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CHAPTER I 

INTRODUCTION 

The most common statistical mogel used in econometrics is 

the multiple linear regression model wpich shows the relationship 

between a dependent variable (y)and one or more independent 

variables (x1 , x2, 

stated as 

Mathematically, the model can be 

Yi = bo + b1x1i + b2x2i + ••• + bkxki 

Classical econometrics usually estimates the parameters of this 

model using one of two methods: 

maximum likelihood estimation. 

the least squares method and 

Although these methods are widely used by econometricians 

they are not the only methods for estimation of the parameters of 

a model. After a paper by Thomas Bayes (1763), a new branch in 

statistical theory has been created. From the fundamental idea 

of this paper, known in the literature as Bayes'theorem, there 

has been a great development of Bayesian statistics and 

econometrics based on a totally different concept of probability 

than the classical approach. The basic difference between the 

Classical and the Bayesian approaches is the use of prior 

information. Classical statisticians believe that statistical 

inferences must be made using only the available observations and 
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must not be "biased" by personal beliefs or subjective 

information. On the other hand, Bayesians believe that prior 

information is itself useful data and should be considered with 

the "objective" data in making inferences. However, both 

Classical and Bayesians accept the axioms and the algebraic rules 

for manipulating probabilities. 

Bayesian estimation requires a higher degree of . . 
mathematical complexity relatively to classical methods. The 

estimation of the parameters under the Bayesian concept results 

not in a specific point estimate, as in the classical methods but 

in a probability distribution. The problem of the greater amount 

of calculations in Bayesian case has been overcome with the 

development of a variety of computer packages. 

In chapter 2 we will examine the basic classical theory :of 

the estimation of the regression model. We will analyze the 

ordinary least squares and maximum likelihood methods. Also we 

will examine the way that the classical theory deals with 

econometric problems of multicollinearity, heteroscedasticity, 

and autocorrelation. 

In chapter 3 we will present the Bayesian estimation of 

regression. First, we will explain the concept of prior 

information and subsequently we will present the estimation 

procedure under diffuse and informative priors. Also, we will 

examine how we can make point estimations from the probability 

distributions of the parameters. Second, we will examine how 

Bayesian estimation deals with the above referenced econometric 
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problems of multicollinearity, heteroscedasticity and 

autocorrelation. Finally, a comparison between Bayesian and 

classical estimators will be presented. 

In chapter 4 we will estimate the basic ~acroeconomic 

equations for nine selected European countries using both 

classical and Bayesian approaches, and chapter 5 will contain 

conclusions and a summary of the material that will be presented 

in this thesis. 



CHAPTER II 

CLASSICAL ESTIMATION OF REGRESSION 

The most widely used statistical model in ec~nometrics is 

the regression model. A regression model shows the relationship 

between a dependent variable y, and one or more independent 

variables x 1 ,x2 , ... ,xk. The model can be stated in mathematical 

form as follows: 

(2.1) Yi = bo + blx1i + b2x2i + .... + bkxki + ui 

It is difficult to accept that the variables x 1 ,x2 , ... ,xk can 

fully explain the behavior of variable y and for this reason we 

introduce the term which is called the random error or 

disturbance term. This term covers all the other factors that 

influence the variable y and are not included in the model. 

The disturbance term is usually considered to be normally 

distributed. For every value of x1 ,x2 , ... ,xk there is a 

probability distribution of y's. This can be shown graphically 

in the case of k independent variable as: 

y 

X 

Figure 2.1 Graphic description of Regression 

4 
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The following assumptions are made about the error term ui. 

(2.2) Eui = 0 

( 2. 3) Eu· 2 
1 = s2 

(2.4) Eu·u· 
1 J = 0 for i~j. ... 

(2. 5) Eu·x· · 1 J 1 = 0. 

The first two assumptions require the probability distributions 

for the disturbances to have common zero means and common 

homoscedastic variances. 

. . 
Assumption (2.4) rules out serial 

correlation of the disturbances, and (2.5) ensures that the 

disturbances are uncorrelated with the independent variables. 

Ordinary Least Squares estimation 

Ordinary least squares minimizes the sum of the squared 

vertical deviations from the fitted line defined as : 

( 2. 6) 

where Yi is the estimated or predicted value of Yi· 

In the case of one independent variable, the regression 

model (2.1) becomes 

(2.7) 

and the predicted value of y is given from 

(2.8) 

The least squares estimation problem is to find the values of 

no, o1 which minimizes To find this we use calculus. 

For minimization we take the partial derivatives with respect to 

b 0 , b 1 and set them equal to zero. After some simplification, we 



get: 

(2.9) 

(2.10) 

'2. ei = 0 

<"e·x· = 0 L. 1 1 

6 

Substituting for ei and Yi, using (2.7) and (2.8), we can- derive 

(2.11) D1 = s2xy/s2x 

(2.12) Do = y-D1x 

These estimators Do, D1 , according to the Gauss-Markov theorem, 

are best linear unbiased estimators of b 0 ,b1 (Pindyck and 

Rubinfeld, 1981 p.52). 

In order to estimate s2 we consider E( L_ei2). From the 

definition of ei we have 

Squaring and summing we obtain 

Consider the last expression first. It can be shown that 

This is shown in the appendix to this chapter. 

result, we have 

Further, it is shown in the appendix that 

(2.13) E(-(D1-b1 ) 2 ~(xi-x) 2 ) = - ~(xi-x) 2 E(ui2 )/nsx2 

(2.14) E(~(ui-u)2) = (n-1)/n * E(ui2) 

Using these results we have 

Using this 

Using the assumption of homoscedasticity, this expected value is 

seen to be 
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E( Lei2) = (n-1)/n * n s2 - (1jnsx2) nsx2 s2 

and an unbiased estimator of s2 is 

(2.16) 52 = 

Furthermore, the variance of the ordinary least sgua~es estimator 

of the slope is found from (2.13) as 

(2.17) v(o1 ) = (1/n2sx4> L(xi-x)2E(ui2> 

and in the case of homoscedasticity we have 

Now we consider the case in which we have more than one 

independent variable as described in (2 .1). We can write the 

model in matrix formulation as: 

(2.19) y=xb+u 

where 

(2.20) Y = (y1, Y2, · · · · ' Yn)' 

is an n x 1 column vector of dependent variable observations, 

and x is an n x k matrix of independent variable observations 

with typical row 

(2.21) x· 1 

b is a k x 1 column vector of unknown parameters 

and u is an n x 1 column vector of disturbances of error terms 

In the representation of matrix x each component Xij has two 

subscripts the first referring to the column or variable, and 

the second referring to the row or observation. 

We have the same assumptions as in the two variable model 
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about ui's. These are expressed in matrix form as: 

= 0 (zero mean) (2.24) 

(2.25) 

(2.26) 

E {u) 

E (uu') 

E(xu) 

= (same variance and no autocorrelation) 

= 0 

One simplification of (2.26) is to assume that the elements of 

matrix x are fixed. Also the matri~ x has rank k which is less 

than the number of observations n. Tpis implies that there is no 

perfect multicollinearity. 

We want to find a vector of parameters o which minimizes 

the residual sum of squares which is: 

(2.27) 

where 

(2.28) 

(2.29) 

e = y-y 

y= xD 

y is a n x 1 vector of predicted values of y. 

(2.28) and (2.29) into (2.27) we have 

e'e = y'y-2o'x'y+o'x'xb 

Substituting 

For minimization, we set the first order derivative equal to zero 

)e'e /an = -2 x'y + 2x'xn 

(2.30) o = (x' x )-1 x' y 

Following again the Gauss-Markov theorem this is a best linear 

unbiased estimator of b, (Pindyck and Rubinfeld 1981 p.52). 

The estimator of s2 can be found if we consider 

e = y-y = xb+u-xn = xb+u-x(b+x'x)-1 x'u 

This can be written as 

e = M u 
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where M=I-x(x'x) -1 x' is a symmetric idempotent matrix. Then 

the error sum of squares is 

e'e = u'M'Mu = u'Mu 

Taking expectations and using the properties of traces 

E e'e = E u'Mu (u'Mu is scalar) 

= E tr(u'Mu) 

= tr M E(uu') 

{2.31) E e'e = s 2 tr M = s 2 (n-k-1) 

The tr M can be shown to be n-(k+1) (Goldberger 1964 p.166). 

Maximum Likelihood Estimation 

An alternative technique for estimating the regression 

model is maximum likelihood. This procedure requires an 

assumption about the form of the probability distribution of ui. 

If the u· l. are normally distributed, the maximum likelihood 

estimators of the regression coefficients are the same as the 

ordinary least squares estimators, but the maximum likelihood 

estimator of s2 is biased. 

Maximum likelihood is based on the idea that if we have 

different kinds of populations these are going to generate 

different kinds of samples. The value o which is most likely to 

generate the observations from the given sample Yi is considered 

to be a maximum likelihood estimator of parameters b. The Yi are 

considered to be distributed normally and independently of each 

other. 
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The maximum likelihood method chooses o 0 ,o1 ,s2 which 

maximize 

(2.32) 

where P is the probability related with the normal· distribution 

and the Y1· ... Yn are independent. If we consider a different 

sample of y' s then we are going ~o have a different maximum 

likelihood estimator. (2.32) is th-e 1 ikel ihood function which 
' . 

depends not only on the sample but on the unknown parameters of 

the problem. 

