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ABSTRACT 

Author: Mary D. Ayala 

Title: The Capital Asset Pricing Model 

Institution: Florida Atlantic University 

Degree: Master of Arts 

Year: 1980 

' This thesis reviews the majot literature associated 

with the Capital Asset Pricing Model with emphasis on related 

controversial issues. The model's underlying theories, devel-

oped by Harry Markowitz and James Tobin, are presented first. 

This is followed by themathematicalderivation, developed by 

William Sharpe. Special attention is given to the controver-

sial assumptions imposea by Markowitz and Tobin, which emerge 

in the CAPM. Major tests of the CAPM are reviewed next: and 

the empirical problems associated with test design are high-

lighted. It is shown that variations in test design produce 

controversial test results. The specific tests reviewed here 

fail to provide strong support for the nodel; nevertheless it 

becomes evident that such tests fostered a vast outpouring of 

new and extended models. The CAPM remains a breakthrough in 

financial and economic literature which deserves to be explored 

even more intensely in the future. 
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CHAPTER I 

INTRODUCTION 

The Purpose 

The purpose of this thesis- is toreview the CAPITAL 

ASSET PRICING MODEL AND to demonstiate its importance to 

areas of economic research which focus on the decision mak

ing process, under uncertain conditions. Markowitz first ex

plored the issue of uncertainty and determined that the in

vestor's utility function should incorporate a risk measure 

(1952,1959). Tobin focused on the implications of uncertainty 

and he determined that the demand for cash at low levels of 

interest was not caused by interest rate inelasticity. 

Essentially, Tobin was disagreeing with Keynes' theory 

of the liquidity trap (1936). The theortes of M~rkowitz 

and Tobin found practical application in the Capital 

Asset Pricing Model (CAPM), developed hy Sharpe (1964) and 

Treynor (1965), and extended by many others (Lintner, 1965) 

(Mossin, 1966) (Fama, 1968). Although these writers were 

concerned mainly with application of the CAPM as a portfolio 

performance criteria, there are areas of economics where the 

costs and benefits associated with generating capital can be 

derived through application of the model. Economic Planning 

is a specific area where the risk which is associated with 
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different input-output industry expecte d returns should be in-

corporated into the development of the desired economic base. 

There are numerous other pote ntial app lications in the field 

of macroeconomics and international trade. 

The Problem 

Application of the Capital Ass e t r~icing Model (CAPl! ) I 

has been slow because of mixed opinion concerning the under

lying assumptions of the model and :the difficulties encoun

tered in obtaining empirical support. This thesis can not 

resolve the controversies, however, it can demonstrate that 

they are of secondary importance. Critics do not doubt the 

"behavioral" theories of Markowitz . and Tobin which are the 

basis of the model, and which explain why the CAPM retains 

the interest of many economists to date. 

Contents of the Thesis 

The thesis begins with a brief statement concerning 

some early theories of investment behavior, none of which 

considered how uncertainty with respect to expected returns 

might affect the portfolio selection process. In Chapter I, 

Harry Markowitz develops the expected utility criterion as 

a substitute for an expected returns rule, and shows that a 

sufficient condition for diversification is risk aversity 

(1952, 1956, 1959). He also provides an illuminating discus-

sian on the rationale for diversification based on interpre

tation of the intercorrelation between security risk measures. 

Markowitz selects an expected utility function whose decision 
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variables are the mean and variance of e xpected returns. 

The necessary conditions underl y ing t hi s explicit utility 

function are clarified by James Tobin ( 1958,19 6 5) and Feldstein 

(1969). Markowitz and Tobin establish that the indifference 

curves for the investor facing uncertainty are located in 

the mean-variance plane, given certain restrictions on the 

utility function or the probability distribution of expected 

returns. 

Markowitz's other major contribution to portfolio 

theory is the derivation of the efficient frontier of a 

portfolio set, which is described also in terms of the 

mean and variance of individual portfolios. Using the 

"linearized" form of the investor indifference curves 

Markowitz establishes that the efficient frontier of the 

portfolio set is concave downwards. The concept of the 

efficient frontier is not used immediatel y in the derivation 

of the CAPM, however. Other contributions are developed first. 

In Chapter III, James Tobin develops the Separation 

Theorem, which is a theory of liquidity preferences, under 

conditions of uncertainty. The Separ~tion Theorem simpli

fies the "optimal" portfolio decision process to a selection 

between cash (or a riskless asset) and a single efficient 

portfolio. The chapter concludes with the derivation of the 

Capital Asset Pricing Model (CAPM) which uses both Tobin's 

and Barkowitz's theories. 
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The basic Capital Asset Pricing Model states that a 

security's return will be linearly related to its risk. The 

security is priced 1 i .. e. expec t ed to payout) relativ e to the 

market. The risk measure is the security 's cov ariance (called 

beta) with the market which cannot be diversified away. Ver

ification of the Capital Asset Pricing Model requires empiri

cal analysis. Test design has been ·varied, however; and re

sults have been mixed. A number of r esearchers have attempted 

to verify the CAPM using stock market data as a proxy for the 

market portfolio. In addition, the early tests used the mar

ket model to obtain estimates of a security's covariance with 

the market. The work of Douglas (1969) and Lintner is re

viewed in the first section of Chapter IV. Although their 

tests do not support the CAPM, Black, Jensen and Scholes (B,J,S) 

are able to explain the damaging results with an alternative 

model (1978). The B,J,S results establish some 2 support :~for 

the CAPM, but this requires dropping one of the modelts basic 

assumptions. 

Since the CAPM is a model about expectations, testing 

should use data comprised of expected values. Unfortunately, 

this type_ of data is in rather limited supply. Realized or 

ex-paste data is available; but their is some controversy 

over whether ex-paste data should be accepted as a valid sub

stitute for ex-ante values. Early studies used ex-paste data 

but acceptance of ex-paste values as a suitable proxy re-

quires prior acceptance of some underlying assumptions re

garding homogeneity of beliefs and the probability distributicns 
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of expected returns. This issue is discussed in Section II. 

A particular study by Friend, Westerfield and Granito is 

reviewed (1978). The important feature of their model is 

that it uses real eX-ante data and tests the CAPM without 

resorting to "realized" data. The section concludes with 

a comment by William Sharpe who illustrates that even this 

model is not impervious to attack. - In the final chapter the 

major topics are summarized and cortclusions drawn. 



CHAPTER II 

Portfolio Theory 

This chapter presents a review of portfolio theory 

as developed from the seminal works of Markowitz (1952, 

1956, 1959). The first section reviews his development of 

the mean-variance criterion for portfolio choice. A second 

section presents the derivation of the efficient frontier 

of portfolios and the chapter concludes with a discussion 

of the influence of intercorrelation on portfolio risk. 

The Criterion For Portfolio Choice 

Harry Markowitz's contribution to fue field of mod

ern portfolio selection theory was the development of two 

major concepts: the mean-variance criterion and the effi

cient frontier of a portfolio set. These concepts will be 

described in detail because both were essential to the de

velopment of the Captial Asset Pricing Model, the central 

topic of this paper. Prior to Markowitz's publication in 

1952, the investor might have followed the conventional 

maxim of seeking the highest expected return, as a guide to 

investment decision making processes. This conflicted, in 

Markowitz's opinion, with the observed tendency of investors 

to diversify their assets. Markowitz showed this in the 

following way. Letting R equal the discounted sum a portfolio, 

-6-
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h . th 0 d l rit equal the rate of return on t e l securlty, it equa 

the discount rate, and X. equal the proportion of wealth 
l 

0 d 0 h . th 0 lnveste ln t e l securlty. 

Rearranging terms 

n co 

R = .I x. L dit r.t l=1 l t= 1 l . 

