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Fourier telescopy imaging is a recently-developed imaging method that relies on active 

structured-light illumination of the object. Reflected/scattered light is measured by a large 

“light bucket” detector; processing of the detected signal yields the magnitude and phase 

of spatial frequency components of the object reflectance or transmittance function. An 

inverse Fourier transform results in the image. 

In 2012 a novel method, known as time-average Fourier telescopy (TAFT), was 

introduced by William T. Rhodes as a means for diffraction-limited imaging through 

ground-level atmospheric turbulence. This method, which can be applied to long 

horizontal-path terrestrial imaging, addresses a need that is not solved by the adaptive 

optics methods being used in astronomical imaging. 

Field-experiment verification of the TAFT concept requires instrumentation that is not 

available at Florida Atlantic University. The objective of this doctoral research program 
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is thus to demonstrate, in the absence of full-scale experimentation, the feasibility of 

time-average Fourier telescopy through (a) the design, construction, and testing of small-

scale laboratory instrumentation capable of exploring basic Fourier telescopy data-

gathering operations, and (b) the development of MATLAB-based software capable of 

demonstrating the effect of kilometer-scale passage of laser beams through ground-level 

turbulence in a numerical simulation of TAFT. 
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1 INTRODUCTION

 

Have you ever seen the air dance in wavy lines over a road on a hot summer day? Or seen 

your backyard distort when viewed across a hot gas grill, even when there is no smoke? 

Have you ever seen a star twinkle? These are all examples of the effect of atmospheric 

turbulence on optical imaging. Such turbulence is caused by random density changes in 

the air.  Especially strong turbulence occurs close to the ground where the air is denser, 

and where cars, people, hot pavement, grills, plants, and animals interact with the air. 

Higher up in altitude the turbulence gets weaker. The strength of the turbulence changes 

throughout the day and is different from place to place. One way that scientists think of 

turbulence is as many lenses [1]. If the lenses are big, then the turbulence is not so bad, 

but if there are many small ones, the turbulence is strong. A laser beam traveling through 

Figure 1.1: Heat haze over a road on a hot summer day. 
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such turbulence wiggles around and, after traveling a sufficiently large distance, will 

break up into a number of small filaments. The proposed research is part of a larger 

investigation of a novel method, invented at Florida Atlantic University, for achieving 

ultra-high-resolution images through such turbulence.  

 

Figure 1.2: Conventional (spatial) imaging system. 

 

In a conventional or spatial imaging system, each point of the object reflectance function 

( , )f x y  is mapped to a corresponding point spread function (PSF) in the detector plane 

by means of a lens system, and image data is collected in the form of pixels. Linear 

systems theory tells us that, assuming space invariance, the image of the object can be 

modeled by the convolution of ( , )f x y  with the point spread function. Diffraction and 

aberrations, including those introduced by turbulence, broaden the PSF, with a resultant 

blurring of the image. In fact, spatial imaging systems have many limitations. The 

performance of systems that use lenses is usually limited by the characteristics and 

quality of the lenses, and high-quality lenses are difficult to produce and expensive. 

Furthermore, traditional spatial imaging is dependent on the illumination and on the 

nature of the medium through which the imaging is done.  A large high quality 

observation aperture is a must in high-resolution spatial domain imaging system. 
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Equation (1) shows the observation aperture diameter D required to realize p resolution at 

d distance using wavelength  𝜆. 

 dD
p
λ

=  (1) 

When using 1𝜇𝑚 wavelength to realized 1mm resolution at 1km distance, the diameter of 

the observation aperture should be at least 1m, which is difficult to accomplish and quite 

expensive. What if we can realize the same resolution at the same distance but without 

high precision optics. It is possible to shift the load from the observation aperture to the 

illumination aperture and use the observation aperture simply to collect light (energy). 

This is the nature of spatial frequency or Fourier domain imaging.  

 

Figure 1.3: Fourier Telescopy imaging concept introduced by Holmes. 

 

Holmes et al. [2] [3] introduced Fourier telescopy as an imaging method that can form 

images even of very dim objects by means of a synthetic aperture that compensates for 
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the effects of atmospheric phase aberrations using mathematical algorithms similar to 

those used in long-baseline radio astronomy. Fourier telescopy imaging allows the 

collection of image data in the spatial frequency domain by means of a special form of 

active illumination of the object. Reflected/scattered light from the object is collected by 

large non-imaging detectors; the detected signal is then processed to yield (u, )F v , the 

Fourier transform of ( , )f x y  up to some cutoff spatial frequency. An inverse Fourier 

transform yields the desired image.  

Fourier telescopy has been investigated as a means for the high-resolution optical 

imaging from ground-based observation stations of earth-orbiting satellites. Closely 

related to Fourier telescopy is a scheme, which might be referred to as Fourier 

microscopy, that has been successfully demonstrated by Feldkhun and Wagner in very 

large depth-of-field tomographic optical microscopy [4]. 

Recently Rhodes [5] proposed a modified form of Fourier telescopy—time-average 

Fourier telescopy, or TAFT—as a means for acquiring extremely high-resolution, 

diffraction-limited images of distant objects observed along horizontal paths through 

ground-level atmospheric turbulence. TAFT addresses a problem that has stymied 

researchers for well over a half century. 
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2 BACKGROUND AND FUNDAMENTALS

 

2.1 Young's double slit experiment and light interference  

Among the pioneers in early physics was a nineteenth century English scientist named 

Thomas Young, who convincingly demonstrated the wave-like character of light through 

the phenomenon of interference using diffraction techniques. Young's experiments 

provided evidence in difference to the popular scientific opinion of Newton's particle 

theory for the nature of light. In 1801, Young conducted a classical and often-

cited double-slit experiment providing important evidence that visible light has wave-like 

properties.  

 

 

 

 

 

 

 

 

 

 Figure 2.1: Young’s double-slit experiment. 
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Using sunlight diffracted through a small slit as a source of semi-coherent illumination, 

Young projected the light rays coming from the slit onto another screen containing two 

slits placed side by side. Light passing through the slits was then allowed to fall onto a 

screen (the detector). Young used the term interference fringes to describe the bright and 

dark light bands appearing on the screen and realized that these colored bands could only 

be produced if light were acting like a wave. The gap between successive bright bands (or 

dark bands) is called the fringe period p; it depends on the wavelength, the slit separation, 

and the distance to the screen from the silts.  

 

Consider two spatially and temporally coherent monochromatic point sources of 

wavelength λ and oscillating at the same frequency 𝜔, separated by distance S and 

directed  to a point P located a distance d away, as shown in the Figure 2.2.   

For simplicity two monochromatic equal amplitude (A) sources are assumed to lie on the 

x-axis in the source plane at distance 2S±  from the origin.  The corresponding 

interference pattern at the observation plane is given by  

Figure 2.2: Two coherent monochromatic point sources illuminating 
the same point. 
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22 1 cos 2 SI A x

d
π

λ
  = +     

 (2) 

where d is the distance from source plane to observation plane. The spatial frequency of 

the fringe is given by 

 
p

Sf
dλ

=




 (3) 

and is seen to be proportional to the separation of the source points and inversely 

proportional to the wavelength and to the distance between the source plane and the 

observation plane.   

 

2.2 Interferometers  

An interferometer is an optical device that makes use of the interference phenomenon. An 

optical beam is split into two or more different beams before they are recombined to 

produce an interference pattern. In the most common type of interferometer, while 

traveling along their designated paths, beams are subjected to external influences such as 

a variation in refractive index of the medium and path length differences related to the 

parameter under measurement. The interference pattern is then analyzed for the intended 

measurement. A number of interferometers have been developed over the years for 

various applications. Some common types include the Young's, Michelson, Mach-

Zehnder, Fabry-Perot, and Sagnac interferometers. 
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Both Young's interferometer and the Michelson interferometer configuration have been 

tested during the proof-of-principle laboratory experiments, and a Michelson 

interferometer configuration was used due to the ease of achieving low spatial 

frequencies (e.g., 1 mm-1) of fringes in short distance range (e.g., 3-5m) inside the 

laboratory.  

 

 

The Michelson interferometer, shown in Figure 2.3, is a simple example of a two-beam 

amplitude-splitting instrument. The incoming wave is partially reflected and partially 

transmitted by a beam splitter. The reflected wave goes to one mirror and the transmitted 

wave goes to the other. After reflection from the mirrors, the beams are combined again 

at the beam splitter and proceed. If the two path lengths are not equal the returning waves 

may combine either in-phase or out of phase, resulting in constructive or destructive 

interference fringes. Detailed information about a modified Michelson interferometer in a 

Fourier telescopy proof-of-principle experiment is provided in the experiments chapter.  