For the case of a single independent variable, the y random 

variables are distributed as N(bo+b1xi,s2 ) and the probability 

distribution of the sample is 

Then the likelihood function can be written 

where Tf is the symbol for product of n factors. 

We want to maximize the likelihood function with respect to 

For convenience, we consider the 

logarithm of L. This is no problem because L is always 

nonnegative and the logarithmic function is monotonic, so that 

the maximum L corresponds to max log L. 

)log L 1 abo = 11s2 * ~(Yi-oo-o1x1i) = 0 

)log L I'd b1 = 11s2 * ~[x1i<Yi-oo-o1x1i)J = 0 

~log L I'd s 2 = -nl2s2 + 11 2s4 ~<Yi-oo-n1>2 = 0 

Solving this system we get the maximum likelihood estimators 
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(2.33) oa = y-o1x 
(2.34) 01 = s2xy I s2 X 

(2.35) s2 = 1/n * ~(Yi-oa-o1X1i) 2 

These estimators o 0 ,o1 are BLUE (best linear unbiased estimators) 

but s2 is a biased estimator of s2 

For our linear multiple regres?ion model we assume that the 

vector y is distributed normally with mean • 
xb and variance-

covariance s2r. The likelihood function contains the unknown 

parameters b,s2 

(2.36) L(b,s2;y,x) = (2 n s2)-n/2 exp (- (y-xb) '(y-xb)/2s2) 

Taking the derivatives of the logarithm of this function we 

obtain the first derivative with respect to b as 

(1/s2) (x'y-x'xf>) = 0 

The second order conditions are satisfied because x'x is a 

positive definite matrix. As a result, the value of b that 

maximizes the likelihood function is 

o = (x'x)-1x•y 

which is the same as the ordinary least squares estimator. 

In order to estimate s2 we differentiate ln L and obtain 

We set this equal to zero 

s2 = (1/n) (e'e) 

This differs from the ordinary least squares estimator because it 

divides by n rather than n-k-1. Hence, the estimator is biased. 

The I> estimator is distributed as normal random vector 

because it is a linear function of the normal random vector y. 
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Also the Gauss-Markov theorem shows us that o is a best linear 

unbiased estimator with covariance matrix s2 (x'x)-1 

Econometric Problems ~· 

Econometric applications encounter violations of the 

standard assumptions of the regres~ion model which leads to 

Heteroscedasticity, Autocorrelation and Multicollinearity. 

Heteroscedasticity arises when different disturbances have 

different variances 

Eui2 = si2 

Under these circumstances, the ordinary least squares parameters 

are unbiased but they are not efficient i.e. they don't have 

minimum variance. Also the estimated variance of the coefficient 

estimators will be biased. The simple regression model with 

heteroscedasticity 

can be transformed to a model with homoscedastic disturbances. 

This can be done by dividing the original regression by si and 

we have 

or 

where 

We notice that we have two non-stochastic variables wi*, xi* and 

no intercept. We have 
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* * cov(ui ,uj ) = E(ui,uj)/si sj = 0 

Var(ui*> = Var(ui/si) = Var(ui)/si 2 = 1 

If the error variances si2 are kpown , heteroscedasticity 

is corrected using weighted least squares. In this case, we want 

to minimize the expression 

2[ Yi-oo-o1xi /Si !J2 

The least squares estimator can be found (Pindyck and 

Rubinfeld,1981 p.143). 

0 1 = ( Z(xi-x) (Yi-Y)/si2 )/(~(xi-x) 2/si 2 ) 

* -* -* * -* 2 = L(Xi -x ) (yi-Y )/~(xi -x) 

The Xi*, Yi * come from the equation (2. 37), and as we noted 

before 

theorem. 

the u· * 1 are efficient according to the Gauss-Markov 

But the variances of the error term are not always known. 

Hence, the second case is when the variances are unknown. One 

frequently assumed possibility is to assume that there exists a 

relationship between the error variances and the values of one of 

the explanatory variables in the regression model. That is, 

we assume that 

where c is a nonzero constant and Xi is an observation on one of 

the independent variables. Considering the model of (2.36) and 

proceeding as before we use weighted least squares and we define 

var(ui) as above 

Yi* = Yi/Xi u·* = u·jx· 1 1 1 
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The transformed regression equation is 

The transformed error is homoscedastic since 

As a result, we can use now the ordinary least squares method for 

estimation of the parameters. 

We indicated above that the variances of the coefficients . 
are biased. This has the result that the testing of hypotheses 

and the construction of confidence intervals are incorrect. 

From (2.15) above we had 

E(~ei2 ) = (n-1)/n * E(ui2 ) - (1jnsx2 ) z(xi-x) 2E(ui2 ) 

Following Kmenta(l971 p.77) we write the individual 

heteroscedastic variances as 

E(ui2) = s2 + (si2 - s2) 

and in this case an unbiased estimator of si2 is 

Furthermore, the variance of the ordinary least squares estimator 

of the slope is found as 

and (2.18), the variance of the ordinary least squares estimator, 

assuming homoscedastcity, is biased by the amount given by the 

last term in (2.39). This last term is related to the covariance 

Hence, if the variance of the disturbances is 

positively correlated with the independent variable, the 

variance of the ordinary least squares estimator will be 

underestimated, confidence intervals will be underestimated, and 
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incorrect hypotheses will be sustained. 

The assumption that errors corresponding to different 

observations are uncorrelated sometimes is violated in time 

series studies or cross section data. When error terms from 

different time periods are correlated we say that the error term 

is autocorrelated or serially corre~ated. 

can be negative as well as posi~ive. 

graphically as in Figure 2.4 

The serial correlation 

Y, 

Figure 2.4 

a)negative serial 

correlation 

This 

Y, 

• 

---------- X, 

b)positive serial 

correlation 

can be shown 

When autocorrelation exists then E (ui ut-m> to (t>m) . The most 

common case is first order autocorrelation, which can be 

expressed as 

(2.40) 

where 

for all t 

IPI < 1 and et is normally and independently distributed 

with zero mean and variance se2 and is independent of Ut_1 . 

That is, the et satisfy the usual assumptions of regression as 

expressed in (2.2)-(2.5): 
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(2.41) Eet = 0 

(2.42) Eet2 = se 2 

(2.43) E(etem) = 0 t~m 

(2.44) E (etUt-1) = 0 for all t ... 

In times series terminology et is called white noise. 

However, the Ut do not satisfy all of these assumptions. 

By a successive substitution for ut-~,ut_2 , ..... u 1 in (2.40) 

we have 

(2.45) 

This expression is called moving average representation of ut, 

and is convenient for finding the mean, variance and covariances 

of the u•s. 

(2.46) E(Ut) = 0 

(2.47) E(ut2> = var(ut) 

= var(et)+p2 var(et_1 )+p4 var(et_2 )+ ...... 

= se 2 (1+p2+p4+ ... ) 

s2 = se2 /(1-p2) 

Similarly the covariance at lag m is 

(2.48) 

and the correlation at lag m is pm. Hence, the disturbances 

still have common zero mean and still have a common variance 

(they are homoscedastic), but they no longer have zero 

autocorrelations. 

The presence of autocorrelation will not affect the 

unbiasedness of the ordinary least squares regression estimators 

but it does affect their efficiency. This is true because we can 
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show there exists a model with a lower variance for the slope o1 

than the ordinary least squares estimator. 

Consider the regression: 

(2.49) 

That is 

(2.50) 

where Yt* = Yt-PYt-1, xt* = Xt-PXt-l are generalized differences 

The disturbances et satisfy the Gauss Markov 

conditions as assumed in (2.41)-(2.44), and hence the ordinary 

least squares estimator of (2.50) has minimum variance, and 

direct estimation of (2.7) will give estimates with larger 

variances (inefficient). The problem in dealing with 

autocorrelation is to estimate the parameter p so that (2.50) may 

be estimated. A frequently used technique for estimating p is 

the Cochrane-Orcutt procedure (Johnston 1984 p.325). 

One of the assumptions of the classical regression model is 

that there exists no exact linear relationship between the 

independent variables in the model. If such a relationship 

exists we say that we have the phenomenon of perfect 

multicollinearity or that variables are perfectly collinear. In 

this case, the least squares method breaks down because we can 

not find precise numerical values of the parameters. 

It is rare to find a case of perfect multicollinearity in 

economic data. Frequently, however, economic independent 

variables are inexactly related. This is the case usually 

discussed under the heading of multicollinearity in econometrics. 
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There are various reasons why multicollinearity arises in 

economic data. Firstly, there is a tendency for economic 

variables to move together over time. Secondly, when we use 

lagged values of explanatory variables as independept factors in 

a regression equation multicollinearity will usually arise. 

Multicollinearity does not af~ect the validity of the Gauss 

Markov theorem. This is because the assumptions needed for the 

Gauss Markov Theorem, namely, 

. . 
equations (2.24-2.26) are 

unaffected by the presence of multicollinearity in the data. 

