the measured variables at the nodes shown in Figur~ 6.2. Therefore, the trans

verse/angular displacement and velocity values are estimated using the recursive 
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relationships given by Equations (5.6) - (5.9). For disrussiun purposes Equations 

5.6) - (5.9) are reproduced hereunder: 

- ll [2si-l cil lk W;- --
3 

I +..J1 +wi-1 + i i-1 
tb 

k l; [si-1 si] k ·; = -- I + I + ·i-1 
tb 

· ll [2s·i--l s··J · L k. W; = --3 I + I + W;_ I + i ·;-I 
tb 

. l . - I . - . 
k; = _...:[s;- + s;] + ki-1 

t.b 

With the present experimental setup ha\'ing i = 1.2 and l 1 

Equations (6.1) and (6.2) can be cast in the matrix form as: 

r lL'I 
'211 " :! :I 

kl h 
1 r S? l = tb r)11 2h l Sf w2 3 

k2 1 2 

(6.1) 

(6.2) 

(6.:3) 

(6.-l) 

0.192111. 

in which tb is the thickness of the structure at the nodes. The above equation can 

be written as: 

P=TsS (6.5) 

where 

2h !l 
3 3 

h 1 1 [ ~ l Ts = -- S= I 
tb 5h 2h s: 3 

l 1 2 

Similarly, 

P=TsS (6.6) 

115 



T 

where ,'; = [ Li:;\1 Sf ] . In order to obtain the transformation between the trans-

ducted voltage versus strainistrain-rate in the beam, Equation (5.10) is used whirh 

is repeated here: 

(6.7) 

where a calibration factor of 2 is used to obtain the pointwise strain (as exjJlained 

in Section 5.2.2.1) and i refers to the node. From Equation (4.17). it follows that 

(6.8) 

in which vb is the voltage corresponding to the strain-rate at node i. In the present 

experimental setup, two PVDF sensors are used with two identical sets of electronic

circuits (described in Chapter-!). Since. the components values may differ (within 

their tolerance level) between the t\\'o sets of circuits. the abo\'e equation {6.8) ran 

be rewritten as: 

(6.9) 

where 

is the gain of the i 111 circuit with superscript i on the resistors indicating their values 

used in the i1" circuit. With the following substitution: 

the relationship between strain-rate and the corresponding voltage is given by: 

c.; GC' ., 
LJI = .~ 1'o 
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Similar procedure is followed to obtain the relation between strain at nude i and the 

corresponding voltage v0 as: 

( 6.11) 

where 

in which the superscript refers to tb~ values of the resistances and the capacitor used 

in the integrator circuit (refer Figure 4.7) for the i 11
' node sensor. Equations (6.10) 

and (6.11) can be cast in matrix form to account for the data acquired f10m Luth 

the sensors. It is given by: 

S.- T~ ·,. - st, 

where 

[ 
G~ 0 l T~ = G s ; 

~ 0 G 1 
s 

T~ =G s 
[ 

G
0 

0 l 
0 G 1 

s 

(6.12) 

(6.1~3) 

Combining Equations (6.5), (6.6) and (6.13). the transformation between displace

ment/velocity and voltage can be obtained as: 

P = T~v; F=T% p (6.14) 

in which 
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6.3 Linear Quadratic Regulator Algorithm 

In this section the finite dimensional state-space model derived in Chapter ~~ is 

simplified further using the transformations discussed in the previous section. This 

simplified state-space model is then be used to design the LQR based controller tu 

suppress the vibrations in the test cantilever beam. 

6.3.1 Simplified State Space Model 

The finite dimensional model of the beam is given by Equation 2.14 and is repru

duced here: 

(6.15) 

where 

2 N 

Me =p:l:Mft; ce = cL:c~:rt 
i=l i=l 

in which p, c and k are the linear mass density, damping coefficient and the stiffness 

of the homogeneous structure. Mft, Kft and c;xt are as defined in Section 2.2. 

Since the beam is clamped at node 0. transverse/angular displacement and velocity 

at that nodes are zero. Therefore, eliminating the first two rows and columns of 

Me, Kc and cc and the first two elements of the P vector resulting in: 

Moreover, it is also assumed that the structure is controlled with transverse forces 

at the nodes and no other modes of excitation are present. Hence, the force vector 

can be written as: 
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r=[nonor (6.16) 

in which Jf represents the total transverse control force being applied at node i. 

