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In classical economic theory, competition consisted of buyers out-

bidding one another and sellers underbidding one another; and it was 

argued that, for sufficiently large markets, competition would yield uni-

form prices in equilibrium. Neoclassical economists subsequently inves-

tigated the role of preferences in trading, concluding that, in equili-

brium, each trader would obtain the most desirable commodity bundle 

affordable at prevailing prices, given his initial resources. In the 

process, however, neoclassical economists ultimately made price unifor-

mity an assumption, assumed individuals incapable of influencing prices 

under any circumstances, and redefined competition to mean price-taking 

behavior. By thus denying individuals any active role in price determi-

nation, an inconsistency was introduced into the theory. This thesis 

eliminates the inconsistency by combining classical competitive behavior 

and the neoclassical insights into the role of preferences, to produce an 

axiomatic theory of competition within which the characteristics of equi-

librium (uniform prices and utility maximization) are rigorously derived. 
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CHAPTER I 

INTRODUCTION 

The twin notions of competitive equilibrium and the perfectly com-

petitive economy occupy a central place in the neoclassical theory of 

1 value. According to the theory, the determination of prices depends on 

traders' preferences for commodities and on their current resources, 

since it can be sho~~ that in such an economy the state of equilibrium 

(vis-~-vis "competitive behavior") will be characterized by each commod-

ity being traded at a single price and each trader being able to obtain 

the most desirable commodity bundle in the budget set defined by the mar-

ket value of his or her initial resources. 

Upon examination, however, the usual method by which these charac-

teristics are derived is seen to contain inconsistencies, the origin of 

which seems to be the way in which perfect competition itself has come to 

be defined. In fact, the term competition has become so closely linked 

to the idea of a market in which there are a large number of participants 

that it now refers more to a particular market structure than to a type 

of behavior (McNulty, 1968). This development, concerning concepts which 

should be clearly distinguished from one another, has produced confused 

and even erroneous analyses of price determination. It is the objective 

of this thesis, by first carefully defining "competition" and "perfectly 

competitive economy," to derive the characteristics of equilibrium in a 
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manner which avoids these difficulties. 

The now traditional analysis of exchange in a large economy may be 

summarized as follows. Individuals, in possession of certain quantities 

of various commodities, come together to trade in order to obtain commod

ity bundles which they prefer to their initial holdings. Now, if some 

commodity were to be traded at two differe~t prices, then (for example) 

the person buying high and the person selling low could decide instead to 
' 

trade with one another at some intermediate price, since both would bene-

fit thereby. Thus, every commodity must have a single price. 

In a perfectly competitive economy each individual will, by defini-

tion, trade quantities which are so small, relative to the total volume 

of transactions taking place, that a variation in those quantities will 

have no effect on the (uniform) prices prevailing in each market. Since 

individual traders are unable through their decisions to influence prices 

the only available option (barring collusion, which is assumed not to 

take place) is for each to attempt to purchase the commodity bundle con-

sidered most desirable in the budget set defined by the market value of 

his or her initial bundle. If it is impossible for everyone to simul-

taneously aquire such commodity bundles, then a condition of excess sup-

ply or demand exists in at least one market, in which case the price in 

that market will be bid down or up, respectively, until equilibrium 

(equality of supply and demand) is achieved. This produces the second 

characteristic of equilibrium (uniform prices being the first). 

The problems with this analysis begin with the definition of perfect 

competition as a market structure in which traders are so numerous that 

the quantities traded by any one of them form an insignificant part of 
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the whole. This state of affairs is assumed to imply that a change in 

any individual's trading decisions will have no effect on the prevailing 

price. The term "prevailing price," sometimes called the current or mar-

ket price, is usually not defined, making it unclear whether it refers to 

the equilibrium price in particular, or whether it can refer to any price 

which happens to be current in the market~ Of course, in the ideal situ-

ation of a large, perfect market, only the! equilibrium price can properly 

be said to prevail, since all other prices will be inherently tentative 

and transitory. Nevertheless, it is the second interpretation which 

seems to be the one intended. For example, in a discussion of perfectly 

competitive markets, Henderson and Quandt (1980) state that 

buyers are "price-takers" in that they adjust the quantities pur
chased so that these quantities are optimal for them given the pre
vailing price, without ever considering that their purchases may, in 
turn, further affect the price. Sellers observe a market price and 
adjust quantities sold so that these quantities are optimal from 
their point of view without considering that their sales may affect 
the price. (p. 136) 

The implication is that, under certain conditions, the prevailing price 

could in fact be affected by a sufficient number of traders attempting 

such quantity adjustments. This is something which could only happen if 

the "prevailing price" were not an equilibrium one. 

The assumption that individuals are incapable of influencing prices 

under any circumstances has several consequences for neoclassical theory. 

First, it prevents the kind of behavior which was termed competition in 

classical economic theory. In classical theory, competition referred to 

the attempts of sellers to underbid one another and of buyers to outbid 

one another. Traders were thus considered to actively alter prices in 

disequilibrium. In the neoclassical approach, however, behaving competi-
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tively has come to mean acting as a price-taker, i.e., viewing prices as 

being beyond one's own influence, so that no alternative is left but to 

attempt the maximization of one's utility subject to current prices. 

Second, the assumption is not consistent with the description of 

what happens if current prices do not clear all markets. For if there 

were excess demand in some market, then the price would tend to rise. 

Why? Because in such a situation there wi~l be people who are both will

ing and able to trade at a higher price: on the buyers' side there will 

be those who, unable to purchase all they desire at the current price, 

will prefer to accept a slightly higher price so as to obtain even a 

little bit more than would otherwise be possible; and on the sellers' 

side, of course, a higher price is always desirable. Similarly, if there 

is excess supply, or if prices are not uniform, there will be those 

capable of actively altering prices. In fact, the only time individuals 

are unable to influence prices to their advantage is when the economy is 

in general equilibrium. The fact that this contradicts the price-taking 

assumption is seldom noticed, since the process by which prices are bid 

up or down in disequilibrium is not usually considered in any detail. 2 

Finally, the assumption that individuals cannot influence prices 

makes it difficult, if not impossible, to deal formally with the possi

bility of nonuniform prices. Often the question is not even raised, and 

prices are simply assumed, implicitly or explicitly, to be uniform a pri

ori. In those instan~es in which an explanation is offered (for example, 

Henderson & Quandt, pp. 136-137), it is done intuitively, with little 

more depth than the argument presented above (p. 2). Placed outside the 

formal analysis of equilibrium, price uniformity continues to play the 
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role of an assumption as far as the fonnal analysis is concerned. This 

is unfortunate, for as the thesis will demonstrate, the question of 

whether each commodity will be traded at a single price in equilibrium is 

by no means trivial. 

The implications of the neoclassical approach to competition and 

equilibrium in a large economy have not gone entirely unnoticed in the 

literature. For example, Arrow (1959) has ~observed that 

there exists a logical gap in the usual formulations of the theory 
of the perfectly competitive economy, namely, that there is no place 
for a rational decision with respect to prices as there is with re
spect to quantities ...• It is not explained whose decision it is 
to change prices [in disequilibrium]. Each individual .participant 
in the economy is supposed to take prices as given and determine his 
choices as to purchases and sales accordingly; there is no one left 
over whose job it is to make a decision on price. (pp. 41, 43) 

And elsewhere, referring back to the classical definition of competitive 

behavior as the action of buyers in outbidding one another, and sellers 

in underbidding one another, Hayek (1948) states that conceiving of a 

large market in this way amounts to 

assum[ingJ that state of affairs already to exist which, according 
to the truer view of the older theory, the process of competition 
tends to bring about (or to approximate) ... [l]f the state of 
affairs assumed by the theory of perfect competition ever existed, 
it would not only deprive of their scope all the activities which 
the verb "to compete" describes but would make them virtually impos
sible. (p. 92) 

Nevertheless, the belief has persisted that individuals cannot under 

any circumstances influence prices in a large economy, and in the past 

two decades a great deal of work has been produced, much of it centered 

on the concept of the core of an economy, in the attempt to theoretically 

justify this belief. Observations such as those by Arrow and Hayek seem 

not to have stimulated the development of a more satisfactory analysis, 

which would preserve the classical notion of competition while applying 
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to it the neoclassical insights into the role of preferences in trading. 

This thesis provides such an analysis. 

The definition of competition to be used may be interpreted as a 

return to the classical understanding of that term. It is based on the 

idea of people acting (noncollusively) to alter their trading decisions 

in an advantageous manner, and neither presupposes uniform prices nor 

relies on the concepts of supply and deman~ at given prices. Instead it 

merely compares the levels of final utility attainable from alternative 

sets of trades and individuals make their decisions on that basis. They 

are therefore free to alter the quantities being traded whenever they 

find it both possible and advantageous to do so, even if this results in 

a change in prices. By taking competitive equilibrium to be a situation 

in which advantageous changes are no longer possible, one has notions of 

competition and equilibrium which permit the occurrence of classical com

petitive behavior in a situation which is, by definition, .a disequili

brium one. 

As for the "market structure" of the economy, it is assumed that the 

number of participants in each market is indefinitely large, so there 

will always exist alternatives to trading with any given set of individu

als. This makes it possible to state conditions under which the charac

teristics of equilibrium (price uniformity, together with the ability of 

every trader to maximize utility subject to those prices) can be shown to 

follow naturally from the superfluity of potential competitors. 

This objective will be accomplished in three steps. First, an intu

itive argument will be given which briefly outlines how the characteris

tics of equilibrium will be derived. Second, the assumptions implicit in 
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that argument, concerning both the exchange process and the nature of 

people's preferences, will be made explicit and incorporated in a model 

of competition in a hypothetical exchange economy. This model will pro

vide the economic interpretation for the axiomatic theory of competition 

presented in the third step, where the characteristics of equilibrium are 

formally stated and proved. 

Since the approach is ultimately comptetely axiomatic, and since the 

terms "model" and "theory" have precise meanings in mathematics which 

differ from their customary usage by economists, it is worthwhile here to 

summarize exactly what the axiomatic method entails. 3 One typically 

begins with an intuitive theory of how certain phenomena are related to 

one another. Such a theory consists of assumptions and conjectures con

cerning either properties of the phenomena or relations among them, 

together with demonstrations that the conjectures can be logically 

deduced from the assumptions. However, it is characteristic of an intui

tive theory that problems concerning the theory's deductive structure are 

not completely separated from the theory's intended interpretation in the 

real world. Thus there may be times when certain properties of the phe

nomena are simply taken for granted, and in this way assumptions can 

enter the theory without first being stated explicitly. At best, this 

may prevent the theorist from being fully aware of what is required to 

prove a proposition; at worst, it may permit errors in reasoning to pass 

unnoticed. To guard against this, the intuitive theory can be axiomat~ 

ized by formally separating the logical structure of the theory from its 

intended interpretation. 
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The axiomatization of an intuitive theory begins with a determina-

tion of which phenomena, and which properties of those phenomena, seem 

capable of serving as a basis for the theory. That is, it should be pos-

sible, using those alone, to define any other necessary concepts and then 

to state and prove the desired conjectures . The names of the basic phe-

nomena are called the primitive terms of the axiomatic theory, the ini-

tial properties attributed to them are th~ axioms, and any statements • 

which follow logically from the axioms are the theorems and propositions 

of the theory. Formally, no meanings are assigned to the primitive terms. 

They are essentially logical variables which one is free to interpret in 

any manner, subject only to the restrictions contained in the axioms. 

Whenever the primitive terms are assigned meanings in such a way that the 

axioms are valid statements concerning them, one is said to have a model 

of the axiomatic theory. 

Of course, the application of the axiomatic method in this thesis is 

not quite so straightforward. As will be seen, the intuitive analysis of 

competition to be presented shortly is actually very sketchy and requires 

a good deal of "filling in" before a satisfactory model and theory can be 

obtained. And as usual, simplifying assumptions will be made, including 

some quite unrealistic ones on preferences, in order to prevent the anal-

ysis from becoming unnecessarily complicated. This is tolerable, at this 

point, only because the significance of the thesis lies not in specific 

assumptions being made, but in the way the elements from classical and 

neoclassical theory are combined. 

One final comment concerning the axiomatization of an intuitive the-

ory. It is almost always possible, in the process, to utilize results 
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from previously constructed theories, and in fact it can be so efficient 

to do so, that it is not uncommon for a given axiomatic theory to be con

structed entirely from elements of other standard theories. This thesis 

is no exception. Those employed here are set theory, the theory of an 

n-dimensional real vector space with the Euclidean inner product and the 

topology obtained from it, and implicitl~, of course, the theory of logi

cal inference which is used throughout malhematics. 

Organization of the Thesis 

The contribution of this thesis to the theory of value is contained 

in chapters II through IV. The second chapter contains an intuitive the

ory of competition, followed by an analysis of the institutional and 

behavioral assumptions implicit in it. These considerations serve, in 

the third chapter, to motivate the construction of a model of competition 

in a perfectly competitive economy. The axiomatic theory of competition, 

in which the logical relationships present in the model are given a 

detailed and rigorous treatment, is then presented in chapter IV. Chap

ter V concludes the thesis with a discussion of the theory's development 

as a response to problems associated with other approaches found in the 

literature, thus helping place the thesis in perspective. 

Finally, the thesis contains two mathematical appendices. The first 

of these is a summary of standard mathematical notation and of special 

notation developed in the thesis. The second appendix indicates texts 

which may be consulted by those readers interested in the mathematical 

prerequisites of chapter IV, and contains proofs of several theorems 

(mostly concerning convexity) for which ready references are unavailable. 



CHAPTER II 

AN INTUITIVE THEORY OF COMPETITION 

This chapter begins with a discussion of traders' preferences, the 

factors which make it possible to gain from trading, and the general 

effect which competition has on prices. the notion of equilibrium is 

then introduced and the characteristics of equilibrium implied by the 

presence of competitive behavior in the marketplace are analyzed. The 

chapter concludes with a discussion of the various assumptions which 

underlie the analysis. 

The Origin of Gains from Trade 

According to the utility theory of value, the basic motivation for 

trading is found in the way people subjectively value particular quanti

ties of various commodities relative to one another: if a certain quan

tity of one commodity is valued less than some quantity of another com

modity, it will on balance be desirable to give up the former in exchange 

for the latter. Given this basic motivation, however, the final outcome 

of trading depends heavily on the qualitative characteristics of people's 

preferences for commodities, on the quantities of those commodities in 

their possession at any given time, and on the institutional framework 

within which their trading decisions are made. 