Substituting for 
co 

R. t,g1 dit rit l 
n 

R = · L x. Ri· l=-1 l 

This illustrates that a maximum 

we 

can 

where 

obtain 

n 
.LX. = l. 
l= 1 l 

be achieved by setting 

Xi equal to one for whichever Ri is greatest. Thus, a single 

security is chosen, but cho~ce of a single security implies 

no diversification. 

In place of a maximum returns criterion for portfolio 

choice Markowitz suggested that the investor be regarded as 

attempting to maximize the utility of a return whose size is 

uncertain because it will be received in the future. This 

would assume that the investor was rational in the ususal 

economic sense. "The rational man. . makes no mistakes in 

arithmetic or logic in attempting to achieve his clearly d e-

fined objectives. " (Markowitz 1959, p. 206). The usual 

operationalization of this utility maximizing problem is to 

assume that the individual deals with his uncertainty by 

attempting to maximize the expected value of the utility. 

This is the so-called expected utility hypothesis. The 
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e xpected utility maxim proposes tha t an inv estor will calcu-

late the utility which he attaches t o each of several pos-

sible outcomes, R . and will c hoose one portfol i o from another, 
l 

on the basis of expected utility , i. e . 

n 
Eu(R) = .[ p. uR . where p . is the probability 

l= 1 l l l 

attached to each possible outcome R . . Markowitz argued 
l 

that a sufficient condition for diversi f ication is risk averse-

ness, and that this aversion to r l sk implies a concave down-

ward utility function. The followin g e xample provided by 

Layard and Walters illustrates why risk a versity is associated 

with concave downward utility functions (1978, pp. 355-3 5 7 ) . 

Consider two possible choices faced b y a consumer (Table 2.1 ) . 

TABLE 2.1 

UTILITY EXAMPLE 

Choice Outcome l Probability Outcome 2 J Pr obability 

A Certain 30 0.5 30 I 0.5 
I 

B Uncertain 50 0.5 10 0.5 

He can choose A which has a return of 30 which is cer tain, or 

case B which has equal probabilities of returns of 50 or 10. 

The e xpected return from Case B is also 30 since 

ERB ·= 0.5 x 10 + 0.5 X 50 = 30 

Since both choices have the same e xpected return, the investor 

would be indifferent under an e xpected return criterion. 

Under the expected utility criterion, there is no reason to 

I 
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expect indifference between the two choices since 

EU(A) = 0.5U(30) + 0.5U(30) = U(30) 

EU(B) = O.SU(SO) + O.SU(lO) 

and we cannot sum the utilities in EC( B) without knowing 

more about the utility function. However , we can say that 

if the investor chooses A over B he is demonstrating risk 

aversion and this would occur if his utility curve was con-

cave downwards. This is because onl y then would the riskier 

alternative lie below the certain choice (Figure 2.1) 

r 

I 
lJ (SO),.....·----------------,.-

au ( 1 0) + ( 1-a ) u (50) 
lJ(30)1 

l 

1 /2U ( 10)+1 /2U(50):-+: -----r----~ 

L-----1~0---------3=0---------------5~0----R 

~igure 2.1 A Concave Downwards Utility Function · 
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Markowitz went much further than ass uming that the utility 

function must be concave downward s. He used an expected 

utility function which depended solely o n expected return and 

its variance. The necessary conditions for deriving his e x -

pected utility function from his utility function were devel-

oped partly by himself and also by Tob i n (1958, 1965) and 

Feldstein (1969). The derivation i& based on a Taylor's series 

expansion around the point Ro = 0 ~ f the utility function 
l 

U=UR 0 =U ( 0) +u' ( 0) R 0 + u" ( 0) R? + u "' ( 0) R ~ + ... 
l l 

2! 3! 
and taking expected values 

EU = EUR o = EU ( 0) +u ' ( 0) ER 0 +u" ( 0) ER 0 +u ''' ( 0) ER. +. , l 
- 2! 3! 

but ERf = a~+ (ER)2 

because 

a 2 = E (R o - ER] 2 
R l 

= ER? 
l 

+ E(ER) 2 - 2ER(ER) 

= ER? - (ER) 2 
l 

therefore 

EU(Ro )=EU(O)+u' (O)ERo+u" (0) (aR2+(ER) 2 ]+u"' (O)ER? +. 
l l l 

2! 3! 
The Taylor expansion demonstrates that 1n a certain neighborhood 

where Ro = 0, the expected utility can be approximated by a 
l 

function of the variables a~= E(~), the variance and mean 

of the portfolio R. The approximation r-3quires ignoring 

terms involving the third or higher mo~Y~ents. The approxima-

tion is exact if the utility function is quadratic and/or 

the probability distribution of the expected returns is 
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normal. Referring to the Taylor expansion again, if the 

utility function is quadratic, the third ?artial derivative 

of the utility function u"' ( 0) will not exist. If the prob-

ability distribution of expected returns is normal, only the 

first two moments will exist and all terms beyond l/2u''(O) 

[ o 2 + (ER) 2 ) will vanish. 
R 

In sum, ~~.arkowitz suggested that 

rational investors would possess well defined utility func-

tions over portfolios characterized by different combinations 

of expected return and risk (as measured by the variance of 

the return) . The investors would select the portfolio which 

maximized their expected utility. 

The Efficient Frontier 

An implication of Markowitz's mean variance criterion 

is that an investor will minimize risk for any given expected 

return or, alternatively, he will maximize the expected re-

turn for a given level of risk. This implies the existence 

of an efficient portfolio frontier. Markowitz showed this in 

the following way. Using the relationship that the expected 

value of a portfolio R equals the weighted sum of the expected 

values of then securities (R 1 , R 2 , ••• Rn) ~!arkowitz derived 

the expected value of a portfolio's return (Harkowitz 1952, 

p. 80). 

E(R) = I::X.]..l. 
l l 

where 1-l· is the expected return on security 1. 
l 

Letting o 2 equal the variance of R, and 
R 

1 h . f h ( . th) -o . . equa s t e covar1ance o t e 1 ana lJ 
security 
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n 

= .L 
l=l 

n 
.L: a . . x.x. 
J= 1 lJ l J 

and if i = j, a?. is the variance of t he return on security i. 
ll 

In order to derive the efficient frontier, Markowitz consid-

ered a three security case. This permitted the use of plane 

geometry, because 

The analysis can be developed for uwo securities, by sub-

stitution of terms in the above equations for mean and variance. 

( 2 .1) 

( 2. 2) 

If (2.1) is solved for the set of (X 1 , X2 ) which satisfy a 

given E(R), the result is an isomean line. The solutions 

to (2.2) for given a ~ define a series of concentric ellipses 

called isovariance curves. The isomean and isovariance equa-

tions are represented in the x 1 x 2 plane ~s a set of parallel 

lines and as a family of concentric ellipses. This is 

demonstrated graphically below. The center of the system of 

isovariance curves (ellipses), denoted as X, represents the 

minimum variance portfolio. The figure also defines a tri-

angular region, known as the attainable set. The boundary 
. 

of the attainable set defines the restriction on the portfolio 

selection process which is imposed by the condition that 
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1- x3 = x1 + x2 , and Xi~O (prevention of short sales). Two 

figures are presented which define the critical lines for 

each of two situations. Figure 2.2 refers to the case where 

X is located within the attainable set. Figure 2.3 refers 

to the case where X is located outside this set. The criti-

cal line in each graph is locus of efficient E(R), a~ combin

ations i.e. a set of points where. E(R) is greatest for a 

g iven level, of a 2 - or conversely , ,where a 2 is least for a 
H' • R 

given level of E(R). 