The reduced state-space model of this system is given by Equation (3.7) (which is 

reproduced here): 

(6.1 i) 

where Br is obtained by eliminating the even numbered column of the B matrix and 

Fr contains the non-ze::o elements of F. A and B are same as in Equation (3.2) and 

X = [ P p r is the state vector. Using the transformations given by Equation 

(6.14), the state-space representation as given by Equation (6.17). can be simiJlified 

as: 

in which X 1• = [ i• l' ] T and 

and the superscript t refers to the pseudo-inversion. Further, 

T= 
[ 
T~ 0 l 
0 Tv 

p 

in which 0 is the zero matrix of appropriate dimensions. 

(6.18) 

In the simplified state-space representation, the control input vector contains the 

transverse forces being applied at the nodes. PZTs are used as controlling actuators 

and they generate dynamic moments proportional to the applied voltage as given b~· 

Equation (4.15). Thus, the transverse forces If and f~ being applied at nodes 1 and 

2, respectively, need to be transformed to the moments so that they can be applied 

through the actuators to effect the control involved. ~Ioment area method is used 
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for this purpose. From the moment diagrams shown in Figure 6.3(a), the area uf 

the total moment. required to suppress the vibrations is given by: 

l1 I 

A,= J !1 (x)dx + J h(x)dx 
() 0 

where 

are the equations of the moments due to!{ and n (refer Figure 6.3). The total area 

of the moments to be applied through the actuators P ZT0 and P ZT1 are given Ly 

(refer Figure 6.~~(b)): 

where m~ and m! are the control moments applied to the beam through P ZT0 and 

P ZT1 respectively. and la is the length of the actuator. Assuming that P Z7(J is 

responsible in producing moment in the region 0 :S: x :S: [1 and P ZT1 produces 

moment in the region l1 :S: x ::; l. the following transformations are obtained: 

11 11 

m~ * la = J JI(x)dx + J f2(x)dx 
0 0 

I 

m! * la = J h(x)dx 
11 

which, on simplification yield: 

The above algebraic equations can be \\Titten in matrix form as: 

where 
214 (11--21) 
11(1LL?l 

21 
12 -~:! 

1 
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11oment 

f~l 

h(x) 

0 l1 X 

(a): Moments due to calculated control forces 

Moment 

I I 
0 X 

(b): Moment applied through PZT actuators 

Figure 6.3: ;\lament diagram 
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in which Equation (4.15) is used and l'~ is the control \'oltage applied to the PZT 

actuator mounted at node i. This type of transformation leads to the distribution uf 

the total control effort being effected by two actuators. Combining Equation (6.19) 

with (6.18) yields a simplified state-spare relationship given by: 

(6.21) 

in which Bm = Br,.Tm. This simplified representation is used to implement the 

LQR algorithm in suppressing the '~brations in the test cantilever beam. 

6.3.2 Control Algorithm 

In Section 3.1.1 the LQR algorithm for the original state-space equation (3.2) is 

presented. In this section, the controller is implemented with the simplified state

space representation (6.21) by minimizing the cost function: 

(6.22) 

subject to the constraint of the Equation (6.21). In order to use the concepts pre

sented in Section 3.1.4 in choosing proper weighting matrices. Equations (3.3) and 

(6.22) are compared to obtain the following relationships: 

in which N and R are chosen as discussed in Section 3.1.4. The solution to the 

minimization problem is given by [68]: 

(6.23) 
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where Sv is the CO\'ariance matrix obtained by solving the following algebraic Ricrati 

equation 

The corresponding state feedback control law is given by: 

Va = -L,.X,. (6.2-t) 