Although the ordinary least squares estimators have minimum 

variance, we can see the effect of multicollinearity by examining 

the formula for their variance which is given by (Theil 1978 

p.136) 

where Rk2 is the coefficient of determination from the regression 

of xk against the other independent variables (x1 ,x2 , ... ). As 

this measure of the intercorrelation among the independent 

variables increases, the variance of the ordinary least squares 

estimator of ok increases. As a result, the precision with which 

bk is estimated diminishes. 

Multicollinearity is a data problem and the only solution 

is to add more information to the data set. There are a number 

of methods used to incorporate more information when 

multicollinearity is present: 

1) Increase the size of the sample. Because multicollinearity is 

a data problem, increasing the amount data can help us to get 
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over the problem. As Christ (1966 p.389} says, by increasing the 

sample, high covariances among estimated parameters resulting 

from multicollinearity can be reduced because these are inversely 

proportional to the sample size. This solution is applicable if 

we have more data, or the multicollinearity of x's is in the 

sample and not in the population. 

2} Pool times series and cross section data. 
' . This method, 

involves the estimation of one of the parameters using cross-

section data and using this estimation to transform the 

dependent variable. We estimate the rest of the model using time 

series data. 

3}Another method for dealing with multicollinearity is the use of 

prior information which represents a Bayesian point of view and 

will be analyzed in the next chapter. 



CHAPTER III 

BAYESIAN ESTIMATION OF REGRESSION " 

Bayesian estimation provides estimators of statistical 

parameters that combine sample info~ation with prior information 

from previous studies or economic theory. The foundation of 

Bayesian estimation is Bayes' theorem which is referred to in the 

literature as the principle of inverse probability. 

To explain Bayes' theorem we consider the probability 

density function p(y,h) for a random observation vector y, the 

sample information, and the parameter vector h which can be the 

coefficients of a regression model. The uniqueness of the 

Bayesian approach is to view the parameter vector h as random, 

rather than the fixed non-stochastic constants of classical 

estimation theory. As a result, there is a probability density 

function (pdf) for the parameter vector p(h), and a joint 

probability density function for the data y and the parameters h. 

( 3. 1) 

(3.2) 

We have by the definition of conditional probability 

p(h/y) = p(y,h)/p(y) 

p(y/h) = p(y,h)/p(h) 

That is, the conditional probability of h given y is the joint 

probability of h and y divided by the probability of y. 

Combining these two conditional probabilities in (3.1) and (3.2) 

20 
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we have 

( 3. 3) p(h/y) = [p(h)p(y/h)J I p(y) 

This shows that the conditional probability of h given y can be 

derived from the conditional probability of y given ~ h. In this 

sense the inverse conditional probability can be derived. 

We can also observe from - (3.3) that p(y/h) is the 

likelihood function for the data y The other two probability 

functions are p(h) and p(y), p(h) is called the prior probability 

distribution of h and the probability function p(y) does not vary 

with the probabilities involving h. Hence we can write 

(3.4) p(h/y) = kp(h)p(y/h) 

where k is a factor of proportionality. That is, the probability 

function for the parameters h given the data y is proportional to 

the likelihood function p (y/h) times the prior distribution of 

the parameters p (h) . This is known as Bayes' Theorem. The 

probability function of the parameters given the data, p(h/y) is 

called the posterior probability function for the parameters. 

Prior Distributions 

A major feature of the 

probability density function. 

Bayesian approach is the prior 

An important problem is how to 

choose a prior density function. If we have a previous study we 

can use the posterior probability density function of this study 

as the prior pdf in the new study. But as a practical matter we 

use a prior pdf according to mathematical convenience. 
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Prior distributions can be divided into two categories: 

non-informative priors and informative priors. A non-informative 

or diffuse prior is used in cases where we may be entirely 

ignorant about the values of the parameters, or our prior 

information is small relative to the information that we have 

from the sample. If this is the case we say that the prior 

distribution is dominated by the likelihood function and we use 

noninformative or diffuse priors. These have been extensively 

used by Jeffreys(1961) and Zellner(1971). 

Consider ~he model 

(3.5) Yi = b + Ui 

where Ui satisfies the usual assumptions of regression E(ui)=O, 

E (ui 2 ) =s2 and E (ui Uj) =0, a non-informative prior distribution 

is 

( 3. 6) g(b,s) = kjs - 00 < b < CX> I 0< S < 00 

This prior can be obtained assuming that the marginal priors are 

( 3. 7) g (b) = k 0 

(3.8) g(lns) = k1 

To obtain the distribution of s from the distribution of lns we 

use the Jacobian of the transformation (Dhrymes,1970 p.10) 

dlnsjds which is 1/s: 

g(s) = g(lns) dlnsjds = k 1 * 1/s 

Assuming that b,s are a priori independent then 

(3.9) g(b,s) = g(b) * g(s) 

and we have 

g(b,s) = g(b) * g(s) = ko * k 1 * 1/s = k/s 
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Before discussing the use of informative priors for this 

models we note that Bayesian statistics also distinguishes 

between proper and improper prior dens i ty functions. A proper 

probability density function has the basic property that it 

integrates or sums to 1. An improper probability density 

function does not integrate to unity, implying that the 

probabilities do not add to one. 

The pdf (3.6) is an improper prior because the integral 

JS1/s ds db does not converge. This means that we can not find 

a constant k such that ~Jks-1 ds db = 1. The improper property 

does not cause a problem because after the application of Bayes' 

theorem the posterior distribution will be proper. 

When we deal with economic problems it is usual to have 

prior information from previous studies or from economic theory. 

As a result, we can have a lot of prior opinions about the 

values of the parameters of interest. So we look for a prior 

distribution that represents a large diversity of prior opinions 

and is mathematically convenient in the sense that it associates 

easily with the likelihood function. Such an informative prior 

distribution is referred to as a natural conjugate prior. 

If we assume that the disturbances in ( 3. 5) are normally 

distributed and write (3.5) in the matrix form y = xb + u, the 

likelihood function is 

(3.10) l(b,sjy) = (2 n s)n/2 * exp[ -(y-xb) '(y-xb)/ 2s2) 

where x is a vector of ones. The sum of squares can be written 

(3.11} (y-xb) '(y-xb) = (n-1)s2 + n(b-o)2 
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(y-xb) 1 (y-xb)/(n-1) and :0 is the least squares 

estimator given by (2.30). This follows from the fact that y-xb 

is the disturbance vector u from (3.5) so that the sum of squares 

is 

(y-xf>) I (y-xf>) = ~ Ui 2 = L(Yi -b) 2 = i [ (Yi -y)- (b-:0)] 2 

because the ordinary least squares - estimator of b is the sample 

mean of y. Squaring the last term ~ields 

Z:.(Yi-y) 2 + 2-:(b-:0) 2 + 2(b-:0) ~(Yi-Y) = ~(Yi-y) 2 + n(b-:0) 2 

But Yi-Y is equal to ui-u from (3.5), so that 2<Yi-y) 2 = ~(ui-u) 2 

Hence, L(ui-u)2 = (n-1)s2 

(3.12) l(b,sjy) = (2n)-1/2 exp[-(b-o)2/(2s2/n)] 

* s-nexp[-(n-1)s2;2s2 

Note that (3.12) can be written (Judge 1982 p.77) 

(3.13) l(b,sjy) = l1(bjs) .l2(s) 

so that the likelihood function is broken into two parts: a 

conditional likelihood for b given s and a separate likelihood 

function for s alone. Recalling that likelihood functions are 

probability functions, the natural conjugate prior for this 

problem will consist of two prior probability functions with the 

same functional forms as 11 and 12 : 

(3.14) g(b,s) = g 1 (b/s).g2 (s) 

The natural conjugate prior g 1 (b/s) corresponding to 1 1 (bjs) will 

have the same functional form as 11 with the statistics :0 and s 

replaced with the mean bo and standard deviation s 0 of the prior. 

It can be seen that 1 1 is a normal probability function, so that 

g 1 is also taken to be normal: 
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(3.15) g 1 (b,s/bo,so)= (2 n)-1/2 exp(-(b-bo)2/(2s2)) 

For the prior distribution of s we note that 1 2 is an inverted 

gamma density function as discussed by Judge (1982 p.78) with 

parameters s 0 , v 0 and t. The prior fo~ s is taken~ to be of the 

same form as 1 2 with these parameters substituting for s, and the 

degrees of freedom n and n-1. Th~ normal conjugate prior for 

this model is shown by Judge (1982 p - 77) to be . 
(3.16) g(b,s) = g(b/s) g(s) 

= k/s exp [-t/2s2(b-b0 )2](s-v-1)exp(- vs 02;2s2] 

where t,b0 ,v,s02 are parameters of the prior distribution and k 

is a proportionality constant. 