Consider a person who always keeps a certain amount of salt on hand 

for use in cooking. Several things are suggested by economic intuition. 

10 



11 

First, if offered a sufficiently high price, the person would, on bal-

ance, desire to sell at least a portion of the salt; whereas at a suffi-

ciently low price, the tendency would be to purchase some. Second, 

either the desire to buy predominates, or the desire to sell predomi-

nates, or the two are in equilibrium and there is no net desire to trade. 

Thus, if it is possible at a given price ~o advantageously sell (buy) 

salt, then it must also be disadvantageous, to instead buy (sell) it . . 
Third, the maximum advantage (increase in utility) obtainable from trad-

ing at a "high" ("low") price diminishes to zero as the price falls 

(rises) toward the region in which the desire to buy (sell) predominates. 

This makes it possible to suppose the existence of a price above which 

there is a net desire to sell, below which there is a net desire to buy, 

and at which there is neither. This price, at which both buying and 

selling are, on balance, disadvantageous, is termed the trader's rate of 

substitution of money for salt. It varies with the trader's preferences 

and holdings of commodities, including money, since these are the factors 

which determine the desirability of salt relative to money. 

Given the above, it follows easily that two individuals can trade to 

their mutual advantage only if their rates of substitution of money for 

some commodity are different. Only then will there be a price at which 

one of them wishes to sell while the other wishes to buy. Of course, if 

such a difference does exist, then there will be a range of prices at 

which beneficial trades could be made. In the absence of other traders, 

the exchange chosen from among the possibilities will depend largely on 

the relative skill and forcefulness of each person in bargaining with the 

other. But if other traders are present in the market, then the trading 
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alternatives they provide will tend to narrow the range of mutually 

a'cceptable final prices. 

A seller, for example, generally desires as high a price as pos-

sible, but the ability to achieve this is always constrained by the fact 

that too high a price will attract no buyers. A further constraint can 

arise in the presence of other potential ~ellers. If a seller attempts 

to charge a price which is "too high," thi;; creates an opening for some-. 
one else to step in and offer the buyer a better deal. Somewhat more 

precisely, suppose traders t1, t2, and t3 have rates of commodity substi-

tution p 1 , p2, and p 3, respectively, with p 1 > P2 >p 3. At any price p 

between Pl and p 3 it will be advantageous for t 1 to buy from t3 and for 

t3 to sell to t 1 . However, if t 3 attempts to establish p between p1 and 

P2, then trader t 2 would be willing to offer t1 a better (lower) price 

p', i.e., p > p' > p2 . The presence of several traders in the market 

thus permits competitive behavior, narrowing the range of final prices 

which people will find acceptable. 

The Characterization of Equilibria 

A market will be said to be in equilibrium if all participants have 

reached a final determination of the trades they wish to make. Since 

each one wishes to reach as desirable a position as possible, an equili-

brium obtains only if there are no traders capable of altering their 

decisions in a mutually advantageous manner. 

In particular, this implies that people have traded to a position in 

which everyone's rate of commodity substitution is now the same. Such a 

situation is said to be Pareto-optimal. In general, however, it is not 

also true that everyone actually trades at the same price in the market. 
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For example, if the number of potential sellers were too small, then a 

buyer might find that, given the magnitude of the purchase desired, there 

is no alternative to buying from a certain individual. This could occur 

if other sellers are unable to supply the same quantity at a lower price. 

There would then be no competitive pressure to prevent the large seller 

from refusing to sell a lesser amount himself (thereby permitting the 

buyer to make up the difference with purc~ases elsewhere), and commanding . 
a price different from what the others might be asking for their (lesser) 

quantities. Thus, to ensure a uniform price, the market should be so 

large that people always have alternatives to trading with any particular 

individual or set of individuals. 

Given this, when the market is in equilibrium and everyone's rate of 

commodity substitution is the same, we find that this price is also the 

rate at which all actual exchanges are made. To see this, suppose some-

one were trading at a lower price. Due to the size of the market, the 

seller in this transaction will have no difficulty in selling the same 

quantity instead at a price which is somewhat higher than he or she had 

been getting, but which is nevertheless still below everyone's rate of 

commodity substitution and thus capable of attracting plenty of new 

buyers. Similarly, no one will trade at a price which is above every-

one's common rate of commodity substitution, since the buyer in such a 

transaction could easily obtain the commodity for somewhat less. 

Hence, each individual ultimately aquires holdings of the commodity 

and of money at which his or her rate of commodity substitution equals 

the uniform price at which all trading took place. In addition, since no 

one is willing to trade further at that price (due to Pareto optimality), 
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each one must have traded to a position considered most desirable among 

those positions which were capable of being reached by trading at that 

price. To summarize, equilibrium in~ large market exhibits three char

acteristics: 

1. After all exchanges have been made, each trader's rate of com

modity substitution will be the same (Pareto optimality). 

2. The final rate of commodity substitution is also the price at 

which each trade takes place (price uniformity). 

3. Each person attains the most desired commodity bundle among 

those capable of being reached by trading at that price, given the tra

der's initial resources (constrained utility maximization). 

Assumptions 

The analysis above contains both implicit and explicit assumptions 

concerning the nature of the commodities being traded, the market in 

which trading takes place, and the way in which traders make economic 

decisions. First, there is a medium of exchange, in terms of which all 

prices are expressed: people who are in the market for a given commodity 

buy and sell the commodity for money, and the price is given as the quan

tity of money exchanged per unit of the commodity. In the initial dis

cussion of the desire to trade at various prices, and later, in the argu

ment for price uniformity, price is essentially treated as a continuous 

variable. If it is assumed that trade can actually occur at any positive 

real rate of exchange, then either the commodity or money or both must be 

available in continuously variable quantities. 

With given initial holdings of a commodity and money, a trader's 

rate of commodity substitution depends on his or her valuation of the 
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commodity relative to money. Vmile it is not necessary to assume that 

the money-commodity possesses some "intrinsic value," apart from its use 

as a medium of exchange, it is required that money be included in the 

trader's preference relation. There must be a willingness to hold money, 

as there is for any other commodity. There must also be a readiness to 

trade off money for commodities and vice v~rsa, as there is to trade off 

nonmonetary commodities against one another. And of course, however it . 
might be determined, the pattern of an individual's willingness to make 

tradeoffs must give rise to the rate of commodity substitution, with the 

properties attributed to it and to the prices above and below it. 

The intuitive analysis of competition is essentially static in 

nature. The primary factors which guide exchange are people's prefer-

ences for various alternative holdings of commodities and the quantities 

currently in their possession. If traders are constantly entering and 

leaving each market, and if trading takes place continually over time, 

then the economic characteristics of the individuals engaged in trading 

will be subject to constant change. Hence, the economy's equilibria will 

also shift as the exchange possibilities open to traders vary from one 

moment to the next. To study the characteristics of equilibria, it is 

therefore necessary that the factors which · determine them remain fixed 

throughout the analysis. 

It is also taken for granted, particularly in the argument for price 

uniformity, that individuals are free to change their minds; to decide 

not to trade at one price and to trade at another instead, provided it is 

advantageous to do so for all parties involved in making the change. 

Implicitly then, no decisions are considered binding (hence, no trades 



16 

can be allowed) until an equilibrium has been established. 

Finally, the economy must contain a large enough number of people, 

in possession of sufficient quantities of all commodities, so that alter

natives always exist to trading with any given individuals. 



CHAPTER III 

A MODEL OF COMPETITION IN A PERFECTLY 

COMPETITIVE ECONOMY 

The model of competition presented in this chapter constitutes an 
. 

intermediate step in the axiomatization of ' the intuitive theory. All 

essential features of the axiomatic theory are introduced in the context 

of a hypothetical exchange economy which provides the theory's economic 

interpretation. For simplicity, the economy is temporarily assumed to 

consist of a single n1arket. However, this imposes no real restriction on 

the analysis since, as will be seen in chapter IV, the assumptions to be 

made concerning preferences, together with the use of a circulating 

medium of exchange, permit the case of n commodities to be easily reduced 

to that of two. 

The various conjectures contained in the model are classified either 

as theorems or as propositions. The latter term is reserved for those 

results in which the economically meaningful characteristics of equili-

brium are contained; the former for preliminary results, some of which 

are essentially technical and of little real economic significance. 

Definitions, conjectures and proofs will not as yet be presented with 

full formalism and rigor. The proofs, in particular, will still be quite 

intuitive, relying at key points on the geometry of accompanying graphs. 

Nevertheless, there will be a significant degree of structural and nota-

17 
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tional correspondence between the model and the axiomatic theory. 

The Market 

A market is an institution by means of which owners of various quan-

tities of two specified commodities "come together" to trade, the motive 

being, of course, to obtain commodity holdings which they prefer to those 

they own initially. The following preliminary assumptions are made con-
. 

cerning the market's rules of operation and and the traders who use it. 

1. The number of participants in the market at any given time is 

countably infinite. 

2. On any given day, business is conducted only between those indi-

viduals "present" when the market opens for business. (The set of parti-

cipants on a particular day will be denoted T and identified with the set 

of positive integers.) 

3. Each participant comes to the market with a positive quantity of 

both commodities, and with definite preferences (assumed fixed throughout 

the day) for alternative holdings of commodities. 

4. No actual trading is permitted until all traders come to a final 

determination of the trades they wish to make (an "equilibrium" situa-

tion). 

5. Both tentative and final trading decisions are embodied in con-

tracts between pairs of traders, specifying the quantities to be 

exchanged of the two commodities. 

6. Each trader is permitted to contract with only a finite number 

of other traders. 

7. Two traders will agree to the terms of a given contract if and 

only if it will help them to aquire commodity bundles which they prefer 
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over those they currently have, or for which they have contracted. 

8. A contract is binding only if both parties freely agree to its 

terms. 

10. The commodities are designated by the numbers 1 and 2, with the 

second being the num~raire in terms of which the (unit) price of the 

first commodity is expressed. (Essentially, the num~raire should be con

sidered money, although the other primary function of money, its use as a 

circulating medium of exchange, has little meaning in the context of a 

single market.) 

11. Throughout the contracting process, each trader is kept 

informed of others' current rates of commodity substitution and of the 

prices implicit in all outstanding contracts. 

These assumptions have a number of consequences. Assumptions 2-4 

guarantee that the factors which determine whether a given set of con

tracts constitutes an equilibrium will not change until an equilibrium 

set of contracts has been established. Should any trader find it pos

sible to alter the set of contracts to which he or she is currently 

agreed (whether by cancelling certain contracts, or by finding traders 

willing to agree to new ones) and thereby achieve a more desirable posi

tion, then 7-9 imply that this can and will be done. The notion of a 

large (perfectly competitive) market is embodied in assumptions 1 and 6. 

The fact that only two traders can be party to any contract, together 

with the designation of commodity 2 as the nurn~raire, ensures the exis

tence of a well-defined price in every proposed exchange. And finally, 

the constant availability of information on prices and rates of commodity 

substitution (11) ensures that an equilibrium will not be reached until 
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all opportunities to benefit from trading have been exhausted. 

Commodities, Prices, and Contracts 

As is frequently done, both commodities will be assumed to be avail-

able in continuously variable positive quantities (perfect divisibility). 

This permits arbitrary points in the first quadrant of the Cartesian 

plane to represent commodity bundles and arbitrary positive real numbers 

• 
to serve as prices, generally making the 'analysis much simpler than would 

otherwise be the case. Quantities of the first commodity will be mea-

sured on the horizontal axis and quantities of the second on the vertical. 

An allocation of commodities to traders is an assignment of a corn-

rnodity bundle to every participant in the market. Denoting a given allo-

cation by the letter a, the commodity bundle thereby assigned to trader 

t E Tis denoted a(t). Since the number of traders is infinite, the . 

total quantity of each commodity present in the market will usually be 

infinite as well. To deal with this situation, allocations can be corn-

pared by means of the quantity of each commodity present in them per 

capita. This is obtained for an allocation a as ~.&ID ~ L~= 1 a (t). It is 

assumed that for each allocation this limit yields a commodity bundle, 

i.e., that this limit is finite for both commodities. (It will, of 

course, be non-negative since each a(t) is non-negative.) 

The initial allocation, denoted a*, specifies those quantities owned 

by each trader at the time the market opens for business. The per capita 

-quantities present in a* are given by the commodity bundle a .-

l" 1 Lrn a*(t). It is assumed that - strictly positive, i.e., that liD - a is rn-+<x> m t = 1 

there is a positive quantity of each commodity present per capita in the 

market initially. An allocation a is said to be feasible if the per 
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capita quantity of each commodity present i n i t equals that in a *. The 

process of trading serves to replace a* with s ome other (presumably more 

desirable) feasible allocation. 

Let x = (x l , x2 ) be a commodity bundle. If ~ 1 is the price of the 

first commodity in terms of the numeraire, then the value of x in terms 

of units of numeraire is ~ 1 x 1 + x2 . This_makes it reasonable to define 

the price of the numeraire to be 1 and to ,obtain the value of x with 

respect to the vector c~l , 1) of prices as the inner product c~l , 1) • 

(xl, x2 ) = ~ 1 x 1 + lx2 = ~ 1 x 1 + x2 • In general, a price vector is a point 

in the first quadrant for which the f i rst component is positive and the 

second component equals 1. 

Let TI = c~l• 1) and let X be a commodity bundle. If x' is an arbi

trary bundle which has the same value as x with respect to ~ . then ~ 1 x' 1 

+ x' 2 = ~ • x. This can be rehTitten as x' 2 = - ~ 1 x' 1 + ~ • x, which be

comes the slope-intercept form for the equation of a line when x' 1 and 

x' 2 are permitted to vary. Furthermore, the slope of the line which 

passes through both the origin and~ is 1/~ 1 , which is the negative 

reciprocal of -~ 1 . Hence, the set of all commodity bundles whose value 

with respect to ~ equals that of x, forms a line which passes through x 

and is perpendicular to ~ (Figure 1). Those bundles located on the same 

side of the line as the origin have a value less than that of x; those on 

the other side of the line have a value greater than that of x. If the 

price of commodity 1 is increased to ~ ' 1 , the requirement of perpendicu

larity will cause the line to pivot clockwise about x (Figure 2). Simi

larly, a price reduction will cause it to pivot counterclockwise. 
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commodity 1 

Figure 1. The relation
ship of a price vector to the 
line of commodity bundles whose 
value equals that of x. 
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1 

commodity 1 

Figure 2. The effect of a 
price change on the line of 
commodity bundles whose value 
equals that of x. 