 

Figure 2.3: Michelson interferometer configuration. 
(Source: 2006 Encyclopedia Britannica, Inc. ) 
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2.3 Atmospheric turbulence model  

Optically speaking, turbulence is a phenomenon caused by time- and space-varying 

fluctuations in the refractive index of the air. These fluctuations are the result of 

variations in temperature and humidity [1], which make the atmosphere behave like a 

turbulent fluid dominated by currents and eddies [6]. The dynamic distortion of light due 

to fluctuations in refractive index has bothered astronomers for centuries because it 

degrades their images of celestial objects. Since turbulence affects all optical systems that 

rely on propagating light through long atmospheric paths, such as laser communication 

systems and laser weapons, optical physicists and communications engineers have 

addressed this problem in detail.  Over the last hundred years, modeling the effects of 

turbulence on optical propagation has received much attention. The most widely accepted 

theory of turbulent flow, due to its consistent agreement with observation, was first put 

forward by A. N. Kolmogorov [7]. Later, Obukhov [8] and independently Corrsin [9] 

adapted Kolmogorov's model to temperature fluctuations. Then, the theory of turbulent 

temperature fluctuations could be directly related to refractive-index fluctuations. This 

model is the basis for all contemporary theories of turbulence. Differential heating and 

cooling of Earth by sunlight and the diurnal cycle cause large-scale variations in the 

temperature of air. This process consequently creates wind. As air moves, it transitions 

from laminar flow to turbulent flow. In turbulent flow, air of different temperatures 

mixes, and it acquires randomly distributed pockets of air, called turbulent eddies. These 

eddies have varying characteristic sizes and temperatures. Since the density of air, and 

thus its refractive index, depends on temperature, the atmosphere has a random 

refractive-index profile. 
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The turbulent energy is generated by eddies on a large scale L0; these large eddies 

generating a hierarchy of smaller eddies. Dissipation is not important for the large eddies, 

but the kinetic energy of the turbulent motion is dissipated in small eddies with a typical 

size l0. The characteristic size scales L0 and l0 are called the outer scale and the inner scale 

of the turbulence. The simple turbulence model introduced by Kolmogorov [7] expresses 

turbulence strength as a function of the eddy size or of the spatial frequency of the eddies.  

The spatial structure of a random process can be described by structure functions. The 

structure function ( )1 2,xD r r  of a random variable x measured at positions 1 2,r r  is defined 

by 

 ( ) ( ) ( ) 2
1 2 2 1,xD r r x r x r = −  , (4) 

giving the expectation value of the difference of the values of x  measured at two 

positions 1r and 2r , where indicates time average. If the medium is homogenous, the 

structure function is a function of 2 1r r r= −
  and can be rewritten as 

 ( ) ( ) ( )1 1nD r n r r n r= 〈 + − 〉
  . (5) 

This structure function, developed by Kolmogorov [10] and later refined by Tatarski [11], 

provides an appropriate way to describe the optical properties of the turbulent 

atmosphere, since the behavior of light is mainly governed by the gradient of the 

refractive index between neighboring points. 

Turbulence does not affect the frequency of light in a noticeable way, that is, it does not 

significantly change the wavelength of the light. Turbulence does, however, produce 

fluctuations in the optical phase of the light waves as they pass through the medium.  
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According to Laberye [1], the phase fluctuations can be also represented by a structure 

function given by 

 ( ) 5
32 2

02.9 nD r k hC rφ
−= , (6) 

where h is the height above ground, 𝑘0 = 2𝜋 𝜆⁄  is the wave number, and 2
nC  is the so-

called refractive-index structure parameter, measured in m-2/3. Typical values of 2
nC  are 

in the range 2
317 1410 10 m−− −− , with smaller values at high altitudes and larger values near 

the ground. The corresponding standard deviation of a phase measurement is given by 

 Dφ φσ =  (7) 
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3 FOURIER TELESCOPY FUNDAMENTALS

 

In Fourier imaging of macroscopic objects [12] [13], an object is illuminated by two 

small mutually coherent light sources, and the corresponding fields interfere at the object 

plane to form interference fringes. The resulting reflected radiation contains both phase 

and amplitude information for the Fourier component corresponding to the fringe period. 

Feldkhun and Wagner [4] also presented two-dimensional high-resolution tomographic 

image reconstructions in both scattered and fluoresced light demonstrating an 

improvement in the depth of field compared to conventional lens-based microscopy.  

Fourier telescopy, developed and described especially well by Holmes et al. [3] [14], has 

been proposed as a method for the high-resolution imaging of satellites from earth-based 

observation stations [15][16]. The method is based on active illumination of the object. 

Mutually coherent light from three transmitters forms fringes of variable spatial period on 

the object; as the object and the fringes move with respect to one another, signals 

produced by reflected light convey information on spatial-frequency (Fourier) 

components of the object reflectance function. The effect of atmospheric turbulence on 

the signals is removed through a technique known as phase closure [17]. Phase closure 

works only in the case where the atmospheric turbulence layer is suitably thin, as with 

upward-looking observations of earth-orbiting satellites.  

The modified version of Fourier telescopy, time-average Fourier telescopy (TAFT) 

proposed by Rhodes [5], provides a solution to the problem of high-resolution imaging 
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through long horizontal-path turbulence, not by means of phase closure calculations but 

by means of separately averaging the magnitude and phase of the Fourier telescopy 

signal. Much of the following three sections comes from Ref. [5] and is reproduced with 

the permission of The Optical Society of America. 

 

3.1 Fourier domain imaging 

In Fourier domain imaging, F(u,v), the Fourier transform of object reflectance function  

f(x,y) is sampled and the image is obtained via an inverse 2-D Fourier transform. The 

Fourier components are usually sampled directly, taking advantage of certain Fourier 

properties of some special optical systems.   

Spatial imaging is easier to execute and understand, but in horizontal-path imaging the 

resolution of the sampled image relies on the distance to the object, quality of the optics 

used and the strength of intervening turbulence. Fourier-domain imaging, on the other 

hand, can operate at high-resolution levels even in the presence of turbulence.  

 

 

 
 
 
 
 
 
 
 
 
 
 
Figure 3.1: Space-domain imaging and the effect of turbulence and time averaging on the point spread 
function. (a) Point spread function (psf) without turbulence (b) Shot exposure psf with turbulence (c) long 
exposure psf with turbulence (Source: [5]).  
  

       (a)        (b)                      (c) 
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Consider the effect of time averaging in the space domain. As illustrated in Figure 3.1 the 

result is a smoothing of the point spread function.  All high spatial frequency content is 

lost to the long-exposure point spread function and, therefore, to the image.  

Time averaging in the spatial frequency domain, on the other hand, can improve results 

considerably. This is because averaging several images obtained in the spatial domain 

blurs the image, whereas averaging several samples of the magnitude and phase of the 

Fourier transform of the image can improve the image quality. 

 

3.2 Fourier telescopy system: without turbulence 

 

 

How does conventional Fourier telescopy work? Its operation consists of seven basic 

steps:   

1. Start with an optically rough 2-D object with optical intensity reflectance ( , )f x y  

(the object will normally be quite distant, the 2-D model being therefore 

reasonable). 

ω  M1 

M2 

BS 

PMT  

Laser 

( )i t
 

Figure 3.2: Overview of Fourier telescopy system. 
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2. Illuminate the object with a Young’s fringe pattern, obtained by interfering tilted 

mutually coherent laser beams. 

3. Cause the fringe pattern to move with constant speed. 

4. Collect reflected light with a large photo-detector (multiple detectors can be used 

but are not necessary, except to increase signal strength and reduce the effects of 

noise). 

5. Process the detected time signal to obtain a component of the spatial Fourier 

transform of ( , )f x y ,  i.e., of ( , )F u v . 

6. Repeat, sequentially or in parallel, for other Fourier components. 

7. Calculate the inverse Fourier transform of the sampled distribution ( , )F u v  to 

determine ( , )f x y . 

Steps 1-4 result in the illumination optical intensity 

 [ ]( , ) 1 cos 2 ( )illI x y t ux vyω π= + − +  (8) 

and corresponding detector output 

 
[ ]{ }( ) ( , ) 1 cos 2 ( )i t f x y t ux vy dx dyω π

∞ ∞

−∞ −∞

= + − +∫ ∫  (9) 

Evaluation of results in equation (9) yields 

 ( ) ( ; , )i t B s t u v= +  (10) 

where ( , )B f x y dx dy= ∫ ∫  is a constant bias and 

[ ]( ; , ) ( , ) cos 2 ( )s t u v f x y t ux vy dx dyω π= − +∫ ∫ . 