Estimation with a Diffuse Prior 

We consider the multiple regression model of (2.19): 

(3.17) y = xb+u 

where y,x,b and u are defined as in (2.20)-(2.23): 

( 3. 18) y = (y1, Y2, . . . , Yn) 1 

(3.19) x· = (X1i' X2i' . . . . , Xki) 1 

(3.20) b = (bo,b1, . . . , bk) I 

(3.21) u = (u1, u2, . . . , Un) I 

and where the disturbances u satisfy the assumptions (2.24)-

(2.26): 

(3.22) E(u) = 0 

( 3 • 2 3 ) E ( uu I ) = s 2 I 

(3.24) E(xu) = o 
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Given these assumptions we formulate the joint pdf for y given 

x,b and s is: 

(3.25) p(yjx,b,s) = k/sn exp [-(y-xb) 1 (y-xb)]/2s2 

The sum of squares in this likelihood function can be written in 

a form similar to that given in (3 .11) above for the simpler 

regression model: 

(y-xb) 1 (y-xb) = (vs2+(b-o) ~~'1 x(b-o)J 

where v = n-k, §2 = (y-xfi) 1 (y-xfi) ;v , o is the least squares 

estimator given by (2.30). Hence, (3.25) which is the likelihood 

function can be written 

(3.26) l(b,sjx,y) = k/sn exp {-(vs2+(b-o) 1 x 1 x (b-o)]/2s2 

For the diffuse case we use an improper prior corresponding 

to ( 3. 6) : 

( 3 • 2 7 ) g ( b , s) = k 11 s 

where k 1 is a factor of proportionality. Hence, the joint 

posterior pdf for the parameters b, s is obtained by combining 

(3.26) with (3.27) 

(3.28) p(b,sjy,x) = k(s-n-1)exp [- vs2+(b-o)x 1 x(b-o)]/2s2 

This is a k-dimensional multivariate normal pdf with mean o and 

covariance matrix (x 1 x)-1s2. But s2 is not known so it is 

impossible to evaluate the (x 1 x)-1s2. To get over this problem 

we use the marginal pdf for b which obtained by integrating 

(3.28) with respect to s (Zellner 1971 p.67) 

(3.29) p(bjy,x) = ~p(b,sjy,x) ds 

= k 2{-(vs2+(b-o) 1 x 1 x (b-o)]}-n/2 
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where k2 is a factor of proportionality and v is n-k. This is a 

multivariate student t pdf from which we can make inferences for 

b. 

The marginal posterior pdf for s is obtained by integrating 

(3.28) with respect to b 

p (sjy 1 x) = { •• ·S p (b 1 sjy 1 ¥) db 

(3.29) 

where v=n-k and k 3 is a proportionality constant. This is in the 

form of an inverted gamma pdf. 

Estimation with an Informative Prior 

We use an informative prior when we are not completely 

ignorant about the values of the vector b. The prior 

information may come from a previous research or from knowledge 

of economic theory. We will use the natural conjugate as our 

prior distribution. Recall the likelihood function as given by 

(3.26): 

l(b 1 sjx 1 y) = k/sn exp {-[vs2+(b-o)' x'x (b-o)]/2s2} 

This can be split into two parts: 

(3.30) l(s 1 b/y) = k 11 (b/s 1 y) 12 (sjy) 

where 

(3.31) 11 (b/s 1 y) = exp [- (b-o) x'x(b-fi)/2s2] 

(3.32) 1 2 (sjy) = s-n exp (vs2;2s2) 

The first part 11 is the conditional likelihood for b given S 1 

and the second part is the likelihood for s. Additionally, the 
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first part is a multivariate normal and the second part is an 

inverted-gamma distribution (Judge 1982 p.223). 

product is a normal-gamma distribution. 

Hence, their 

For our informative priors we use .the same functional forms 

as (3.31) and (3.32) but we replace the statistics s 2 and B with 

the parameters of the prior distributions v* and b* 

(3.33) g(b/s) = (2n)-n/2 s-n IAI1/2 ~xp [-(b-b*) 1 A(b-b*)/2s2] 

(3.34) g(s) = 2/G(v*/2) (v*s*2/2)v*/2 1/sv*+1 exp (- v*s*2/2s2) 

Combining (3.33) and (3.34), and combining the constants of 

proportionality into a single factor k, we can obtain the natural 

conjugate prior which is given by 

(3.35) g(b,s) = k s-n-v*-1 exp -[v*s*2+(b-b*) 1 A(b-b*)/2s2] 

Finally, we combine (3.35) with the likelihood function above 

to obtain the joint posterior density function (Judge 1982 p.228) 

(3.36) g(b,sjy) = k s-n-k-v*-1 exp -(v*s*2+(b-b*) 1 A(b-b*)/2s2 

+(y-xb) 1 (y-xb)] 

This is in the normal-gamma form as expected because the natural 

conjugate prior is in the normal-gamma form. 

To show that (3.36) is a normal-gamma we note that 

(3.37) 

where 

(3.38) 

(3.39) 

v*s*2+(b-b*) 1 A(b-b*)+(y-xb) 1 (y-xb) 

= vs2+(b-D) I (A+X 1 X) (b-D) 

o = (A+x 1 x)-1 (Ab*+x 1 y) = (A+x 1 x)-1 (Ab*+x 1 xb) 

vs2 = v*s*2+y 1 y-o 1 (A+x 1 x)o + b* 1 A b* 

We note that the posterior mean o in (3.38) can be regarded as a 

weighted average of the prior mean b* and the sampling theory 
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estimator b. Substituting (3.37) into (3.36), the joint 

posterior function becomes 

(3.40) g(b,sjy) = k s-k exp[-(b-n) '(A+x'x) (b-n)/2s2 ] 

* s-~-1 exp (~~§2j2s2 ) 4 

= k g(b/s,y) * g(sjy) 

To make inferences about b we use ~ts marginal posterior density 

which is a multivariate t distribution and can be obtained by • . 
integrating s out of (3.36). The result is 

(3.41) g(b/y) = k [ ~§2+(b-n) '(A+x'x) (b-n)]-n/2. 

Point estimation of the parameters 

We have seen that in Bayesian estimation we can make 

inferences about b using a pdf which is a student t distribution. 

If we wish we may characterize this distribution in terms of some 

measure of central tendency and this measure can serve as a point 

estimate. 

A Bayesian estimator can obtained by first specifying a 

loss function that depends on the estimator and the unknown 

parameter value and then choosing that estimator which minimizes 

expected posterior loss (Judge, 1982 p.232). It can be shown 

that when we have a quadratic loss function the mean of the 

posterior density function is the optimal point estimator 

(Zellner 1971). If the los~ function is in the linear form of an 

absolute differences then the best estimator is the median. 
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Comparison of Bayesian to Classical Estimators 

In classical statistical inference we examined the OLS 

method in which from a single population we can draw many random 

samples. These samples are assqmed to be variable but the 

parameters of the population are a,ssumed to be fixed. On the 

other hand in maximum likelihood estimation we assume that the 

sample is fixed and can be generated by different populations. 

But the variables are changeable since they can be generated by 

different populations. From all different sets of parameters 

that we have, we choose the one that maximizes the probability 

that its population generate the observed sample. 

The main difference between the Bayesian and non-Bayesian 

approach is in the concept of probability. For the Bayesian, 

probability incorporates a degree of personal (reasonable) belief 

which usually comes from the experience a researcher has about 

the empirical phenomena. This is what we called a prior 

information. A non-Bayesian regards probability as representing 

the frequency with which an event occurs in a repeated process. 

Another difference is that the Bayesian approach does not 

give a point estimate for b as the classical method does but 

gives a probability density function according to which b is 

distributed. The problem of choosing one estimate for b can be 

solved by using a loss function. If the loss function is 

quadratic proportional, then the mean of the posterior 
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distribution is chosen as a point estimate. Because the 

quadratic loss function is very commonly used the mean of the 

posterior distribution is referred as a Bayesian point estimate. 

In the case of a non-informa~ive prior the Bayesian 

analysis gives estimates identical to those of the classical 

analysis and the only difference is in interpretation owing to 

the different concept of proba?ility. Specifically the 

Bayesian estimator is identical to the OLS estimator if the 

disturbance terms are assumed to be distributed normally , the 

prior distribution is uniform (diffuse) and the loss function is 

of the types we referred earlier. 

If the prior is of an informative type, then the Bayesian 

estimator is biased in repeated samples. 

estimator becomes close to the classical 

However, the Bayesian 

estimators when the 

sample becomes large since the large amount of data swamps the 

contribution of the prior distribution, 

The variance of a Bayesian estimator is generally smaller 

than the classical, this is because it incorporates more 

information through the prior pdf. 

A Bayesian Approach to Econometric Problems 

One of the remedies that the sampling theory use to deal 

with multicollinearity is the ridge regression and as Lindley and 

Smith(1972) note that the ridge estimator is numerically equal to 

the Bayesian estimator with an exchangeable prior distribution 
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this implies that all parameters have the same mean and variance. 

Specifically they assume 

(3.42) y - N(xb,s2Ik) 

and assume exchangeable priors 

(3.43) 

The posterior mean under quadratic loss function when q=O is 

(3.44) 

which is the usual ridge estimator (Judge 1980 p.478) 

where k = s2;sb2· 

Bayesian techniques for dealing with autocorrelated errors 

have been developed by a number of authors, particularly Zellner , 

and Tiao (1964). The general approach is to use a non-

informative prior, and the resulting posterior distribution for 

the regression coefficients is similar to the sampling 

distribution for the classical estimators, but it contains an 

adjustment for the value of the autocorrelation parameter. 