Suppose traders t and t' contract to exchange the quantities x 1 and 

x2 between themselves, with t being the buyer and t' the seller. This 

will increase the quantity owned by t of the first commodity and decrease 

the quantity owned of the second commodity, resulting in a new commodity 

bundle, a*(t) + (x 1 , -x2 ) fort. This suggests, first, that a contract 

can be represented by a vector in which one component is positive and the 

other negative, and second, that every act of contracting between two 

traders produces two contracts, one version for each individual, which 

are negatives of one another. 

A set of contracts for the market as a whole consists of all con-

tracts outstanding at a given time. By assuming that no trader can 

simultaneously have more than one contract with a given individual, it is 
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possible to interpret a set of contracts as a function K, defined on the 

set of all pairs of traders, which satisfies the following: 

Cl. K(t, t') is a contract if it is not zero. 

C2. (t t I) K > = -K(t', t), for every pair of traders. 

C3. The set of all traders t' with whom a given trader t has con-

tracted is always finite (due to assumption 6 concerning the market). 

The commodity bundle which a set of :contracts K would give to t is, 

then, the trader's initial allocation plus all contracts which t cur-

rently has with other traders: a*(t) + Lt'E:T K(t, t'). Although Tis 

infinite, this sum will converge since the collection of traders t' for 

which K(t, t') is nonzero is required by C3 to be finite. A set of con-

tracts is said to be feasible if it produces a feasible allocation. 

Given a set of contracts K and a pair (t, t') of traders for which 

K( t, t') is nonzero, the (unit) price at which the pair have agreed to 

trade is given by n[K] (t, t') := -K2(t, t')/Kl(t, t'), where the denomi-

nator and numerator are the first and second components, respectively, of 

the vector K(t, t'). 

Preferences and the Incentives for Trading 

A preference relation is essentially a rule for ranking bundles of 

commodities in the order of their preference by some trader. Embodied in 

it are the regularities inherent in the way the trader subjectively 

values different commodities relative to one another. Denoting a prefer-

ence relation by the symbol ';-, one reads the phrase "x .,..... y" as "x is 

preferred toy." Since no commodity bundle will be preferred to itself, 

one immediately has the property 

P 1. x >1- x, for every commodity bundle x. 
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For every preference relation >- and commodity bnndle x, denote by 

P ('I-, x) the set of all commodity bundles y for which y >- x. It will be 

assumed that, in addition to Pl, the preference relations of the partici-

pants in the market satisfy the following three axioms. 

P2. If x is a strictly positive commodity bundle, and y is a bundle 

which contains more of at least one commodity and no less of the other, 

then y is in the interior of P(~, x). 

This has three consequences. First, since a point such as y in Fig-

ure 3 cannot lie on the boundary of P(>-, x), it is possible to draw a 

circle aronnd y which is contained entirely in the set. In particular, 

this implies that there are points (e.g., y') containing less of one com-

modity and more of the other than x, which are preferred to x. This is 

the property which makes certain trades desirable and therefore possible. 

Second, a point such as y", which contains more of both commodities than 

x, will be preferred to x. And third, the existence of points such as y 

,..-t- ... 
/ I \ 

I • ~ y I 
I y' I 1 
\ I / 

'-r; •Y" 
I 

I 

P(>-, x) 

Figure 3. Axiom P2. 
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p ( >-, x) 

p ('>-, x) 

--- ., 
I 

Figure 4. Axiom P3. Figure 5. A nonconvex set. 

and y", arbitrarily close to x, together with the fact that x is not 

itself in the set P(>-, x), implies that x must lie on the set's bound-

ary. 

P3. Let x be a strictly positive commodity bundle. If y is on the 

boundary of P(>-, x), then there exists a unique line which passes 

through y, such that y is the only boundary point of the set which lies 

on the line, and such that the set lies entirely on one side of the line 

(Figure 4). 

This assumption implies that P(>-, x) will be convex, thus elimi-

nating situations such as that depicted in Figure 5, in which both buying 

and selling are capable of moving the trader from x to a preferred com-

modity bundle. It will be seen in Theorem 3.1 below, that this also 

implies the existence of a unique rate of commodity substitution at x. 
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P4. If x is a strictly positive commodity bundle and y 1s a bundle 

which contains none of at least one of the commodities, then x )-y. 

This is a purely expedient assumption having no economic justifica-

tion. Since it has been assumed that each trader comes to market owning 

a positive quantity of each commodity, this assumption will prevent any-

one from trading to a point on the boundary of the first quadrant. The 

analysis of equilibrium will thus be guaranteed to take place in the . 
interior of the quadrant, which is important since Theorem 3.1 yields the 

existence of unique, positive rates of commodity substitution only for 

such interior points. In this way, problems which can arise on the first 

quadrant's boundary, concerning existence or uniqueness of rates of com-

modity substitution, are avoided. 

To reiterate, the preference relations of all traders in the market 

will henceforth be assumed to satisfy Pl through P4. The preferences of 

a particular trader t in T will be denoted >-t. 

Theorem 3.1. For every preference relation >- and strictly positive com-

modity bundle x, there exists a unique price vectors(>-, x), such that 

every bundle in P()-, x) has a value with respect to s(?-, x) which is 

greater than that of x. 

Proof. As noted above, Pl and P2 imply that x lies on the boundary of 

P(>-, x). Thus, according to P3, there exists a unique line A which 

passes through x in such a way that P(>-, x) lies to one side of A. With 

the exception of x, all commodity bundles in or on the boundary of the 

shaded region in Figure 6 are assumed to be in the interior of P(>-, x). 

If A were not negatively sloped, it would intersect this region and hence 
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s 1 ( >-. x) commodity 1 

Figure 6. The existence of s(>-, x). 

the interior of P(>-, x), violating P3. 

It is therefore possible to draw, from the origin, a positively-

sloped line perpendicular to A. On this line there is a unique point, 

the second component of which equals one. This point, which will be 

denoted s(>-, x), is dearly the price vector for which A is the line of 

commodity bundles valued equally with x. Since P2 and P3 together imply 

that P()-, x) lies entirely above A, no point in the set has a value with 

respect to s()-, x) which is less than or equal to that of x. Ill 

The first component of s('>-, :X), denoted s 1 (>-, x), is termed the 

rate of substitution of commodity 2 for commodity 1 at x. 

The next theorem is the basic result on the existence of incentives 

for trading. 

Theorem 3.2. Let >-be a preference relation and x a strictly positive 



28 

~ r---~--------------------------~ 
1-< 

•r-i 
ro 
1-< 

'<ll 

9 
c 

1 

P(>-, x) 
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Figure 7. Existence of an incentive 
to sell at a price above s 1(>-, x). 

commodity bundle. At any price greater (less) than s 1 (>-, x), a pre-

£erred commodity bundle can be reached by selling (buying) an arbitrarily 

small amount of the first commodity for (with) the num~raire. 

Proof. Let n1 > 0 and denote by A and A', respectively, the lines of 

commodity bundles whose values with respect to the price vectors s(~, x) 

and Cn1, 1) equal that of x with respect to those vectors. 

Suppose first that TII = s1C>-, x). In this case, A= A1 and there 

will be no incentive to trade since no commodity bundle on A is preferred 

to x. If n1 is then increased, A1 will rotate clockwise about x, causing 

it to intersect P()-, x) in the region "northwest" of x (Figure 7). A' 

will then include bundles which contain less of commodity 1 and more of 

commodity 2 than does x, and which are preferred to x. There thus exists 

an incentive to sell the first commodity at the price n1. Furthermore, 
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the convexity of P(>-, x) implies that such preferred bundles can be 

found arbitrarily close to x. 

Similarly, if n1 were decreased, rather than increased, A' would 

rotate counterclockwise about x, thus intersecting P(>-, x) in the region 

"southeast" of x. There would then be an incentive to buy commodity 1 

with the nurn~raire. /// 

. 
Competition and Equilibrium 

It follows from assumptions 7 through 9 concerning the characteris-

tics of the market, that if any set of traders should find it possible to 

make advantageous changes in the contracts to which they are currently 

parties, then they can and will do so. Such changes can be made in any 

of three ways. First, a trader can unilaterally cancel any contract to 

which he or she is a party. Second, an existing contract can be altered, 

but only by mutual consent of the two traders involved. And third, a new 

contract can be concluded between traders who had not previously con-

tracted with one another. 

Let a be the allocation which would be produced if the current set 

of contracts were carried out, and let S be the set of traders who are 

actively involved in altering the current set of contracts. A recon-

tracting is a specification of the changes being initiated or consented 

to by traders in S. Notice that while a recontracting must result in a 

new set of contracts for the market, this need not produce an allocation 

which is feasible, either globally or for given individuals, even if a is 

itself feasible. This is because some individuals will inevitably expe-

rience the cancellation, without their consent, of contracts on which 

they had been relying to make certain other exchanges possible. 
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One consequence of such cancellations has to do with the ultimate 

effect of the recontracting on the traders in S. Let traders t and t' be 

inS, and suppose that t unilaterally cancels a contract with t'. Since 

t is assumed to act out of self-interest, and since the cancellation was 

not agreed to by t', there seems no reason to expect that the changes 

consented to by t' will still be preferLed to a(t') when the loss of the 

contract with t is taken into account. Such an expectation would essen-• 
tially require making one of two assumptions. First, it could be 

required that each trader in S consider the effect on other traders in S 

of cancelling contracts without their consent. However, this would make 

recontracting into a strictly cooperative concept by shifting the focus 

of decision-making away from the pure self-interest characteristic of 

competition, toward the community of interest of the traders in S. Sec-

ond, it could be assumed that the recontracting embodies not just an ini-

tial round of contract changes, but also traders' responses to changes 

made by others without their consent. In this case, though, traders 

would not be recontracting on the basis of the current set of contracts, 

but on the basis of that set as it is in the process of being changed. 

Since the analysis is a strictly static one, it will therefore be 

assumed that cancellation of a contract by one trader without the other's 

consent is also done without the other's knowledge. An individual's 

decision to recontract will then be based solely on the opportunities to 

gain from recontracting which may be present in the current set of con-

tracts, and will be insulated from the possibility that the trader's cur-

rent position may well be undercut by having contracts cancelled without 

his or her consent. 
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For every trader t inS, let a' (t) be the commodity bundle which t 

intends to recieve on the basis of the changes to which she or he has 

consented in the recontracting. A recontracting is said to be competi

tive if, for every t in S, a' (t) '>-t a(t). A feasible set of contracts 

for which there is no set of traders capable of recontracting competi

tively is termed a competitive equilibrium. The objective of the thesis, 

from this point on, is to characterize equilibria with regard to prices 

and traders' preferences. 

Theorem 3.3. Let K be a competitive equilibrium set of contracts and let 

a be the (feasible) allocation it produces. Then a(t) is strictly posi

tive for every trader t in T. 

Proof. Assume that for some t in T a(t) contains nothing of at least one 

commodity. Since the trader's initial allocation a*(t) is assumed to be 

strictly positive, axiom P4 implies that a*(t) will be preferred by t to 

a(t). Thus, by cancelling all of his or her current contracts and keep

ing a*(t), trader twill have a commodity bundle preferred to that 

resulting from K. In other words, t can recontract competitively, which 

contradicts the fact that K is a competitive equilibrium. Therefore, the 

assumption that a(t) is not strictly positive must be false. Ill 

Proposition 3.1. If K is a competitive equilibrium, then the allocation 

a which it produces is a Pareto optimum, i.e., s 1 ( '>-t, a (t)), the rate of 

commodity substitution for trader t, is the same for every t in T. 

Proof. Let K be a competitive equilibrium and assume that there are two 

traders, t and t', such that the rate of commodity substitution for tra-
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p ( >-t ' (l ( t ) ) 

h 
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commodity 1 

Figure 8. Existence of a competi
tive recontracting for traders t and t' 
at price 7To. 

P(';-t'' a(t')) 

commodity 1 

der tis greater than that for trader t'. For convenience, these rates 

will be denoted s1(t) and s1Ct'), respectively. Let 7TO be a real number 

such that s 1(t) > 7TO > s1Ct'). By Theorem 3.3 a(t) and a(t') are both 

strictly positive, so Theorem 3.2 applies. Thus, trader twill find it 

desirable to purchase commodity 1 at price 1r 0 , and trader t' will find it 

desirable to sell at 1r 0 • Since these trades can be of arbitrarily small 

magnitude and still remain desirable, there will be no problem in formu~ 

lating an exchange which is compatible with the desires of both traders. 

That is, there exists a vector h, the first component of which is posi-

tive, the second negative, such that its length is arbitrarily small, and 

such that a (t) + h ~t a (t) and a(t') - h >-t' a(t') (Figure 8). 

Define a pair of contracts for t and t', respectively, by K* (t, t') 

.- K(t, t') + h and K*(t', t) := K(t', t) - h. There are two cases, 
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depending on the nature of K(t, t'). If either K(t , t') = 0 or Kl(t, t') 

> 0 and K2(t, t') < 0, then K*(t, t') and K*(t ', t) will clearly be con

tracts. This is not necessarily true, though, if K1(t, t') < 0 and 

K2(t, t') > 0. However, since h can be chosen with an arbitrarily small 

length, it can be chosen small enough that K1 (t, t') + h1 < 0 and 

K2(t, t') + h2 > 0, in which case K*(t, ;') and K* (t', t) will be con

tracts. 

It is therefore possible for traders t and t' to recontract competi

tively. This contradicts the fact that K is a competitive equilibrium. 

Hence, the assumption that s 1 (t) > s1Ct') was false, i.e., all traders' 

rates of commodity substitution must be equal. Ill 

Since s ( >-t, a (t)) is the same for every trader t when a results 

from a competitive equilibrium set of contracts, it will be denoted below 

by s(a) and its first component by s 1(a). 