6.3.3 Experimental Results 

In thi::: section experimental results obtained in implementing the control procedures 

so as to suppress the vibrations in the test (aluminum) beam are presented. The 

LQR controller (as described in the previous section) is adopted. Results for both 

free and forced vibration control are furnished. Since the dimensions of the sensors 

and actuators are small when compared to those of the beam, their effects on the 

structural parameters of the beam are neglected. Hence, the effective mass density 

m( = pA) and the stiffness coefficient k ( = El) of the test structure are taken to 

be that of the homogeneous beam itself and are given in Tabie .t.l. Further. the 

damping coefficient is assumed to be zero. The s.ystem matrices are formed as per 

the discussions in the previous sections and the weighting matrix N is chosen as 

given in Section 3.1.4. The corresponding Nv matrix is obtained as discussed in the 

previous subsection. The output from the computer is limited to ±lOV. Should 

the control voltage to be applied to the PZTs be required to exceed ±lOV. it has 

to be scaled down to the range ±lOV before sent through the output channel of 

the computer. This scaling factor can however, be revived as an external amplifier 

gain before applying the voltage from the computer to the actuators. Laboratory 

constraints limited the availability of only one power amplifier which can offer an 

output swing of ±lOOV. It is judiciously, therefore, used for the signals applied to 

PZT0 • The voltage to be applied to PZT1 is constrained to be within the range of 
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±10\f (as warranted by the computer output). With the different levels uf signals 

applied to P Z10 and P ZT1 as well as the stability conditions discussed in Section 

3.1.4, the R matrix is chosen on a trial and error basis as so as to achieve the gain 

requirement specified by Equation (6.23). The R matrix so chosen is: 

R = [ 0.1 0 l 
0 10.0 

The control gain Lt. is obtained using the LQR subroutine provided in MatlaVM. 

6.3.3.1 Control of Free Vibrations 

With the control gain obtained as exrlained earlier. the PC-based controller is ap

plied to control the free vibrations in the beam due tu an initial displacement. The 

time-history of the controlled and uncontrolled displacements at the two nodes are 

shown in Figures 6.4 and 6.5 and the control voltages, applied at the two nodes. are 

shown in Figures 6.6 and 6. 7. These results demonstrate the ability of the controller 

in controlling the free vibrations. 

6.3.3.2 Control of Forced Vibration 

P ZT ext (refer to Figure 6.1) is connected to a signal generator to induce an external 

disturbance so as to make the beam to undergo forced vibration. Sinusoidal ,·ibra

tions, at the first natural mode of vibration of the structure (5.0Hz), are induced 

in the beam by applying a sinusoidal voltage to P ZTc:rt· After the structure has 

attained a steady-state. the PC-based controller is activated to control these vibra

tions and the resulting input-output responses are plotted in Figures 6.8 and 6.11. 

From Figures 6.8 and 6.9, it can be noticed that the controlled amplitude is about 

10% of the uncontrolled response. This illustrates the efficacy of the controller in 

suppressing the forced vibrations. 
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6.4 Model Reference Controller 

In Chapter 3, Section 3.2, the theory behind the design of ~lRCs is explained and 

the corresponding control law to suppress the vibrations in flexible structures is alsv 

derived. In this section. the transformations discussed in Section 6.2 are used tv 

simplify the MRC algorithm and the experimental results in reference to the test 

beam are furnished. 

6.4.1 Control Algorithm 

The finite dimensional d~11amics of flexible structures is given by Equation (6.15) 

and that of the reference model is given by Equation (3.12), which is reprudured 

here: 

M'"j'>• + C"'F" + Kmp• = R(t) (6.25) 

in which p• ( t) is the response of the model to the reference input r( t). The structure 

of the matrices and the vectors in Equation (6.25) are similar to their counterparts 

in Equation (6.15 ), while the structural parameters of the reference system and 

the reference input are chosen a priori depending upon the desired response of the 

structure. With the assumptions on the type of control excitation being the same 

as those assumed (refer to Equation (6.16) for the LQR algorithm. Equation (3.19) 

can be written as: 

[(Mm)-ICm- (MctlCc]P(t) 

[(MmtiKm- (MetiKc]P(t)} 
(6.26) 

where (Me); 1 is obtained by eliminating the even-numbered columns of (1\JC t 1 and 

Fr(t) contains the non-zero elements of F(t). 