Unfortunately, the evaluation of the posterior distribution 

requires numerical approximation methods, and the problem of 

autocorrelation has not received much treatment in the case of an 

informative prior. 

The Bayesian approach to autocorrelation can be illustrated 

with the following simple regression model containing no 

intercept: 

(3.46) Yt = bxt+Ut 

where Yt is the t th observation of the dependent variable, b is 

a scalar regression coefficient Xt is the t th observation of the 



33 

dependent variable and Ut is t th error term, and the 

disturbances ut are assumed to follow the conventional first 

order Markov Process: 

The error term et it is assumed to be normally and independently 

distributed with zero mean and common variance se2, as given by 

(2.41-2.44). 

Combining (3.46) with (3.47) we get 

(3.48) Yt = PYt-1+b(xt-PXt-1)+et 

We consider the case of the process (3.46), (3.47) operating for 

t = o,-1 , ... ,-n0 where n 0 is unknown. We can write 

y 0-bx0 = M+e0 

where M = p(y_1-bx_1 ). M is considered as a parameter because it 

depends on observed and unobserved quantities. The initial value 

Yo is normally distributed with mean bx0+M and variance s 2 . We 

characterize the process as explosive if IPI>1 or non-explosive 

if IPI<1. Assuming that Yo is distributed independently of y' = 

(y1, ... ,yn), and that its distribution does not involve any 

parameters of the model, we obtain the joint pdf for Yo and y 

which is 

(3.49) p(y0 ,yjb,s,p,M) = P(Yo/b,p,s,M) * p(yjy0 ,b,p,s,M) 

= kjsn+1 exp -1/2s2 [y0-bx0-M) 2 

* -1j2s2 ~[Yt-PYt-1-b(xt-PXt-1)] 2 

This can be considered as the likelihood function for the 

parameters b,p,s and M, namely, l(b,p,s,Mjy0 ,y). 

We can define our prior pdf assuming it to be diffuse and 
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b,s,lns,M are uniformly and independently distributed. Hence, 

(3.50) p(b,s,M,p) = kls 

and k is a factor of proportionality. 

By combining the prior with the likelihood function we get 

the posterior pdf 

(3.51) p{b,s,p,Miy) = klsn+2 exp ~112s2 [y0-bx0-M) 2 

* -112s2 ~ ~ Yt-PYt-1-b(xt-PXt-1)] 2 

Since we are not interested in M we can eliminate it by 

integrating (3.51) with respect to it to obtain 

(3.52) p(b,s,pjy) = SP(b,s,p,MIY) dM 

= klsn+1 exp {-112s2L[Yt-PYt-1-b(xt-PXt-1) 2 } 

Similarly, we integrate (3.52) with respect to s 

(3.53) p(b,ply) = p(b,p,sly) 

= k{ L[Yt-PYt-1-b(xt-PXt-1) 2 }-nl2 

= k{ ~ [Yt-PYt-1-p (Yt-bXt-1) 2 } -nl 2 

Zellner ( 1971 p. 88) notes that the marginal distribution 

for each of the parameters b and p can be obtained by completing 

the squares in (3.53) and using the properties of the t 

distribution. The results are: 

(3.54) p(bly) = k1[ ~(Yt-1-bXt-1) 2 ]-11 2 * {~(Yt-Xtb) 2 -

[ 2: ( Yt-1-bxt-1> (Yt-XtbJ 2 I~ (Yt-1-bxt-1> 2 } -n+112 

( 3 ·55) P (PlY) = k1 [ ~ (Xt-PXt-1) 2 ] - 11 2 * { ~ (Yt-PYt-1) 2 -

[ 2 (xt-PXt-1) (Yt-PYt-1) J 2 I L (xt-PXt-1) 2 } -n+ 112 

To examine heteroscedasticity we consider two linear 

regression equations: 
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(3.57) 

where 

Y1 = x1b+u1 

Y2 = x2b+u2 
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y1 = a n 1 x 1 vector of observations. of dependen~ variables 

y 2 = a n 2 x 1 vector of observations of dependent variables 

x 1 = a n 1 x k matrix of observations of independent variables 

x 2 = a n 2 x k matrix of observations of independent variables 

b = a k x 1 vector of regression coefficients 

n 2 x 1 vectors of error terms 

respectively. We assume that, u 1 , u 2 are normally and 

independently distributed with zero means. The u 1 have same 

variance s 1
2 and u 2 have same variance s 2

2 but it is s12 1 s2 2 

We consider the case where both s 1 and s 2 are unknown. The 

likelihood function is 

(3.58) l(b,s1 ,s2;y) = k ;s1n1s 2n2 exp [-(y1-x1b) 1 (y1-x1b)/2s2 

* (y2-x2b) I (y2-x2b)/2s2] 

We define our prior pdf considering diffuse information for b, 

s1, s2 that is 

(3.59) p(b,s1 ,s2) = k/s1 s2 

The joint posterior pdf for the parameters is 

(3.60) p(b,s1,s2/Y) = k (s1n1+1 + s2n2+1)-1 

* exp [-(y1-x1b) 1 (y1-x1b)/2s2 

* (y2-x2b) I (y2-x2b)/2s2] 

We integrate over s 1 and s 2 and we have the marginal posterior 

pdf for b 
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(3.61) p(b/y) = k [(y1-x1b) 1(y1x1b)]-n1/2 [(y2-x2b) 1 (y2-x2b)]-n2/ 2 

= k [1+(b-n1 ) 1Z1 (b-n1 )v1s 1 2 J-v1-k/2 

* [1+{b-n2) IZ2(b-n2)v2s22 J-v2-k/2 

and v·s·2- (y·-x·n·) 1 (y·-x·n·) 1 1 - 1 1 1 1 1 1 with i = 1,2. 

This is the product of two ~actors with multivariate t 

distributions and so it can be called double t distribution. If . . 
we expand each factor asymptotically we get 

= k" exp[-(b-b") 1D(b-b")J 

where k is a factor of approximate proportionality 

D = M1 + M2 and b" = o-1 (M1n 1 + M2n 2 ) 

M1 = Z1fs12 = x11x1fs12, M2 = Z2fs22 = x21x2fs22 

Then we have (Zellner , 1971 p.101) 

(3.63) b" = (x1
1x 1;s1

2 + x 2
1x 2;s2

2 )-1 (x1
1y 1;s1

2 + X2 1Y2/s2 2 >. 
This formula can be used to make inferences about b. 



CHAPTER IV 

EMPIRICAL ESTIMATION OF MACROECONOMIC EQUATIONS 

The scope of this chapter is to illustrate how the 

empirical estimation of an econometric equation is performed when 

we use classical and Bayesian techniques. First, we will present 

the model and the source data that we are going to use. Second, 

we will estimate our model using the classical method of ordinary 

least squares. Third, we will estimate, using a Bayesian 

technique, these regressions of the model that conflicted with 

our prior expectations. 

Standard Macroeconomic Equations 

For this study we have chosen to estimate standard 

macroeconomic equations for each of nine 

countries for which comparable data could 

international sources. The equations that 

selected European 

be obtained from 

we are going to 

estimate are the consumption function, the investment function, 

the demand for money function and the import function. All the 

variables are measured in real terms and are estimated in their 

logarithmic form to avoid problems with the units of measurement 

in each equation among different countries. 

37 
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The first regression is the consumption function. In this 

equation we consider as independent variables, the real gross 

domestic product (RGDP) and the same variable with one time lag 

(RGDP-1). According to economic the~ry, we expei:t a positive 

relationship between income and the consumption. This means 

that we expect positive signs in t~e coefficients of GDP and GDP 

lagged. These coefficients are the elasticities of consumption 

with respect to income and they are expected to sum to 

approximately unity. 

In the investment equation, following standard 

macroeconomic theory, we include as independent variables the 

gross domestic product in real terms (RGDP) and the interest 

rate (INTER) . As an interest rate we use the Government Bond 

yield, which is a long run rate. In this case, according to the 

economic theory, we expect a positive relationship between 

investment and gross domestic product. This means that the sign 

of the coefficient b1 should be positive. Also we expect a 

negative relationship between investment and the interest 

rates, that is, negative sign of the coefficient b 2 . 

In the demand for money equation we use as independent 

variables the gross domestic product in real terms (RGDP) and the 

interest rate (INTER). The dependent variable is real balances 

(M/P). According to Keyensian economic theory we expect a 

positive relationship between the gross domestic product and the 

demand for money and a negative relationship between money demand 

and interest rate. Thus, the signs of b 1 and b 2 , which are the 
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income and inte.rest rate elasticities, should be positive and 

negative respectively. 

For the equation of imports we consider as independent 

variables the gross domestic product in .real terms (~GDP) and the 

ratio of import prices to domestic prices (P). In this equation 

we expect a positive relationship ~etween imports and the gross 

domestic product, and a negative relationship between the imports 
' . 

and the ratio of imported to domestic prices. 