The next proposition contains the main results of the thesis, the 

characterization of equilibria in terms of uniform prices and constrained 

utility maximization. This characterization is achieved by showing that 

the price of the first commodity which is implicit in every contract is 

equal to everyone's equilibrium rate of commodity substitution, s 1(a); 

and by showing that any commodity bundle which is preferred to the one a 

trader would recieve in equilibrium costs more than the value of the tra

der's initial bundle with respect to the equilibrium price vector, which 

by the argument for uniform prices, is s(a). Formally, we have 

Proposition 3.2. Let K be a competitive equilibrium set of contracts and 

a the allocation it produces. Then 
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have contracted with one another, and 

(2) for every trader in T and commodity bundle x, x >-t a (t) 

implies s (a) • x > s (a) • a* (t). 

Proof. (1): Assume the contrary and let (t 1 , t 2 ) be a pair of traders 

who have contracted with one another at a price different from the rate . 
of commodity substitution, i.e., n [K] (tl ,' t 2 ) :f. s 1 (a). Let no be a real 

There are two cases, depending on whether n[;:] (t1, t z) is greater or 

less than s 1(a) . Assume the former, in which case n0 > s 1(a ), and assume 

also, without loss of generality, that it is t 1 who has contracted to buy 

from t 2 . Since t 1 has contracted with only a finite number of people, 

the set T' of all those with whom t 1 has not contracted is necessari~y 

infinite. By Theorem 3.2, it is possible for anyone in T' to advanta-

geously sell the first commodity for the numeraire at n0 . This price 

being lower than that at which t 1 is currently buying, if the trader were 

to cancel the contract with t z and recontract with traders in T', it 

would be possible to spend the same amount of the num~raire and obtain 

more of commodity 1. The recontracting would thus be desirable for all 

participating in it, but in order for it to succeed it is necessary to 

know that some finite set of traders in T' will desire to sell more than 

K1Ct1, tz) of the first commodity at price n0 . 

It is at this point that the proof must be interrupted, for an unex-

pected problem has arisen. As can be seen in Figure 9, there is a maxi-

mum distance a trader can move, trading at a given price, before encoun-
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Figure 9. The curvature of prefer
ence sets and its effect on the magnitude 
of potential trades. 

tering commodity bundles which are less desirable than the original one. 

Furthermore, the greater the curvature of the preference set's boundary, 

the shorter this distance will be. 

For every trader tinT', let h 1 (t) be any quantity of commodity 1 

which t would be willing to sell at n0 • Suppose that as t + ~, the cur-

vature of the boundary of P(>-t' a (t)) increases in such a way that no 

matter how the quantities h 1 (t) are chosen, t~ h 1 (t) is forced to be 

zero. It is known from the theory of seri es that in such a situation it 

is possible for the infinite sum Lt£T' h 1 (t) to converge to a finite num

ber. In fact , it may ~onverge to a number less than K 1 (t 1 , t 2 ). If this 

were to occur, then even permitting t 1 to recontract with every trader in 

T' would not succeed in compensating t 1 for the loss of the contract with 

t 2 . Recontracting woul d then be impossible at this price. Of course, 
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there are other prices between s 1(a) and TI ( K ] (t1, t 2 ) at which recon-

tracting could be attempted, but there is nothing in the assumptions made 

thus far, .concerning .either preferences or the market as a whole, to sug-

gest that any of these prices must necessarily be satisfactory. 

The implication is clear. By itself, an unlimited number of poten-

tial competitors does not suffice to en~ure that each commodity will be 

traded at a single price in equilibrium: a restriction must be placed on . 
the model which will prevent the situation above from occurring. Since 

the problem lies in the way preferences vary across individuals, this 

restriction cannot be on a par with axioms Pl-P4 (which dealt with iso-

lated preference relations), but must instead be made with reference to 

all the participants in the market. 

Essentially, what is needed is to somehow limit variability in the 

curvature of traders' preference sets. This will be done by assuming 

that for any strictly positive commodity bundle x, there exists a posi-

tive real number r(x), such that if tis in Tandy contains no less of 

either commodity than x, then one can draw a circle of radius r(x) which 

just touches the boundary of P(>-t' y) and otherwise lies completely 

within the set. This is depicted in Figure 10, along with an instance in 

which the condition is violated for a point containing less of one com-

modity than does x. In economic terms, this effectively limits the speed 

with which individuals' subjective valuations of one commodity relative 

to the other can change during trading, whenever they begin with more 

than certain minimum amounts of each commodity. 

If it is known, given this assumption, that for some strictly posi-

tive commodity bundle x there exist an infinite number of traders in T' 
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Figure 10. A restriction on the 
curvature of preference sets, and a vio
lation of the restriction at y'. 

for whom a(t) contains no less of either commodity than does x, then (as 

will be seen) the problem is solved. And in fact, it is easy enough to 

show that there will always be an infinite number of traders who own more 

than al - ~ of the first commodity, where al is the per capita quantity 

of the first commodity present in the initial allocation and ~ is any 

real number between zero and a 1 . This is because a 1 is essentially an 

average taken over an infinite number of people. As such, any finite 

number of them could be dropped from the averaging without affecting the 

value of a 1 . If, for some ~. only a finite number of traders owned more 

than al - ~. they could be dropped, producing the impossible result of an 

average which is greater than any of the numbers being averaged. The 

same argument applies to commodity 2 as well. Unfortunately, this does 

not also imply the existence of an x with the needed property. An exam-
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ple indicates why. 

Since K is an equilibrium, a is feasible, i.e., lim! Lmt 1 a . (t) = m-t<X> m = 1 

a., i = 1, 2. T' differs from T by only a finite number of traders, so 
l. 

these limits do not change when restriction is made toT'. Suppose now 

that T' can be partitioned into two disjoint sets, T'1 and T'2, such that 

lim t T' a. (t) = 0, i = 1, 2. Then the individuals in T'1 could be 
t -t<Xl , E: • l. 

l. 

removed from the market without alterin~ the per capita quantity present 

of the first commodity. The same is true for traders in T'2 with regard 

to the second commodity. 

If one were to graph the bundles a(t) for every trader tin T'l• 

they would appear as in Figure 11, clustering along the vertical axis. 

Given any vertical line to the right of the axis, an infinite number of 

bundles would lie to its left, a finite number to its right. An analo-

gous situation would exist with respect to the horizontal axis for tra-

ders in T' 2. Thus, for no strictly positive commodity bundle x will 

N 

>... 
-!-) 
.,.; .. 
"0 
0 

~ ... 
0 . 
(.) . . . . .. . . . 

• a . . . . . . . . . 
. . 

. . 

commodity 1 

Figure 11. Commodity bundles a (t), 
for t in the set T' l· 
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there be an infinite number of traders whose allocations lie to the 

"northeast" of x. 

To see how possibilities such as this can be eliminated, consider a 

strictly positive bundle x, and recall that the rate of substitution of 

the second commodity for the first was originally defined in chapter II 

as the price above (below) which a trader in possession of x will desire 

to sell (buy) commodity 1. Suppose the quantity of the first commodity 

in x is increased. Economic intuition suggests that the trader's subjec

tive valuation of the first commodity relative to the second will fall, 

causing a decline in the rate of commodity substitution. On the other 

hand, if the quantity of the second commodity in x were to be increased, 

the trader's valuation of the first commodity relative to the second, and 

hence the rate of substitution, would increase. 

The rate of substitution of the second commodity for the first is 

thus inversely related to the magnitude of x1 and directly related to the 

magnitude of x2 • It makes sense, therefore, to claim that for a trader 

who has more than a given amount of commodity 2 to have a certain rate of 

substitution, it is necessary that she or he also own more than a certain 

minimum amount of commodity 1. Anything less would keep the rate at too 

high a level. 

This notion can, in effect, be used to place a limit on variation in 

the rates of commodity substitution across traders. Specifically, it 

will be assumed that for any two positive real numbers x 0 and s 0 , there 

exists another real number x'o > 0, such that if xis a strictly positive 

commodity bundle for which x2 > xo, then for any trader t in T, s1 (>-t' 

x) =so only if x1 > x'o (Figure 12). 
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so commodity 1 

Figure 12. A restriction on rates 
of commodity substitution. 

These two additional restrictions on traders' preferences ensure, at 

least in these respects, that the individuals in the market are not "too 

different" from one another. With these assumptions, it is possible to 

continue with the proof of Proposition 3.2 (1). 

Let f.l be a real number between zero and a 2, and let T" be the set of 

all traders in T' for whom a 2(t) > a 2 - J.l · As already indicated, T" will 

be infinite. Let x 0 := a 2 - J.l and s 0 s 1 (a). By assumption, there 

exists x'o > 0 such that a 1 (t) > x' o for every tinT". 

Define x := (x' 0 , x 0). xis, of course, strictly positive, so again 

by assumption there exists a real number r(x) > 0, such that for every t 

in T" a circle of radius r(x) can be drawn which just touches the bound-

ary of P(>-t' a (t)) at a (t), and which otherwise lies entirely inside the 

preference set. By axiom P3, there is a unique line A which is tangent 
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+ h 

X 

1 

commodity 1 

Figure 13. The desire to sell of a 
representative trader in T". 

to P(>-t' a(t)) at a(t). It is also an elementary fact of plane geometry 

that at any point on its circumference, a circle has only one tangent. 

Since the circle lies within trader t's preference set, and since A 

passes through a(t) which is on the boundary of .the circle, without 

intersecting the circle's interior, A must also be the unique tangent to 

the circle at that point. 

Let A' be the line of. commodity bundles whose value with respect to 

the price vector (n 0, 1) equals that of a(t). Since no> s 1 (a), A1 

intersects P('>-t' a(t)) to the "northwest" of a(t), for every trader tin 

T". In other words, each trader in T" will find it desirable to sell 

commodity 1 at price no. As can be seen in Figure 13, the existence, in 

each trader's preference set, of a circle of fixed radius, ensures the 

existence of a vector h such that a(t) + h '>-t a(t) for every t in T". 
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In fact, any price above s1(a) is now guaranteed to call forth an infi

nite supply of commodity 1, so trader t 1 will have no difficulty in pur

chasing enough to more than compensate for the cancellation of the con

tract with t 2. Hence, t1 is able to recontract competitively with an 

appropriate finite set of individuals in T", to the mutual advantage of 

all. 

In the second case, in which the pr~ce at which t1 and t 2 have con

tracted is less than the rate of commodity substitution, an argument can 

be constructed which is completely analogous to that above, by focusing 

on the trader who has contracted to sell at a price below s 1(a). It can 

be shown that this person can also recontract advantageously at a price 

between n[K) (t1, t2) and s1(a), with traders with whom she or he has not 

yet contracted. In either case, the assumption that t 1 and t2 have con

tracted at a price other than the equilibrium rate of commodity substitu

tion leads to a contradiction of the fact that K is a competitive equili

brium. Therefore (1) is valid. 

(2): Lett be a trader in the market and let x be a commodity bun

dle preferred by t to a(t). Since xis in P(>-t' a(t)), its value with 

respect to the price vector s(a) is greater than that of a(t) (Theorem 

3.1). According to statement (1) above, all contracts made by tare at 

the price s1(a). The value of a(t) thus equals that of the trader's ini

tial bundle a*(t) with respect to s(a). Therefore, s(a) • a*(t) < 

s(a) • x (Figure 14). Ill 
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PO=-t• a(t)) 

X • 

1 

s 1 (a) commodity 1 

Figure 14. Constrained maximization 
of utility, by a trader in equilibrium. 



CHAPTER IV 

THE AXIOMATIC THEORY OF COMPETITION AND PRICES 

Commodities, Preferences, and 

Incentives for Trading 

Definitions. The commodity space is the vector space Rn, n ~ 2, with the 

Euclidean inner product, norm and topology. A commodity vector is a vee-

tor in R~0 . A price vector is a vector in {x E R:0 

commodity is thus designated the numeraire. 

x = 1}. The nth 
n 

A preference relation is a binary relation >- defined on R~0 satis-

fying irreflexivity: 

Pl. n 
x ~ x for every x E R>0 . 

n For every preference relation >- and x E R>O define P(>-, x) := 

{y E R~0 I y >x}. Denote by 'F the set of all preference relations which 

satisfy the following: 

P2. 

P3. 

n 
For every x, y E R>>O' y > x implies y E int P(>-, x). 

n For every x E R 
0 

andy E aP(~, x), there is a unique hyper>> 

plane Hwhich supports cl P(>-, x) such that Hncl P(>-, x) = {y}. 

P4. n n 
For every x E aR>O and y E R»O, one has y >- x. 

It can be show-n that 'E' is nonempty, since it contains the class of 

all relations on Rn obtainable from Cobb-Douglas utility functions. 4 
>0 

Theorem 4.1. For each (>-, x) E~ x R~>O' there is a unique price vector 

s(~, x) » 0 such that y E PO-, x) implies s(>-, x) • y > s(~, x) • x. 

44 
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Proof. Let {yi} be a collection of points in Rn, yi > x for every i, 

such that x is an accumulation point of the collection. By P2 every yi 

is in P ( >-, x), so x is an accumulation point of P ( :-, x). Since x t 

P ( > , x) by P 1, x s C:lP ( ')- , x) . Hence, by P 3 there exists a unique hyper-

plane H which supports cl P ( >-, x) with x s H. 

Let s be a normal of H. If s has any zero components, or components 

of opposite sign, then there exists y s R~0 such that s • y = 0, in which 

case s • (x + y) = s • x. y > 0 implies x + y > x, so by P2 x + y s 

int P (>-, x). This, together with s • (x + y) = s • x, contradicts the 

fact that H supports cl P ( >- , x) . Therefore, either s » 0 or s « 0. 

Define s ('r , x) s/sn. This produces a strictly positive price 

vector, the uniqueness of which is ensured by the uniqueness of H, 

together with the fact that only one normal of H can satisfy sn(~, x) = 

1. And of course, if y s P ( >-, x) , then s ( >- , x) • y > s ( )- , x) • x. I I I 

Define I := {1, 2, ... , n - 1}. For every i E I, s. (>-, x) is 
1 

termed the rate of substitution of the num~raire for the ith commodity 

at x. 

According to Theorem A.1 (see appendix II), if a closed subset of Rn 

has a nonempty interior and is supported by a hyperplane at each of its 

boundary points, then it is convex. Therefore, by axiom P3 we have: 

Lemma. For each (>- , x) s l? x R~>O' cl P ( >-, x) is convex. 

For each i s I, let M. denote the two-dimensional subspace spanned 
1 

by the ith and nth coordinate vectors in Rn. 