In the LQR algorithm, R matrix was used to constrain the control voltages to 

be applied to the PZT actuators. However, in the MRC algorithm it may not be 

possible to choose the parameters of the reference model (to achieve desired control 
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effect) that will take care of the constraints on the control Yultages. :\lureuver. 

current experimental efforts are concerned with the suppression of the first natmal 

mode of vibrations. The strain energy for the first mode is maximum at the fixed

end and the PZTs are used to generate dynamic control moments. lviotivated \;_v 

these arguments (facts). it was decided to use PZT0 alon as the control actuator for 

controlling the '\ribrations in the beam using 1\IRC. Then the transformation matrix 

T m can be obtained as follows: 

Fr0m Figure 6.3, neglecting the presence of P ZT1 , the transformation can be 

obtained as: 

l1 I 

111~: * la = j f 1 (x)dx + j f.J(.r)d.T 
() () 

which on further simplification yields: 

where v~ is the voltage to be applied to PZT0 and 

T - _1_ [ z2 12 l 
m - kala 1 • J (6.27) 

Utilizing the transformations given by Equations (6.14) and (6.27). Equation (6.26) 

can be rewritten as: 
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[(l'v1m)- 1Cm- (Mc)- 1C'"]T}J·(t) 

[(Mm)- 1 Km - (l\1' t 1 Kr]T~t·(t)} 

(6.28) 



6.4.2 Experimental Results 

Experimental results on the test beam using l\IRC (described in the !Jrevious suo

section) are presented. Again thE> homogeneity of the structure is assumed and the 

parameters of the experimental test structure are taken to be the same as those used 

for the LQR controller. The reference model is also assumed to be a two-element 

homogeneous beam with the parameters being: 

pm = 0.15/{g/m; (EJ)m = 0.3.N- m"l; (CDir = 0.002 

where the superscript 'm' indicates that they are reference model parameters. The 

reference model is assumed to have zero viscous damping. Results (based on these 

reference model parameters) on Luth free and furred vibration controls are furnished 

in Figures 6.12 to 6.17, wherein it can be noticed that the results are similar to thuse 

obtained using LQR algorithm. 

6.5 Summary 

A simplified finite dimensional model with the state variables being the sensor volt

ages and the control input corresponding to the control voltages applied to the 

actuators, is obtained. The continuous-time LQR and the discrete-time l'viRC algo

rithms designed on the basis of this simplified model are implemented using a PC. 

The results on the control of free and forced vibrations in a test beam are found 

to be satisfactory. Though the results furnished here are in respect of suppressing 

the first mode of vibrations only, in principle. the algorithms indicated are mode

independent. 

In implementing the LQR. the designer may control the maximum voltage be

ing applied to the actuators, whereas in ~IRC, this cannot be done easily. The 

main drawback of the LQR algorithm is the computational delay involved in cal

culating the control gain (which is performed before-hand in the implementations 
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as discussed in this chapter). This cost-ineffective computation may not be possi

ble within a sampling period. However. when designing on-line adaptive controllers 

based on the on-line estimation of the structural parameters, real-time implemen

tation warrants time frames within a sampling period. This can be achieved with 

tht computations using the ~1RC algorithm. However. in implementing ~!RC al

gorithm, a more rigorous design of amplifiers are required to allow the designer to 

choose the reference model parameters over a wide range of values. Moreover, these 

parameters have to be carefully chosen so th11t the system may not be excited at 

higher frequencies which may lead to the violation of the Nyquist sampling criterion. 

The controllers discussed here are designed with the assumption that the struc

ture is homogeneous and the parameters of the sensors/actuators are neglected. 

Though the results obtained presently are found to be satisfactory, the abowsaid 

assumptions may not be valid for structures with multiple sensors and actuato 

Moreover, the damping present in the system is assumed here to be zero. which is 

not strictly true. Therefore, for mC'fe pragmatic applications. it is essential to esti

mate the actual structural parameters before hc.nd and the design of the controllers 

should be done based on these estimated parameters. 
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Chapter 7 

Conclusions and Summary of Inferences 

The study presented in this dissertation in essence. refers to the application of adap

tive control techniques tu suppress the vibrations in flexible smart structures. The 

following are the contributions made towards the analytical framework of this dis

sertation: 

1. Representation of the dynamics of flexible structures (which are inherently in

finite dimensional zystcms) by a finite dilllt!m;ional model using a finite element 

scheme. The advantages of this model are: 

• This is an energy-based approach and therefore all the dominant modes 

of vibrations are included in the model implicitly. 