Summing up the equations that we are going to use they are: 

for consumption 

( 4. 1) log RCONS = log RGDP + log RGDP_ 1 

for investment 

(4.2) log RINVEST = log RGDP + log INTER 

for money demand 

(4.3) log RMD = log RGDP + log INTER 

for imports 

(4.4) log RIMPO = log RGDP + log IMPP/P 

Our data were obtained from International Financial 

Statistics issued by the International Monetary Fund, 

Yearbook 1987. Also additional information was obtained from the 

Main Aggregate Indicators, OECD 1984. The historical data 

consisted of 30 observations for each of the variables, for the 

years 1950, 1955, 1959 through 1986. 
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Ordinary Least Squares Estimation 

We estimated the regressions ( 4 .1)- ( 4. 4) by applying the 

least squares method for the nine selec~ed European countries and 

we obtained the following results as given by the tables (4.1)-

(4.4). 

Table 4.1 gives the estimations of the coefficients for the . . 
consumption function as specified by equation (4.1) for the nine 

selected European countries. We notice that the R2 is high for 

all the countries and has a range between 0.879 and 0.998. The 

lowest R2 is noticed in the United Kingdom and the highest in 

Italy. Generally, the R2 has value around 0. 99. This means 

that the explanatory variables LRGDP and LRGDP-1 explains 99% of 

the variation of the dependent variable LRCONS for all the 

countries. 

The Durbin-Watson varies between 0.520 and 2.110. 

Considering a significant level 0.05 with 27 observations and two 

explanatory variables the upper and lower limit as given by table 

B-5 Johnston 1984 p.556 is d1 = 1.24, du = 1.55. We notice that 

for the most of the countries the d < d1. This means that we 

have positive first order autocorrelation. Specifically, 

Austria, France, Germany, Portugal and Spain have first order 

autocorrelation in their regressions. For Greece, the Durbin 

Watson test fails to give an answer whether there is 

autocorrelation or not. The regressions without autocorrelation 

are those for the United Kingdom, Sweden and Italy. 
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Table 4.1 Ordinary Least Squares Estimations for Consumption 

log RCONS = bo + b 1 log RGDP + b 2 log RGDP-1 

D.W. 

Austria -4.655 0.4420 0.4~27 0.994 0.990 0.946 

(-44.1) (2.76) (3. 13,~ . 
France -4.853 0.5272 0.4413 0.996 0.992 0.997 

(-45.4) (3.77) (3.32) 

Germany -5.097 0.8539 0.1346 0.994 0.988 0.520 

(-39.91) (6.19) ( 1. 05) 

Greece -3.786 0.4823 0.3506 0.997 0.994 1. 280 

(-53.5) (4.22) (3.21) 

Italy -4.635 0.8371 0.1293 0.998 0.982 1. 641 

(-40.3) (9.12) ( 1. 49) 

Portugal -4.677 0.4283 0.5277 0.989 0.992 0.996 

(-29.4) ( 1. 67) (2.14) 

Spain -3.982 0.7064 0.1882 0.977 0.996 0.535 

(-10.6) (1.46) (0.41) 

sweden -3.865 0.5449 0.2331 0.996 0.994 1. 817 

(-58.2) (4.29) ( 1. 92) 

U.Kingdom -3.753 0.5869 0.1616 0.879 0.986 2.110 

(-11.9) (1.17) (0.33) 

Note: The t ratios given in parenthesis below coefficients. 

R*2 is the squared correlation between GDP and GDP_ 1 • 
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The coefficient on RGDP represents the short run marginal 

propensity to consume and its range is between 0.4283 and 0.8339. 

The lowest value is for the Portugal and the highest value is for 

Germany. In all countries the sign of the coefficient is 

positive and is the result that we expect according to 

macroeconomic theory. The coeffi~ient b1 is also statistically 

significant for the most of the countries (critical t = 2.048). 

So for all the countries except for United Kingdom, Spain and 

Portugal we can reject the hypothesis that b1 is equal to zero. 

The coefficient b 2 has the expected positive sign 

according to the theory for all countries but b 2 is not 

statistically significant for Germany, Italy, Spain and the 

United Kingdom. This means that using the above specified t 

statistic, we accept the hypothesis that b 2 is equal to zero. 

R*2 is the squared correlation between the independent variables 

GDP and GDP_1 . Its range is between 0.982 and 0.996. The lowest 

value of R*2 is in Italy and the highest in Spain. 

Table 4.2, gives the estimates of the coefficients for the 

investment function as specified by equation (4.2) for 7 of the 9 

selected European countries. We excluded Austria and Spain 

because we have too few observations for the interest rate. 

First, we notice that the R2 is high for all the countries 

and has a range between 0.8745 and 0.9751. Greece has the 

highest value for R2 and United Kingdom, the lowest. For all the 

equations we have an R2 around 0. 92. This means that the 

explanatory variables LRGDP and LINTER explain the 92% of the 
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Table 4.2 Ordinary Least Squares Estimations for Investment 

log RINVEST = bo + b 1 log RGDP + b 2 log INTER 

o·. w. 

France -7.590 1.2513 -o ._2141 0.965 0.677 0.439 

(-18.5) (17.76) (-?.72) . 
Germany -5.499 0.8891 0.0923 0.923 0.302 0.416 

(-15.5) (14.64) (0.71) 

Greece -8.281 1. 4301 -0.3632 0.975 0.763 0.919 

(-23.5) (19.36) (-4.29) 

Italy -3.266 0.7478 0.1864 0.909 0.682 1. 232 

(-2.9) (7.34) (2.04) 

Portugal -9.352 1. 4569 -0.1658 0.971 0.826 0.832 

(-15.5) (14.11) (-2.27) 

Sweden -7.510 1. 3511 -0.3727 0.917 0.913 0.394 

(-9.3) (7.75) (-2.88) 

U.Kingdom -5.608 0.7606 0.2408 0.874 0.839 0.714 

(-6.1) (3.52) ( 2. 07) 

Note: The t ratios given in parenthesis below coefficients. 

R*2 is the squared correlation between GOP and INTER. 
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variation of the dependent variable LRINVEST for all the 

countries. 

The Durbin Watson varies between 0.394 and 1.551. 

Considering a significance level of 0.05 with 30 observations and 

two explanatory variables, the upper and lower limit as given by 

the table B-5, Johnston 1984 p.556 ~s d1 = 1.28 and du = 1.56. 

This means that for all the countries d < d1 and we have positive 

first order autocorrelation. 

The coefficient on RGDP is the short-run marginal 

propensity to investment and its range is between 0. 7478 and 

1.5469. In all countries, the sign of the coefficient b 1 is 

positive as we expected. France, Greece, Portugal and Sweden 

have a marginal propensity to invest greater than one and this 

means that in these countries, a 10% increase of income will 

have a more than 10% increase in the investment. Such a result 

can be considered as normal in developing economies like 

Portugal and Greece, but it is not expected in France and Sweden. 

The coefficient b 1 is statistically significant for all of 

the countries (critical t = 2.042). So we reject the hypothesis 

that b 1 is equal to zero. 

The coefficient b 2 has the expected negative sign for most 

of the countries. Germany, Italy and United Kingdom have a 

positive sign. These are among the most developed countries of 

Europe and the results show that the interest rate does not 

influence the investment in the way described by this version of 

the macroeconomic theory. This may be due to sampling error or 
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Table 4.3 Ordinary Least Square Estimations for Money Demand 

log RMD = bo + b 1 log RGDP + b 2 log INTER 

D.W. 

France -4.871 0.9659 -0.3405 0.954 0.677 0.697 

(-15.2) (17.64) (-5.58) . 
Germany -6.333 1. 0469 -0.2106 0.993 0.302 1.553 

(-58.7) (56.73) (-5.32) 

Greece -8.863 1. 4544 -0.2765 0.964 0.763 0.455 

(-19.5) (15.28) (-2.53) 

Italy -12.461 1.6019 -0.2383 0.939 0.682 0.270 

(-9.3) (13.07) (-2.16) 

Portugal -5.632 1.1954 -0.4907 0.873 0.826 0.525 

(-9.2) (10.75) (-6.65) 

Sweden -3.174 0.4255 0.0720 0.888 0.913 0.983 

( -5. 6) (3.51) (0.80) 

U.Kingdom -3.112 0.5650 -0.3930 0.320 0.839 1. 051 

(-3.4) (2.06) (-3.66) 

Note: The t ratios given in parenthesis below coefficients. 

R*2 is the squared correlation between GDP and INTER. 
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to multicollinearity or a more complex lag structure may be 

required. 

In all countries, with the exception of Germany, the 

coefficient b 2 is statistically signifi?ant. This means that we 

can accept the hypothesis that b 2 is equal to zero only in the 

case of Germany. R*2 is the squared correlation between the 

independent variables GDP and INTER. Its range is between 0.302 

and 0.913. Germany has the lowest R*2 and Sweden the highest and 

so the unexpected signs for Germany and Italy do not appear to be 

due to multicollinearity. This justification may be given in the 

case of the United Kingdom. 

Table 4.3, gives the estimates of the coefficients for the 

money demand function as specified by equation (4.3) for the 7 

of the 9 selected European countries. We excluded Austria and 

Spain because we have lack of observations for the interest rate. 

First we notice that the R2 is high for all the countries 

and has a range between 0.8731 and 0.9936. Germany has the 

highest value for R2 and Portugal, the lowest. The exception is 

the U. Kingdom which has an unusually low value of 0. 3208. For 

all the other equations, we have an R2 around 0.90. This means 

that the explanatory variables LRGDP and LINTER explain the 90% 

of the variation of the dependent variable LRMD for all the 

countries. 