\ X 
\ 

\ 
\ 

\ 

Direction of 
increasing E 

\ 
\ 

\ 
\ 
\ 

\ 
\ 

\ 
\ 

\ 
\ 

\ 

'1 
Figure 2.2 Critical Portfolio Line When 
the Minimum Variance at Point X Lies 
Inside the Attainable Set 
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X 

a 

~asing E 

/ 
/ 

/ 

Figure 2,3 Crit i cal Portfol to Line When 
the Minimum Variance at Point X lies 
Outside t~e Attafna5Je Set 
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The figures illustrate that the minimum solution is located 

at one extreme end of the critical line, while the maximum 

return solution is located at the other extreme. This demon-

strates clearly one of the basic fallacies of the conventional 

maxim. In addition, the analysis supports Harkowitz's alter-

native approach to the portfolio selection process. The 

efficient choice is located on the critical line(s) of the 

x 1 , x 2 plane. These lines can be tra:psposed into ER, a~ space. 

In multi-dimensional space, the elliptical isovariance curves are 

parabaloids. The linear isomeans are planes which cut through 

the paraboloid and produce a series o~ connected parabola 

segments in the E(R)cr~ plane (Markowitz 1952, p. 87) and 

the critical line, appearing in the E(R,cr~ plane, is usually 

referred to as the "efficient frontier of the portfolio set·., 

(Sharpe 19 7 0, p. 53) . 

Markowitz presented an alogorithmfor determining 

the exact shape of the efficient frontier in 1956. The exact 

shape of the efficient frontier is derived in another publica-

tion, where Harkowi tz uses linear programming techniques to 

illustrate that the efficient frontier was a quadraticfunction 

of variance with respect to expected returns. This is demon -

strated below, following (Sharpe 1970, pp. 56-62). 

a set of indifference curves in E(R) and cr~ space. 

them in the following manner 

cr 2 = a. + ;\E (R) 
R 

Consider 

Linearize 

Where a. and A are constants. The lack of a subscribpt on R 
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~ndicates we are considering the return on a portfolio, not 

a security. Figure 2.4 illustrates tha t minimizing a will 

serve to maximize utility, by moving to a higher indifference 

curve. 

E(R 

4 

Figure 2.4 Linearized Indifference Curves 

The objective therefore is to: 

minimize a = - A E(R) 

As shown in the discussion at the beginning of this section 

the expected return on the portfolio is. a weighted average 

of the expected returns on the securities 
n 

E(R) = .E X. E(R.) 
l=l l l 

where X. is the proportion of wealth in security i, and the 
l 
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v ariance of the portfolio is 
n 

= . L l=l 
n 2 

. l: X . X . a . . 
J=l l J lJ 

where o? . is the cov ariance of the r e t urn on security i with 
l] 

the return on security j. 

Finally 

n 
. l: X. = 1 l= 1 l 

If i and j, o2. is the v ariance. 
lJ 

Substituting the e xpressions for EHR) and o~ into the objec

tive function our objective is to select x1 •• X so as to 
n 

mlnlmize 

( 2. 3) 
n n 

- A.l: x .E. + . l: 
l= l l l l= 1 

n 
subject to l: x· = 1 

i= 1 l 

n 
. l: x.x .oz. 
J=l l J lJ 

The following argument suggests that ~ ;c2n be approximated 

by a linear function of A. Recalling tha t A is the slope of 

the indifference curve, that is the marginal rate of substi-

tution (MRS) between risk and return. The steeper the slope, 

the larger the value of A and the more risk averse is the 

investor. Hence 

( 2. 4) X. = K. + .\ k. l l l 

is a linear approximation where ki meas ures the impact of the 

MRS on the proportion of wealth invested in Ep. Substituting 

(2.4) into the optimization problem (2.3) produces results 

which demonstrate that the E(R) is a l ine ~r function of A and 

that o ~ is a quadratic function of A. 
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n 

E = . 2: x. E. 
p l= l l l 

n 
= 2: (1\: . = k. A) E. 

l l l 

n n 
E = ( 2:K . E.) + (2:k.E.) >. 

p l l l l 

n 
V = .2: p l=l 

n 
. 2: x.x .a . . 
J=l l J lJ 

n n 
= . L: . L (I<.+ k. A) (K . + k .A)cr .. 

l~l J=l l l J J lJ 
n n 

= L L:K. K. 0 .. + . L . L k.k . . . + k.K. a . ·. ) A 
l J lJ l=l J=l l J lJ l J lJ 

Solve the first equation for ;. and substitute into (2.6). The 

result will demonstrate that the variance of the portfolio 

is a quadratic function of the expecte~ returns. This pro-

vides the slope of the efficient fron t i er . Markowitz shows 

that the optimal portfolio is at the ~oint of tangency be-

tween the efficient frontier and the highest indifference 

curve. 

Intercorrelation and Portfo! io Risk 

Williams (1938) has suggestec that diversification 

of a portfolio would reduce risk because the "law of large 

numbers" would ensure that the actual :.e turn would approach 

the e xpected return so that the varia~ce of the return on the 

portfolio would ten~ to zero. Markowit~ disagreed, arguing 

that the returns on the securities could be expected to be 

intercorrelated so that the variance of t he portfolio could 

exceed the su~ of the individual variances. Tobin (1965) 

provided an illuminating discussion of the influence of 
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intercorrelation on risk. There are a number of different 

ways that a portfolio can be constructed, even in a simple 

two security case, by varying the pror ortion of funds alloted 

to each security. The variance of the portfolio will be 

where p
12 

is the intercorrelation of t h e returns on the two 

securities. The minimum risk port-folio is determined by par-

tial differentiation of 0 2 with r~spect to X1 and X2 • The 

optimal solutio~ (Xf, X!) is 

Three extreme cases can be discussed \,_cl:.ich will demonstrate 

Markowitz's point that the variance of ~ portfolio depends 

on the intercorrelation of security risk p 12 , not the law of 

large numbers as suggested by ~.Villiar:,_s. 

Case i . p = 0 

This represents a case of perfect independence. The 

variance of one security does not influence the variance of 

the other. It will be shown, however, that in this situation 

diversification can result in a conposite portfolio risk that 

is less than the risk of either security. For P 12 = 0 

0/.. 
1 

---) 
02 + 0 2 

1 1 

Substitution of these values into the equation for varlance 

will determine the minimum risk for the portfolio. 



-20-

Substituting Xt, X~ for the o 1 2 = 0 case yields 

The optimal (Xf, X~) combination illus trates that Xi will vary 

inversely with its own variance. If the analysis excludes 

cases where a · = 0, then X. will be po;,itive . 
l l 

Referring to 

the minimum risk equation described above, (and excluding 

cases where a. = 0) we can analy se if diversification can nro-
l • 

• 

duce a portfolio variance which is less than the variance of 

either security. 

a~ = 
a2+a2 

1 2 

Since a 2 < a2+a2 we must have a 2 < a2
1

• 
2 1 2 R 

Similarly a2 < ai . 
R 

When o12 = 1, the securities are perfectly correlated; there-

fore there can be no advantage to diversification. Portfolio 

return and risk will depend strictly on the proportion X. in
l 

vested in each security. The minimum risk decision is to set 

x. = 1 for the security with the smallest variance. 
l 

Case iii o = -1 12 

o~ +a 1 a 2 
a 2 +a 2 +2a a 

1 2 l 2 

Substituting Xt, Xi into the variance equation, 
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( a~ +2 a 1 ai + afa* ) crf + (cr'l +2 a 2 cri + crya~) 
( cr l cr2 ) 4 

-2 cr 1 cr 2 ( cr y+ cr 1 cr 2 ) ( G~ + cr 1 cr 2 ) 
(crlcr2 ) 

= 

-2 cr 1 cr 2 ( crtcr~ + cr r cr a+ cr 1 cr1 +crt cr~; 
( cr l cr2 ) 

combining terns. 