Theorem 4.2. Let ( > , x) s :P x R~>O and i s I. For every TI. s (0, oo), 
1 
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TI . :f s. p-, x), there exists h €: M. such that 
l. l. l. 

(1) X + h s int p ( >-, x), 

(2) n.h. + h = o, and 
1 1 n 

(3) TI. > s. (>-. x) implies h. < 0 and h > 0, while TI. < s.(>-, x) 
1 1 l. n 1 1 

implies h. > 0 andh < 0. 
1 n 

Proof. Let Po - P()-, x) - x. As x >> o·, s (>-, x) is defined, and it 

is clear from the proof of Theorem 4.1 that s c~, x) determines the 

unique homogeneous hyperplane which supports cl Po. 

Choose n. €: (0, (X)) , TI . :f s. c~, x), and define >.. - H n H. and A.' .-
1 1 1 1 

{y c: M. I n.y. + yn = 0}. !..'is obviously a line in M.; and since 
1 1 1 1 

s()o-, x) » 0, M. (which is two-dimensional) cannot be contained in H, so 
1 

>.. is also a line in Mi. Both >..and A.' pass through the origin. 

Claim: >.. :f A. '. Assume the contrary and let y c: /..\{0}. Then n.y . + 
1 l. 

But y e: M. implies that s (>-, x) • y = s. ('>-, x)y . + y = 0, so 
1 1 1 n 

n . = s. ( ~, x). This contradicts the definition of n. and proves the 
l. 1 1 

claim. 

Since>.. :f !..', A.' does not lie in H. By the lemma, cl P(>.-, x) is 

convex. Since H is unique, this implies by Theorem A.2 that there exists 

h e: !.. n int Po. Clearly, n.h. + hn = 0 and x + h e: int PC~. x). 
1 1 

Since 

he: int Po, we have 0 < s(>-, x) • h = s.(>-, x)h. +h. Thus 0 = n.h. + 
1 1 n 1 1 

hn implies si (~, x)hi > -hn = nihi and [si ('>-, x) - ni]hi > 0. If 

s. ( >- , x) > n. , then h. > 0 and h < 0; and if s. ( >- , x) < n. , then h. < 
1 1 1 n 1 1 1 

0 and hn > 0. Ill 

Corollary. h may be chosen so that II h II is arbitrarily small. 

Proof. This follows immediately from the convexity of cl P ().-, x) and 
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from Theorem A.3. Ill 

The Exchange Economy 

Definition. The ~of traders is the set of positive integers and is 

denoted T. 

The economic characteristics of the exchange economy under consider-

ation are given by two mappings, a*: 

satisfy the following: 

T -+ Rn · and 'i>-* : 
>>0 

El. 0 << a := ~iffi ~ I~=1 a*(t) << oo, 

T -+ 1?, which 

E2. For every s, xn E (0, oo) and i E I, there exists xi E (0, oo) 

such that if y E R~>O and yn > xn, then for any t E T, si ()-*(t), y) = s 

only if y. > x .. 
l. l. 

E3. For every i E I and x EM., x. and xn > 0, there exist r. (x) E 
l. l. l. 

(0, oo) and z(t) ERn such that for every t E T, B. (x) := {v EM. I II vII 
l. l. 

n 
< r. (x)} satisfies: if y E R 0 , y. > x. and yn > xn, then y E aB

1
. (x) + 

l. >> l. l. 

5 
z(t) and B. (x) + z(t) C int P( >-*(t), y). 

l. 

Hereafter, ~(t) will be denoted ~t. 

Definitions. An allocation of commodities to traders is a mapping 

a: T -+ R~0 for which ~im! I~= 1 a(t) << oo, a* is an allocation termed 

the economy's initial allocation. An allocation is said to be feasible 

. f 1" 1 \m ( ) -
l. m~ m Lt=1 a t = a. 

A (simple) contract for the ith commodity, i E I, is a vector x E Rn 

such that 

(1) 

(2) 

x. 1 0 for j = i or n, and x. = 0 otherwise; and 
J J 

x.x < 0. 
J. n 

The num~raire is thus required to be the sole medium of exchange. 
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A set of contracts for the economy is a mapping K: T x T x I+ Rn 

which satisfies the following: 

Cl. If K(t, t'. i) r 0, then K(t, t', i) is a simple contract for 

the ith commodity. 

C2 K(t' t '. 1") (' ") • , = -K t , t, 1 • 

C3. For every t £ T and i £ I, the set {t' £ T I K(t, t', i) ! 0} 

is finite. 

A set of contracts is said to be feasible if the mapping a defined 

on T by a(t) := a*(t) + It'sT Iisi K(t, t', i) is a feasible allocation. 

In particular, this requires a(t) ~ 0 for each t £ T. Thus, no set of 

contracts which would result in a negative "allocation" of commodities to 

some trader can be feasible. The set of all feasible sets of contracts 

is denoted K. 

A set of contracts K is called finite if {(t, t') £ T x T I 
K{t, t', i) # 0 for all i s I} is finite. 

Theorem 4.3. Every finite set of contracts K, for which the mapping a 

defined as above is an allocation, is feasible. 

Proof. If K is finite, then a(t) differs from a*(t) for only a finite 

number of traders. Thus, ~ill~ I~=l a(t) = a. Ill 

Corollary. K is nonempty. 

Definition. Let K(t, t', i) be a contract between traders t and t' for 

the ith commodity. Let Ki(t, t', i) and Kn(t, t', i) be the ith and nth 

components of the contract, respectively. The price at which the two 

traders have agreed to trade is given by 
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TI. (K) (t, t 1
) := -K (t, t 1

, i)/K. (t, t 1
, i). 

~ n ~ 

Competition 

Definitions. Let K s K and let S be a nonempty subset ofT. It is said 

that the traders in S can competitively recontract if there is a set S C 

S x T x I, Sf ~. and a mapping p: S + Rn\{0} which satisfy the follow-

ing: 

Rl. For every t s S, {t 1 s T J (t, t 1
, i) : s S for some is I} is 

nonempty and finite. 

R2. p(t, t 1
, i) + K(t, t 1

, i) is a simple contract for the ith com-

modity, for every (t, t 1
, i) s S for which it is nonzero. 

R3. For every (t, tl , i) E S, p (t, tl , i) + K (t, tl , i) 

{ -p (t I > t, i) - K (t 1 , t, i)' if (t I' t, i) E S 
= 

0, if (t I> t, i) i s. 

R4. For every t E s, a*(t) + Lt 1 sT Lid (p + K) (t, tl 
' 

i) >-t 

a* (t) + Lt 1 sT Iie:I K(t, tl , i), where p is the extension of p from S to 

s X T X I obtained by defining 

:= { 
p on s -p 
0 on (S X T X I)\S. 

The mapping p is called a comEetitive recontractin~ for S. 

S is the set of all traders who are actively involved in altering 

the current set of contracts K in the manner specified in p. If 

(t, t 1
, i) s S, then the contract K(t, t 1

, i) is being changed to 

p(t, t 1
, i) + K(t, t 1

, i) by, or with the consent of, trader t. The 

change is by mutual consent oft and t 1 if and only if (t 1 , t, i) is also 

in S. Of course, if (t 1
, t, i) i S, then the change does not have the 
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consent oft' and the only permitted change is cancellation of the con-

tract by t (axiom R3). 

As was noted in the previous chapter, this is a static analysis in 

which it is assumed that cancellation of a contract by one trader without 

the other's consent is also done without the other's knowledge. It is 

therefore quite possible to have t, t' £ S an~ (t, t', i) £ S, but 

(t', t, i) is. In this case, the changes to which t' has consented, so . . 
as to obtain a preferred allocation, may not have the desired effect 

since they were based on the set of contracts K and do not take into 

account the cancellation of K(t', t, i) by t. 

It is for this reason that S, p, p and R4 are specified as they are, 

and herein lies the most important difference between the current 

approach and that of core theory. The core of an economy is entirely a 

cooperative equilibrium concept: when, in response to disequilibrium, a 

coalition of traders forms to redistribute its initial allocation among 

its members, the only acceptable redistributions are those which ulti-

mately benefit all members of the coalition. This is not so with the 

definition of recontracting given here, since cooperation among traders 

in S is required only for altering the terms of an existing contract or 

for concluding a new contract between traders who had not previously con-

tracted with one another. 

-
Let K £ K, S C T, and S C S x T x I, S and S nonempty. If p is a 

competitive recontracting for S, then a new set of contracts resulting 

from the recontracting is determined as follows. First, extend p to 

T x T x I by defining 
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p ( t, t 1 
, i) , if ( t, t 1 

, i) E S 

p*(t, t', i) .- - p(t', t, i), if (t', t, i) E S but (t, t', i) t S 

0 otherwise. 

Second, define K' .- p* + K. 

Theorem 4.4. K' is a set of contracts. 

Proof. This is an immediate consequence of axioms Rl, R2 and R3, and of 

the definition of p*. Ill 

Notice, however, that K' need not be feasible, even though K is. 

Characteristics of Equilibria 

Definition. A feasible set of contracts is termed a competitive equili-

briurn if there is no set of traders capable of competitively recontract-

ing. 

Theorem 4.5. If K is a competitive equilibrium set of contracts and a is 

the (feasible) allocation it produces, then a(t) >> 0 for every t E T. 

Proof. Assume the contrary, i.e., that for some t £ T, a(t) E oR~0 • 

(Indeed, this must be the case if a(t) is not strictly positive, since 

a(t) > 0 is a requirement for any allocation.) 

LetS .- {t}, S := {(t, t', i) E S x T xI K(t, t', i) # 0}, and 

define p: S + Rn\{0} by p(t, t', i) := -K(t, t', i). Since p + K = 0 on 

S, and since S is a singleton, p trivially satisfies axioms Rl-R3 of a 

competitive recontracting. 

Define pas in R4. Then a*(t) + Lt' T I~ I (p + K) (t, t', i) = 
E . .1. E 

a*(t). By definition, a*(t) >> 0, so by axiom P4 we have a*(t) >-t a(t) 
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n 
E 3R>0. Therefore, p satisfies R4 and is a competitive recontracting for 

t. This contradicts the fact that K is a competitive equilibrium. Ill 

Proposition 4.1. If K is a competitive equilibrium and a is the. alloca-

tion it produces, then s ( >-t, a (t)) is the same for every t E T. 

Proof. Let K be a competitive equilibrium and assume to the contrary 

that for some i E I there exist t, t' E T such that si(7-t' a(t)) > 

si('f""t'' a(t')). Define ni := ~[si(~t' a(t)) + si(>-t'' a(t'))]. By 

Theorem 4.2 there exist h, h' E Mi such that (1) a(t) + h E int P(~t' 

a(t)), nihi + hn = 0, and (2) a(t') + h' E int P()-t 1 ' a(t 1
)), nih 1 i + 

hi = 0. Since h and hi are both orthogonal to (0, . . . 0, 'IT • ' o, n ' l 

, 0, 1) £ M. ' the two lie on a line in M. which contains the ori-
l l 

gin. As shown by Theorem 4.2, h. > 0, h < 0, hi. < 0 and h 1 > 0. 
1 n 1 n 

Furthermore, by the corollary to that theorem, h and h 1 may be chosen so 

that their lengths are arbitrarily small. It will therefore be assumed, 

without loss of generality, that they have been chosen so that h = -h 1 

and II h II = II h 1 II < min {I Ki (t, t', i) I, I Kn (t, t 1
, i) I}. 

LetS:= {t, t'} and S := {(t, t', i), (t', t, i)}, and define p: S 

+ Rn\{0} by p(t, t 1 , i) :=hand p(t', t, i) := h 1
• Also, let p be the 

extension of p to S x T x I as before. 

Rl and R3 are clearly satisfied by p. R4 is also satisfied since 

a* (t) + Lt"ET Lj d (p + K) (t, t", j) = a* (t) + Lt"£T Lj d K (t, t", j) + 

p(t, t', i) = a(t) + h ';>-t a(t); and similarly, a*(t') + Lt"e:T Ljd (p + 

K)(t', t", j) = a(t') + h' >-t' a(t'). 

Finally, since h EM., h. > 0 and h < 0, (p + K) (t, t 1
, i) is obvi-

1 1 n 

ously a contract if K. (t, t 1
, i) > 0 and K (t, t', i) < 0. And if 

1 n 
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K.(t, t', i) < 0 and K (t, t', i) > 0, then II h II< min {IK.(t, t', i)l, 
l. n l. 

IKn(t, t', i) I} implies that Ki(t, t', i) +hi< 0 and Kn(t, t', i) + hn 

> 0, so again one has a contract. Since (p + K)(t, t', i) is a contract 

if and only if (p + K)(t', t, i) is, R2 is satisfied. Therefore, pis a 

competitive recontracting for S. This contradicts the fact that K is a 

competitive equilibrium, so the assumption that si(~t' a(t)) > si(~t'' 

a(t')) was false. Ill 

Denote the price vector common to all traders in Proposition 4.1 by 

s (a). 

Theorem 4.6. Let K be a competitive equilibrium and a be the allocation 

it produces. Let i £I and n. £ (0, oo) such that n. # s. (a). There 
l. l. l. 

exist h £ M. and an infinite set T' C: T such that h satisfies (1)-(3) of 
l. 

Theorem 4.2 for every C>-t• a(t)) for which t £ T'. 

Proof. - 1 ~ The feasibility of K implies that 0 < a = lim - a (t) < oo. n m-+<x> m t=l n 

Let~£ (0, & ). By Theorem A.4 the set T' := {t £ T I a (t) > & - ~} n n n 

is infinite. For the remainder of the proof, statements about traders 

will apply to each trader in T'. 

Given xn .- &n- ~and s .- si(a), there exists, by axiom E2, xi£ 

(0, oo) such that a. (t) > x.. Let x be the vector in M. for which x. and 
l. l. l. l. 

xn are the ith and nth coordinates, respectively. Clearly, a. (t) 
J 

> xj > 0 and an(t) > xn > 0. Thus, by axiom E3, there exist ri(x) £ 

(0, oo) and z(t) £ Rn such that a(t) £ aBi(x) + z(t) and Bi(x) + z(t) C: 

int P(>-t• a(t)), where Bi(x) = {v £ Mi Ill vII< ri(x)}. 