• Transverse/angular displacement and velocity at the nodes of the finite 

element system constitute the elements of the displacement vertor whirh 

can either be measured or estimated. 

• The mass. stiffness and damping coefficients associated with each element 

appear explicitly in the model. 

2. The continuous-time, finite dimensional model is discretized using the central 

difference numerical differentiation of the time derivative. This type of dis

cretization preserves the explicit. nature of the ap!Jearance of the structural 
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parameters in the model and enablf:>s the derivation of the AR?\lA parametrir 

representation of the dynamics involved. Further, this reJ.>resentation facili

tates the on-line estimation of the unknown/time-varying parameters of the 

structure 1'ia standard least squares type recursive algorithms. Simulation re

sults on the estimation of strurtural parameters are found to be consistenti~· 

sntisfartorv. 

3. The finite dimensional continuous-time model is used to design continuous

time LQR algorithm for use in suppressing the vibrations in flexible structures. 

Combination of discrete-time parameter estimation algorithm and continuc..us

time LQR algorithm yields an hybrid adaptive control algorithm. Simulatiun 

results are furnished tu demonstrate the performance of the adaptive ccmtruller 

in suppressing the vibrations in a cantilever beam. An energy-based method 

to choose the control and state weighting matrices that '\\'ill lead to a stal.Jle 

closed-loop system, is also deliberated in reference to a flexible structure. The 

main drawback of the hybrid adaptive control algorithm developed is that for 

real-time applications it is difficult to estimate the parameters and soh·e the 

continuous-·time LQR problem within a sampling period (especialiy when the 

sampling time is chosen to be small to account for large number of modes of 

vibration). 

4. The discretized finite dimensional model (obtained using the discretization 

procedure as explained above) was used to derive a model reference adaptive 

control to suppress the vibrations in a flexible structure. Simulation results 

are elaborated to elucidate the effect of the parameters of the reference model 

cho~en. Improper choice of these parameters may lead to the saturation of the 

actuators and hence may destabilize the system. 
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On the experimental side. piezo-electric materials are used for sensing and act u

ation involved in controlling the \·ibrations in an aluminium cantilever beam. The 

following are the contributions IT'ade towards the relevant experimental issues: 

1. A new ty-pe of spatially recursive algorithm to estimate the transverse j angular 

displacement and velocity at the nodes of the finite element system using the 

measured strain/strain-rate at the nodes is pursued. The main advantage 

of this algorithm is that no prior knowledge of the structural parameters or 

loading conditions need be known. The drawback of this method is, however. 

that the curvature theory (based on which this algorithm is derived) is valid 

only for small displacements. But the main application of the algorithm is 

mainly being for the estimation of the states for state-feedback controllers. 

any error encountered by the estimation can be corrected at the controlier 

section. Experimental results are furnished to validate the algorithm for both 

static and dynamic loading cases. 

2. PC-based continuous-time LQR algorithm is designed with the parameters of 

the structure being those obtained from the physical properties of the beam 

and the active elements mounted. It is also assumed that the system has 

zero damping. Eventhough the performance of the controller is found to be 

satisfactory, the present implementation may not be an optimal controller 

because of the fact that the properties of the adhesives, electric wires, copper 

foils etc. used in conjunction with the sensors, actuators etc. are not taken 

into account. Moreover. the zero structural damping may lead to expending 

more energy by the controller than what is required for similar performanre 

with the non-zero values of (unknown) damping coefficients being present. 

3. Discret~"-time MRC is also designed with the same assumptions on the struc

tural parameters as mentioned in the previous case (LQR). The experimental 

results show the viability of the method for vibration control envisaged. 
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The above-mentioned contributions indicate the feasibility of the approach in 

designing adaptive controllers for suppressing \'ibrations in flexible structures. How

ever. the following issues are yet to be investigated which offer possible directions 

for future work and ajar the scope for possible extensions of the present study: 

1. It is necessary to inve_stigate th.: issues in tletermining the optimal locations uf 

the sensors/ actuators so as to capture all the modes of vibration with maximum 

energy. These locations will then form the nodes of the finite element system 

and hence the modeling. parameter estimation and adaptive conLrul algorithms 

can be used to control the vibrations in flexible structures effectively . 

2. Extension of the above-mentioned lJroblem and the finite dimensional modeling 

(described in the pres?nt work) to two dimensional structures. 