Thus in the case of perfect negative intercorrelation, the 

variance of the portfolio is zero regardless of the size of 

the individual variances. Sharpe (1970, p. 47) presents a 

graphical analysis of the three cases (Figure 2. 5). The se 

e q uations are obtained by evaluating 

for the three cases of p 12 and using X2=l- X1 . The p 12=l gives 

a linear relationship and we a ssume crf< a~ so that the minimum 

is at X1=1. vJhen p 1 2 =0, cr ~- is a quadratic function of x 1 

whose minimum is less than crf or cr~ . When P12= -1 the risk can 

be reduced to zero - a perfect hedging situation is achiev ed. 
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p ~2 = 1 

Figure 2.5 lntercorrelation and Risk 



CHAPTER III 

THE CAPITAL ASSET PRICING MODEL 

The work of Markowitz and Tobin on portfolio selec

tion found practical application through the derivation of 

the Capital Asset Pricing Model (CAPM) originally developed 

by Sharpe (1964) and Treynor (1~65) , and extended by Lintner 

(1965),Mossin (1966) and Fama (1968). The ingredients of 

the CAPM are the Separation Theorem, which shows that the 

optimal combination of a risk free asset and a risky port

folio is independent of the portfolio mix, the capital mar

·ket line, which shows that the expected rate of return on 

an equilibrium portfolio is linearly related to it standard 

dev iation, and the security market line, which shows that 

the return on a security is linearly related to its covar

iance with the market. These ingredients are discussed in 

the remaining sections of this Chaoter. 

The Separation Theorem 

Tobin's introduction of the Hrisk free" asset allowed 

the investor to choose, when confronting uncertain future re

turns, what proportion of his we~lth would be invested in an 

available "risky" asset. His choice, specifically the propor

tion invested in the risky asset (portfolio) X2=1-Xv represents 

in some fashion, the investor's preference or aversion towards 

-23-
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risk, as defined by the standard deviation of the asset's 

expected returns, oR . This statement is proved by Tobin in 

the following manner, by starting with the simplest example 

in which cash is defined ~s the riskless asset and consols 

are defined as the only risky asset (portfolio of one). 

It is shown, later, that these assumptions can be relaxed. 

For example, the riskless asset may have a positive return, 

Rf as in the case of savings accounts and the risky port-

folio may be a combination of securities which can be des-

cribed within a mean-variance portfolio set. In Tobin's 

initial version, however, since cash has a zero return and 

zero variance, the return of the portfolio, R depends solely 

on the return generated by the risky asset R2 and the pro-

portion of wealth invested this asset, x 2 . The return on 

the portfolio R is described by Tobin (1958, p. 307) as: 

• 
R = X2(R2+g)+X1 (0) 

where g is a random variable which represents an investor's 

definite expectation of gain or loss associated with each 

dollar's investment in consols. The expected gain, however, 

is zero. Therefore, taking expectations: 

E(R) = JJR = X R 
2 2 

The variance of the portfolio, o~ can be described similarly 

as: 

where p 12 is the correlation coefficient of R 1 and R2 , and o 1 

and 0 are the standard variations associated with the variances 
2 
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a~a~ of R1 and R2 • Simplifying terms: 

a~ = X~a~ and 

because a 1 , cry and p 12 = 0 by definition of the 'riskless" 

asset. Since E(R) and a~ both depend on X2 , a~ can be solved 

-
for X2 and substituted into the E(R) equation. 

Rewriting 

As written, E(R) is a linear function of its standard devia-

tion crR and can be graphed for various changes in the coeffi-

cient R2; a 2 . Assuming that the coefficient remains constant 

during a single time frame, this expression is valid. Figure 

3.1 illustrates how the decision to increase X2 will result 

in higher utility, as illustrated by a movement from T 0 , which 

is suboptimal, to T 1 • T 1 is the optimal solution, represented 

by its tangency with OC1, which is the portfolio set that exists 

in this simplified case. Tobin refers to oc 1 , as the opportunity 

locus (1958, p. 308). Figure 3.2 illustrates how changes in 

R2 (or GR ) will change the shape of the original opportunity 
2 

locus OC1. An increase in Rz results in a new opportunity 

locus OC2. The new utility maximum at T2 illustrates that at 
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· 0 

1 B 1 

Figure 3.1 Portfolio selection for risk 
averse investors 

0 I 
I 
I 

I
----- I 
~X2 I 
--------

a 
g 

l Bl 

Figure 3.2 Portfolio selection at different 
interest rates 

The indifference curves do not bend backward in Figure 3.1 
because Tobin assumes investors have quadratic utility 
functions (Tobin 1958, pp. 310-316). 
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higher levels of expected wealth, (OC 2 >oc 1 for a specific 

value of aR) , the investor will add p roportionately to his 

risky asset by 6X2 , illustrated in Figure 3.2. Summarizing, 

Tobin's initial statement is that a positive change in 

wealth, as described by positive changes in the slope of the 

opportunity locus, will cause the investor to increase the 

proportion of this wealth in R2 by 6X2 . The analysis is . 
broadened by replacement of the single risky consol for a 

multi-security risky portfolio. The expected return of the 

portfolio now becomes 

E( a ) = ~R = X2R2 =.~ x.R2 . l= l l l 

where x2 = ~ x. < 1. 
i=l l 

The total proportion of wealth invested 

in the risky portfolio is equal to the sum of the proportions 

invested in each of the securities contained in the portfolio. 

The variance is 

2 2 2 ~ ~ aR = X2aR = x. x . a .. 
2 i=l j=l 

}_ J l] 

where 2 . . equals the variance covariance term for the a l] or 

respective security R2i and R2 j. In an approach similar to 

the one described by ~1arkowi tz and outlined in the previous 

chapter (1952), Tobin locates the points of tangency between 

the isovariance and isomean lines. Tobin refers to the (X 1 , 

x2 ) combinations which produce a maximum E(R) (or a minimum 

aR) as dominant sets. Unlike Markowitz who focuses on the 

description of critical lines, Tobin is interested in a 
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description of a ray from the origin in the x1 , (l-X 1 ) plane. 

His purpose is to demonstrate that the dominant sets are lo-

cated on this ray (1958, p. 319-322). His proof which fol-

lows, is the first step in derivation of the Separation 

Theorem. Rewriting the last two equations as an optimality 

problem, Tobin forms the Lagrangian function which he mini-

mizes. 
. 

Min L = 2: 2: X. X . a. . - .\ 2: R . X. " E ( R2) 
. . l J lJ 21 l l] . 

The function indicates that the variance is being minimized 

subject to the particular isomean line where E(R2 ) is con-

stant. Partial diff~rentiation of L with respect to xi will 

produce a set of m simultaneous linear equations which 
• 

represent the necessary conditions for minimization. In 

matrix form they are: 

( cr .. ](x.] = [ .\ R
2 1

.] 
l] l 

l = 1. • m 

If all dominant sets lie on a ray from the origin as il-

lustrated in Figure 3.3, then multiplication of the vector 

x. by a non negative scalar k should be equal to 
l 

[x ~ k] = [x.] 
l l 

where the superscripts denote the different values. Simi

larly by definition of a dominant set, there is some .\
0 

such that 

and 

[a . . ][x? ] 
l] l 
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Figure 3.3 Dominant Combinations of Two Assets 
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~obin sets k = A1/ A0 indicating that the scalar is equal to 

the ratio of the 
dL/dER~ i . 

dL/dERli 
This expression is a ratio of 

the marginal utility of wealth, for two different levels of 

wealth. Tobin's de=inition of k as a scalar implies that 

the relationship between any two A is constant, also. 