Axiom P3 gives the existence of a unique hyperplane H(t) which sup-

ports cl P(~t' a(t)) at a(t). Define >. := H(t) () (M. + a(t)) and >.' := 
l. 
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{he: M. j TI.h. + h = 0} + a(t). Both A. and A. ' are lines in M. + a(t) 
1 1 1 n 1 

and pass through a(t) . .J () \.J\1. 7T. r s. a , so 1\ r 1\ 
1 1 

Passing through each point on the circumference of a circle is a 

unique tangent line in the plane in which the circle lies. B. (x) is the 
1 

interior of a circle in Mi. Since H does not intersect int P()-t' a(t)), 

it follows that A. n (B. (x) + z(t)) = cp . Thus, A. is the unique tangent to 
1 

cl B. (x) + z(t) at a(t). Therefore, there exists h e: M. such that h + 
1 1 

a(t) e: A.' (l (B . (x) + z(t)), for every t e: T'. This h satisfies (1)-(3) 
1 

of Theorem 4.2, for every t e: T'. Ill 

Proposition 4.2. If K is a competitive equilibrium and a is the alloca-

tion it produces, then 

(1) 7Ti(K)(t, t 1
) 

K(t, t', i) f. 0, and 

= s. (a) for every (t, t'~ i) e: T x T xI for which 
1 

(2) for every t e: T and x t R~>O' x >-t a(t) implies s • x > 

s • a*(t). 

Proof. (1): Assume the contrary and let (t1, t 2) e: TxT such that for 

some i e: I, 7Ti[K] (t1, t2) is defined and is different from si(a). Choose 

7T e: (0, ~)between TI. [K] (t 1, t 2) and s. (a). By Theorem 4.6 there exist 
1 1 

an infinite set T' C T and a vector h e: M. such that 7Th. + h = 0 and 
1 1 n 

a(t) +he: int P(>-t' a(t)) for every t e: T'. Axiom C3 makes it possible 

to assume, without loss of generality, that K(t, t', i) = 0 when t e: {1:1, 

t 2 } and t' e: T'. It will also be assumed that t 1, t 2 iT'. 

There are two cases, depending on whether 7T. [K] (t l• t 2) is greater 
1 

or less that s. (a). Assume the former, and assume, w.o.l.o.g., that 
. 1 

K. (t 1, t 2, i) > 0 (i.e., that t 1 is buying from t 2 at a price above 
1 
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s. (a)). In this case 1 one also has n > s. (a) . so that h. < 0 and h > 0. 
1 1 1 n 

Let m be the smallest integer for which IK (t1, t2 1 i) I < mh and n n 

define h' e: M. by h' ·-
1 

jK (t1 t2, i) I and h'. := -h' /n. 
1 n .- iii' n • 1 n Defining 

h' in this way yields a scalar multiple of h, the scalar being somewhere 

in (0, 1]. By the corollary to Theorem 4.2, this implies a(t) + h' e: 

int P(~t' a(t)) for every t e: T'. It also follows from the definition of 

h' that mh' = -K Ct1, t2, i), n n 

.!_ TI. (K) (tl, t2)K. (tl, t2, i) > 
'IT 1 1 

LetT C: T' consist of the first m traders in T', and defineS .m 
~ 

{tl} U Tm and S := {(t, t', i) e: S x T x {i} I (t, t') e: ({ti} x Tm) U 

p (tl t I 1 i) •-

~ n 
S + R \{0} by 

-h' if (t, t') e: {tl} X T m 

h' if (t, t') € T X {tl}. m 

It is clear that R1 and R3 are satisfied by p; and since K(t 1, t, i) 

= 0 for every t e: T, (p + K)(t, t', i) e: {0, h', -h'} for every (t, t', m 

i) e: S, thus satisfying R2 as well. 

Defining p as before, the fact that m(-h' . ) = K (t 1, t 2, i) < 0 and n n 

m(-h'i) > Ki Ct1, t2, i) > 0 implies a*(t 1) + Lte:T Lje:I (p + K)(tl, t, j) 

~ a*Ct1) + Lte:T Lje:I K(tl, t, j) = a(tl)· It follows from P2 that a*(t 1) 

+ Lte:T Lje:I (p + K)(tl, t, j) ';-t
1
a(t 1). In addition, for every t e: Tm, 

a(t) + h' e: int P()-t, a(t)), so a*(t) + Lt'e:T Lje:l (p + K)(t, t', j) = 
a(t) + h' ';-t a(t). Thus, p satisfies R4 and is a competitive recon

tracting for S. 

In the second case, in which ni{K](t 1, t 2) < si(a), a competitive 

recontracting can be constructed in a manner completely analogous to that 
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to that used above, by showing that the trader who is selling the ith 

commodity at a price below s . (a) can recontract advantageously at price n 
1 

with traders with whom he or she has not yet contracted. In either case, 

the assumption that n. [K] (t 1 , t 2 ) # s. (a ) leads to a contradiction of the 
1 l 

fact that K is a competitive equilibrium. Therefore, (1) is valid. 

(2): Lett E T. By virtue of the above, if K(t, t 1
, i) # 0 for any 

t 1 
E T and i £ I, then - Kn(t, t 1

, i)I Ki.(t, t 1
, i) = TI . (K) (t, t 1) = S. (a). 

l 1 . 
Thus, 0 = Kn (t, t 1

, i) + si (a) Ki (t, t 1
, i) = s (a ) • K (t, t 1

, i), which in 

turn implies s(a ) • a(t) = s(a) • a*(t) + Lt 1 £T Lid s(a) • K(t, t 1
, i) 

= s(a) • a*(t). Therefore, if x E R~>O such that x )-t a(t), then by 

Theorem 4.1 s(a) • x > s(a) • a (t) = s(a ) • a*(t). Ill 



CHAPTER V 

REMARKS ON THE DEVELOPMENT AND 

SIGNIFICANCE OF THE THEORY 

The axiomatic theory of competition presented in chapter IV was 

developed in response to problems associ:ated with the theory of the core 

of an economy, and with its economic interpretation. Core theory has 

been widely claimed to provide "a precise explanation_of competitive 

behavior" (Debreu & Scarf, 1972, p. 283), and to justify the assumption 

of price-taking behavior in large economies (Hildenbrand, 1974, pp. 131, 

133). However, it is far from clear that core theory actually succeeds in 

this, since the claims rest on relationships shown to exist between an 

economy's core and its set of competitive or Walras equilibria, and these 

two concepts are, at least superficially, based on very different behav

ioral assumptions. The thesis research thus began by seeking to modify 

and extend core theory in ways which would demonstrate a common behav

ioral basis for the two equilibrium concepts. 

As research progressed, though, it proved possible and even neces

sary to rethink the foundations of neoclassical competitive analysis. 

The eventual result was a "theory of value" which accords preferences a 

primary role in price determination (even as neoclassical theory does), 

but which replaces the definition of competition as price-taking behavior 

with one in which both prices and quantities are decision variables for 
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the individual. This notion of competitive behavior, perhaps best termed 

11price competition," is essentially the one which had been used by clas-

sical economic theorists (McNulty, 1968, p. 649). It is therefore possi-

ble, as indicated in chapter I, to interpret the thesis as a synthesis of 

the classical and neoclassical theories, in which certain inconsistencies 

in the latter have thereby been elimin~ted. (This interpretation, 

though, was discovered only when the ax,iomatic theory was already essen-. 
tially complete.) 

The purpose of this chapter is to place the axiomatic theory of com-

petition in perspective, by reviewing the considerations which determined 

its major structural characteristics and which distinguish it from the 

theories of the core and of perfect competition. The natural starting 

point is a brief discussion of those two theories. Since the results of 

the thesis apply only to economies in which the set of traders is infi-

nite, this will be limited to the corresponding situation in core theory, 

namely, the so-called economies with a continuum of traders. 

The concepts of the core and of Walras equilibria do not deal with 

exchange explicitly, but focus instead on its consequences: the redis-

tribution of commodities among traders. Both provide criteria, based on 

people's preferences and initial holdings of commodities, by means of 

which particular feasible allocations are singled out as being 11accept-

able 11 outcomes of the exchange process. An allocation a for a given 

economy, is said to be in the core of that economy if there is no "eco-

nomically significant" set of traders (technically, one with "positive 

measure") capable of redistributing its own initial allocation among its 

members, so that each trader in the set will recieve a commodity bundle 
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which is preferable to the one given by a. An allocation a for the econ-

omy is said to be a competitive or Walras equilibrium for the economy if 

there exists a price vector n such that, for every trader t, the value of 

a (t) with respect to n is no greater than the value of the trader's ini-

tial bundle, and no bundle with a value less than or equal to that of the 

initial bundle is preferred to a(t). 6 _ (Note: both here and in the fol-

lowing, when no num~raire is assumed, ~he term price vector is not 

restricted by the definition given in the last chapter, and can generally 

refer to any nonnegative vector.) 

It was first shown by Aumann in "Markets with a Continuum of Tra-

ders" (1964), that if the set of traders in an economy is taken to be 

uncountably infinite, like the continuum of points on a line, then the 

core equals the set of Walras equilibria. The significant part of this 

result is that every core allocation is a Walras equilibrium; for it is 

easily shown that every equilibrium is in the core, even when the set of 

traders is finite (see Hildenbrand & Kirman, 1976, p. 98). 

The interpretation of this result, and the rationale for using a 

continuum of traders, is provided by Aumann: 

It is widely recognized that the notion of competitive equili
brium makes economic sense only if perfect competition is assumed. 
Otherwise a change in an individual's offer to buy or sell can 
easily upset prevailing prices, so that the restriction to these 
prices is meaningless. The notion of core, on the other hand, does 
not depend on perfect competition; it is perfectly valid even for 
markets containing only two or three traders ... [since it] 
ignores the price mechanism and involves only direct trading between 
the participants. Intuitively, one feels that money and prices are 
no more than a device to simplify trading, and therefore the two 
concepts should lead to the same allocations . . . when the notion 
of perfect competition is built into the model .... We submit that 
the most natural model for this purpose-contains a continuum of par
ticipants .... Very succinctly, the reason for this is that one 
can integrate over a continuum, and changing the integrand at a sin
gle point does not affect the value of the integral, that is, the 
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actions of a single individual are negligible. (pp. 40, 39) 

The idea that money and prices are essentially a simplifying device 

notwithstanding, the initial difficulty with this interpretation of the 

core lay precisely in the fact that it does ignore prices, while claiming 

to imply something about people's behavior with respect to prices in a 

large economy. It is, after all, a basic tenet of price theory, that in 

a monetized economy a significant degr~e of coordination of economic 

activity can result from the mutual interaction of prices and individual 

decision-making which occurs in competition. If, implicit in core the

ory, there were any meaningful connection whatsoever between prices and 

decision-making, the definition of the core and the method of proving 

theorems about it seemed to obscure the fact, rather than elucidate it. 

Attempts to modify the theory of the core and thereby produce a 

satisfactory "explanation of competitive behavior," ultimately led to a 

theory which differs from that of the core in four respects. First, 

instead of considering only the initial and final allocations of commod

ities to traders, as core theory does, the actual transactions between 

individuals which result in final allocations are used. Second, it is 

assumed that one of the commodities traded serves both as a medium of 

exchange and as a numeraire, so that a unique price can be associated 

with each transaction. Third, the notion of recontracting is introduced 

in order to adequately deal with the noncooperative aspects of competi

tive behavior. And fourth, the set of traders is assumed to be countably 

infinite, and each trader is restricted to contracting with only a finite 

number of other traders. In this way, the economy is always indefinitely 

large from the individual's point of view; at the same time, any trade 
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between two individuals will have a defini te impact on their holdings of 

commodities (something which is not true for economies with a continuum 

of traders). 

The first of these modifications was derived from an article by Kei

ding (1978) entitled "Are Core Allocations Obtainable as Exchange Equili-

bria?" Discovery of this article seem~d fortuitous because it develops a 

relationship between the core and a co~cept of equilibrium which is much 

closer to one's intuitive understanding of price competition than is the 

core itself. An exchange is defined as a function which assigns to every 

pair (t, t') of traders in the economy a (possibly zero) vector x(t, t') 

in Rn, such that x(t, t') = -x(t', t). As with simple contracts, the 

positive components of x(t, t') are taken to be the quantities of commod

ities which t recieves from t', and the negative components to be the 

quantities which t gives up in exchange. Feasibility of exchanges is 

defined in essentially the same way as it was for sets of contracts. 

It is said that a feasible exchange can be improved if there is an 

economically significant set of traders, each of whom finds it possible 

to advantageously cancel some or all of the exchange vectors they have 

made with traders outside the set, while perhaps agreeing to new exchange 

vectors with traders inside the set. An exchange equilibrium is a feasi

ble exchange which cannot be improved. Keiding shows that every exchange 

equilibrium produces a core allocation and that every core allocation can 

be obtained from some exchange equilibrium. 7 

The cancellation of exchange vectors and the proposing of new ones 

can be easily interpreted in terms of individuals seeking to secure the 

most advantageous trades possible from among the alternatives available 
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to them. For this reason, the close relationship between exchange equi

libria and core allocations made the core seem more concrete and more 

comprehensible. Furthermore, given a particular exchange vector x(t, t') 

there exist price vectors n, such that n • x(t, t') = 0, which is to say 

that the commodities received in the transaction have the same value with 

respect to n as those given up. A pr~ce vector which is compatible in 

this way with a given exchange vector, ,may be considered to contain 

information about what is happening in the transaction. The ability to 

associate a set of compatible price vectors with each x(t, t') in an 

exchange x, raised the possibility that exchange equilibria could somehow 

be used to link prices, decision-making and the concept of the core in a 

very natural way. 

This possibility was investigated for economies with a continuum of 

traders, after first making appropriate modifications in the way such 

economies had been treated in Keiding's article.
8 

It soon became appar

ent, however, that the mere ability to find a set of price vectors which 

were compatible with a given exchange vector was not sufficient for 

showing how prices might guide traders in disequilibrium as they sought 

to cancel current exchange vectors and propose new ones. Since the prob

lem arose from the lack of uniqueness of the price vectors, it was 

finally decided to modify the definition of exchange functions by expli

citly introducing a medium of exchange , into the analysis. This permitted 

a unique price to be associated with each transaction, made it possible 

to rigorously formulate propositions concerning the nature of prices in 

an exchange equilibrium, and to investigate the role played by prices in 

the decision-making of traders outside equilibrium. Specifically, it was 
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hypothesized (1) that for an economy with a continuum of traders, an 

exchange equilibrium would exhibit (almost everywhere) uniform prices and 

the ability of traders to maximize utility subject to those prices, and 

(2) that price information could somehow be used in identifying a set of 

traders capable of improving an exchange which did not exhibit these 

characteristics. 