Manipulation of this latter equation results in  
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[ ]

[ ]{ }

{ }
{ }

[ ]

2 ( )

( , )

( ; , ) ( , ) cos 2 ( )

Re ( , ) exp 2 ( )

Re ( , )

Re ( , )

Re ( , )

( , ) cos ( , ) ,

i t i ux vy

i t

i t i u v

s t u v f x y t ux vy dx dy

f x y i t ux vy dx dy

e f x y e dx dy

e F u v

e F u v e

F u v t u v

ω π

ω

ω ψ

ω π

ω π

ω ψ

∞ ∞

−∞ −∞

∞ ∞

−∞ −∞

∞ ∞

−∞ −∞

− +

= − +

 
= − + 

 
 

=  
 

=

=

= +

∫ ∫

∫ ∫

∫ ∫  (11) 

where the realness of ( , )f x y  has been exploited in going from the first to the second line 

of the derivation and where  

 ( , )( , ) ( , ) j u vF u v F u v e ψ= , (12) 

{ }( , ) ( , )F u v f x y= F  being the 2-D Fourier transform of ( , )f x y . We see that the time-

varying component of the detected signal conveys on a sinusoidal carrier the magnitude 

( , )F u v  and the phase ( , )u vψ  of the object Fourier transform, evaluated at the spatial 

frequency ( , )u v  of the Young’s fringe pattern. Measurements made at a succession of 

properly chosen spatial frequencies ( , )u v  and an inverse discrete Fourier transform yield 

object function ( , )f x y .  
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3.3 Fourier telescopy system: with turbulence 

In the absence of turbulence the fringe pattern is given by Eq. (8); with turbulence the 

illumination is described by 

 [ ]( , ; ) ( , , ) ( , , ) cos 2 ( ) ( , , )illI x y t b x y t a x y t t ux vy x y tω π φ= + − + +  (13) 

Error! Bookmark not defined.The moving fringes are distorted through the time-

varying phase function ( , , )x y tφ  and have spatially and time-varying brightness and 

contrast through the amplitude functions ( , , )a x y t  and ( , , )b x y t . They will, in fact, for 

suitably small phase variations, look similar to the distorted fringes in. The resulting 

Fourier telescopy signal ( ; , )s t u v  is in this case given by 

 
[ ]( ; , ) ( , ) ( , , ) cos 2 ( ) ( , , )s t u v f x y a x y t t ux vy x y t dx dyω π φ

∞ ∞

−∞ −∞

= − + +∫ ∫  (14) 

which is band-pass in nature for sufficiently large values of ω . Through manipulation

( ; , )s t u v  can be shown to have the form 

 { }( ; , ) ( ; , ) cos arg ( ; , )s t u v s t u v t s t u vω= +     (15) 

where complex (phasor) amplitude ( ; , )s t u v  is given by  

 { }( , , )( ; , ) ( , ) ( , , ) j x y ts t u v f x y a x y t e φ= F  (16) 

the Fourier transform of the product of ( , )f x y  with the complex-valued turbulence-

generated time-varying function [ ]( , , ) exp ( , , )a x y t j x y tφ . 
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In the absence of turbulence, as illustrated by the phasor diagram of Figure 3.3:top, 

( ; , )s t u v  is a pure sinusoid with constant amplitude ( , )F u v  and constant phase 

{ }( , ) arg ( , )u v F u vψ = , the desired Fourier amplitude and phase functions. In the 

presence of turbulence, as suggested by Figure 3.3:bottom, ( ; , )s t u v  has the form of a 

sinusoidal carrier at frequency ω  with time-varying magnitude ( ; , )s t u v  and phase 

{ }( ) arg ( ; , )t s t u vθ =  . 

 

 

 

 

 

 

 

 

 

As shown in Figure 3.3 (bottom right ) in the case of turbulence the phasor will no longer 

determine a point in the phasor-diagram but, at different times, to different points inside a 

region (gray region in the figure) where there is uncertainty in the magnitude and the 

angle of the phasor. At this stage a few key assumptions are made. First, it is assumed 

that the turbulence conditions along the imaging path—wind strength, temperature 

gradients, etc.—are stable with time (stationarity assumption). It is also assumed that 

both optical paths will suffer from the same strength of turbulence (isotropic and 

Figure 3.3: Temporal frequency spectrum (left) and phasor 
diagram (right) for the band pass output signal from the Fourier 
telescopy detector. In the absence of turbulence, top, in the 
presence of turbulence, bottom. 
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homogenous assumption). These conditions comply with the Kolmogorov model of 

turbulence. 

Averaging the magnitude is straightforward but averaging the phase is in fact, not an easy 

task because the atmospheric turbulence can generate phase noise with standard deviation 

of tens of radians, which will result in the need to use a phase unwrapping algorithm to 

track the phase in order to obtain a valid average.  
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4 PHASE STANDARD DEVIATION AND PHASE TRACKING

 

As described in the previous chapter, averaging samples of the magnitude and phase of 

the Fourier transform of the turbulence disturbed image can improve the image quality in 

Fourier domain imaging. One concern in averaging phase is how many samples do we 

need to average for a better phase estimate. The minimum number of required samples is 

directly related to the standard deviation φσ of the phase introduced by the turbulence in 

the imaging path.         

   

4.1 Calculation of Young’s fringe phase standard deviation  

We can start the analysis with Eq. (5.35) in ref. [1], 

 
( )2 5/3 2 5/3

0
0

2.91
h

nD k C z z dzφ θ= ∫ , (17) 

and modify the equation to find the phase structure function of Young's interference 

fringes for horizontal path propagation. For the converging rays in ground level 

turbulence we can find the structure function Dφ which is the same as the phase variance 

and is given by 

 5/3
2

243.1 (0)n
S dD Cφ λ

=  (18) 

 - ( )2 0nC is the refractive-index structure parameter at ground level and has values of the 

order of 14 2 310 m− − . The phase variance will be ~430 radian2 for our prototypical model 
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with S=1 m, d=1 km, and 1 mλ µ= . The corresponding standard deviation φσ of the 

phase will be ~21 radians. This is a large value corresponding to more than 3 

waves.  

Averaging N independent measurements of a signal affected by random noise with 

standard deviation σ and mean zero will improve the signal to noise ratio of the signal. 

This will translate into a reduction of the standard deviation: 

 Original
(Averaged signal)= N

σ
σ  (19) 

 

To reduce the standard deviation of the mean phase estimate to a reasonable value of 0.21 

radians (about 12 degrees), it is thus necessary to take approximately 10000 independent 

samples of the phase.  

Visiting scholar Dr. Yezid Torres Moreno, Dr. Rhodes, and I revised Eq. (5.35) ref [1] by 

starting the analysis using Eq. (5.17) in ref [1] and following the same steps for two 

converging rays. The revised standard deviation of a phase measurement is given by 

 
( ) ( )( ) ( )

1
1 22 2 22 32 2 3

_ 2 0 0

4 0
2 2

z zn
rev

C
z d z z z dz dzφ

π
σ θ

λ

      ′′ ′′ ′′ ′′= + − − −      
       

∫ ∫  (20) 

The double integral is solved using MATLAB and the same prototypical model 

parameters. The standard deviation for a phase measurement is estimated using this new 

analysis and found to be ~14.6 radians. To reduce the standard deviation of the mean 

phase estimate to a reasonable 0.2 radians, approximately 5500 independent samples of 

the phase are required. 
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4.2 Why do we need to track the phase 

In order to calculate the true average phase, it is necessary to track signal phase ( )tθ  with 

time, in the process unwrapping any 2π  phase jumps. Phase measuring devices such as 

lock-in amplifiers always output phase values in the principal range [ ],π π− . As we 

showed in the previous section, phase values can lie beyond the principal range in ground 

level Fourier telescopy system. 

The actual or unwrapped phase value  at any point is given by  

 2uw w nφ φ π= +  (21) 

where wφ is the wrapped phase or phase value within the principal phase range and n is an 

integer. To obtain a reasonable estimate of the mean phase uwφ   it is necessary to record a 

suitably large number N of phase-unwrapped samples.  

 
2

i i
uw w i

uw
i i i

n
N N N
φ φφ π= = +∑ ∑ ∑ , (22) 

where uwφ is the actual phase value measured after unwrapping any 2π phase jumps. The 

summation term i

i

n
N∑  in the Eq. (22) is not necessarily an integer. Therefore the correct 

estimate of mean phase uwφ  must to be computed after tracking and unwrapping the 

Fourier telescopy detector signal. Indeed, the principal potential weakness of the scheme 

would appear to lie in the unwrapping of the phase. So long as ( ; , )s t u v in Eq. (15) has 

adequate amplitude, the phase tracking process is relatively simple [18] . But what if 

( ; , )s t u v  momentarily fades to zero? In that case, it may be necessary to begin the phase 

tracking and mean-value estimation process all over again.  
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4.3 Lock-in amplifier to recover the signal phase   

Lock-in amplifiers can be used to measure the amplitude and phase of noisy AC signals. 

Lock-in amplifiers use a technique known as phase-sensitive detection to single out the 

component of the signal at a specific reference frequency and phase. Noise signals, at 

frequencies other than the reference frequency, are rejected and do not affect the 

measurement [19].  

Lock-in measurements require a frequency reference. Typically, an experimental system 

is driven at a fixed frequency (from an oscillator or function generator), and the lock-in 

detects the response from the experiment at the reference frequency.  

 

 

 

 

 

 

 

 

 

 

The basic idea of the dual phase principle is to measure the input signal with two phase 

sensitive detectors (PSD) which are controlled by orthogonal reference signals. Input 

signal components at the two orthogonal reference phases are embedded in these two 

signals, in-phase I(t) and quadrature Q(t) signals. From these two signals both the 

I(t) 

Q(t) 

Figure 4.1: Basic working principle of a dual phase lock-in amplifier (Source: LIA 150, 
Dual phase lock-in amplifier by Becker & Hickl GmbH, Berlin). 

Phase 
sensitive 
detector 

Phase 
sensitive 
detector 
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amplitude and phase of the input signal can be calculated. Consider an input signal of the 

form 

 ( ) ( )sig sig sigs t V cos tω θ= +  (23) 

where sigV is the signal amplitude, sigω is the signal frequency, and sigθ is the signal phase. 