Writing k = Al/A 0 as A1 = k A0 and substituting into 

[ cr . . ] [ kx ~ ] = [ k A 
0 R 

2 
•
1 

] 
1] 1 

the e q uation becomes 

[ cr .. ][kx.] = [A 1 R
2 1
·]. 

1] 1 

But since we already know that 

=[cr . . ][x~] 
1] 1 

the·n [cr .. ]lkx~] = [ cr .. ][x~]. 
1] 1 1] 1 

Since kx~ = 
1 

and kER 0
. 

21 
= mk o d l m 1 . L x. R. an ER

2 1
. =. L x.R. 

1= l 1 2 1 1= 1 1 21 

This proves Tobin's statement that dominant sets lie on the 

ray from the origin, as well as the optimal E(R) at various 

levels of wealth. Referring to Figure 3.3, ithas been as-

sumed, so far, that 
m 

. L X· < X2 < 1. 
1=1 1- -

Under conditions of 

equality, say at some point E in the above figure, all 

wealth is invested in the risky portfolio. Short of this 

point, wealth is apportioned between the risky portfolio 

and cash. The ratio of OC~OE , for example, indicates the 

proportion invested in the risky portfolio. Similarly 

.. 
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cOE/OE indicates the proportion of wealth invested in cash. 

In fact, corresponding to each point on the ray is a point 

on the opportunity locus described in Figure 3.1. What has 

been demonstrated in Figure 3.3 is the fact that the ". 

proportionate composition of the non cash assets is indepen-

II dent of their aggregate share of the investment balance. 

(Tobin 1958, p. 321). This concrusion, labeled the Separa

tion Theorem by subsequent authors, simplifies the portfolio 

selection process because determination of the non-cash mix 

no longer pertains to the determination of the cash-non cash 

mix (or risk-non risk mix) . The investor can select his 

optimal risk and utility point by treating the risky port

folio as if it were the only available risky asset from which 

~o choose. The maximization of utility can be determined by 

each investor through his choice between one riskless asset 

and one risky portfolio. 

The Capital Market Line 

The preceding analysis showed that the optimal combina

tion of a risky asset (OCRA) and riskless asset for an in

vestor was located on a straight line. This line labeled 

the linear efficient frontier in Figure 3.4, will be a ray 

through the origin if Rf is cash, otherwise it will have a 

positive intercept. This line must be tangent to the curved 

efficient frontier of the investor as illustrated in Figure 

3.5. A line can not be above this frontier because it is 

not attainable, and it can not lie below the frontier because 

this is an area of inefficient portfolios. 
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cr 
p 

Figure 3.4 A 1 inear efficient frontier with 
a risk free asset that has a positive ret urn 
Rf 

Linear Efficient Frontier 

0 ~-------------------------------------
(J 

p 

Figure 3.5 Tangency of the 1 inear efficient 
frot ttier and the efficient portfo1 io set 
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The point of tangency with the efficient frontier M is equal 

to the market portfolio, which in theory, contains a posi-

tive amount of every available security. The proof that !1 

is the market portfolio, and not any efficient portfolio, 

is based on the equilibrium and full agreement assumptions 

of the CAPM (Sharpe, 1964). Since point M is on the effi-

cient frontier, the expected returns of the linear market 

portfolio E(Rm) can be written as ~ 

ER = R + bcr m f m 

and 

b = 
ER -R m f 

Hence, as shown by Sharpe (1964), any point on the linear 

efficient frontier can be written as 

or substituting for b 
ER -Rf 

( m ) 
cr 

m 
cr . 

p 

this states that any optimal portfolio in the ~arket must 

ER -R 
be along a line with an intercept Rf and slope ( : f), 

m 

which equals the premium of the market portfolio over the 

risk free asset per unit of market risk. This slope is 

interpreted as the market price of risk, and the linear 

efficient frontier is called the capital ·market line. 

Derivation of Security Market Line 

When dealing with an efficient portfolio the natural 
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measure of risk is its standard dev iation and there is a 

linear relationship between this measure of risk and its 

return. When dealing with an inefficient portfolio this 

relationship no longer holds. An example of an inefficient 

portfolio is a single security . The reason, of course, is 

based on the inevitability of finding at least one other 

security which would be negativeLy correlated with it. 

Therefore a portfolio containing both these securities . 
would be superior to either security taken separately. 

Consider combination of this security with the market port-

folio as represented by AN in Figure 3.6 

Capital Market Line 

A Portfolio of One Security 

(Jp 

Figure 3.6 Combinations of a single security 
with the market portfolio 



-35-

Let Z be any portfolio on .N1. Its return is 

( 3. 1) ER = X. ER. + X ER and its variance is z 1 1 rn m 

( 3. 2) a 2 = x? a? +X a 2 + 2 X.X p. a . a 
z 1 1 rn rn 1 m 1m 1 rn 

The slope of the curve AM at point .M is 

( 3. 3) 
(ER. - ER ) a 

1 rn m 
p. a. a -a 2 

1m 1 m rn 

To prove this, note that (3.1) expresses ER
2 

as a function 

of Xi and (3.2) expresses a ~ as a function of xi. Therefore 

the derivatives of these two equations with respect to X. 
l 

are 

and 

dER z; dX. = 
l 

where X = 1-X. m 1. 

the desired slope. 

= 

(X.(a?+a 2 -2o. a.a) + p. a.a -a 2 ) 
1 1 m 1m 1 rn 1m 1 rn rn 

a'7 
''-' 

ER. - ER 
1 rn 

The quotient of these two derivatives is 

·~ER 7 I r1•• -· / \_.. .. lo. i -
ER. - ER 

1 m 
X. (a ? · + a -~- 2 p . a.a) + p . o- .a oZ 

m CG 
Z/dX. 

l 

l l m 1m 1 rn 1m 1 rn 
-=----~~----~~=-~----~~-------a z 

At point M, x . = 0 because th2 investor ts fully in the market 
l 

portfolio. Also, a = a at this point. z rn 

= 

X. = 0 
l 

( ER. - ER ) am 
l ill 

Pimaiam - am 

Substituting, 
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Furthermore, at point N1 the s~ope of the curve is the same 

as the slope of the capital market line. If this were not 

so, there would be a combination of A and M which would be 

superior to those on the capital market line. 

' i 

ERI 

I 
' 

I 
A 

I 
I 

ERi 

, I 
z~·-

"'·'-'" 

Figure 3.7 lnfeasibil ity of AM ~ine N~t Tangen~ at M 

In Figure 3. 7 
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such a combination is labeled Z*. It would be superior to 

Y*. However this is inconsistent with the previous conclu-

sion that the points on the capital ~arket line are efficient, 

that is, yield the highest return for a given level of risk. 

The equality of the slopes of M~ and the capital market line 

is the fundamental relationship necessary to derive the secur-

ity market line. The slope of the capital market line was 

shown to be and this e~uals the slope of M1 at 

point M given in (3 .3) 

(ER. - ER ) a 
1 m m = p. a.a - a 1m 1 m m 

This can be solved for ER. 
l 

The term p. a.a is the covcriance of the return of the lm 1 m 

security with the return of the market a? so that we may 
lffi 

write 

Rf + afm(ERm - Rf) = 
a m 

ER. 
l 

This is a statement of the security market line, usually 

writter. as 

ER - Rf 
ER - R + ( m ) a? i - f aL lffi 

m 

The conclusion of the preceding analysis is that 

the return on a security is a linear funct ion of the 
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covariance of its return with the market re t urn. The coef-

ficients are independent of the securities involved. This 

linear function is called the security market line. The 

slope of this line is called the p rice of risk reduction 

for securities. 