The Durbin Watson varies between 0.270 and 1.763. 

Considering a significant level of 0.05 with 30 observations and 

two explanatory variables the upper and lower limit as given by 
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Table 4.4 Ordinary Least Square Estimations for Imports. 

log IMPO/IMPP = bo + b 1 log RGDP + b 2 log IMPP/P 

bo b1 b2 R2 R*.2 o.w . . 
Austria -11.644 1. 84 76 -0.3037 0.996 0.933 1.888 

(-17 . 7) (19.09) (-?.04) 

France -12.566 1. 7915 -0.0295 0.988 0.318 0.916 
' . 

(-36.6) (39.87) (-0.18) 

Germany -12.816 1. 9191 -0.1834 0.995 0.717 0.723 

(-36.5) (38.52) (-2.26) 

Greece -8.6684 1.3740 -0.3321 0.993 0.121 1. 311 

(-53.5) (58.09) (-4.51) 

Italy -15.111 1. 6962 -0.35198 0.990 0.056 0.885 

(-35.78) (50.14) (-4.87) 

Portugal -9.122 1. 4840 -0.6085 0.972 0.072 0.791 

(-25.8) (27.83) (-2.59) 

Spain -12.329 1. 6127 -1.1015 0.965 0.399 0.731 

(-13.4) (16.48) (-5.95) 

Sweden -2.819 1.6060 -0.0788 0.993 0.283 2.326 

(-15.5) (53.14) (-1.09) 

U.Kingdom -2.945 1. 6804 0.0294 0.990 0.140 0.871 

(-16.6) (50.11) (0.55) 

Note: The t ratios given in parenthesis below coefficients. 

R* 2 is the squared correlation between GOP and IMPP/P. 
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the table B-5, Johnston 1984 p.556 is d1 = 1.28 and du = 1.56. 

We notice that for all the countries, except Germany and the 

United Kingdom, we have d < d1 . This means that we have positive 

first order autocorrelation. For Germany and the United Kingdom, 

the Durbin Watson test fails to give an answer. 

The coefficient on RGDP is the short-run marginal 

propensity to demand money and its range is between 0.42557 and 

1. 60197. In all countries, the sign of the coefficient b 1 is 

positive as we expect from macroeconomic theory. Germany, 

Greece, Italy and Portugal have marginal propensities to demand 

money that are greater than one. 

The coefficient b 1 is statistically significant for all of 

the countries (critical t = 2.042}, so we reject the hypothesis 

that b 1 is equal to zero. We notice that in countries like 

Greece, Portugal, Italy and Germany, a 10% increase of income is 

going to have, as a result, a more than 10% increase in the 

Demand for Money. 

The coefficient b 2 has the expected negative sign for most 

of the countries and its range is between -0.23832 and -0.49076. 

Sweden has a positive sign for the coefficient b 2 , but it is not 

statistically significant. This may be due to sampling error or 

to multicollinearity. This means that we can accept the 

hypothesis that b 2 is equal to zero. For all the other countries 

the coefficient b 2 is statistically significant. R* 2 is the 

squared correlation between the independent variables GDP and 

INTER. Its range is between 0. 302 and 0. 913. Germany has the 
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lowest R*2 and Sweden the highest. It appears likely that the 

unexpected result for Sweden may be due to multicollinearity. 

Table 4.4, gives the estimations of the coefficients for 

the imports function as specified by. equation ( 4. 4) for nine 

select European countries. We notice that the R2 is high for all 

the countries and has a range betw~en 0. 9650 and 0. 9960. The 

lowest R2 is noticed in Spain and the highest . . in Austria. 

Generally, the R2 has value around 0. 99. This means that the 

explanatory variables LRGDP and LIMPP explains 99% of the 

variation of the dependent variable LRIMPO for all the countries. 

The Durbin-Watson varies between 0.723 and 2. 326. 

Considering a significant level 0.05 with 29 observations and two 

explanatory variables the upper and lower limit as given by table 

B-5 Johnston 1984 p.556 is d1 = 1.27, du = 1.56. We notice that 

for the most of the countries the d < d 1 . This means that we 

have positive first order autocorrelation. For Austria and 

Sweden we reject the hypothesis of first autocorrelation because 

d > du· For Greece the Durbin Watson test fails to give an 

answer because we have d1 < d < du· 

The coefficient on RGDP represents the short run marginal 

propensity to imports and its range is between 1.374 and 1.919. 

The lowest value is for Greece and the highest value is for 

Germany. In all the countries the sign of the coefficient b 1 is 

positive and is the result that we expect according to the 

macroeconomic theory. The coefficient b 1 is statistically 

significant for all the countries, and so for all the countries 
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we can reject the hypothesis that b 1 is equal to zero. We notice 

that for all countries the marginal propensity for imports is 

greater than one. That means that a 10% increase in the income 

(GDP) is going to cause a more than 1Q% increase in the demand 

for imports. This result is not unusual if we notice that most 

of the countries are members of th~ European Economic Community, 

in which there are policies for f.ree trade among the member 

countries, and the rest have special trade agreements with it. 

The coefficient b 2 has the expected negative sign for all 

the countries, except United kingdom, and its range is between

a. 02952 and -1.10151. In the United Kingdom, as well as in 

France and Sweden, the coefficient b 2 is not statistically 

significant. We expect a negative sign on the coefficient b 2 

because we expect that an increase in import prices will result 

in a decrease in the demand for imports. 

R*2 is the squared correlation between the independent 

variables GDP and IMPP/P. Its range is between 0.056 and 0.933. 

The lowest value of R*2 is in Italy and the highest in Austria. 

The United Kingdom, which gave unexpected results has a value 

for R* 2 equal to 0.140 which suggests that multicollinearity is 

not the main reason for the results. 

Bayesian estimation 

In this section we are going to estimate those equations 

which gave unexpected results when using the Ordinary Least 
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Squares method by using a Bayesian approach. Specifically, we 

estimate the consumption function of the United Kingdom, the 

investment function of Germany and United Kingdom, the demand for 

money for Sweden, and the import function of the United Kingdom. 

To apply the Bayesian technique we need as described in the 

theory of the previous chapter to formulate first our prior 

information about the coefficients that we want to estimate. 

Our prior information is formulated using the classical 

estimations of the others European countries. We take for our 

prior mean the average value of the ordinary least squares 

coefficients for the selected European countries in Tables 4.1-

4. 4. We calculate variance-covariance matrices for the prior 

distributions also using the information in the Tables. 

For the consumption and import function we considered nine 

countries but for money demand and investment function we 

excluded Austria and Spain because we have lack of information 

for the variable of interest rate. So for the consumption and 

imports we have 235 and 243 degrees of freedom respectively, (28 

and 30 observations, respectively, multiplied by 9 countries 

minus 27 estimated coefficients), while for investment and money 

demand we have 189 degrees of freedom (30 observations multiplied 

by 9 countries minus 21 estimated coefficients). 

In Table 4.5 we have the Bayesian estimation of consumption 

function for the United Kingdom. The OLS estimations were 

statistically insignificant for both coefficients on RGDP and 

RGDP_ 1 . We notice, also that the R*2 is greater than the R2, 
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Table 4. 5 Bayesian Estimation of Consumption Function for the 

United Kingdom. 

log RCONS = bo + b 1 log RGDP + b 2 log RGDP_ 1 

OLS 

Prior 

Bayes 

bo 

-3.753 

-5.612 

-4.3846 

b1 

0.5869 

0.7727 

0.5819 

b2 

0 . .l616 

0. :p84 

0.2863 

0.879 0.986 

o.w. 

2.110 

Table 4. 6 Bayesian Estimation of Investment Function for the 

United Kingdom and Germany. 

log RINVEST = bo + b 1 log RGDP + b 2 log INTER 

United Kingdom 

OLS 

Prior 

Bayes 

Germany 

OLS 

Prior 

Bayes 

bo 

-5.608 

-6.730 

-6.799 

-5.499 

-6.730 

-6.243 

b1 

0.7606 

1.1267 

1.1086 

0.8891 

1.1267 

1. 0223 

b2 R2 

0.2408 0.874 

-0.0851 

-0.0517 

0.0923 0.923 

-0.0851 

0.0009 

R*2 

0.839 

0.302 

o.w. 

0.714 

0.416 
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Table 4.7 Bayesian Estimation of Money Demand for Sweden. 

log RMD = bo + b 1 log RGDP + b 2 log INTER 

bo b1 b2 R2 R*.2 D.W. 

OLS -3.174 0.4255 0.0720 0.888 0.913 0.983 

Prior -6.349 1. 0364 -0.2682 

Bayes -5.196 0.8667 -0.2399 
' . 

Table 4.8 Bayesian Estimation of Imports for the United Kingdom. 

OLS 

Prior 

Bayes 

log IMPO/IMPP = bo + b 1 log RGDP + b 2 log IMPP/P 

bo 

-2.945 

-12.575 

-3.058 

1. 6804 

2.144 

1.702 

D.W. 