The lock-in amplifier can generate its own internal reference signal ( )refs t ,  e.g., by a 

phase-locked-loop (PLL) locked to the external reference:  

 ( ) ( )ref ref ref refs t V cos tω θ= +  (24) 

The lock-in amplifies the detected signal and multiplies it by the lock-in reference using a 

phase-sensitive detector (PSD). The output of the PSD is given by 

 ( ) ( ) ( ) ( )PSD ref sig ref sig sig ref refS s t s t V V cos t cos tω θ ω θ= = + +  (25) 

The PSD output consists of two AC signals, one at the difference frequency ( )sig refω ω−  

and the other at the sum frequency ( )sig refω ω+ . If the PSD output is passed through a low 

pass filter, the AC signals are removed and nothing will be left. However, if sigω equals 

refω , the difference frequency component will be a DC signal. In this case, the filtered in-

phase PSD output component will be 

 ( ) 1 ( )
2 sig ref sig refI t V V cos θ θ= −  (26) 

The filtered output of the second PSD, the quadrature component, which corresponds to 

the orthogonal reference signal, will be 

 ( ) 1 ( )
2 sig ref sig refQ t V V sin θ θ= −  (27) 

The amplitude and phase of the input signal are then recovered using  
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 ( ) ( )

( )
( )

2 2

1

2
s

ref

sig ref

V I t Q t
V

Q t
tan

I t
θ θ−

= +

 
= +  

 

 (28) 

The phase obtained will be naturally wrapped so there is a need to unwrap, requiring that 

the phase be tracked. The process is extremely sensitive to the sampling period, so the 

PSD detector should collect values for I(t) and Q(t) signals at a sufficiently high 

frequency. 
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5 SPECKLE NOISE IN A FOURIER TELESCOPY IMAGING SYSTEM

 

Laser output noise, speckle noise, and detector shot noise all affect system measurements. 

We concentrate here on speckle noise, the other two having been addressed in the 

doctoral dissertation by Diego F. Pava [20]. Because it is periodic in Fourier telescopy, 

speckle noise cannot be averaged just by longer exposure [21].  

 

5.1 Objective and subjective speckles   

The speckle effect is a result of the interference of many waves of the same frequency, 

having different phases and amplitudes, which add together to give a resultant wave 

whose amplitude, and therefore intensity, varies randomly. When light is scattered off a 

rough surface and falls on another surface, it forms objective speckles. The size of the 

individual speckles depends on the geometry of the system and the wavelength. 

When one uses an optical system (e.g., the eye) to observe scattered light from a rough 

surface, a subjective speckle pattern is observed in the image plane. It is called subjective 

because the detailed structure of the speckle pattern depends on the viewing system 

parameters. Changing the size of the lens aperture and changing the position of the 

imaging system will alter the subjective speckle distribution. When a rough object is 

coherently illuminated, the backscattered light is also coherent as well, displaying 

objective speckles at the detector aperture. 
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Many mathematical models, and many algorithms and strategies to reduce or cancel 

speckle noise are described by Goodman [21], Dunmeyer [22], Dainty [23], Burkhardt 

[24], etc. But because speckle noise is so dependent on both the object and the system, 

there is no definitive solution for all speckle noise problems. 

 

5.2 Speckle noise in Fourier telescopy imaging system 

If the illumination of a target in a Fourier telescopy system is coherent, then the 

backscattered light is also coherent, displaying objective speckles at the detector aperture. 

The speckle size a at the detector aperture is given by  

 

obj

za
D
λ

≈
 

(29) 

where objD is the diameter of the object illumination and Z is the object-to-detector 

distance. For a prototypical Fourier telescopy system with a 1 m diameter target at 1 km, 

the speckle size will be 1 mm at the detector or PMT aperture. So for a 1mm detector, the 

S/N will be only unity. For a 100 mm detector, we collect 10000 speckles, so the S/N will 

be about 100. If the target is smaller, maybe 100mm, then the objective speckle size is 10 

mm and the SNR is only 10 for the detector with a 100 mm aperture.  

During my visit to the Optics Group at the University of Erlangen-Nuremberg in 

Germany, I was able to carry out a simple experiment to observe objective speckles in a 

Fourier telescopy test system under supervision of Prof. Gerd Häusler.  
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5.3 Experiment setup - Speckle noise in Fourier telescopy test system 

A schematic diagram of the experimental setup used to observe speckle patterns in 

interference fringes is shown  in Figure 5.1 .  

 

 A: Laser (532nm)   B: ND filter  C: 20X microscopic objective 

 D: 450 Linear Polarizer   E: Savart plate  F:  450 Linear Polarizer 

 G: Piece of plastic   H: Binary grating  I: Ground glass   

 J: Lens    K: CCD   L: Computer 

 

The Savart plate was used to produce interference fringes [25]. The Savart plate 

comprises two beam splitting plates with their optic axes at 45° to the surface normal, 

rotated 90° with respect to each other. The result is two emerging beams displaced along 

a diagonal. The optical path difference between the two beams is zero for normal 

incidence. Two 450 polarizers are used with the Savart plate in order to get equal intensity 

in both beam paths. The Savart plate acts to produce two spherical waves with shifted 

origins and thus to produce interference fringe patterns. The fringe spacing is p z Sλ= , 

where λ  is the wavelength, z is the distance traveled, and S is the separation of the 

beams. A laser-printed binary pattern (50% duty cycle) on a transparent sheet was used as 

Figure 5.1: Experimental setup used to observe speckle patterns. 
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the binary grating, and a grating and a ground glass together were used as a rough-

surfaced object. Transmitted   light/signal was collected and analyzed rather than 

reflected light as in the conventional Fourier telescopy system. Light transmitted through 

the rough binary target was collected using a computer controlled CCD camera. The total 

pixel values of the normalized gray scaled CCD image was used as the corresponding 

light bucket (or PMT) signal. Generated fringes were moved laterally (x-axis) with the 

help of a tilted thick piece of transparent plastic. The lens placed in front of the CCD was 

used to magnify and focus the image and fixed zoom and focus settings were used during 

the experiment.  

 

Figure 5.2: Different size speckle in interference fringes. 

 

Corresponding CCD images of interference fringes using different exit aperture sizes are 

shown in Figure 5.2. When an optical system is used (lens in this experiment) to observe  

scattered or transmitted coherent light, subjective speckles are present in the image plane 

and the speckle size is inversely proportional to the aperture size. The size of the exit 

aperture of the lens was reduced for the each image in Figure 5.2, the largest aperture size 

being used for the left-most image. As predicted, the size of the subjective speckle 

increases with decreasing aperture size.   
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6 EXPERIMENTS

 

6.1 Proof of principle experimental setup 

 

 

The main purpose of the proof of principle experiment setup is to generate controlled 

moving interference fringes with different spatial frequencies. A Michelson 

interferometer configuration is used due to ease achieving low spatial frequencies (e.g., 1 

mm-1) of fringes at distances of 3-5 m in the laboratory.  

A HeNe green laser (543 nm), a neutral density filter (ND), a beam expander (BE), two 

50-50 beam splitters (BS1 and BS2), a piezoelectric transducer, a signal generator to 

control the piezoelectric transducer, an oscilloscope, a photo multiplier tube (PMT), a 

CCD camera, and Ronchi-ruling targets were used in the modified Michelson 

Figure 6.1: Modified Michelson interferometer. 
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interferometer configuration as shown in Figure 6.1. A neutral density filter (ND) was 

used to reduce the intensity of the laser and a 10X beam expander (BE) was used to 

expand the beam diameter up to 10-12mm. One of the mirrors (M2) in a conventional 

Michelson interferometer arm was replaced by a small mirror attached to a piezoelectric 

transducer and the piezoelectric transducer was attached to a micro-positioning platform 

and driven by a signal generator. A second beam splitter (BS2) was introduced in the 

interferometer to observe fringes through a CCD camera. The CCD camera sensor and 

the Ronchi target were placed at the same distance from the second beam splitter (BS2). 

The CCD camera was used to observe a portion of the generated fringes and to allow us 

to measure and verify the fringe period and the fringe orientation at the target plane with 

greater accuracy. PMT gain, fixed for all experiments (amplification of the signal), was 

controlled using the PMT controller. 

An optically rough reflective Ronchi target with known period was fixed to a 

translational and rotation platform. The calibrated PMT connected to an oscilloscope was 

directed towards the Ronchi target and used to collect reflected light photons by the 

target. The generated PMT signal was examined using the oscilloscope and saved for 

further analysis.  

Before connection to the piezoelectric transducer controller (signal generator), all micro 

positioning systems were carefully adjusted until the preferred spatial frequency of the 

static interference fringes was matched. The fringe period was measured and verified 

with high accuracy using the CCD camera system. 