3. Simplification of the finite dimensional model. parameter estimation strategies 

and adaptive control algorithms to develop a highly decoupled system offers a 

niche for futuristic efforts. This der:oupling should be done so that the inter

action between input. and output is only between the nearest possible sensors 

and actuators. This type of decoupling can further be used to design decen

tralized/distributed controllers using a number of micro-controliers possibly in 

integrated circuit forms. 

Thus the present study ha.c; given certain new directions in algorithmic repre

sentation of distributed parameter systems vis-a-vis flex~ble structures; and. use of 

relevant considerations indicates the feasibility of suppressing '\tibrations in flexible 

structures. The studies presented also include new aspects of experimental strategies 

of implementing the proposed control lllgorithms on real-time on-line basis. The ef

forts presented, though new and comprehensive are not, however, exhaustive. But it 

offers scope and provides the pavement for additional studies which can be pursued 

as indicated above. 
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Appendix A 

Derivation of the Finite Dimensional Model 

Here, the derivation of the finite dimensional model, given by Equation ( 2.10). uf 

the dynamics of the i111 element of a flexible structure. is presented. The ap!Jroach 

considered here is based on the Lagrange's equation [72. i3]. 

The transverse displacement displacement distribution in the i 111 element vf the 

finite element system is giwn by ( 2.8). which is reproduced here: 

qf(~, t) = X[(O~(t); i = l...N, 0 ~ ~ ~ L; 

where L; is the length of the i 111 element and 

P;(t) = 

The kinetic energy in the i111 element can be written as: 

ri ~ JJ· p(O(qr(c t)) 2d~ 

= ~ JJ· p(~)F/(t)X;(~)X?'(OP.(t)d~ 
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w;(t) 

k;( t) 
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where p(x) is the linear mass density distribution. The elements are assumed tu 

be divided in such a way that the structural parameters are constant within earh 

element. Thus. 

where 

T = ~P/'(t) [Pi J~· Xi(OX/.(()d~) Pi(t) 

= ~p1T(t)MJ~(t) 

156 22[; 54 -13[; 

M·- p;l; 22l; 4[2 13l; -3[2 
= p;l\1i 

1 ' 
'- 420 54 13l; 156 -22l; 

-13li -3(~ 
' 

-22/, 4z2 I 

The potential energy in the i 0
' element is given by: 

where 

L; = ~J~·EJ(~)[:;2(qY(~.t))rd~ 
= ~Pt(t)K;Pi(t) 

r 
12 

El; 6l; 
K --

•- q l-12 
6l; 

-6lj 

2[2 
' 

-12 

-6[, 

12 

-6l; 

Due to the presence of the viscous and material damping in the system. dissipa

tive forces act on the system and are gi \'en by: 

Fid = h'iJ~'(qY(~, t)) 2d~ + ~(CDJ), f~· (a~~atqf(~. t)) 2 
d~ 

= ~Pl(t)C;Pl(t) 
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where 

in ·which Mi and Ki are as defined above. 

The virtual work done in the ith element is giv.:n by: 

where Q;(~, t) is the total non-conservative force acting in the i'" element. which is 

composed of the transverse forces and the moments acting in the element. With uut 

loss of generality, assuming that the transverse forces and the moments act at the 

nodes of the elements, the forces and moments can be written as 

!(~, t) = fi-1 (t)b(~) + J;(t)b(~ -l;) 

where j; is the transverse force acting at node i and b is the spatial dirac delta 

function. Similarly. 

m(~, t) = m;-1 (t)b(O + m;(t)b((- l;) 

is the distributed moment. Then the Yirtual work done due to these forces and 

moments is given by: 

where 

bv;(t) = Jcii J(~,t)XF(~)bP;(t)d( + Jcii m((,t)ax~(f.2oP;(t)d( 

= F{(t)bP;(t) 

F;(t) = J~i [!(~, t )X;(~) + m(~, t) 8·~f0] d~ 

= [ fi-1 m;-1 !; m; ]T 
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Thus using the Lagrange's equatiun [i2. iJ. i5]. the kinetic energy. putential 

energy, the dissipative force and the \·irtual work done are combined to yield the 

dynamics of the i'h element as: 
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