We can also write t his relationship as 

ER . = Rf + S . (ER - Rf) -
l l m 

where 

and is the population regression coefficient in the model 

Rl. = o + S .R + u. 
l m l 

Hence S . is called the systematic risk of security i since 
l 

it describes how the return on i varies with the market re-

turn. The residual u . is the unsystematic risk of security 
l 

i. Further this suggests how we may ~easure S. - namel y 
l 

we regress R. overtime against R 
l m. 

The s y stematic risk of a security Si is of great 

practical importance. If its val ue is fractional, the se-

curity is said to be defensiv e. It smoothes out the fluctu-

ation in the market rate of return. If its value exceeds 

unity it is aggressive and magnifies fluctuations in the 

market rate o f return. If it is negative, it will insulate 

the holder from declines in the market rate of return. 

The systematic risk returns us to the notion that 

the risk of a security in a portfolio depends on its 
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covariance with the general return on the portfolio, rather 

than on its variance. It operationalizes the theory of the 

last chapter that stresses covariance rather than variance 

as a measure of risk. 



CHAPTER IV 

TESTS OF THE CAPITAL ASSET PRICING MODEL 

The previo~s chapters showed that ~he Capital Asset 

Pricing Model implies that the expecte~ return on a security 

should be linearly related to the !covariance of the security's 

return with the return on the market portfolio. A number of 

researchers have attempted to test the v~lidity of this hypoth-

esis using stock market data. In this chapter, we survey the 

results of their r2search. A major task for these researchers 

was to estimate the covariance of the security's return with 

the market return (relative to the market return), that is, 

the security's beta (B). Most of the early tests of the CAP~1 

usee the "market model" to estimates's. In the first section 

of this chapter we review tests of the CAPM based on the mar-

ket model. A second section reviews a study by Black, Jensen 

and Scholes which attempted to explain the discrepancies in 

market model tests by introducing a second factor into the 

market model. The final section of the chapte~ /discusses some 

extensions of the CAPM. 

Tests B'3.sed on the Market Model 

If we hypothesize that the return R. on a security 
J 

is a linear stochastic function of the return on the market 

R then m 

-40-
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( 4 . l) 

and the regression coef f icient b . i s 
J 

the covariance o f R. 
J 

with R di v ided b y the variance of R m m This hypothesis is 

vali d if 

= 0 k -1 0 

thus, b . is the security 's B .. 
J - J . 

The relationship (4.1) is ~seful in converting the 

CAPH hypothesis between ERj and ERm in to a hypothesis relating 

R . to R . The CAPM theory may be stated as 
J m 

( 4. 2) 

Denoting the de v iation of a return R from the riskless re-

turn Rf by R', the CAP~1 model may be expressed as 

( 4. 3) ER' . = B . ER' 
J t J mt 

• 
To convert ( 4 .1) into primed variables, subtract Rf = ERf 

from both sides 

and using expression Rjt = Rjt - Rft 

R' R + b . R' + b R + ~ 'j t = a j - ft J m t j ' ft c.. j t 

Frcm regression theory 

Substituting 

R'jt = ERjt- bjEPmt- Rft + bjR'mt + bjRft + Ejt 
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t- b . R' 
J mt 

Cancelling terms 

From. 

and 

R I jt = E~'J.t - b.ER' + bR' + J mt mt c jt 

( 4 • 3) we C 3.n substitute for ER'jt 

R'jt = E?'mSj - bjER'mt + bj R'mt + cjt 

R I jt =( 3 -· b.) 
J 

ER' mt + b j R' mt + € j t . 

Finally, if s. =b . 
J J 

( 4 • 4) 

Thus, if the market model and the CAPM are true, a regression 

of R . aaainst R , should have a zero intercept and a non zero 
J - • m 

slope, which is e .. Regression of R. against S. should pro-
J J J 

duce an intercep t equal to Rf and a slope equal to Rm. - Rf. 

The first test of the CAPM was b y Douglas (1969). He esti

mated s. for the jth security by using the b.'s obtained 
J J 

from using the market model reges~ion estiamtes. He then 

tests the CAP~~ b y estimating the following cross sectional 

regression: 

( 4. 5) Rj = Yo + y 1 Sj + e . . 
J 

To verify the C!I.PH, y 
0 

shoulc1 equal Rf and y 1 should equa.1 

(Rm- Rf). Doug las' test results are inconsister:t with ob-

served data. The securities' returns are not positively re-

lated to their betas. In addition, cross sectional tests 
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of the securities a qainst their m,m var iances shov.; oosi ti ve 

reg ression coe~~icients, which should be zero. Douglas' vJOrk 

assu~es the validit~ of the market ~odel. r~ the Gauss Marko v 

con<1itions are s a tisfied, addinq the var iance of the residual 

0 2 from the time ser ies regressions will a~d nothing to the 
u 

ex-r;>lanatory poFer of the cross sectiona l reoressions of the 

CAPM . Lintner tests this hypothesis and finds, to the contrary, 

that the coefficient of 0~ is hiqh~y significant with a T sta

tistic g reater t~an six. He also finds that y
0 

is much greater 

than Rf and Y 1 is less than Rm- Rf (Lintner, 1969). ~~.iller and 

Scholes review Douolas' conclusions and note that the B· 's 
J 

miqht be biased due to the apoarent correlation between 0 2 . 
UJ 

and Sj . ~hey also investigate the oossible effects of skew-

ness in the return distributions which could cause the Douglas-

Lintner conclusions (19E8) . '?heir work casts doubt on accuracy 

of the Sj's. ~his criticism, however, is not proof of the va-

lid i tv of CAP ~" . It merely demonstrates that further evidence 

is needec, . 

TvJO Factor Tests 

Black. Jensen and Scholes replicate the Douglas and 

Lintner tests and find results consistent with the earlier 

authors. They noted, however, that hi~h risk securities 

(above avera~e S 's) had negative interceots in (4.5), and 

that low risk securities (below average B's) had positive 

intercepts (Jensen 1977, o. 123). This led them to suggest 
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an alternate model that relaxes the assumption that all in-

vestors borrow or lend at the riskless rate of interest. 

The usual CAPM implies that 

( 4 • 6) 

Relaxing this assumption discussed above, Black, Jensen and 

Scholes chose to replace (4.6) with 

( 4 • 7) 

This led them to formulate a two factor model which explained 

the characteristics of portfolio z and also explained the 

perverse results obtained by Douglas and Lintner. The two 

factor model is written 

( 4 • 8) 

The interpretation of R
2

t is readily obtained form regression 

theory. The expected value of ( 4. 8) is 

ER. t = 6 .. ER t + 8 . ER t J lJ z ZJ m 

and by subtraction 

R . +- - E R . t = 6 . . ( R t - E R
2 
t) + 8 . ( R - E R ) + E . 