Amplitude and frequency modulation of the piezoelectric transducer was controlled by 

the signal generator. The piezoelectric transducer was capable of working up to 4 kHz 
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frequency and 20V maximum amplitude signal. The amplitude of the signal generator 

controlled the amount of mirror (M2) translation, and thus the amount of interference 

fringe movement in the target plane. Signal frequency controlled the temporal frequency 

of the moving interference fringes. The standard deviation of the PMT signal for static 

interference fringes (i.e., with the signal generator switched off) characterized the colored 

noise (N) signal. The noise amplitude depends on the PMT gain, which was set to a fixed 

value for all experiments. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A segment of typical PMT signal (without DC bias) sampled using the oscilloscope is 

shown at the top of Figure 6.2, its spectrum shown in the same figure at the bottom. We 

Figure 6.2: Segment of PMT signal and, its Fourier transform. 
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used MATLAB to analyze the PMT signals in the time and frequency domains. Measured 

signal frequency (fs) and, signal amplitude (Vs) were recorded. For control in all 

experiments, the colored noise (N) properties were measured before and during the 

experiment. The signal to noise ratio S/N=Vs/N was calculated and used to scale the 

vertical axis of all plots in all experiments.  

 

6.2 Effect of interference fringe spatial frequency on PMT signal 

Interference fringe spatial frequency and fringe orientation at the target plane were 

changed using the M2 mirror orientation in the interferometer arm. A micro positioning 

platform was used to control the orientation of M2 mirror and thus the fringe frequency. 

PMT gain and the piezoelectric traducer signal amplitude and frequency were fixed 

throughout the experiment. A spatial frequency of ft=1 mm-1 Ronchi target was used and 

the rotating platform was adjusted to make target and interference fringes parallel during 

the experiment. Colored noise and PMT signals were recorded for different interference 

fringe frequencies, and the signal to noise ratio was calculated and plotted as shown in 

Figure 6.3. A high contrast PMT signal, i.e., maximum S/N, was recorded when the 

target spatial frequency (ft) and interference fringes frequency (f0) were matched. The S/N 

dropped quickly to unity when the fringe spatial frequency shifted by 10% from (f0).  
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Figure 6.3: S/N vs. fringe frequency graph. 

 

6.3 Effect of target orientation on PMT signal 

Mirror M2 and the attached micro positioning platform were adjusted until the fringe 

spatial frequency matched the Ronchi target spatial frequency ft=1 mm-1 at the target 

plane. The rotation platform attached to the target was rotated until a maximum contrast 

PMT signal was obtained. At this position, both target fringes and interference fringes 

overlapped. The angle θ between the interference fringes y-axis and the target's y-axis 

was considered as the reference angle. PMT gain and the piezoelectric traducer signal 

amplitude and frequency were fixed throughout the experiment. 

The Target was gradually rotated around the perpendicular axis going through the center 

of target (z axis in Figure 6.4). Colored noise and PMT signals were recorded for 

different rotation angle θ of the target and the signal to noise ratio was calculated and  
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plotted as shown in Figure 6.5. S/N dropped quickly to unity when the rotated angle 

reached ±4 degrees from the reference angle.  

 

 

Figure 6.5: S/N vs. target orientation graph. 
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Figure 6.4: Ronchi Target and its reference axes. 
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6.4 Effect of piezoelectric transducer-driven signal amplitude on PMT signal 

In this experiment setup we were able to fix a light weight and good quality (λ/10) small 

mirror on a piezoelectric transducer and controlled the transducer using a signal generator 

in the range of 1-20 Volts and 100 – 4000 Hz. The mirror-attached transducer was 

coupled to a micro-positioning platform. The amplitude of the driving signal controlled 

the piezoelectric oscillation amplitude and hence the amplitude of fringe movement at the 

target plane.    

Mirror M2 and the attached micro positioning platform were adjusted until the fringe 

spatial frequency matched the Ronchi target spatial frequency ft=1 mm-1 and orientation 

at the target plane. The amplitude and frequency of the transducer driven signal was set to 

10V and 300Hz. The rotation platform and the target were rotated and adjusted until the 

PMT AC signal was maximized. The amplitude of the transducer-driven signal was reset 

to 1V and PMT gain and fringe spatial frequency were fixed during the experiment. The 

signal amplitude was gradually increased from 1V to its maximum 20V and the colored 

noise and PMT signal were recorded for each amplitude value. The recorded PMT signal 

was analyzed for different frequency components and the measured amplitude of each 

frequency component was plotted against transducer signal amplitude as shown in Figure 

6.6.    

The PMT signal was not a pure sinusoidal signal, but contained harmonic components as 

well. As shown Figure 6.6, the PMT signal contained components corresponding to the 

fundamental frequency at 300 Hz and harmonics at 600 and 900 Hz, plus additional 

harmonics. The dominating frequency component depends on the transducer signal 

amplitude.  
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Figure 6.6: S/N vs. piezoelectric transducer-driven signal amplitude graph. 

 

Let us first assume that one of the sources is up shifted in temporal frequency by 

constant-speed axial translation of mirror M2. The optical intensity of the interference 

pattern incident on the target is then given by  

 

{ }
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2 1 cos( 2 )

j ux j ux j t
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= +
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= + −

 (30) 

Within a factor of 2 this is just the illumination distribution of Eq. (8) for the case 0v = , 

and the time-varying output of the light  bucket detector is thus of the form of Eq. (11). 

The spatial frequency parameter u is given by /u S zλ= , λ  being the wavelength, and 

the temporal frequency parameter ω  is given by 4 /Vω π λ= , V being the mirror 
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translation speed (reflection of light by the mirror accounts for the factor 4π  instead of 

2π ).  

Now let the mirror translation be sinusoidal. In this case the illumination intensity pattern 

is  

 

( )

2u u sin( , , )

2 1 cos( sin 2 )

j x j x j t
illI x y t e e e

t ux

π π α ω

α ω π

−= +

= + −
 (31) 

where α  is the maximum phase excursion, given by 2 ( / )lα π λ= ∆ , l∆  being the 

magnitude of the change in optical path length introduced by the oscillating mirror.  The 

signal ( ; , )s t u v is in this case of the form 

 
( )( ; , ) ( , )cos sin 2s t u v f x y t ux dx dyα ω π

∞ ∞

∞ ∞

= −∫ ∫  (32) 

Introducing the identity [26] 

 sin ( )j t jn t
n

n
e J eα ω ωα

∞

=−∞

= ∑  (33) 

we obtain 

 ( ) ( ) ( )
( ) ( ) [ ] ( )

( ) ( ) [ ] ( )
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I x y t F u v J Cos u v
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α ψ
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α ω ψ

= +  
+  

  

∑

∑

 
(34) 

We see that the time-varying component of the detected signal conveys on a sinusoidal 

carrier the magnitude ( , )F u v  and the phase ( , )u vψ  of the object Fourier transform, 

evaluated at the spatial frequency ( , )u v  of the fringe pattern. The beating of this 
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oscillating fringe pattern against the object produces harmonic components at integer 

multiples of radian frequency ω . 1( )J α  is the first-order Bessel function of the first kind.  

When the transducer driving signal amplitude was ~8V, the fundamental frequency 

component of the PMT signal component achieved maximum amplitude and there was a 

very small contribution from 2nd harmonic frequency signal. When the transducer signal 

amplitude was ~14V, the first three frequency components all had significant values in 

the PMT signal. 
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7 SIMULATIONS

 

Full-scale field-experiment verification of the TAFT concept for imaging through 

ground-level turbulence is quite difficult and requiring of considerable instrumentation 

that is not available at FAU. One of the objectives of this doctoral research is thus to 

demonstrate, in the absence of full-scale experimentation, the feasibility of time-average 

Fourier telescopy through the development of MATLAB-based software capable of 

demonstrating the effect of kilometer-scale passage of laser beams through ground-level 

turbulence in a numerical simulation of TAFT. That will allow us to establish the validity 

of the underlying concept, select relevant instrumentation for field experiments, select 

adequate signal processing techniques, and also to assess limitations of TAFT in ground-

level imaging over distances of kilometers to tens of kilometers. 

  

7.1 Thin random phase screen model 

For the purpose of mathematical simplification, the concept of an infinitely thin random 

phase screen has been used with turbulence models for studying scintillation and phase 

phenomena. For example, satellite radio communications through the ionosphere and the 

reflection of electromagnetic waves from a rough sea surface have been modeled by 

means of appropriately positioned thin phase screens [27]. In some cases, a random 

medium that extends between transmitter and receiver can be modeled by a single thin 

phase screen located between the optical source and receiver. Booker et al. [28] showed 
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that this latter approximation is valid for a plane wave incident on a random phase screen 

provided the screen is centrally located with respect to the extended medium and has the 

same refractive index spectrum and phase variance as the extended medium. The phase 

screen analysis presented in [28] was extended to a Gaussian beam wave by Andrews et 

al. [29]. In this latter study, the general model for the phase screen consisted of a single 

slab of random medium somewhat arbitrarily located between source and receiver, as 

illustrated in Figure 7.1. In the figure, the input plane is located at 0z = , and the total 

propagation distance is z L= , where L=L1+L2+L3 and where it is assumed that the 

random medium exists only between the planes 1z L=  and 1 2z L L= + . The phase 

screen is considered to be “thin” if the condition 2/ 3 1L L   is satisfied. 

 

 

 

 

 

 

 

When one wants to consider more complex scenarios, e.g., for adaptive-optics systems, a 

common technique is to model turbulence by more than one discrete thin layers. This 

approach is common for analytic calculations, computer simulations, and for simulating 

turbulence in the laboratory [30][31]. A layered model is useful if its refractive index 

spectrum and scintillation properties match those of the corresponding extended medium. 