Of course, the increased clarity qnd precision which was ultimately 

brought to the analysis by the use of a medium of exchange, could not be 

immediately realized, for as yet only a vague idea existed of exactly how 

traders might use prices to guide their behavior in disequilibrium. It 

was while investigating the idea, that the definition of "improving an 

exchange" was first seen to be inappropriate as a way of modelling compe

titive behavior. 

In the definition, nothing is said concerning what happens within 

the set of traders who are actively involved in making the changes. The 

only requirement is that the set include everyone initiating or consent

ing to changes in the current exchange; the only change permitted in a 

transaction with someone outside the set is cancellation. At the same 

time, whatever does occur between traders in the set is required to be 

beneficial for each. Given the assumption of self-interest as the moti

vating factor in competitive behavior, there seemed no reason why some 

trader, in attempting to make advantageous changes in his or her current 

exchange committments, could not include among those changes an action 

which might be detrimental to someone else, solely because the other per

son was also engaged in seeking advantageous changes. This realization 

led to the definition of competitive recontracting (the term, of course, 
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being inspired by Edgeworth, 1881/1961), together with corresponding 

changes in notation and terminology ("exchange" being replaced by "set of 

contracts," 11 exchange equilibrium" by "competitive equilibrium," etc.). 

In retrospect, this may seem to have been an unnecessary scruple, 

for as it turned out, none of the competitive recontractings constructed 

in chapter IV required the cancellatiqn by one trader of a contract with 

another trader who was also engaged in , initiating changes. It would 

therefore be possible for each theorem and proposition to be reformulated 

for exchange equilibria, without essentially altering the methods of 

proof, so long as the use of a medium of exchange were maintained. 

Nevertheless, the reason for adopting the recontracting approach still 

applies. 

With the definition of recontracting in hand, research again turned 

to the problem of proving price uniformity and utility maximization in 

equilibrium. Since the set of traders was assumed to be a continuum, 

these characteristics were required to hold for "almost all" traders in 

the economy; that is, any set of traders for whom they did not hold in 

equilibrium was required to have zero measure and thus be so small a part 

of the economy as to be without economic influence. 

The motivation for the proofs was taken from the traditional neo

classical analysis of exchange, a summary of which was given at the 

beginning of chapter I. The task of making such arguments rigorous was 

found to be quite involved, due to the difficulty of constructing sets of 

traders of positive measure who were capable of recontracting in the 

desired manner. The attempt was fruitful, however, because in the pro

cess, means were found of simplifying the problem considerably. The 
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first of these concerned the nature of the set of traders; the second, 

the method of proof to be used. 

In the framework of the previous chapter, the commodity bundle given 

to trader t by a set of contracts K is a*(t) +LiE! Lt'ET K(t, t', i). 

The analog of this sum when the set of traders T is a continuum, is a*(t) 

+Lis! JT K(t, ·, i). Any countable subset of a continuum, even an infi

nite one, will have a measure of zero. Since sets of measure zero make 

no contribution to the value of an integral, the integral of a function 

which is nonzero at only a countable number of points will be zero. Con

sequently, when a continuum of traders is used, it is necessary for a 

trader to contract with an uncountable number of people before there will 

be any effect on the trader's initial holdings of commodities. It is for 

this reason, as indicated in Aumann's remarks quoted earlier (1964, 

p. 39), that the continuous model was adopted to begin with. In line 

with the neoclassical belief that individuals in a large market can never 

influence prices, he developed a model in which no .trader can influence 

the outcome of trading for anyone else, because the quantities traded by 

each one are infinitesimal. 

The implications of such an approach are somehow less obvious in the 

context of core theory, perhaps because individual transactions are not 

considered explicitly. When transactions are so considered, it becomes 

easier to see that the use of a continuum of traders is, in fact, a very 

artificial means of ensuring that individuals will be without economic 

influence. 

Consider intuitively, for a moment, the situation of a seller and a 

buyer in a large market. Why should it be expected that the buyer will 
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not secure a price below the equilibrium price? Is it not because there 

are so many other buyers out there, that the seller does not fear the 

loss of one person's business? And likewise, will not the seller be 

unable to obtain a price above the equilibrium one, because the buyer has 

so many other sellers from whom to choose, if need be? It is due to the 

presence of a great many potential comp~titors on both sides of the mar

ket, that no one will be able to influe~ce prices in equilibrium. At the 

same time, if this buyer and seller should decide to trade with one 

another, the act of doing so will have a definite (albeit perhaps small) 

influence on the commodity holdings of each. 

These are the considerations which led to the replacement of the 

continuum of traders with a countably infinite set, and to the require

ment that no one trade with more than a finite number of traders at any 

given time. In consequence, though, it became possible to replace inte

grals with finite sums, and to eliminate all explicitly measure-theoretic 

concepts and techniques from the analysis. Further, it became sufficient 

to deal with only a finite number of traders in constructing recontract

ings; and the desired propositions could even be strengthened, since the 

characteristics of equilibrium could now be shown to hold for all tra

ders, not just 11almost all" of them. 

At this point, the basic framework of the axiomatic theory of compe

tition was complete. What remained was to determine specific assumptions 

with which the characteristics of equilibria could be derived, and to 

select the general method by which the derivation would be made. The 

method chosen was the second product of that initial attempt to obtain a 

proof along more traditional lines. It consisted, simply, of demonstrat-
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ing Pareto optimal ity first, so that rates of commodity substitution 

could be used in the proof of price uniformity. Given the combination of 

Pareto optimality and price uniformity, utility maximization followed 

easily. 

As was observed in the introduction (pp. 4, 5), there is a contra

diction in the neoclassical theory of price determination in large mar

kets, between arguments which require t~at a shift in prices occur in 

disequilibrium, and the explicit assumption that there is no one in the 

market capable of initiating the shift. Although not usually analyzed in 

any detail, the change in prices which takes place in a disequilibrium 

situation implicitly requires traders to engage in the kind of behavior 

which classical economists called price competition. Like something 

buried sufficiently close to the surface that its outlines can still be 

percieved, should one happen to look closely enough, the older under

standing of things was never completely lost as neoclassical theory 

developed. 

Looking back on the path which the research for this thesis fol

lowed, it appears that this understanding was present (though at first 

only vaguely) as a guiding intuition from the beginning. And in fact, 

the research was a process of mutual feedback between the intuition and 

the mathematics, in which the former was first brought to full conscious

ness, and thereafter aquired increasing definiteness as the latter became 

its formal expression. 

It was when the task of filling in details of assumptions and proofs 

was nearly complete, that McNulty's article, "Economic Theory and the 

Meaning of Competition" (1968), was discovered. As part of a broader 
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discussion of economic competition in general, McNulty identifies price 

competition in particular as being what classical economists understood 

as competitive behavior. This is in sharp contrast to the neoclassical 

notion of perfect competition, which refers to a market in which each 

participant is economically insignificant and thus inherently unable to 

effect changes in price. As he points ~ut, 

the classical concept of competitiov as a guiding force is not 
only different from the neoclassical concept of competition as a 
state of affairs; the two are incompatible in a fundamental sense, 
reflecting precisely the difference between a condition of equili
brium and the behavioral pattern leading to it .... Thus, the 
single activity which best characterized the meaning of competition 
in classical economics--price cutting by an individual firm in order 
to get rid of excess supplies--becomes the one activity impossible 
under perfect competition. And what for the classical economists 
was the single analytical function of the competitive process--the 
determination of market price--becomes, with perfect competition, 
the one thing unexplained and unaccounted for. (p. 649) 

With this it became apparent that the importance of the thesis 

extends beyond the problems with core theory with which it began, to the 

theory of value in general. Its true significance lies in the develop-

ment, however simplistic and abstract, of a theory of value which com-

bines the neoclassical insight into the role of preferences in trading, 

with the classical understanding of competition, in which people acting 

as individuals to alter prices to their advantage, bring about a result 

unintended by any: the realization of equilibrium prices. 
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APPENDIX I 

SUMMARY OF NOTATION 

is definitional, i.e., an expression to the left of 

-
the symbol is defined by an expression to the right 

of the symbol. 

denotes the set consisting of the elements listed. 

means a is an element of the set A. 

means a is not an element of the set A. 

denotes the set of all elements in A for which the 

proposition 't9(a) is a true statement. 

denotes the empty set. 

means A is a subset of B. 

means A C B and B CA. 

means A is a proper subset of B, i.e., A C B but 

A 'f B. 

denotes the set of all elements which are in both A 

and B. 

denotes the set of all elements in A which are not 

also in B. 

denotes the Cartesian product of A with B, i.e., the 

set of all ordered pairs (a, b) with a E: A and b E: B. 

denotes the function or mapping which associates each 
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element of A with a single element of B. 

denotes the set of all positive real numbers. 

denotes the set of all real ,numbers between r 1 and 

denotes the set of all positive real numbers less 

than or equal tor_> 0. 

denote the quotient- of the real numbers r 1 and r 2 • . 
is the absolute value of the real number r. 

is the product of the real numbers r1, . ' r . n 

for AC: R, is the largest real number in the set A. 

for a. e: R, is an infinite sequence of numbers a .. 
]. ]. 

is the vector space of ordered n-tuples (xl' 

xn) of real numbers X., i = 1, 2, . . , n. 
]. 

for x 
n denotes the ith of In gen-e: R , component X. 

era!, subscripts associated with vectors have this 

meaning; e.g., a. (t) is the ith component of a{t). 
1 

denotes either the number zero, or the zero vector 

(the vector each of whose components is zero). 

for x, y E: Rn means X. = yi' i = 1, 2, . , n. , 
]. 

for x, y E: Rn means X. ~yi' i = 1, 2, n. , 
]. 

, 

for x, y E: Rn , means X ~ y, but X "f y. 

for x, y E: Rn, means X. > y., i = 1, 2, . . . n . 
]. ]. 

, 

denote, respectively, the sum and difference of x and 

y, where x andy are either both numbers or both vee-

tors. 

denotes the sum g (1) + g (2) + • • • + g (m), of the 
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real numbers or vectors g(i). 

denotes the sum of the real numbers or vectors g(c), 

where C is some countable index set. 

where A C Rn and x <.: Rn, denote, respectively, the 

sets of all sums a + x and a - x, where a <.: A. 

denote the sets of vectors in Rn which are, respec-

tively, ~ 0, > 0, apd >> 0 . . 
n for x, y <.: R , denotes the Euclidean inner (dot or 

scalar) product of x withy, i.e., x • y = L~=l xiyi. 

n for x <.: R , denotes the norm (length or magnitude) of 

x, i.e., II x II = (x • x) 112 • 

denotes the limit of an infinite sequence of real 

numbers or vectors g(m), as m +co. 

means that the sequence of real numbers g(m) > 0 con-

verges. 

means that the sequence of vectors g (m) ..::_ 0 converges .. 

n for A C R , denote, respectively, the interior, 

closure and boundary of the set A, relative to the 

topology generated in Rn by the Euclidean metric, 

unless another topology is specified. 

denotes the set of positive integers. 

denotes the end of a proof. 

denotes a preference relation defined on R~0 . 

mean, respectively, that x is preferred and not pre-

£erred to y. 

n denotes the set of all vectors preferred to x <.: R>O" 
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denotes the set of all preference relations which 

satisfy Pl through P4. 

n 
for (>-, x) E 1? x R>>O' denotes the vector of rates 

of commodity substitution at x. 

denotes an index set consisting of the integers 1, 2, 

. ' n - 1, where n is the number of dimensions of 

the commodity spa~ Rn . . 
denotes the two-dimensional subspace generated by the 

ith and nth coordinate vectors in Rn, i E I. 

denotes the set of positive integers, when construed 

as the set of traders in the economy. 

denotes the initial allocation of commodities to tra-

ders. 

denotes the mapping which specifies, for each trader, 

his or her preference relation. 

denotes the preference relation of trader t £ T, as 

specified by >-*. 

denotes the vector whose ith component is the quan-

tity of the ith commodity present per capita in a*. 

is the price of the ith commodity which is implicit 

in the contract K(t, t', i). 

is the vector of rates of commodity substitution 

associated with a Pareto-optimal allocation a. 



APPENDIX II 

MATHEMATICAL PREREQUISITES 

With the exception of convexity, the mathematical prerequisites of 

the thesis are essentially those which one would aquire in three under

graduate mathematics courses: set thebry, linear algebra, and introduc

tory analysis or topology. For background on the mathematics used, the 

reader is referred to five works: Lancaster (1968), Klein (1973), 

Kasriel (1977), Stoll (1974), and Rosenlicht (1968). The first two are 

mathematical economics texts, Lancaster being fairly brief, Klein provid

ing more depth; the last three are mathematics texts. Specifically, the 

reader is directed to the following areas. 

Set theory: Lancaster, §§R1.1-R1.5; Klein, chapters 1 and 2; Stoll 

and Kasriel, chapter 1. 

10. 

Linear algebra: Lancaster, §§R2.1, R2.3, and R2.5; Klein, chapter 

Topology in Rn: Klein, chapter 4; Kasriel, chapter 2. 

Infinite series: Rosenlicht, chapter VII, §2. 

Convexity: Lancaster, §§R4.1-R4.3; Klein, chapter 18. 

There are several results needed in chapter IV for which no ready 

references exist. These are now stated and proved. 

Theorem A.l. Let CC: Rn have a nonempty interior, and suppose that for 

each x E ac there exists a hyperplane which contains x and supports cl C. 

73 
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Then cl C is convex. 

Proof. Assume the contrary. Then there exist x, y E cl C and~ E (0, 1) 

such that z : = ~x + (1 - ~)y i cl C. Since cl C is closed, Rn \ cl C is 

open, and there exists an open neighborhood N of z which does not inter-

sect cl C. If x, y E ac, one can easily find x' E int C such that ~x' + 

(1 - ~)y E N. Hence it may be assumed, without loss of generality, that . 
x E int C. This together with the fact that z i cl C, implies the exis-

tence of~· E (0, 1) such that z' := ~·x + (1 - ~') E ac. Thus, there is 

a hyperplane H which supports cl Cat z'. 