J~ J . lJ z zJ -mt 111t Jt 

and multiplying through by Rmt - E~t 

(R.t-ER . t) (R t-ER t) = 0 .. (R t-ER t) (R t-ER t' ) + o . (R t-ER t) 2 
J J m m lJ z z m m ZJ m m 

+ E:t (R t - ER t) rn m 

and taking expectations and using the assumption that E:t is 

independent of Rrnt 

where a 2
. is the covariance of the return on z and j o 2 is ZJ ' mz 
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the covariance of the return on z and m, and a 2 is the variance of z: z 

Dividing through by 0 
2 and solving for o ~ 
m J 

0 2 .= 0~!0 2 - o .. 
J Jm m lJ 

02 
mz 

02-
m 

and this can be written interms of the ~wo simple regression 

coefficients from the equations 

R.t= J\ + Q. R + u 
J o "' Jm mt jt 

R - A. ' + 6 R t + u' zt- 0 zm m mt 

as follows 

8 = s. - 0 .s 
2 j Jm 2 J zm 

Note that o2 j = Sjm if Szm = 0 

If we take expected values of (4.8) and compare with (4.7), 

• we see that CAPM and the two factor model are both true if 

= s. 
J 

= 1- S. 
J 

This means that portfolio z must be defined to be that port -

folio with a zero covariance with the market. Given this 

new in formation about the coefficients of the two factor 

market model, Black, Jensen and Scholes are able to explain 

their earlier findings concerning the cross sectional regres-

sion estimates. In the low risk security case where S.< l, 
J 

1 - S j will be positive. In the high risk security case where 

B.> l, 1- B. will be negative. The case where B· = 1 reduces 
. J J J 

the market model to a situation where Rj = Rro· Similarly, if 

B. = 0, R. will equal R. 
J J z 
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Ex Ante Tests 

The studies reviewed so far in this Chapter have 

been distinguished by the particular relationship assumed 

to exist between the security's return and the market re-

turn: 

( 4 • 9) R. = f(R ,E.). 
J m J 

A relationship of this form is needed so that expectec1 values 

may be taken in order to test the CAPM which has the form 
• 

(4.10) ER. = g(ER). 
J m 

The CAPM applies to taking expectations whereas (4.9) described 

"realized" values. The results based on a single factor 

market model were disappointing, for the proponents of the 

CAPM. The two-factor model can explain some of the discrep-

ancies but requires the abandonment of the assumption of a 

riskless asset. Instead, the ret urn on a port :fulio uncor-

related with the market is substituted. However, the two 

factor model is difficult to implement B~pirically and there 

are some proponents of models of even more than two factors. 

Much of the controversy centers around the relation-

ship in (4.9). This relationship is not an integral part 

o f the CAPM model . Thus it is interesting to investigate 

the article by Friend, Westerfiel~ and Granito (1978). These 

authors collected information on expected rates of return, 

and so their data could be used to test (4.10) directly with 

out resorting to (4.9). The data was collected from financial 

institutions in 1974, 1976 and 1977. The average number of 

financial institutions 1vas 37. An average of 57 stocks were 
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included. Their description of their procedure was as follows: 

The institutions covered, including commercial banks, 
insurance companies and investment counseli ng firms were 
those with the largest equity portfolios and the response 
rates averaged over 80 %. The stock s covered, all listed 
on the NYSE and over $100 million in size, were as a whole 
of lower than average risk, with the unadjusted beta coeffi~ 
cients and residual standard deviations (based on 60 month
ly rates of return) varying in the 1974 survey from .57 to 
1.16 and .035 to .080, respectively, and with a comparable 
range for other years. The annual rate of return in a par
ticular stock expected by a specific institution was ob
tained for each of these years by adding a spot dividend 
yield (adjusted for the expect~d growth rate) to the annual 
growth rate in per share earnings expected over a five year 
(or, if the data were available longer) time period and 
used by these institutions to estimate expected returns for 
purposes of their investment decisions. In each of the 
other years, mean expected returns were computed for every 
stock for which at least five institutions regularly esti
mated the long-run, i.e., five years or longer, expected 
growth rate. In computing the mean expected return for 
each stock, equal weight was given to the estimate of each 
institution. 

Sourse: I. Friend, R. Westerfield, and M. Gr'anito, "New 
Eviden~e on the Capital Asset Pricing Model," Journal of 
Finance 33No3 (June, 1978]: 909. 

The mean expected return was regressed on its beta Si' its ~esi

dual standard deviations cr i both of which were based on the 

monthly rates for the preceding five years. A cross sectional 

mean ERi and standard deviation hi were calculated from the 

study. These measures are used as the actual ex-ante formulation 

of expected return and standard deviation. The latter variable 

h. was interpreted as a measure of the hetrogeneity of expec
l 

tations, and was used as such in the empirical tests. Friend~ 

Westerfield and /Granito regressed the mean returns BRi against 

Bi' and then on Bi and cr i and finally on Si' cr 1 and h 1 . The 

findings from these tests are provided in Table 4.1. 
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TABLE 4.1 

EXPECTED RETURN-RIS K qEGRESSIONS FOR INDIVID UAL STOC KS1 FOR THREE PERIODS: 

Pe riod 

August'74 

March'76 

February'77 

AUGUST 1'74, MARCH 1976 AND FEBRUARY 1977 

Reg. No. 

2 

3 

5 

h 

7 

~ 

a 
_I 

Estimates of Reg ression Coefficients 

y 
0 

1. 171 
(. 0 18) 
1. 121 
( . 022) 
1.103 
( ,024) 

1.132 
(.010) 
1.144 
(. 0 12) 
1. 143 
(. 014) 

1. 210 
(. 0 31) 
1.179 
(.038) 
1. 180 
(. 035) 

y 
1 

-.028 
( . 021 ) 
-.027 
(. 018 ) 
- :017 
( . 0 19) 

-.002 
(. 0 Jlf) 

.OOh 
(. 014) 

.005 
(. 014) 

-.071 
( .037) 
-.097 
(. 041) 
-.080 
(. 038) 

. 918 
( . 273) 
. 919 

(. 265) 

-.282 
(. 170) 
- . 2B3 
( . 173) 

.R75 
( .604) 

.256 
(.598) 

y 
3 

.491 
( . 26 7) 

.021 
(.252) 

.575 
( . 196) 

o ,, 

.02 

. 21 

.2 .5 

0 

.02 

0 

.Oh 

.OS 

. 21 

Source: C ibid. , 9 0 8 ) 
These are cross-section regressions of the general form E(R )=Yo+Y1 B1+Y2o ri+ 
Y3 h·. R2 is the coefficient of determination adjusted for degrees of freedom. 
The 1standard error of a regression coefficient is indicated by(). The num
ber of observations is 46 for 1974, 34 for 1976 and 48 for 1977. 

Equations 1, 4 an~ 7 are the relationships implied by the CAPM. 

The mod e l is 

J: :q, 
J 

where Hf is reol a ced by ER
2 

if riskless borrowing and lending 

is not assumed. Because the estimates of y
1 

are unifomly neqa-

tiv e the results imoly a risk free rate of return in excess of 

the market rate. ~his conflicts with the CAPM. 

r~Jhen the security's own standard deviation is added to the 
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reoression the adjusted coefficient of determination improves. 

However, overall the coefficients in the regressions are usually 

insignificant. The authors conclude: 

These fin~ings while not at all strong support the view 
that the residual standard deviation of return and related 
variance measures play fully as siqnificant a role in the 
pricing of risky assets as the beta coefficient. Virtually 
identical results are obtained when the logs of return rel
atives are suhstituted F.or the returns themselves to take 
cognizance of the difference in investment horizons reflect
ed in the ex ante return and ex oost beta measures used. 
However, the sample of observations is limited and the 
explanatory power of the regression is hardly impressive 
Moreover, while the use of ex ante in lieu of ex post re
turns avoids some of the oroblems associated with such 
analyses, one basic problem remains -- the substantial ~ea
surement errors in estimatino s. and cr . from observations 
on individual stocks. - l rl 

Source: (ibid., 910) 

However, William Sharpe i~ a discussion of this study notes 

that the methodoloqy makes some highly simplified ass~~ptions. 

The financial projected earnings grow but not the dividends. 

To obtain total returns, the authors assumed that dividends 

would grow at the same rate as earninos -- the payout ratio 

~.vould be constant. Sharpe doubted that this would be true 

and especially that the institutions would all forecast 

using this identical procedure. Sharpe also refers to some of 

the criticisms of empirical tests of the C~PM made by Roll 

(1977). These are also discussed by Ross (1978). Roll notes 

that most studies o-f the C.APM have used market averages such 

as the Standard and Poors 500 as measures of the market fac-

tor. Many of these market averages equally weight securities 

instead of weighting them proportionately. and all of these 

averages contain only a relatively small part of the true 
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mark.et portfolio. Thus. the empirical studies of the CAPH 

are based on faulty data on the market factor and, indeed, it 

may not be possible to properly design a test of the theory. 