Laser 

Input plane Phase screen Output plane 

Receiver 

L1 L3 L2 

Figure 7.1: Propagation geometry for a random phase screen. 
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Each layer is associated with a unit-amplitude thin phase screen that represents a 

turbulent volume of a much greater thickness.  

In our simulation, the total beam propagation distance is divided into a series of equal-

length segments, as shown in Figure 7.2, and beam propagation through each segment is 

modeled by light wave transmission through a thin random phase screen with select 

statistical characteristics followed by free-space (i.e., vacuum) propagation. 

 

 

 

 

 

 

 

A random phase screen corresponds to one realization of an atmospheric phase 

perturbation. Multiple atmospheric phase screens are incorporated into the split-step 

beam propagation method to simulate atmospheric propagation [31].  

 

7.2 Phase screen generation 

The refractive index variation of the atmosphere is a random process, and so is the optical 

path length through it. Consequently, turbulence models give statistical averages, like the 

structure function and power spectrum of refractive index variations. Phase screens are 

created by the insertion of computer-generated random numbers into two-dimensional 

Figure 7.2: Propagation geometry of layered phase screen model. 

Laser 

Input plane Output plane 

Receiver 
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arrays of phase values on a grid of sample points that have the same statistics as 

turbulence-induced phase variations.  

The most common method for phase screen generation is based on a Fourier 

transformation [32] by assuming that turbulence-induced phase ( ),x yφ   is a Fourier-

transformable function, i.e.,  

 
( ) ( ) ( )2, , ,i ux vyx y u v e dudvπφ ψ

∞ ∞
+

−∞ −∞

= ∫ ∫  (35) 

where ( ),u vψ is the spatial frequency spectrum of the phase ( ),x yφ , a realization of a 

random process with a power spectral density (PSD) given by ( ),u vφΦ . For our 

simulations we have used the modified von Karman PSD, which is the simplest PSD 

model that includes both inner and outer scales. It is given by 
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where ( ) 0 0 0
ˆ ˆ2 , 5.92 , 2mui vj l Lκ π κ κ π= + = = , and where 0r  is the atmospheric 

coherence diameter or Fried parameter [33]. In the case of horizontal path propagation 

the Fried parameter is given by [30].  

 ( ) 3 52 2
0 0.16 nr C k d

−
= , (37) 

where k is the wave number and d is the propagation distance. 

Given a desired atmospheric condition, the set of equations in [31] page 165 can be used 

to determine the required phase screen properties and locations along the path. With five 

phase screens, there are 10 unknown parameters (screen atmospheric coherence diameter 

r0 and position Zi of each screen). Choosing to separate the phase screens by equal 
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distances along the propagation path, we can reduce the difficulty of solving the 

equations and use MATLAB to find the corresponding r0 value for each phase screen. 

 

7.3 Overview of the MATLAB simulation          

 

 

 

 

 

 

 

 

 

 

 

The main stages of a complete MATLAB simulation of beam propagation from input 

plane to target plane are shown in Figure 7.3. The size of the Gaussian beam waist, 

wavelength of the light, propagation distance, source separation in the target plane, 

number of phase screens, corresponding turbulence refractive-index structure parameter 

2
nC , size of the 2-D matrix, size of a pixel, etc., are the initial data fed into the program. 

MATLAB will first compute the strength of each phase screen of the layered model, and 

match and check with those of the corresponding extended medium. The input plane 

complex amplitude matrix is the initial step of the propagation process, which contains 

Turbulence statistics 

Figure 7.3: Overview of the MATLAB simulation steps. 
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either one Gaussian beam at the center of the matrix or two tilted Gaussian beams placed 

at equal distance from the center of the matrix. The first phase screen modifies the phase 

of the input plane complex amplitude and is then followed by free space propagation.  

Repetition of phase modification and free space propagation steps for each block of 

layered model and computed  matrix of the final free space propagation yields the target 

plane complex amplitude matrix.  

 

7.4 Gaussian beam  

In most laser applications, laser-beam propagation can be approximated by assuming that 

the laser beam has an ideal Gaussian profile when the laser is operating in the 

fundamental transverse or TEM00 mode of the laser's optical resonator. The Fourier 

transform of a Gaussian distribution is also a Gaussian distribution, and the distribution 

remains Gaussian at every point along its path of propagation through the optical system,  

thereby explaining why Gaussian optics is a convenient, widespread model in laser 

optics. 

 
( )

2 2 2 2
0

2, , exp
2 z

z z z
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ϕ
      + +

= − − − −      
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The complex amplitude of a Gaussian beam can be represented by Eq. (38), where ,x y

represents the radial coordinates from the optical axis, z is the axial distance traveled 

along the optical axis, and the beam waist at the origin of the coordinate system, 0W , is 

the minimum spot size. The spot size at distance z is given by 

 2

0 21z
R

zW W
Z

= +  (39) 
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where the Rayleigh range RZ is given by 

 2
0

R
WZ π
λ

=  (40) 

the radius of curvature of the wave front zR , is given by  

 2
R

z
ZR z
z

= +  (41) 

and the Gouy phase shift zϕ  is given by 

 
1tanz

R

z
Z

ϕ −  
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 (42) 

  

 

7.5 Gaussian beam propagation 

Consider a Gaussian beam with a 2 mm waist (W0) placed in the center of the input plane 

at 0z =  on the optical axis, propagating in the z+ direction. The complex amplitude of 

the beam in the plane of the waist, ( ), ,0U x y , is given by  

Figure 7.4: Changes in Gaussian wave front radius with propagation distance.  
(Source: marketplace.idexop.com/ All_About_Gaussian_Beam_Optics.pdf) 
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At a distance of 1z =  km, in vacuum and without turbulence, the complex amplitude of 

the beam is given by Eq. (38), and the intensity distribution given by  

 ( ) ( ) 2
, , , ,I x y z U x y z=  (44) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7.5: Intensity distribution of a 
Gaussian beam at the target plane after 
propagating 1000m in free space.   

Figure 7.6: Intensity distribution of a 
Gaussian beam at the target plane after 
propagating 1000m in Cn

2=10-14 
turbulence. 
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As the laser beam propagates, it spreads due to diffraction. If it propagates through 

turbulence, it becomes distorted and more and more speckle-like, as illustrated in Figure 

7.6. 

Distortion of the intensity distribution at the target plane depends on the strength of the 

turbulence when all the other parameters are fixed. In the simulation, the corresponding 

turbulence refractive-index structure parameter 2
nC  is changed to represent different 

atmospheric turbulence conditions. The intensity profiles of a laser beam at 1000 m 

distance for three different atmospheric conditions are shown in Figure 7.7.  

 

7.6 Phase value measurements in the target plane 

In a complex valued function, the periodic nature of the phase makes it distinguishable 

only in the interval encompassing one period (usually the range from –π to π is used and 

is known as the principal range). This condition can create ambiguity regarding the actual 

phase at a point in the target plane when the phase excursions exceed the principal range. 

Normal detection techniques are unable to differentiate between the actual phase and its 

wrapped phase equivalent in the principal range (for example a phase of π and a phase of 

Figure 7.7: Intensity distribution simulations of a Gaussian beam at the target plane after 
propagating 1000m in turbulences characterized by Cn2=10-16, 10-15 and 10-14. 
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3π). The ambiguity in the phase detection will result in discontinuities in the detected 

signal because the phase will be wrapped inside the principal range.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7.8: Wrapped phase distribution of a Gaussian wave front at 
the target plane after propagating 1000m in free space. 

Figure 7.9: Unwrapped phase distribution of a Gaussian wave front at 
the target plane after propagating 1000m in free space. 
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A wrapped phase front is shown in Figure 7.8 with the color gauge on the top right. All 

measured phase values are within the principal range. The phase value at the origin of the 

coordinate system (i.e., the center pixel of the complex amplitude matrix) is -1.558 

radians. The MATLAB 'unwrap' command is used to unwrap the wrapped phase front of 

the Gaussian wave. A 2-D unwrapping process is performed with respect to the phase 

value at the origin of the coordinate system as shown in Figure 7.9.  

In wave propagation under turbulence simulations, phase perturbations due to 

atmospheric turbulence are introduced using the computer generated phase screens and 

these phase screens are generated by placing computer-generated random numbers into 

two-dimensional (2-D) arrays of phase values that have the same statistics as turbulence-

induced phase variations. In the simulation, computer-generated phases in the 2-D grid 

can take on values outside the principle range -π to π, depending on the turbulence 

strength, propagation distance, and the position of the phase screen in the simulation 

geometry. As discussed in section 4.2, recovering the unwrapped or true phase value at a 

given point in a wave phase front at the target plane is important, because we need to 

average the amplitude and phase of the Fourier components for a long time—perhaps 

tens to hundreds of seconds—in TAFT. This is the same reason that we need to track and 

recover unwrapped Fourier phase in field experiments.     

The unwrap process usually begins at an arbitrary point—the reference point— of the 

phase map. After unwrapping, the phase values of all the other points in the phase map 

can be considered to be known with respect to the reference point. In the simulation, the 

MATLAB 'unwrap' command is used to unwrap the wrapped phase front in the target 
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plane, the origin of the 2-D output plane coordinate system being selected as the 

reference point.  