Let p be normal to H, such that p • w ~ p • z', for each w E cl C. 

x E int C, sop· x < p • z'. As y = (z' - ~'x)l(1- ~'), it follows 

that p • y = (p • z' - ~'p • x)l(1 - ~') > (p • z' - ~·p • z')l(1 - ~') 

= (1- ~')(p • z')l(l- ~') = p • z'. This contradicts the fact that H 

supports cl C. Therefore, cl C is convex. Ill 

Theorem A.2. Let CC: Rn be convex with a nonempty interior, let x E ac, 

and let A be a line which contains x. If there is a unique hyperplane H 

which supports cl C at x, then A C H if and only if A n int C = ~· 

Proof (due to Dr. Harley Flanders, Dept. of Mathematics, FAU). If >..C: H, 

then A nint C = ~, since H supports cl C. 

Suppose, then, that A (lint C = ~· Let H' be a hyperplane orthogo-

nal to A, and project cl C and A onto H'. Denote the projection of cl C 

by C'. It will be necessary to work within H', so the concepts of clo-

sure, boundary, etc., when applied to C' are used solely with reference 

to the relative topology in H'. 
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Since A does not intersect int c, A projects onto a point x' E ac•. 

The projection of a convex set is convex, so there exists an (n - 2)-

dimensional linear manifold M C H' (a hyperplane in H') which supports 

cl C' at x'. Using A, M can be extended to a hyperplane H" in Rn, which 

contains A. M is then the projection of~· onto H'. Since cl C' is sup-

ported .by Mat x', cl C must be supported by H" at x. The uniqueness of 

the hyperplane which supports cl C at ~· implies that H = H". Therefore, 

A C H. Ill 

Theorem A. 3. Let C C Rn be convex, y E ac and x E int C. For every J..l E 

(0, 1), J..IX + (1 - J..I )Y E int C. 

Proof. Let J..l E (0, 1). If J..IX + (1- J..I)Y 1 0, then C may be translated 

to the origin by subtracting J..!X + (1 - J..I)Y from it. All relevant proper-

ties of C are invariant under translation, so it may be assumed, without 

loss of generality, that J..IX + (1 - J..I)Y = 0. Thus, y = Sx, where 8 := 

Let N C int C be an open neighborhood of x. Since scalar multiples 

of open sets are open, BN is an open neighborhood of y. y E ac, implies 

that BN intersects int C. One can therefore find z E N, such that Sz E 

int C. Define U := J..l (int C) + (1- J..I )( Bz). Translations of open sets 

are also open, so U is an open set which, in fact, is a subset of C,since 

since Sz E C and C is convex. Finally, z E int C implies that J..IZ + 

C 1 - j..l )( s z) = J..l z + C 1 - J.l )(- J.l) I C 1 - J..l) z = J.l z - J..l z = o e: u c in t c . I I I 

00 

Theorem A.4. Let {a.}. 
1 

be an infinite sequence of positive real num-
1 1= 

b h h 0 1
. 1 \m ers, sue t at < 1m - L· 

1 
a. < oo m-+oo m 1= 1 For every J..1 E (0, oo) , the set 
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J { ]· E z+ I a. > lim l \ID a - ~} is infinite. 
J m-'7-W m Li=1 i 

Proof. Assume that there exists ~ s (0, oo) for which J is finite. 

- . 1 Lm -Define a:= 11m- . 1 a .. For every i >max J, a. <a-~. Thus, 
~ m 1.= l. l. 

1 Im -m i= 1+max J ai < a - .~ f0r each m > 1 + max J. The sequence of averages 

of the a . being bounded above by a - ~ fori > max J, it follows that 
l. 

1 . 1 \m - 1 . 1 \m d. · 
~1.m - L· 1 a. < a - ~ < 1.m- L· a., a contra 1.ct1.on. 
~ m 1.= 1. - m+oo m 1.=1 1. Therefore J is 

infinite for every ~. Ill 



FOOTNOTES 

1
Definitions vary, depending on an author's purpose, however the key 

characteristic of a perfectly competitive economy is that in each market, 

the quantities traded by any individual are so small a portion of the 

total volume of transactions taking pl~ce, that a change in that individ-. 
ual's decisions will have no effect on the market price. A competitive 

equilibrium is a specification of a price for each commodity, and of a 

commodity bundle for each trader, such that (1) each trader finds his or 

her bundle to be the most desirable among those whose value, at those 

prices, does not exceed that of the trader's initial bundle, and (2) the 

total quantity of each commodity present in those bundles equals the 

total quantity present in the economy initially. 
? 
·Although it is beyond the scope of the thesis to investigate how 

this situation arose, it is worth noting that no such contradiction 

exists in Walras' Elements of Pure Economics (1874/1954), the first work 

in the neoclassical tradition in which the concepts of demand and supply 

were precisely defined and incorporated in an analysis of general eco-

nomic equilibrium. Fully in the neoclassical tradition, Walras assumed 

(§76) that at any given price, a trader's offer to buy or sell would be 

the most advantageous offer which could be made at that price. On this 

basis, he derived individual and market demand and supply functions, and 

defined an equilibrium price to be one in which market demand and supply 

are equal (§§81, 97 and 98). However, in contrast to the direction ulti-
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mately taken by neoclassical theorists, Walras himself explicitly defined 

competitive behavior in the classical manner (§41), and indicated (admit-

tedly while taking price uniformity for granted) the manner in which 

individuals' offers to buy or sell are linked to the process of competi-

tive bidding which ensues when the total quantities demanded and supplied 

are unequal (§42). 

3This discussion is based on Stoll (1974), §3.1, "Informal axiomatic 

theories." 

4
A Cobb-Douglas function on R~0 is a mapping f of the form f(x) := 

IT~ 
1 

x. 0i, where 6. > 0 for every i. Given a Cobb-Douglas function f, a 
1.= 1. 1. 

binary relation >- can be defined on Rn by the rule: 
>0 

x .,_ y if and only 

if f(x) > f(y). 

Pl: ~ is irreflexive, hence a preference relation, since f(x) f 

f(x). 

It follows from the definition of >-, that P(>-, x) is the inverse 

image under f of the open interval (f(x), oo). Since f is continuous, 

this implies that P(>-, x) is open, and that y £ 3P(>-, x) if and only if 

f(y) = f(x). 

P2: n 
Let x, y £ R>>O' 

P()-, x) = int P(>-, x). 

If y > x, then f(y) > f(x). Thus, y £ 

P3: ( ) 

0 0 b h 0 rrn o. 3P ~' X l.S g1.ven y t e equat1.0n i=l Yi 1. = 

f(x). It can be shown that for each i = 1, 2, . , n - 1, the partial 

derivatives ay jay. and a2y /ay. 2 exist, and that the second order par-
n 1. n 1. 

tials are everywhere positive. aP(>-, x) is thus everywhere differentia-

ble, and contains no flats or inflection points. Therefore, at each y £ 

P(>-, x), there exists a unique hyperplane H which supports cl P()-, x), 
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such that H n cl P ( 'r, x) = {y }. 

P4: Let x e aR~0 and y t R~>O' Then f(x) = 0 and f(y) > 0, which 

implies y > x. 

5 
Let ai' bi e (0, ""), 0 < ai < bi < "" ,fori e I, and let '>-*be such 

that >-*(t) is given by a Cobb-Douglas utility function ft(x) := 

IT~=l xi
0
i(t), for every t e T, which satisfies 6i (t)/ on(t) e (ai, bi)' 

for each i e I. 

Theorem. )-* satisfies axioms E2 and E3. 

Proof. E2: Lets, x e (0, oo) and i e I, and define x . . - a.x js. Let 
n 1. 1.n 

n 
y e R>>O such that yn > xn. For every t e T, s. (>-*(t), y) = I 3y / 3y. I l. n l. 

= o. (t)y / o (t)y .. Thus, if s = o. (t)y ./ o (t)y., then y. = 1. nn 1. 1. nn 1. 1 

E3: Let i e I and x, x' e M., such that 0 < x'. < x. and 0 < x' < 1. 1. 1 n 

x . Let r. (x) be a positive real number less than min {x. - x' . x -n 1 1 1' n 

x'n• x'i/3/(1 + bi)}. Further, let y e R~ >O such that yi > x'i and yn > 

x' n' and let t E T. 

The set P(>-*(t), y) n (y + M. ) = { w E y + M. I ft ( w) = f (y) } is a l. l. t 

curve in y + M .• It can 
l. 

be derived from the definition of ft that the 

curve is described by an . -( o.f o ) h . . equat1.on w = cw. 1. n , w ere c 1.s some posl.-
n l. 

tive constant. The radius of curvature of the curve at a particular 

point is given by 

~ (w) := [1 + (dw /dw.) 2 ] 31 2/l d2w /dw . 2 1. n 1. n 1. 

(See Lange, 1973, pp. 51, 53, and 356.) 

Since dw /dw. = - o.w / 6 w. and d2w /dw. 2 = (6 .w / o w. 2 )j (6 .j o + 1), n 1. 1. n n 1. n 1. 1. n n 1. 1. n 

the radius of curvature at y is 
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[ [ 
6 . y I 2J 31 2 [ o . y I ( o . J 

1/J (y) = 1 + / y ~ J I 6\ ~ zJ -f + 1 . 
n 1 n 1 n 

For any positive real number q, (1 + q2) 3 > 3q2, so (1 + q2) 312 > 

q/3. This implies 1/J(y) > /3(o.y 16 y. )l(o.y lo y. 2)(o.l6 + 1) = 
1 n n 1 1 n n 1 1 n 

y./31( 6.16 + 1) > x'./31 _(b. + 1) > 0. Thus, the radius of curvature has 
1 1 n 1 1 

a positive lower bound which is the sqme for every t e: T and for every y 

for which y. > x'. andy > x' . In P~. rticular, this lower bound applies 
1 1 n n 

if it is further assumed that y . > x. and y > x . 
1 1 n n 

Defining B. (x) := {v e: M. I II v II < r . (x) }, one can therefore find, 
1 1 1 

for each t e: T, a vector z(t) such that y e: aB. (x) + z(t) and B. (x) + 
1 1 

z (t) C int P ( ';-* (t), y). The latter inclusion is ensured by two facts. 

First, the radius of B. (x) is less than either x. - x' . or x - x' so 
1 1 1 n n' 

that B. (x) + z(t) contains no point w for which w. < x'. or w < x' . 
1 1- 1 n- n 

Second, the radius of B. (x) is less than the radius of curvature of 
1 

P(>-*(t), y) n (y + M.) at any point won the boundary for which w. > 
1 1 

x'. and w > x' . This guarantees that the boundary of the preference 
1 n n 

set will not intersect B. (t) + z(t). 
1 

Ill 
6More precisely, the set of traders can be assumed to be a measure 

space (A, l't, ~), where A is the set of traders, ?=t is the set of all sub-

sets of A, and 11 is a measure defined on ~ for which J.l(A) = 1. Formal 

definitions of measures and measure spaces may be found in Hildenbrand 

(1974, pp. 40, 43) and Rudin (1974, pp. 9, 17). Intuitively, however, 

the measure 11CB) of a subset B of A, may be interpreted as the percentage 

of traders in A who are also in B, or as the probability that a trader 

selected from A at random will belong to B. If A is finite, J.l(B) should 

be defined as the number of traders in B divided by the number of traders 
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in A. Every nonempty subset of A would then have positive measure and be 

economically significant. If A is uncountable and the measure "atomless" 

then ~(B) = 0 for every countable subset B. A statement about traders in 

A is said to be true for almost all traders, if the set of traders for 

whom it is not true has zero measure. 

An exchange economy is defined bY. measurable mappings a* and >-*, 

which specify the initial allocation apd preference relation, respec-. 
tively, of each a £A. It is required that 0 << JA a* d~ << oo, although 

a* and )-* need not, of course, satisfy the axioms of chapter IV. 

(Again, definitions of measurable mappings and their integrals are given 

in Hildenbrand, pp. 41, 45-46, and 53; and Rudin, pp. 9, 20, and 26.) 

An allocation a for the economy is said to be feasible if JA a d~ = 

fA a* d~. A feasible allocation a is said to be in the core of the econ

omy, provided there is no set BC A, ~(B) > 0, and an allocation a' such 

that (1) J8 a' d~ = J
8 

a* d~, and (2) a'(b) >-b a(b), for every b £B. 

A feasible allocation a is said to be a Walras equilibrium, if there is 

a price vector n such that, for almost all traders a £ A, x )- a (a) a 

implies n • x > n • a(a). 

7In Keiding's article, preferences are not defined on commodity bun-

dles, but on net trade vectors, where a net trade vector is defined as 

the difference between a commodity bundle and a trader's initial bundle. 

The concept of a net trade replaces that of an allocation in the analy-

sis. 

For a finite set of traders A, a net trade z is said to be feasible 

if L A z(a) = 0. as 
n An exchange is a mapping x: A x A ~ R , such that 

x(a, a') = -x(a', a) for every pair a, a' £A. An exchange is said to be 
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feasible if the mapping z defined by z(a) 

net trade. 

.- I , A x(a, a') is a feasible a e:: 

A feasible exchange x can be improved if there is an exchange x' and 

a nonempty set S C A such that x' (a, a) equals either x (a, a') or zero, 

for a e:: Sand a' E AS, and Ia'e::A x'(a, a') ?-a Ia'e::A x(a, a') for every 

a e:: S. An exchange equilibrium is a feasible exchange which cannot be 

improved. 

8The definitions given in note 7 must be modified when the set of 

traders forms a continuum, since summation cannot be used. Keiding's 

approach is to bypass mappings defined on the set of traders or on the 

set of all pairs of traders, and to use vector-valued measures instead. 

That is, for net trades he associates a net trade vector with each mea-

surable subset of A, and for exchanges he associates an exchange vector 

with each pair of measurable subsets of A. Intuitively, such vectors 

represent the quantities held by traders in a given set, or exchanged 

between traders in a pair of sets, respectively, averaged not over the 

traders involved, but over all traders in the economy. These vector-

valued measures therefore equal zero for isolated traders and pairs of 

traders. 

It was decided to reformulate Keiding's model using definitions 

which, like those in note 6, would be simultaneously applicable to finite 

economies as well as economies with a continuum of traders, and which 

would rest on the notion of allocations, rather than net trades. The 

reformulation used the Radon-Nikodym theorem and its converse which link 

measures and measurable functions via the Lebesgue integral (see Rudin, 

1974, pp . . 24, 130). 
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