0.0294 0.990 0.140 0.871 

-0.4229 

-0.0143 
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which suggests the existence of multicollinearity. The prior 

estimate of the short marginal propensity to consume is very 

close to the OLS estimate, but the prior estimate of the lagged 

coefficient is more than twice the magn~tude of the ~LS estimate. 

As a result, the Bayes estimate of the lag coefficient is larger 

than the OLS estimate. 

In Table 4.6 we have the , Bayesian estimation of the 

investment functions for the United Kingdom and Germany. For 

both countries the ordinary least squares method gave a positive 

sign for the interest rate, a sign opposite to that expected from 

economic theory. The Bayesian results were more in accord with 

theory for the case of the United Kingdom, but the coefficient 

for Germany remained positive, although with very small 

magnitude. 

Table 4.7 gives the Bayesian estimation of the money demand 

for Sweden. The ordinary least squares method gave an unexpected 

positive sign on the INTER. This may be due to multicollinearity 

as suggested by the R*2, because Sweden has the highest value 

among the countries. By using the Bayesian technique we get the 

expected results, namely a negative sign on the coefficient b 2 . 

Table 4.7 gives the Bayesian estimation for the imports of 

the United Kingdom. For this country the OLS method gave a 

positive sign on the IMPP/P. We expected a negative sign because 

if the prices of imports increases we expect a decrease in the 

demand for imports. We get the expected negative sign on the 

coefficient b 2 by using the Bayesian technique. 



CHAPTER V 

~· 

SUMMARY AND CONCLUSIONS 

The purpose of this study was to demonstrate alternative 

ways of estimating the regression model. The "old" way of 

estimation, the classical method of ordinary least squares is 

compared with the "new" method of Bayesian estimation. 

In the first chapter, we discussed the development of the 

Bayesian method which started to develop the last two decades 

with the pioneering work of Jeffreys (1961) and Zellner (1971). 

The evolution of Bayesian statistics were based on an article by 

Thomas Bayes, in which the fundamental idea is known as the 

Bayes' theorem. In the past, the Bayesian technique has not been 

widely used because of the large amount of calculations it 

requires, something that has been overcome by the use of 

computers. 

In the second chapter, we presented the multipleregression 

model and the assumptions that the error term has to follow 

inclunding the usual assumption of a normal distribution. Next, 

we presented the ordinary least squares estimators for a 

univariate and a multivariate model. After that, we presented 

the method of maximum likelihood estimation which gives estimates 
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similar to the ordinary least squares method. 

When we estimate a regression, it is not unusual to meet 

econometric problems which are caused by the violation of the 

assumptions that we have done for the error or disturbance term. 

We analyzed how classical estimation theory deals with the 

problems of heteroscedasti~ity, autocorrelation and 

multicollinearity. 

In chapter three, we presented the Bayesian estimation of 

regression. First, we stated Bayes 1 theorem, and after we 

analyzed the prior distributions which constitute the main 

characteristics of the Bayesian analysis and the point of 

argument between the Bayesians and Classicals. We saw that we 

can have two types of prior distributions: informative and 

non-informative priors. Each of these types can be considered as 

proper or improper depending on whether its probability density 

function integrates to unity or not. 

The difference between an informative and a non-informative 

prior is that the informative prior follows a distribution and 

which has a mean and finite variance. The non-informative prior 

is distributed uniformally and each point can be considered as a 

mean and the variance is extremely large. 

We explained how we can estimate a regression with the 

Bayesian technique with a non-informative prior and we observed 

that the Bayesian estimations found are almost identical to the 

estimations of ordinary least squares. Also, we analyzed how we 

can estimate a regression using the Bayesian technique under an 
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informative prior distribution. This prior distribution is a 

natural conjugate prior. This type of prior distribution is 

widely used because it has the characteristic that when combined 

with the likelihood functions, following Bayes' theorem, it gives 

a posterior distribution which is in the same form as the 

likelihood function. The dif(erence between Bayesian and 

Classical estimators were analyzed, next. One of the important 

difference is that the Bayesian estimator is not a point but a 

distribution. However the mean of this distribution can be 

considered as the Bayesian estimator if we have specified a 

quadratic loss function. 

At the end, of chapter three we explained how the Bayesian 

technique deals with the econometric problems. We saw that the 

Bayesian technique does not have specific tests or methods of 

correction for each problem but it is more straightforward in its 

application than the classical methods. 

In chapter four, we applied both Classical and Bayesian 

techniques for estimation of standard macroeconomic equations for 

selected European countries. First we estimated the consumption 

function, the investment function, the demand for money function 

and the import function, as specified in equations ( 4. 1)- ( 4. 4) 

respectively, by using the Ordinary Least Squares method for all 

the selected European countries. Because of lack of observations 

we did not estimate the investment and demand for money function 

for Austria and Spain. 

In the ordinary least squares estimations, we found that 
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the classical estimators for some of the regressions were not as 

we expected according to the theory (unexpected signs on the 

coefficients). So the use of an alternative technique was 

necessary. We applied a Bayesian technique for these 

regressions that have given opposite than the expected results. 

As prior information we used the classical estimators as given by 

the Tables ( 4 .1)- ( 4. 4). Our prior distribution was a natural 

conjugate prior in the form described by (2.35). 

We constructed our prior information matrices A using in 

the formulas for variances and covariances as denominator the 

the number of observations multiplied by the number of countries 

minus the estimated coefficients. We saw that by using the 

Bayesian technique we had improvements in our estimations. The 

signs of the coefficients were as we expected according to the 

theory, with only exception the investment function for Germany. 

In conclusion, we can say that the use of prior 

information with the Bayesian technique gave results more in 

accord with economic theory than the Ordinary Least Squares 

method. We can conclude that the consideration of a priori 

information improved the explanatory power of the model. 



APPENDIX A 

Estimation of variance of the classical model (2.7). 

We have ~(xi-x) (ui-u) = z(xi-x) * ui - u * Z(xi-x) 

= £(xi -x) * ui because f(xi -x) = o 

= <o1-b1~ ~<xi-x>2 . 
This comes from the formula (5.29) as given by Theil 1978 p.71 

o 1-b1 = 2(xi-x) * ui 1 ~Cxi-x>2 

Then 

where 

co1-b1 ) ~<xi-x> = ui. 

E 2(ei2 ) = E[- (o 1-b1 ) 2~(xi-x) 2 + 2(ui-u> 2 J 

= - ~<xi-x) 2 E (o1-b1 ) 2 + E [ ~<ui-u) 2 J 

= - ~<xi -x> 2 E(ui2)1nsx 2 + (n-1ln) 

E L(ei2) = - nsx 2 * s21 nsx 2 

= - s2 + (n-1ln)s2 

= (n-2ln)s2 

s2 = (n-2ln) E(~ei2) 

s2 = (n-2ln) (1ln) £ei 2 

= ( 1ln-2) 2_ei 2. 

nsx2 = ~(xi-x)2. 

s2 = E(ui2). 

+ (n-11n)s2 

E(ui2) 

E (o1-b1 ) 2 = var (o1 ) = E(ui2)1 ~(xi-x) 2 = s 2 1 nsx2 . 

E 2(ui-u)2 = E(ui2)-E(u2) = E(ui2)- E(ui2)1n = (n-11n) E(ui2). 
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APPENDIX B 

Bayesian estimation of coefficients. 

From Table 4. 1, we get the matrix A -1 and A for consumption 

function that is 

A= 

0.068578 

-0.008964 

-0.004676 

669.0196 

3273.8762 

3321.5046 

-0.008964 

0.002017 

-0.000183 

3273.87644 

16523.9199 

16336.0156 

-0.004676 

-0.000183 

0.001122 

3321.5046 

16336.0146 

17394.7441 

The x'x matrix is the inverse of (x'x)-1 , which is obtained from 

our classical estimations. 

-26506.3125 -139915.3593 -139960.7343 

x'x = -139807.250 -737512.1875 -733491.8750 

-139041.5000 -733430.1875 -729419.3125 

Using the A matrix and the x'x matrix for consumption we can find 

the Bayesians estimators for the consumption function of the 

United Kingdom by applying the formula (3.38) which has as 
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components the 

(A+ x'x)-1 * A = 

and 

(A + x'x)-1 * x'x = 

61 

1.316451 

-0.226440 

-0.027575 

-0.316406 

0.226402 

0.027580 

4.373914 

-Q.510476 

-0.342552 

-4.373413 

1.510375 

0.342590 

4.610927 

-~.525812 

0.633348 

-4.610839 

1. 525756 

0.366699 

Our prior means for the coefficients of the consumption function 

are obtained from Table 4.1 and are 

b* = (-5.61214,0.77271,0.37843] 1 • 

Our OLS estimators is given in Table 4.1 in the row of the United 

Kingdom and are 

b = (-3.75250,0.59934,0.149077] '· 

multiplied the first by the b* and the second by b we have 

(1) [(A+ x'x)-1 *A] * b* = (-2.263381,0.298752,0.129751]' 

(2) [(A+ x'x)-1 * x'x] * b = [-2.121217,0.283109,0.156499]' 

We obtain the Bayesian estimators for the consumption by adding 

(1) and (2) this is 

bo = -4.3846 b1 = 0.5819 b2 = 0.2863 
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