   

Figure 7.10: Wrapped phase distribution of a Gaussian wave 
front after propagating 1000m in Cn2=10-14  turbulence.  

 

Figure 7.11: Cross sections of wrapped and unwrapped phase 
distribution of a Gaussian wave front after propagating 1000m 
in Cn2=10-14  turbulence. 
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The actual or true phase at the reference point is determined by adding missed 2π jumps 

during the propagation steps using the center values of the individual phase screens.  

All jumps are counted, along with the correct sign, and added at the reference point at the 

target plane. Phase unwrapping is then completed with respect to the reference point, and 

the actual phase values of all other points in the phase map at the target plane are thereby 

recovered.  

The wrapped phase front distribution of a Gaussian beam propagated 1000 m ground 

level turbulence characterized by 2 410nC −= is shown in Figure 7.10. Missed 2π phase 

jumps are counted and added to the reference point and the unwrapping process is 

performed with respect to the reference point. Cross sections of the unwrapped phase 

front with and without phase jump corrections are plotted in Figure 7.11. According to 

this particular simulation, the wrapped phase is 0.64 radians and the true phase is 6.926 

(=0.64+2π) radians at the reference point.  

 

7.7 Static Young’s interference fringes   
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Figure 7.12: Propagation geometry of the Young’s interference fringe production. 
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Consider the production of Young’s interference fringes through the interference of light 

from two spatially-separated but mutually coherent beams of light after travel through  

atmospheric turbulence, as illustrated in Figure 7.12. Solid-black lines represent the 

turbulence free case and dash-red lines represent the case with turbulence.  The lower and 

upper beams travel significant distances through different turbulence cells, especially in 

the first half of the propagation distance. In the latter part of the propagation segment, 

when they are close to one another, the beams experience similar turbulence effects. 

Atmospheric turbulence strength, source plane separation, and propagation distance will 

cause wiggly interference fringes at the target plane.   

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7.13: Normalized intensity distribution of Young’s 
interference fringes at 1000m distance; turbulence free case 
(top), zoomed into few fringes at the center (bottom). 
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The simulation of Young’s interference fringes in free space propagation is shown in 

Figure 7.13. Gaussian beam waists are placed at +S/2 and -S/2 on the y-axis in the input 

plane. Both beams are directed to a point on the z-axis at 1000 m distance. For the same 

beam parameters and the phase screen layered method to represent the atmospheric 

turbulence phase contributions, MATLAB-generated fringe intensity distributions are 

shown in Figure 7.14. As we expected, intensity fringes are wiggly and asymmetric due 

to turbulence in the propagation channel. The most encouraging observation is that, even 

with the worst ground level turbulence condition, 2 -14 -2/3
nC =10  m , interference fringes 

appear to be continuous without breaking into fragments. Presence of continuous fringe 

Figure 7.14: Normalized intensity distribution of Young’s 
interference fringes at 1000m distance in Cn2=10-14  
turbulence (top), zoomed into few fringes at the center 
(bottom). 
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illumination decreases the amount of time required to estimate the average Fourier phase 

in TAFT compared to speckle like fringe illuminations on the target.   

 

7.8 Moving Young's interference fringes 

Basic Fourier telescopy uses two beams at a time that illuminate the target of interest 

with a complex fringe pattern of known spatial frequency which sweeps across the target.  

Fringe movement is due to the different temporal frequencies of the beams. Each pair of 

beams forms a fringe pattern of known spatial frequency on the target. The target spatial 

frequency components are encoded in the temporal signal that is reflected from the target.  

In field experiments conducted by Feldkhun [4], an acousto-optic modulator, or Bragg 

cell, was used to offset the frequency of the pair of laser beams. Acousto-optic 

modulators use the acousto-optic effect to shift the frequency of light using sound 

waves. In our laboratory experiment a sinusoidal moving mirror was used to offset the 

frequency of one Michelson interferometer arm to produce moving interference fringes.  

In the Young's interference simulation we offset the complex phase of one laser beam at 

input plane in steps of π/12 radians in order to move the fingers in the target plane. After 

24 phase shift steps, the fringes will have shifted through one period. 
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7.9 Tracking the phase using intermediate phase screens  

Recovering the unwrapped phase values at the target plane is the most challenging and 

critical part of the TAFT field experiment, as is also the case in the simulation.  

 

In experiments, the phase ( )tθ  of the Fourier telescopy signal in the presence of 

turbulence must be sampled at a rate sufficiently high that it allows tracking through 2π  

phase jumps. In simulation, in between successive independent realizations, the phase at 

any point at the target plane can undergo more than 2𝜋 wraps as well. We introduced N 

intermediate phase screens in between each successive independent phase screen 

realizations and recorded the phase at any given point using both independent and the N 

intermediate phase screens.  

Each intermediate phase screens was generated using the following linear interpolation 

method: 

a) Generate the first set of independent phase screens (ph_scn_1) 

b) Generate the second set of independent phase screens (ph_scn_2) 

c) Compute matrix 𝑣, where  

Figure 7.15: The phase of the Fourier telescopy signal in the 
presence of turbulence must be sampled at a rate sufficiently 
high that it allows tracking through   phase jumps. (left) 
Example probability density function (right) (Source: [5]). 
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d) Generate intermediate phase screens 
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Atmospheric turbulence simulations reported by Repasi [34], Stapp [35], and others did 

not address the phase tracking issue since they were not involved  in a true phase 

averaging process. The same phase shift method explained in the previous section was 

used with N=2399 intermediate phase screens, and thus in a total of 2400 phase shift 

steps in between two independent realizations the fringes will have shifted through 100 

periods. Turbulence in the atmosphere produces signal components up to around 1 kHz 

[30][31], while the temporal frequency of the Fourier telescopy signal carrier can be in 

the 1-10 MHz range for the acousto-optic modulators used in experiments [4], a factor of 

103 - 104 times greater than the turbulence bandwidth. Due to the large computational 

time required for simulations, the temporal frequency of the Fourier telescopy signal was 

limited to 100 times that of the atmosphere-produced signal frequency by setting the 

number of intermediate phase screens to N=2399.  
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7.10 Computer generated binary target  

A binary target matrix contains 1's and 0's to represent 100% and 0% reflection of a real 

target and bands of 1's (white) and 0's (black) are placed in a 2-D matrix according to the 

required target spatial frequency and placed in the target plane. Two configurations of 

target positioning are used in preliminary simulations, as shown in Figure 7.16.    

 

 

In configuration Figure 7.16 (a) the center of the bright (white) band is on the x-axis at 

the target plane and in configuration Figure 7.16 (b) the target is moved half a period 

along the y-axis from the target's position at configuration (a). 

  

y 

x 

y 

x 

p=fringe period 

(a) (b) 

Figure 7.16: Two different positioning of binary target at the target plane. (a) x-axis is on the 
center of a white band. (b) x-axis is on the center of a black band.  
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7.11 Simulation steps to recover Fourier components  

The main simulation steps required to recover the average Fourier phase and average 

Fourier magnitude using independent phase screens and intermediate phase screens are 

listed below. 

 

a) Set the beam, turbulence, and propagation parameters according to the required 

interference fringe spatial frequency. Set the number of independent realizations 

and number of intermediate phase screens N for the simulation.  

b) For each complete propagation, the target plane complex amplitude matrix is 

computed and missed 2π phase jumps are counted. 

c) Then the interference fringe intensity matrix is computed and multiplied by a 

computer generated binary target matrix. 

d) Sum of all pixel values of the product in previous step is considered as Photo 

Multiplier Tube (PMT) or large photon detector data. In laboratory/field 

x 

y 
z 

x 

y 

0z =  

z d=
 

phase screens 

binary target 
2s+

 

2s−
 

Figure 7.17: Simulation geometry of the Fourier signal production. 
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experiments, the PMT or large photon detector signal of a Fourier telescopy 

system is proportional to the product of object's reflectance function and fringe 

intensity distribution of the structured illumination, as in Eq. (14). 

e) Repeat all steps from b) to d) for each independent realization and all intermediate 

phase screens and save PMT data into an array. 

f) Saved PMT data is used in lock-in amplifier simulation. Sinusoid lock-in in-phase 

reference signal is constructed with the same phase steps used in phase shifting 

process to move the fringes.    

g) In-phase I(t) and quadrature Q(t) components are computed. 

h) Wrapped phase and signal amplitude are calculated using Eq. (28) and followed 

by the phase unwrapping process. 

i) Unwrapped phase and amplitude corresponds to independent realizations are 

separated, and averaged.  

 

7.12 Simulation results of a test run 

Below are the initial parameters set for this particular simulation to estimate Fourier 

phase and amplitude.   

wavelength =1 mµ , beam waist radius =2mm, number of phase screens =5, 

range =1000m, fringe period at the target plane =5mm 

2 14 2/310nC m− −=   

size of a pixel =0.5mm 

number of pixels per side =2048 

number of independent realizations =100 
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number of intermediate phase screens =2399 

fringe period of the binary target =5mm. The center of the binary target is placed 

at the origin of the coordinate system and the center of one white band is on the x-

axis as shown in Figure 7.16 (a). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The PMT data array constructed as described in section 7.11 a) to f) is shown in Figure 

7.18 (top). There are 240,000 sample values in the array. The results corresponding to all 

intermediate phase screens used between the first two independent phase screens are 

shown in Figure 7.18(bottom).  