Nevertheless. this chapter has shown that support for the CAPM 

is not immediately evident in the data. In the process of 

testina the theory, however, there has been a vast outpouring 

of new versions and extensions. ~he CAPM remains a break-

through in the theory of financiat markets. 



CHAPTER V 

SUMMARY AND CONCLUSIONS 

SuTI1I'1ary 

The Capital Asset Pricing Model (CAPM) was reviewed in 

the previous chapters in order to demonstrate its importance to 

areas of economic planning. Application of the CAPM has been 

slow because of the complexity of the model's underlying assump-

tions and the controversy associated with them. Problems en-

countered in testing the model added to the controversial issues. 

The purpose of this thesis was to clarify these issues. 

The fundamental theories (and assumptions) of the CAPM 

were developed by Harry Markowitz and James Tobin. Markowitz 

contributed to our understanding of financial theory, investor 

utility functions and the effects of intercorrelation of secur-

ities on a portfolio's risk. He demonstrated that an investor, 

faced with uncertain future outcomes, maximized a well defined 

utility function which was characterized by expected returns 

and risk. As such, the mean-variance criterion was suggested 

as the appropriate replacement for the conventional, expected 

returns rule for portfolio selection. Continuing, Markowitz 

developed the concept of critical lines and the efficient fron

tier, which were used eventually in the mathematical derivation 

of the CAPM. Both Markowitz and Tobin realized that both the 

mean-variance criterion and th~ shape of the efficient fron

tier were contingent on prior acceptance of some specific 

-51-
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conditions which characterized the investor's utility function. 

They indicated that the basic arguments presented were appropri

ate for cases in which the investor utility function was quadratic 

or in which the probability distribution of the expected returns 

was normal. The controversy which developed over Markowitz's 

work focused primarily on the appropriateness (or necessity) 

of these conditions. Such efforts, however, did not discredit 

Markowitz's theories, within thisc~nditional framework. 

James Tobin is well known in both the fields of economics 

and finance, because his theory of liquidity preferences found 

application in both areas, directly. Tobin developed two major 

concepts, the risk free asset and the Separation Theorem which 

were used in the derivation of the CAPM. In Tobin's view, the 

investor chose the proportion of his wealth which would be in

vesied in consols (versus cash) . This decision represented the 

iDvestor's preference towards risk. Tobin generalized his theory 

to a choice between a risk free asset and a single risky port

folio. This choice was noted as being independent of any deci

sion regarding the composition of the portfolio itself. The 

controversy which developed in reference to Tobin's work focused 

on practical issues related to the risk free asset. Initially, 

failure to identify a single risk free asset was treated as 

negative support. Other efforts treated the risk free asset as 

a theoretical construct only. Efforts were made to build more 

complexmodelswhich accounted for differences between riskless 

borrowing and lending rates. 

this area continue today. 

Both research and controversy in 
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All of the relevant theories were pulled together in a 

review of the CAPM developed b y William Sharpe. The effects of 

the full agreement and equilibrium conditions were discussed. 

These conditions, imposed by Sharpe, were necessary to proving 

that the tangency between the security market curve and the 

efficient frontier occured at a particular point M on the fron-

tier. He demonstrated that M was not just any efficient port-
. 

folio, but rather the market portfolio. The derivation of the 

security market line followed which is the formal mathematical 

expression for the CAPM. 

Derivation of the CAPM established that the validity of 

the model depended entirely on satisfaction of a variety of 

underlying conditions. In practice, these conditions were not 

easily observed or estimated. Testing the CAPM, therefore, 

became another area of controversy. In the final chapter of 

this thesis we surveyed the results of a variety of tests which 

used stock market data, as a proxy for the market portfolio. 

Use of the ''market model" provided an estimate of the security's 

8 . It was shown that if the 'market modei' and the CAPM were 
A 

true, a regression of the security i against its s. should pro
l 

duce an intercept equal to Rf and a slope equal to Rm- Rf. 

Early test results provided by Douglas and Lintner were incon-

sistent with this hypothesis. Douglas' results proviqed anum-

ber of other inconsistencies, as well. It is known that if Gauss 

Markov conditions are satisfied, the addition of the residual cr 2 
u 

from the time series should add nothing to the explanatery power 

of the cross-sectional regressions of the CAPM. Lintner tested 
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this hypothesis and found that the coefficient of a 2 was highly 
u 

significant. Miller and Scholes suggested that Douglas' esti-

mates of 8 might be biased due to the apparent correlation be-

tween the s. 'sand a 2 . 's. 
l Ul 

This criticism demonstrated that 

further evidence was needed. Black, Jensen and Scholes repli-

cated the tests of Douglas and Lintner, and found their results 

to be consistent with the previous authors. Continuing with 

their research, BJ&S suggested an alternate model which relaxed 

the assumption that all investors could borrow and lend at the 

same riskless rate of interest. Using this technique, they ex-

plained certain perverse results which had been observed earlier. 

In place of the Rf term used in the CAPM, BJ &S substituted 

another portfolio R
2 

which had a zero covariance with the mar

ket. The revised CP...PM ( 2 Factor Hodel) was able to explain the 

observed differences in the slope of the original model. Their 

workhowever, did not confirm the original model. A final section 

of Chapter Four focused on one of the most difficult aspects 

of testing the CAPM, problems associated with test design. As 

noted, previous tests assumed that the "exante" CAPM could be 

approximated by an "exposte" market model. This assumption was 

imposed for purposes of test design and was not required as 

part of the theoretical foundations of the CAPM. Thus, for 

comparative purposes, it was interesting to investigate the 

work of Friend, Westerfield, and Granito (F, ~'7 ,G) , who accumu-

lated some actual "ex-ante data" in order to test the CAPM. 

This eliminated the need for the "market model" estimates which 
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were based on ex-peste (realized ) da t a. The F,G,W study did 

not support the CAPM. The results ind icated that other measures 

(ex-ante and residual variances) were as significantly related 

to the pricing of risky assets as were the beta coefficients. 

The results of the F,W,G study were questioned by William Sharpe 

who cited possible sourses of bias, which may hav e affected 

the sample statistics. Thus in summary, although the test 

results reviewed in this thesis fa f led to support the CAPM, 

there are reasons why even these conclusions might be pervious 

to attack. 

Conclusions 

The survey of the CAPM, revealed the sourse and nature 

of a number of controversial issues surrounding the CAPM. Con

troversy related to underlying theories has generated a vast out

pouring of extended v ersions of the CAPM. Controversy related 

to test design of CAPM has become a specialized topic in fin

ancial literature. Verification of the CAPM would improve the 

status of the model among academians and practitioners alike, 

however, such verification is unlikely. The preceding chapters 

revealed some of the problems associated with testing an ex-ante 

model, with ex-peste data; therefore it may not be possible to 

even design an unbiased test. 

Application of the CAPM should be considered in terms 

of its possible benefits. In spite of the controversy which 

surrounds the model, financial planners may use the CAPM as 

one approach which acknowledges directly both risk and return 
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in the decision process. For very conservative investment 

portfolios this is a decidedly more important decision criterion 

than the conventional expected returns rule . 

The CAPM has prac~ical potential in many areas of planning 

other than finance. In economic planning, the current 

economic base can be altered by the introduction of new industry 

which can be evaluated in terms of its potential impact using 

the CAPM. Other areas of application exist and should be ex

plored in the future. 
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