Figure 7.18: Total data points of PMT signal (top). Data points between first two 
independent samples (bottom). 
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Figure 7.20: Calculated in-phase and quadrature signals. 

Figure 7.19: Segment of input PMT signal and corresponding in-phase and quadrature 
reference signals used in lock-in amplifier simulation. 
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The corresponding in-phase and quadrature reference signals for a selected section of the 

PMT signal used for in lock-in amplifier simulation are shown in Figure 7.19. As 

described in section 4.3, the constructed and filtered in-phase I(t) and quadrature Q(t) 

signals are displayed in Figure 7.20. 

 

 

 

 

 

Figure 7.21: Calculated wrapped and unwrapped phase values (top two graphs) using I(t) and 
Q(t) signals. Selected unwrapped phase values corresponds to independent samples (bottom). 
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Wrapped phase values of the signal are calculated using I(t) and Q(t) signals in accord 

with Eq.(28) and followed by the phase unwrapping process. Both wrapped and 

unwrapped phase values are shown in the top two graphs of Figure 7.21. The phase 

averaging process involves only the unwrapped phase values corresponding to 

independent realizations. Recovered unwrapped phase values of 100 independent 

realizations are shown in Figure 7.21 bottom and recovered amplitude values are shown 

in Figure 7.22. 

 

 

 

 

 

 

 

 

 

 

 

 

 

The estimated Fourier phase is 5.51 radians with 3.73 radian standard deviation, and the 

mean amplitude is 5.57.  

Figure 7.22: Recovered amplitude values using  independent phase realizations. 
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The binary target was shifted a half period (target fringe) along the y-axis in the target 

plane, as shown in Figure 7.16 (b) and the same simulation was repeated. In this case the 

calculated mean Fourier phase is 1.205 radians with 2.62 radian standard deviation and 

mean amplitude is 5.16. The mean Fourier phase value difference of these two 

simulations is expected to be 3.14 radians (π) as a result of the half-fringe period 

movement of the target in the second simulation, but the actual observed mean value 

difference is 4.31 radians. This is because of the large standard deviation values 

associated with both simulations due to the smaller number of independent realizations 

used (only 100 independent samples are used). 

The same simulation steps were repeated but with fairly weak turbulence conditions  

2
32 1710nC m−−= . The calculated mean Fourier phase was in this case -0.0110 radians 

when the target is located as in Figure 7.16 (a) and 3.1407 radians with the half 

wavelength shifted target as in Figure 7.16 (b). The recorded standard deviation is 0.07 

radians for both simulations. Because of the high precision mean phase values, the mean 

phase difference is almost 3.14 radians as we expected.   
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8 SUMMARY AND CONCLUDING REMARKS 

 

The problem of high-resolution imaging through long horizontal-path ground level 

turbulence has gone unanswered since it was first addressed many decades ago. Time 

average Fourier telescopy (TAFT), a method that shows promise for large-aperture 

diffraction-limited imaging through ground-level turbulence at kilometer distances, was 

introduced by Rhodes in 2012. Many questions arose in my mind when Rhodes explained 

this scheme to me. Will this be a possible solution for imaging? How difficult is TAFT to 

implement? How long will we need to time average? Will the fringe spatial frequency 

information survive after propagating through a long distance at ground level turbulence? 

How can we expedite the amplitude and phase averaging processes? Will we be able to 

track the phase? How often will TAFT signals fade or disappear? And so forth. Driven by 

such questions and curiosities, Yezid Torres Moreno, visiting scholar and 

experimentalist, and I started to look into the physical nature of most of these problems. 

Diego Pava, a fellow doctoral student, simultaneously carried out his research in the area 

of formulation and analysis of a transmitter-receiver system appropriate for the 

illumination, signal detection, and signal processing required for successful application of 

the TAFT concept.  

Full-scale, large-scale experimental verification of the TAFT scheme is quite challenging 

and requires instrumentation that is not available at FAU. As a consequence, we 

demonstrated the validity of time-average Fourier telescopy through (a) the design, 

66 



construction, and testing of small-scale laboratory instrumentation capable of 

demonstrating basic Fourier telescopy data-gathering operations, and (b) the development 

of MATLAB based software capable of demonstrating the effect of kilometer-scale 

passage of laser beams through ground-level turbulence in a numerical simulation of 

TAFT.  

The reader can go through chapters 2 and 3 to understand essential and fundamental 

topics related to Fourier telescopy imaging, interference fringe production, atmospheric 

turbulence, and some underlying math. Interested readers can refer to the book by 

Andrews and Phillips [30] for further information. We revised the phase structure 

function calculation and standard deviation calculation of two converging beams 

traveling through ground level atmospheric turbulence. ( )2 0nC , the refractive-index 

structure parameter at ground level was taken to be 14 2 310 m− − . The corresponding phase 

standard deviation φσ  was calculated using our prototypical model parameters (1 m beam 

separation, 1 km propagation distance, 1 mµ wavelength). The calculated φσ  is large, 

indicating that at least 5000 - 10000 independent samples of the signal are needed to 

average for a good Fourier phase estimate. 

We also built a versatile yet comparatively simple system for experimental investigation 

of Fourier telescopic imaging. The system uses a laser source and a modified Michelson 

interferometer equipped with a sinusoidally-translated mirror in one interferometer arm to 

produce a moving sinusoidal intensity pattern illuminating the object. It operates at low 

frequencies—tens of hertz to several kilohertz—making it suitable for use with a low-

band lock-in amplifier. The mirror moves only a fraction of a wavelength, giving the 
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system distinct advantages over systems that require large mirror movement. The results 

of a few basic system tests are presented.  

We also looked into the speckle noise in interference fringes produced in an experiment 

involving a Savart plate and two polarizers. Speckle noise appears as a random granular 

noise and is caused by coherent interference of light that occurs when it is reflected off a 

rough surface. In Fourier telescopy, reflected light from an optically rough object is 

collected using a photon detector/ collector, and the detector signal is always distorted by 

periodic speckle noise. This research suggests the use of a collector aperture with area as 

large as practically possible to detect the reflected light. The size of the detector aperture 

will be directly related to the optical signal to noise ratio of the system. This research also 

suggests that the larger the object, the smaller the speckle size on the detector surface and 

higher the signal to noise ratio.  

The most important contribution to TAFT from this research is the development of 

MATLAB-based software capable of demonstrating the effect of kilometer-scale passage 

of laser beams through ground-level turbulence, a signal phase tracking process, and a 

data gathering process. For mathematical simplification, the common technique is to treat 

extended turbulence as a finite number of discrete turbulent layers. A layered model is 

useful if the refractive index spectrum and scintillation properties of the layers match 

those of the corresponding extended medium. In the simulation, a layered model is used 

and beam propagation through each layer is modeled by light wave transmission through 

a thin random phase screen with select statistical characteristics followed by free-space 

propagation. 
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A random phase screen corresponds to one realization of an atmospheric phase 

perturbation. Multiple atmospheric phase screens are incorporated into the split-step 

beam propagation method to simulate atmospheric propagation. Phase screens are created 

by the insertion of computer-generated random numbers into two-dimensional arrays of 

phase values on a grid of sample points that have the same statistics as turbulence-

induced phase variations. For our simulations we have used the modified von Karman 

power spectral density, which is the simplest model that includes both inner and outer 

scales parameters.  

The developed simulation software is capable of generating interference fringe patterns 

for atmospheric condition  2 14 2/310nC m− −≤ . The worst case is associated with 

2 14 2/310nC m− −= , which represents the ground level turbulence. In this research, a linear-

interpolation intermediate phase screen method is introduced in between independent 

phase screens to track the phase values of beam phase front. 

For the first time, we introduced a method to count the missed 2π phase jumps using 

generated phase screen values, and actual phase values were recovered. The tracked 

phase must be unwrapped using a phase unwrapping algorithm. From all the samples 

generated in the phase unwrapping process, sufficient numbers of independent samples of 

the phase and amplitude were collected.  

Lock-in amplifier simulations were used to recover wrapped phase samples of a Fourier 

telescopy signal with independent and intermediate phase screens and then followed by 

the phase unwrapping process. Independent samples were then averaged in order to 

obtain a good estimation of the magnitude and phase of Fourier components.  
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Computer generated binary pattern was used as a target for the simulations. We reported 

average phase and average amplitude measurements for two different target positions 

shifted by half a period.   

Simulations of interference fringe intensity distributions at large distance (~1km) through 

ground level turbulence confirmed that fringes are wiggly but not breaking into 

fragments. Simulations of the detector signal using intermediate phase screens confirmed 

that the amplitude modulated signal rarely reaches low or near-zero amplitudes. Presence 

of continuous fringe illumination decreases the amount of time required to estimate the 

average Fourier phase in TAFT compared to speckle like fringe illuminations on the 

target. More often, a fading detector signal complicates the phase unwrapping process, 

requiring that the process be restarted.  
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